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Preface 


This book is designed for the undergraduate differential equations course taken 
by students majoring in science and engineering. A year of calculus is the pre- 
requisite. 

The main goal of the text is to help students integrate the underlying theory, 
solution procedures, and computational aspects of differential equations as 
seamlessly as possible. Since we want the text to be easy to read and understand, 
we discuss the theory as simply as possible and emphasize how to use it. When 
developing models, we try to guide the reader carefully through the physical 
principles underlying the mathematical model. 

We also emphasize the importance of common sense, intuition, and “back 
of the envelope” checks. When solving problems, we remind the student to ask 
“Does my answer make sense?” Where appropriate, examples and exercises 
ask the student to anticipate and subsequently interpret the physical content 
of their solution. (For example, “Should an equilibrium solution exist for this 
application? If so, why? What should its value be?”) We believe that developing 
this mind-set is particularly important in resisting the temptation to accept 
almost any computer-generated output as correct. 

Chapters 9, 10, and 11, dealing with partial differential equations and 
boundary value problems, are self-contained; they can be covered in any order. 


New Features 


As in the first edition, we have made a determined effort to write a text that 
is easy to understand. In response to the suggestions of first edition users and 
reviewers, this second edition offers even more support for both students and 
instructors. 


e We have followed the advice of our reviewers to provide a more concise 
presentation. First order differential equations (linear and nonlinear) are 
now discussed in a single chapter, Chapter 2. Similarly, second order and 
higher order linear equations are discussed in one chapter, Chapter 3. The 
bulk of Chapter 3 develops the theory for the second order equations; the last 
three sections extend these ideas to higher order linear equations. 


e The introductory discussion for linear systems (Chapter 4) has been stream- 
lined to reach the computational aspects of the theory as quickly as possible. 


e Chapter 11 has been shortened to focus solely on linear two-point boundary 
value problems (for second order scalar equations and systems). 


© We have included a review of core material in the form of a set of review 
exercises at the end of Chapters 2, 3, and 4. These exercises, consisting of 
initial value problems for first order equations, higher order linear equations, 
and first order linear systems, respectively, require the student to select as 
well as apply the appropriate solution technique developed in the chapter. 


xi 


xii 


Preface 


© We have added a number of new exercises, ranging from routine drill exer- 
cises to those with applications to a variety of different disciplines. Answers 
to the odd-numbered exercises are again given at the back of the text. 


e A brief look at boundary value problems appears as a project at the end of 
Chapter 3. This brief introductory overview of linear two-point boundary 
value problems highlights how these problems differ from their initial-value 
counterparts. 


e We have added projects. There are now short projects at the end of each 
chapter. Some of these are challenging applications. Others are intended to 
expand the student’s mathematical horizons, showing how the material in 
the chapter can be generalized. In certain applications, such as food process- 
ing, the project exposes the student to the mathematics aspects of current 
research. 


A Multilevel Development of Certain Topics 


Numerical Methods. The basic ideas underlying numerical methods and their 
use in applications are presented early for both scalar problems and systems. 
In Chapters 2 and 4, after Euler’s method is developed, the route to more accu- 
rate algorithms is briefly outlined. The Runge-Kutta algorithm is then offered 
as an example of such an improved algorithm; accompanying exercises allow 
the student to apply the algorithm and experience its increased accuracy at 
an introductory level. Chapter 7 subsequently builds upon this introduction, 
developing a comprehensive treatment of one-step methods. 


Phase Plane. An introduction to the phase plane is provided in Chapter 4 as 
the different solutions of the homogeneous constant coefficient linear system 
are developed. These ideas are then revisited and extended in the Chapter 6 
discussion of autonomous nonlinear systems. 


Boundary Value Problems. As previously mentioned, the brief introductory ex- 
posure to linear two-point boundary value problems is presented at the end of 
Chapter 3. The purpose here is to make the student aware of such problems and 
to point out how they differ from initial value problems. Chapter 11 provides 
a more thorough study of these problems. 


Supplements 


The Student’s Solutions Manual (0-321-28837-8) contains detailed solutions to 
the odd-numbered problems. 


The Instructor’s Solutions Manual (0-321-28838-6) contains detailed solutions 
to most problems. 


The Online Technology Resource Manual includes suggestions for how to use 
a computer algebra system with the text. Specific instructions are given for 
MATLAB and Mathematica. It is available at http://www.aw-bc.com/kohler/. 
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CHAPTER 


Introduction 
to Differential Equations 


CHAPTER OVERVIEW 
a Lal Introduction 


1.2 Examples of Differential Equations 
1.3 Direction Fields 


1.1 Introduction 


Scientists and engineers develop mathematical models for physical processes 
as an aid to understanding and predicting the behavior of the processes. In 
this book we discuss mathematical models that help us understand, among 
other things, decay of radioactive substances, electrical networks, population 
dynamics, dispersion of pollutants, and trajectories of moving objects. Model- 
ing a physical process often leads to equations that involve not only the physical 
quantity of interest but also some of its derivatives. Such equations are referred 
to as differential equations. 

In Section 1.2, we give some simple examples that show how mathemat- 
ical models are derived. We also begin our study of differential equations by 
introducing the corresponding terminology and by presenting some concrete 
examples of differential equations. Section 1.3 introduces the idea of a direc- 
tion field for a differential equation. The concept of direction fields allows us to 
visualize, in geometric terms, the graphs of solutions of differential equations. 


1.2 Examples of Differential Equations 


When we apply Newton’s second law of motion, ma =f, to an object moving 
in a straight line, we obtain a differential equation of the form 


my"(t) = f(,yO,9'O)- (1) 
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In equation (1), y(t) represents the position, at time ¢, of the object. As expressed 
in equation (1), the product of mass m and acceleration y" (t) is equal to the sum 
of the applied forces. The applied forces [the right-hand side of equation (1)] 
often depend on time f, position y(t), and velocity y’(#). 


One of the simplest examples of linear motion is an object falling under the 
influence of gravity. Let y(t) represent the height of the object above the surface 
of the earth, and let g denote the constant acceleration due to gravity (32 ft/sec? 
or 9.8 m/s”). See Figure 1.1. 


— —mg 


y(t) 


FIGURE 1.1 


The only force acting on the falling body is its weight. The body’s position, 
y(t), is governed by the differential equation y” = —g. 


Since the only force acting on the body is assumed to be its weight, W = mg, 
equation (1) reduces to my" (t) = —mg, or 


y(t) = -8. (2) 


The negative sign appears on the right-hand side of the equation because the 
acceleration due to gravity is positive downward, while we assumed y to be 
positive in the upward direction. (Again, see Figure 1.1.) 

Equation (2) is solved easily by taking successive antiderivatives. The first 
antiderivative gives the object’s velocity, 


y(t) = -—gt + Cy. 
Another antidifferentiation gives the object’s position, 


y(t) = —Agt? + Cyt + Cp. 


K 


Here, C, and C, represent arbitrary constants of integration. + 


Notice in Example 1 that the solution involves two undetermined constants. 
This means that, by itself, differential equation (2) does not completely specify 
the solution y(t). This makes sense physically since, to completely determine the 
motion, we also need some information about the initial state of the object. The 
arbitrary constants of integration that arise are often specified by prescribing 
velocity and position at some initial time, say t = 0. For example, if the object’s 


EXAMPLE 
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initial velocity is y'(0) = v, and its initial position is y(0) = yo, then we obtain 
a complete description of velocity and position: 


y(t)=—gtt+vo, yt) =—4gt? +vot typ. 


Unless an application suggests otherwise, we normally use t to represent 
the independent variable and y to represent the dependent variable. Thus, in a 
typical differential equation, we are searching for a solution y(t). 

As is common ina mathematics text, we use a variety of notations to denote 
derivatives. For instance, we may use d”y/dt* instead of y"(t) or d*y/dt* instead 
of y (2). In addition, we often suppress the independent variable t and simply 
write y and y’ instead of y(t) and y'(t). An example using this notation is the 
differential equation 


1 
y" he re 4 py =5. 


Scientists have observed that radioactive materials have an instantaneous rate 
of decay (that is, a rate of decrease) that is proportional to the amount of 
material present. If Q(t) represents the amount of material present at time f, 
then dQ/dt is proportional to Q(t); that is, 


dQ 

dt 
The negative sign in equation (3) arises because Q is both positive and decreas- 
ing; that is, Q(t) > 0 and Q’(f) < 0. 

Unlike equation (2), differential equation (3) cannot be solved by integrat- 
ing the right-hand side, —kQ(t), because Q(t) is not known. Instead, equation 
(3) requires that we somehow find a function Q(t) whose derivative, Q’(f), is a 
constant multiple of Q(t). 

Recall that the exponential function has a derivative that is a constant mul- 
tiple of itself. For example, ify = Ce“, theny’ = —kCe~ = —ky. Therefore, we 
see that a solution of equation (3) is 


Q(t) = Ce™, (4) 


—kQ, k>0. (3) 


where C can be any constant. “ 


As in Example 1, the differential equation by itself does not completely 
specify the solution. But setting t = 0 in (4) leads to Q(0) = C. Therefore, the 
quantity Q(t) given in equation (4) is completely determined once the amount 
of material initially present is specified. 


The Form of an nth Order Differential Equation 


We now state the formal definition of a differential equation and point to some 
issues that need to be addressed. An equation of the form 


YO SEG ce ) (5) 


is called an nth order ordinary differential equation. 
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In equation (5), t is the independent variable, while y is the dependent 
variable. A solution of the differential equation (5) is any function y(t) that 
satisfies the equation on our ft-interval of interest. For instance, Example 2 
showed that Q(t) = Ce is a solution of Q' = —kQ for any value of the constant 
C; the t-interval of interest for Example 2 is typically the interval 0 < t < co. 

The order of a differential equation is the order of the highest derivative 
that appears in the equation. For example, y’ = —g is a second order differential 
equation. Similarly, Q' = —kQ is a first order differential equation. 

The form of the nth order ordinary differential equation (5) is not the most 
general one. In particular, an nth order ordinary differential equation is any 
equation of the form 


Git, yyy", ...,9™) = 0. 
For example, the following equation is classified as a second order ordinary 
differential equation: 
?siny” + yIny” = 1. 


Notice that it is not possible to rewrite this equation in the explicit form 


y=fty,y). 


In our study, however, we usually consider only equations of the form 


yO SF ET tegen 


where the nth derivative is given explicitly in terms of t, y, and lower order 
derivatives of y. 

Differential equation (5) is called ordinary because the equation involves 
just a single independent variable, t. This is in contrast to other equations called 
partial differential equations, which involve two or more independent vari- 
ables. An example of a partial differential equation is the one-dimensional wave 
equation 


u(x,t)  d°u(x,t) _ 

ax? 7 

Here, the dependent variable u is a function of two independent variables, the 
spatial coordinate x and time ¢. 


0. 


Initial Value Problems 


What we have seen about differential equations thus far raises some impor- 
tant questions that we will address throughout this book. One such question 
is “What constitutes a properly formulated problem?” Examples 1 and 2 illus- 
trate that auxiliary initial conditions are required if the differential equation is 
to have a unique solution. The differential equation, together with the proper 
number of initial conditions, constitutes what is known as an initial value 
problem. 

For instance, an initial value problem associated with the falling object in 
Example 1 consists of the differential equation together with initial conditions 
specifying the object’s initial position and velocity: 

rig 
Tr =—& WO =Yoe YO = Vo. 
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Similarly, an initial value problem associated with the radioactive decay process 
in Example 2 consists of the differential equation together with a specification 
of the initial amount of the substance: 

dQ 

dt 
These examples suggest that the number of initial conditions we need to specify 
must be equal to the order of the differential equation. When we address the 
question of properly formulating problems, it will be apparent that this is the 
case. Once we understand how to properly formulate the problem to be solved, 
the obvious next question is “How do we go about solving this problem?” An- 
swering the two questions 


—kQ, Q(0) = Qp. 


1. How do we properly formulate the problem? 
2. How do we solve the problem? 


is central to the study of differential equations. 


Solving Initial Value Problems 


As Chapters 2, 3, and 4 show, certain special types of differential equations 
have formulas for the general solution. The general solution is an expression 
containing arbitrary constants (or parameters) that can be adjusted so as to give 
every solution of the equation. Finding the general solution is often the first step 
in solving an initial value problem. The next example illustrates this idea. 


Consider the initial value problem 


y + 3y =6t+5, y(0) = 3. (6) 


(a) Show, for any constant C, that 
y=Ce*4+2t4+1 (7) 


is a solution of the differential equation y’ + 3y = 6f +5. 
(b) Use expression (7) to solve the initial value problem (6). 


Solution: 


(a) Inserting expression (7) into the differential equation y’ + 3y = 6f +5, we 
find 
y’ + By = (Ce + 2t 4 1) + 3(Ce* 4 2 +:1) 
= (—3Ce~* + 2) + (3Ce™** + 6t + 3) 
=6t+5. 


Therefore, for any value C, y=Ce*“+2t+1 is a_ solution of 
y+ 3y = Ot +5. 

(b) Imposing the constraint y(0)=3 on y(t)=Ce*%+2t+1 leads to 
y(0) = C+ 1=3. Therefore, C = 2, and a solution of the initial value prob- 
lem is 


—3t 


y=2e*42t+1. 


6 CHAPTER 1 
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We will show later that y = Ce~* + 2f+ 1 is the general solution of the 
differential equation in Example 3. A geometric interpretation is given in Figure 
1.2, which shows graphs of the general solution for representative values of C. 
The solution whose graph passes through the point (t, y) = (0, 3) is the one that 
solves the initial value problem posed in Example 3. 


FIGURE 1.2 


For any constant C, y = Ce-* + 2t + 1 is a solution of y’ + 3y = 6 +5. 
Solution curves are displayed for several values of C. For C = 2, the curve 
passes through the point (t, y) = (0, 3); this is the solution of the initial 
value problem posed in Example 3. 


Exercises 1-4: 
What is the order of the differential equation? 
1. y” + 3ty =1 2. ty’ + ysint = 6 
2: 
3. (vy +f siny =y'4 4, (y”)* - —,—_ = 0 
(yy +4 
Exercises 5-8: 


For what value(s) of the constant k, if any, is y(¢) a solution of the given differential 
equation? 

5.y+2y=0, yo=e™ 6. y’-y=0, yH=e 

7. y+ (sin2hy =0, y(t) = eke 8. y+y=0, yO =ke™ 


2 
9. (a) Show that y(t) = Ce’ isa solution of y’ — 2ty = 0 for any value of the constant C. 
(b) Determine the value of C needed for this solution to satisfy the initial condition 
y(l) = 2. 


10. Solve the differential equation y” = 2 by computing successive antiderivatives. 
What is the order of this differential equation? How many arbitrary constants arise 
in the antidifferentiation solution process? 


11. (a) Show that y(t) = C, sin2t+ C, cos 2t is a solution of the differential equation 
y" + 4y = 0, where C, and C, are arbitrary constants. 


(b) Find values of the constants C, and C, so that the solution satisfies the initial 
conditions y(/4) = 3, y'(7/4) = —2. 


1.2 Examples of Differential Equations 7 


12. Suppose y(t) = 2e~“ is the solution of the initial value problem y’ + ky = 0, y(0) = Yo: 
What are the constants k and yy? 


13. Consider t > 0. For what value(s) of the constant c, if any, is y(t) = c/t a solution of 
the differential equation y’ + y* = 0? 


14, Let y(t) = -—e“‘+sint be a solution of the initial value problem y’+ y = g(t), 
y(0) = yp). What must the function g(t) and the constant y, be? 


15. Consider t > 0. For what value(s) of the constant r, if any, is y(t) = 7’ a solution of 
the differential equation t?y" — 2ty’ + 2y = 0? 


16. Show that y(t) = C,e” + C,e™ is a solution of the differential equation y" — 4y = 0, 
where C, and C, are arbitrary constants. 


Exercises 17-18: 


Use the result of Exercise 16 to solve the initial value problem. 

17. y’— 4y=0, y(0)=2, y'(0)=0 18. y’— 4y=0, yO)=1, y'(0)=2 
Exercises 19-20: 

Use the result of Exercise 16 to find a function y(t) that satisfies the given conditions. 
19. y’— 4y=0, yO) =3, lim y(t) =0 

20. y’— 4y=0, y(0)=10, Jim y® =0 

Exercises 21-22: 


The graph shows the solution of the given initial value problem. In each case, m is an in- 
teger. In Exercise 21, determine m, y,, and y(t). In Exercise 22, determine m, fy, and y(é). 


21.y@Q=m+i1, yA)=Y 22.y()=mt, yt) =—1 


y 


Figure for Exercise 21 Figure for Exercise 22 


23. At time ¢ = 0, an object having mass is released from rest at a height y, above the 
ground. Let g represent the (constant) gravitational acceleration. Derive an expres- 
sion for the impact time (the time at which the object strikes the ground). What 
is the velocity with which the object strikes the ground? (Express your answers in 
terms of the initial height yy and the gravitational acceleration g.) 


24. Acar, initially at rest, begins moving at time t = 0 witha constant acceleration down 
a straight track. If the car achieves a speed of 60 mph (88 ft/sec) at time t = 8 sec, 
what is the car's acceleration? How far down the track will the car have traveled 
when its speed reaches 60 mph? 


CHAPTER 1 Introduction to Differential Equations 


1.3 Direction Fields 


Before beginning a systematic study of differential equations, we consider a 
geometric entity called a direction field, which will assist in understanding the 
first order differential equation 


y =f Gy). 


A direction field is a way of predicting the qualitative behavior of solutions 
of a differential equation. A good way to understand the idea of a direction field 
is to recall the “iron filings” experiment that is often done in science classes to 
illustrate magnetism. In this experiment, iron filings (minute filaments of iron) 
are sprinkled on a sheet of cardboard, beneath which two magnets of opposite 
polarity are positioned. When the cardboard sheet is gently tapped, the iron 
filings align themselves so that their axes are tangent to the magnetic field 
lines. At a given point on the sheet, the orientation of an iron filing indicates 
the direction of the magnetic field line. The totality of oriented iron filings gives 
a good picture of the flow of magnetic field lines connecting the two magnetic 
poles. Figure 1.3 illustrates this experiment. 


Tron filings 
Cardboard sheet 


Se 


oy 
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TIAA\WS 


7, 


Bar magnet 


FIGURE 1.3 


The orientation of iron filings gives a good picture of the flow of magnetic 
field lines connecting two magnetic poles. 


The Direction Field for a Differential Equation 


What is the connection between the iron filings experiment illustrated in Figure 
1.3 and a qualitative understanding of differential equations? From calculus we 
know that if we graph a differentiable function y(t), the slope of the curve at 
the point (¢, y()) is y'(t). If y() is a solution of a differential equation y’ = f(t, y), 
then we can calculate this slope by simply evaluating the right-hand side f (t, y) 
at the point (f, y(d)). 

For example, suppose y(t) is a solution of the equation 


y = 1+2ty (1) 


and suppose the graph of y(t) passes through the point (¢, y) = (2, y(2)) = (2, —1). 
For differential equation (1), the right-hand side is f(t, y) = 1 + 2ty. Thus, we 
find 


y'(2) = f(2, y2)) = f2, —l) = 1+ 2(2)(-1) = -3. 


Even though we have not solved y’=1+4 2ty, the preceding calculation 
has taught us something about the specific solution y(t) passing through 
(t, v) = (2, —1): it is decreasing (with slope equal to —3) when it passes through 
the point (¢, y) = (2, —-1). 
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To exploit this idea, suppose we systematically evaluate the right-hand side 
f (t,y) at a large number of points (f, y) throughout a region of interest in the 
ty-plane. At each point, we evaluate the function f(t, y) to determine the slope 
of the solution curve passing through that point. We then sketch a tiny line 
segment at that point, oriented with the given slope f (t, y). The resulting picture, 
called a direction field, is similar to that illustrated in Figure 1.3. Using sucha 
direction field, we can create a good qualitative picture of the flow of solution 
curves throughout the region of interest. 


EXAMPLE 


1 (a) Sketch a direction field for y’=1+2ty in the square —2 <t <2, 
=22y 52. 
(b) Using the direction field, sketch your guess for the solution curve passing 
through the point P = (—2, 2). Also, using the direction field, sketch your 
guess for the solution curve passing through the point Q = (0, —1). 


Solution: The direction field for y’ = 1 + 2ty shown in Figure 1.4(a) was com- 
puter generated. There are a number of computer programs available for draw- 
ing direction fields. Figure 1.4(b) shows our guesses for the solutions of the 
initial value problems in part (b). 
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FIGURE 1.4 


(a) The direction field for y’ = 1 + 2ty. (b) Using the direction field, we have 
drawn our guess for the solution of y’ = 1 + 2ty, y(—2) = 2 and for the 
solution of y’ = 1 + 2ty, y(0) = -1. 


.o, 
oa 


Isoclines 


The “method of isoclines” is helpful when you need to draw a direction field by 
hand. An isocline of the differential equation y’ = f(t, y) is a curve of the form 


fia] ¢, 
where c is a constant. For example, consider the differential equation 


yoay-?. 
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In this case, curves of the form y — ¢? = c are isoclines of the differential equa- 
tion. (These curves, y = #? +c, are parabolas opening upward. Each has its 
vertex on the y-axis.) Isoclines are useful because, at every point on an isocline, 
the associated direction field filaments have the same slope, namely f (t, y) = c. 
(In fact, the word “isocline” means “equal inclination” or “equal slope.”) 

To carry out the method of isoclines, we first sketch, for various values of 
c, the corresponding curves f(t, y) = c. Then, at representative points on these 
curves, we sketch direction field filaments having slope f(t, y) = c. 


2 


(a) Use the method of isoclines to sketch the direction field for y’= y —t. 
Restrict your direction field to the square defined by —2 <t <2, 
=2 eye 2, 

(b) Using the direction field, sketch your guess for the solution curve passing 
through the point (—1, }). Also, sketch your guess for the solution curve 
passing through the point (—1, —}). 


Solution: For the equation y’ = y —t, lines of the form y =f + c are isoclines. 
In Figure 1.5(a) we have drawn the isoclines y=t+3,y=t+2,..., 
y =t-—2. At selected points along an isocline of the form y =t+c, we have 
drawn direction field filaments, each having slope c. 

Figure 1.5(b) shows our guesses for the solutions of the initial value prob- 
lems in part (b). In addition, note that the line y = t + 1 appears to be a solution 
curve. 


FIGURE 1.5 


(a) The method of isoclines was used to sketch the direction field for 
y’ = y —t. (b) Using the direction field, we have sketched our guesses for 
the solutions of the initial value problems in part (b) of Example 2. % 


Direction Fields for Autonomous Equations 


The method of isoclines is particularly well suited for differential equations 
that have the special form 


y' = f(y). (2) 


1.3. Direction Fields 11 


For equations of this form, the isoclines are horizontal lines. That is, if b is any 
number in the domain of f(y), then the horizontal line y = b is an isocline of 
the equation y’ = f(y). In particular, y’ has the same value f(b) all along the 
horizontal line y = b. 

Differential equations of the form (2), where the right-hand side does not 
depend explicitly on t, are called autonomous differential equations. An ex- 
ample of an autonomous differential equation is 


y= y? —3y. 
By contrast, the differential equation y’ = y + 2t is not autonomous. Autono- 
mous differential equations are quite important in applications, and we study 
them in Chapter 2. 

As noted with respect to the autonomous equation y’ = f(y), all the slopes 
of direction field filaments along the horizontal line y = b are equal. This fact 
is illustrated in Figure 1.6, which shows the direction field for the differential 
equation 


y= y2-y). 
For instance, the filaments along the line y = 1 all have slope equal to 1. Simi- 
larly, the filaments along the line y = 2 all have slope equal to 0. In fact, looking 
at Figure 1.6, the horizontal lines y = 0 and y = 2 appear to be solution curves 
for the differential equation y’ = y(2 — y). This is indeed the case, as we show 
in the next subsection. 
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FIGURE 1.6 


The direction field for the autonomous equation y’ = y(2 — y), together 
with portions of the graphs of some typical solutions. For an autonomous 
equation, the slopes are constant along horizontal lines. 


Equilibrium Solutions 


Consider the autonomous differential equation y’ = y(2 — y) whose direction 
field is shown in Figure 1.6. The horizontal lines y = 0 and y = 2 appear to be 
solution curves for this differential equation. In fact, by substituting either of 
the constant functions y(t) = 0 or y(t) = 2 into the differential equation, we see 
that it is a solution of y’ = y(2 —y). 

In general, consider the autonomous differential equation 


y' =f). 
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EXERCISES 


Introduction to Differential Equations 


If the real number £ is a root of the equation f (vy) = 0, then the constant function 
y(t) = B is a solution of y’ = f(y). Conversely, if the constant function y(t) = B 
is a solution of y’ = f(y), then 6 must be a root of f(y) = 0. Constant solutions 
of an autonomous differential equation are known as equilibrium solutions. 


REMARK: It is possible for differential equations that are not autonomous to 
have constant solutions. For example, y(t) = 0 is a solution of y’ = ty + siny and 
y(t) = 1 is a solution of y’ = (y — 1)t?. We will refer to any constant solution of 
a differential equation (autonomous or not) as an equilibrium solution. 


Find the equilibrium solutions (if any) of 


yl = y? —4y 43. 


Solution: The right-hand side of the differential equation is 
fo) =y? —4y +3 = (7-3). 


Therefore, the equilibrium solutions are the constant functions y(t) = 1 and 
yOH=3. % 


Exercises 1-6: 
(a) State whether or not the equation is autonomous. 
(b) Identify all equilibrium solutions (if any). 


(c) Sketch the direction field for the differential equation in the rectangular portion of 
the ty-plane defined by —2 <t < 2,-2<y<2. 


1.y=-y+l1 2.y =t-1 3. y’ = siny 
4.y=y-y 5.y=-1 6. y' = -ty 
Exercises 7-9: 
(a) Determine and sketch the isoclines f (t, y) = c forc = —1,0, and 1. 
(b) On each of the isoclines drawn in part (a), add representative direction field fila- 
ments. 
7.y=-y+1 8. y= -y4+t ay =y"-P 


Exercises 10-13: 


Find an autonomous differential equation that possesses the specified properties. [Note: 
There are many possible solutions for each exercise. ] 


10. Equilibrium solutions at y = 0 andy = 2; y’ > 0 for0 < y < 2;y’ < 0 for—oo <y <0 
and2 <y<o. 

11. An equilibrium solution at y = 1; y’ < 0 for —co < y < land1 <y <ow. 

12. A differential equation with no equilibrium solutions and y’ > 0 for all y. 


13. Equilibrium solutions at y = /2,n =0,+1,+2,.... 


Exercises 14-19: 


1.3 Direction Fields 


13 


Consider the six direction field plots shown. Associate a direction field with each of the 
following differential equations. 
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14, y' = -y 15. y = -t+1 16. y=y'-1 


1 1 
17. y' = -—= 18. y=y4+t 19, y' = ——_, 
y 5) y y y 1 +y 
20. For each of the six direction fields shown, assume we are interested in the solution 
that satisfies the initial condition y(0) = 0. Use the graphical information contained 
in the plots to roughly estimate y(1). 


21. Repeat Exercise 20 with y(0) = 0 as before, but this time estimate y(—1). 


CHAPTER 


First Order Differential 
Equations 


CHAPTER OVERVIEW 


2.1 Introduction 

2.2 First Order Linear Differential Equations 
2.3 Introduction to Mathematical Models 

2.4 Population Dynamics and Radioactive Decay 
2.5 First Order Nonlinear Differential Equations 
2.6 Separable First Order Equations 

2.7 Exact Differential Equations 

2.8 The Logistic Population Model 

2.9 Applications to Mechanics 

2.10  Euler’s Method 


2.1 Introduction 


First order differential equations arise in modeling a wide variety of physical 
phenomena. In this chapter we study the differential equations that model 
applications such as population dynamics, radioactive decay, belt friction, and 
mixing and cooling. 

Chapter 2 has two main parts. The first part, consisting of Sections 2.1-2.4, 
focuses on first order linear differential equations and their applications. The 
second part, consisting of Sections 2.5-2.9, treats first order nonlinear equa- 
tions. The final section, Section 2.10, introduces numerical techniques, such 
as Euler’s method and Runge-Kutta methods, that can be used to approximate 
the solution of a first order differential equation. 
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CHAPTER 2 First Order Differential Equations 


EXAMPLE 


1 


First Order Linear Differential Equations 
A differential equation of the form 
y + pOy =e (1) 


is called a first order linear differential equation. In equation (1), p(t) and 
g(t) are functions defined on some t-interval of interest, a < t <b. 

If the function g(t) on the right-hand side of (1) is the zero function, then 
equation (1) is called homogeneous. If g(t) is not the zero function, then equa- 
tion (1) is nonhomogeneous. 

A first order equation that can be put into the form of equa- 
tion (1) by algebraic manipulations is also called a first order linear differ- 
ential equation. For example, the following are first order linear differential 
equations: 


1 Int 
(a) ey’ +3ty=sint (b) putea 


A first order differential equation that cannot be put into the form of equation 
(1) is called nonlinear. As we will see, it is possible to find an explicit repre- 
sentation for the solution of a first order linear equation. By contrast, most 
first order nonlinear equations cannot be solved explicitly. In Sections 2.6 and 
2.7, we will discuss solution techniques for certain special types of first order 
nonlinear differential equations. 


Is the differential equation linear or nonlinear? If the equation is linear, decide 
whether it is homogeneous or nonhomogeneous. 


(a) y = ty’ (b) y =?y (c) (cost)y’ + e'y = sint (d) a +e =sint 
Bd 
Solution: 


(a) This equation is nonlinear because of the presence of the y* term. 
(b) This equation is linear and homogeneous; it can be put in the form 
y'— Py =0. 
(c) This equation can be put into the form of equation (1), 
t 

, e 

y + —ye=tant. 
cost 

Therefore, the equation is linear and nonhomogeneous. 


(d) This equation can be rewritten as 
y+ (0 —sint)y =0. 


Therefore, the equation is linear and homogeneous. “ 


Existence and Uniqueness for First Order Linear 
Initial Value Problems 


Before looking at how to solve a first order linear equation, we want to address 
the following question: “What constitutes a properly formulated problem?” 
This question is answered by the following theorem, which we state now and 
prove in the Exercises at the end of Section 2.2. 
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Let p(t) and g(f) be continuous functions on the interval (a, b), and let ty 
be in (a, b). Then the initial value problem 


y+pdy=e), yt) = 


has a unique solution on the entire interval (a, b). 


EXAMPLE 


2 


EXERCISES 


Notice that the theorem states three conclusions. A solution exists, it is 
unique, and this unique solution exists on the entire interval (a, b). We will see 
that determining intervals of existence is considerably more complicated for 
nonlinear differential equations. 

The importance of Theorem 2.1 lies in the fact that it defines the framework 
within which we can construct solutions. In particular, suppose we are given a 
linear differential equation y’ + p(y = g(t) with coefficient functions p(t) and 
g(t) that are continuous on (a, b). If we impose an initial condition of the form 
y(to) = Yo, where a < ty < b, the theorem tells us there is one and only one solu- 
tion. Therefore, if we are able to construct a solution by using some technique 
we have discovered, the theorem guarantees that it is the only solution—there 
is no other solution we might have overlooked, one obtainable perhaps by a 
technique other than the one we are using. 


Consider the initial value problem 

1 1 
oY ea) £28" 
What is the largest interval (a,b) on which Theorem 2.1 guarantees the exis- 
tence of a unique solution? 


yQ3) = 1. 


Solution: The coefficient function p(t) =t '(t+ 2)! has discontinuities at 
t = 0 and t = —2 but is continuous everywhere else. Similarly, g(t) = (¢— 5)! 
has a discontinuity at t = 5 but is continuous for all other values ¢. Therefore, 
Theorem 2.1 guarantees that a unique solution exists on each of the following 
t-intervals: 


(—oo, —2), (—2, 0), (0, 5), (5, 00). 


Since the initial condition is imposed at t = 3, we are guaranteed that a unique 
solution exists on the interval 0 < t < 5. (The solution might actually exist over 
a larger interval, but we cannot ascertain this without actually solving the initial 
value problem.) 


Exercises 1-10: 


Classify each of the following first order differential equations as linear or nonlinear. If 


the equation is linear, decide whether it is homogeneous or nonhomogeneous. 
re 


1. y' —sint=?y 2. y' —sint =ty’ 3. 7 7 cost = t 
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4. 


7. 


2 


hea ae o+l ; 
y'siny = (? + Ly 5. y sint = 6. 2ty+e'y' = = 
+4 

'=f+ysin3¢ 8. 2ty +e’y' 9 oe . rs 
= 2 ey = ; = = 

on On = ee a (t* + 2)y y 

a ar 

(+ ly 


Exercises 11-14: 


Consider the following first order linear differential equations. For each of the initial 
conditions, determine the largest interval a < t < b on which Theorem 2.1 guarantees 
the existence of a unique solution. 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


y+ Pa (2 = sint 

(a) y(—2) = 1 (b) yO) =z (c) yz) =0 

ae er a 

(a) y(6) =2 (b) yd) =-1 (c) y(0) =1 (d) y(—6) =2 
tr —_ e 

Yt RTP 723 

(a) y(5) =2 (b) y(-3) =1 (c) y) =0 

(d) y(—5) =4 (e) y(3) =3 
; Injt+t"'| 

y+t(t-Dy= ao 

(a) y(3) =0 (b) y(5) =-1 (c) y(-5) = 1 (d) y(—3) =2 


2 
If y(t) = 3e’ is known to be the solution of the initial value problem 
y+ pOy=0, y0)=y, 


what must the function p(t) and the constant yy be? 


(a) For what value of the constant C and exponent r is y = Ct’ the solution of the 
initial value problem 


2ty' — 6y = 0, y(—2) = 8? 


(b) Determine the largest interval of the form (a, b) on which Theorem 2.1 guaran- 
tees the existence of a unique solution. 


(c) What is the actual interval of existence for the solution found in part (a)? 


If p(t) is any function continuous on an interval of the form a < t < b and if fy is 
any point lying within this interval, what is the unique solution of the initial value 
problem 


y+ pOy=0, yto) =0 


on this interval? [Hint: If, by inspection, you can identify one solution of the given 
initial value problem, then Theorem 2.1 tells you that it must be the only solution.] 
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2.2 First Order Linear Differential Equations 


EXAMPLE 


1 


In this section, we solve the first order linear homogeneous differential equation 
y+ py =0, (1) 


and then we build on this result to solve the nonhomogeneous equation 
y+ pOy =a). 


Solving the Linear Homogeneous Equation 


Consider the homogeneous first order linear equation y’ + p(t)y = 0, which we 
rewrite as 


y =—-p(dy. (2) 


We assume that p(t) is continuous on the f-interval of interest. 
To solve equation (2), we need to find a function y(t) whose derivative is 
equal to —p(t) times y(t). Recall from calculus that 


d 
a0 = —P'(t)eP, 


The function y = e ’” has the property that 
y' = —P' (by. 
Therefore, if we choose a function P(t) such that P’(t) = p(t), then 
y=e XO (3) 
is a solution of y’ = —p(f)y. 
If P’(t) = p(t), then P(t) is an antiderivative of p(t) and is usually denoted 


by the integral notation, P(t) = [ p(t) dt. So a solution of y’ = —p(fy can be 
expressed as 


yoe [pod 


Find a solution of the differential equation 


y' + 2ty = 0. 


Solution: For this linear equation, p(t) = 2t. For P(t) we can choose any con- 
venient antiderivative of p(t). If we select 
Pt) =?’, 


then, using (3), we obtain the solution 


2 


yoe°. 
As a check, let y =e~”. Then y’ = —2te~” = —2ty. Thus, we have verified that 


y =e isasolution of y’ + 2ty = 0. Figure 2.1 shows the direction field for this 
differential equation, as well as a graph of the solution. 


(continued) 
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(continued) 
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FIGURE 2.1 


The direction field for the differential equation in Example 1 
and the graph of a solution, y =e". ~ 


The General Solution 


Equation (3) represents one solution of y’ + p(t)y = 0. But, in order to solve 
initial value problems, we need to develop a method for finding all the solutions. 
Observe that if we multiply solution (3) by any constant C, then the resulting 
function, 


y=Ce PO, (4) 


is also a solution. In fact (see Exercises 47-48), Theorem 2.1 can be used to 
show that every solution of y’ + p(t)y = 0 has the form (4) for some constant C. 
We call (4) the general solution of y’ + p(y = 0. 


Find the general solution of 


y’ + (cost)y = 0. 


Solution: A convenient antiderivative for p(t) = cost is P(t) = sint. Thus, the 
general solution is 


y=Ces" & 


REMARK: Let P(t) be an antiderivative of p(t). From calculus we know that any 
other antiderivative of p(t) has the form P(t) + K, where K is some constant. For 
instance, in Example 2, we chose P(t) = sint as an antiderivative of p(t) = cost. 
We could just as well have chosen P(t) = 2 + sint as the antiderivative. In that 
case, the general solution would have had the form 


y= Ce @tsind = Ce~2e7 sint = C\e~ sing 
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In this expression, C is an arbitrary constant. Since C, = Ce~*, we can regard 


C, as an arbitrary constant as well. Thus, no matter which antiderivative we 
choose, the general solution is still the product of an arbitrary constant and the 
function e “"". 


Using the General Solution to Solve Initial Value Problems 


An initial value problem for a homogeneous first order linear equation can be 
solved by first forming the general solution 


y=Ce PO 


and then choosing the constant C so as to satisfy the initial condition. 


Solve the initial value problem 


ty’ + 2y = 0, yl) =5. 


Solution: Notice that the differential equation is not in the standard form fora 
first order linear equation. In order to use equation (4) to represent the general 
solution, we need to rewrite the differential equation as 


y+ y =0, °s()=5. 
As rewritten, p(t) = 2/t. A convenient antiderivative is 
Pa)= f 2dr=2In{¢\ =In|t? =n’. 
Having an antiderivative P(t), we obtain the general solution 


y=CePO =Ce™ = cr. 


The initial condition y(1) = 5 requires that C = 5. Therefore, the unique solu- 
tion of the initial value problem is 


5 
y=. % 
a 


Example 3 illustrates a point about Theorem 2.1. The differential equa- 
tion has a coefficient function, p(t) = 2/t, that is not defined and certainly not 
continuous at tf = 0. Therefore, Theorem 2.1 cannot be used to guarantee that 
solutions exist across any interval containing t = 0. In fact, for this initial value 
problem, the solution, y(t) = 5 an is not defined at t = 0. 

However, if we change the initial condition in Example 3 to y(1) = 0, we 
find that the solution is the zero function, y(t) = 0 (see Figure 2.2). Thus, even 
though this particular initial value problem does not satisfy the conditions of 
Theorem 2.1 on (—oo, 00), it does in fact have a solution that is defined for all ¢. It 
is important to realize that the failure of Theorem 2.1 to apply to an initial value 
problem does not imply that the solution must necessarily “behave badly.” The 
logical distinction is important. Theorem 2.1 asserts that if the hypotheses are 
satisfied, “good things will happen.” It does not assert that when the hypotheses 
are not satisfied, “bad things must happen.” 
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FIGURE 2.2 


Some solutions of the problem ty’ + 2y = 0, y(1) = yo, posed in Example 3. 
When y, is nonzero, the solution is defined only for ¢ > 0. But ify, = 0, the 
solution is the zero function and is defined for all ¢. 


First Order Linear Nonhomogeneous Equations 
We now solve the nonhomogeneous linear equation 
y' + pOy =e. 
We assume that p(t) and g(t) are continuous on the f-interval of interest. 
Integrating Factors 


As preparation for solving the nonhomogeneous equation, we reconsider the 
homogeneous equation from a slightly different point of view. In particular, the 
homogeneous equation has the form 


y' + p(y = 0. (5) 
Let P(t) be some antiderivative of p(t), and define a new function p(t) by 
zo = EPO. (6) 


The function p(t) = e” is called an integrating factor. We will shortly see the 
reason for this name. 
Note from equation (6) that 


u(t) = Pe" = pOul. (7a) 
We multiply equation (5) by the integrating factor j(¢) to obtain a new equation, 
u(t)y’ + uOpOy = 0. 
From (7a), y(t) = p(t)u(d), and therefore 
w(t)y’ + w'(ty = 0. (7b) 


The left-hand side of equation (7b) is the derivative of a product and can be 
rewritten as 


d 
at (uOy(t)) = 0. (8) 
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If the derivative of a function is identically zero, then the function must be 
constant. Therefore, equation (8) implies 


udy(t) =C, 


where C is a constant. Since p(t)y(t) = C and since p(t) = e? is nonzero, we 
can solve for y(t): 


1 
= ——_C 
ae 


=Ce PO. 


The derivation of equation (8) explains why the function p(t) =e? is called 


an “integrating factor.” That is, we multiply equation (5) by (#4) to obtain the 
new equation (8), which can be integrated. Also note that this derivation leads 
to the same general solution for equation (5) that we found in equation (4), 
y = Ce’. The purpose of the derivation is to introduce the concept of an 
integrating factor. 


Using an Integrating Factor to Solve 
the Nonhomogeneous Equation 


Now consider the nonhomogeneous equation 


y' + pOy =g(. (9) 


PO we obtain 


If we multiply equation (9) by the integrating factor p(t) =e 
u(d)y’ + udpOy = uOg(d). Since p'(t) = wp), we have 
nO +p’ Oy = nOBO, 


or 


d 
at (UOyO) = wOg@. 


Integrating both sides gives 
pty(t) = / pg) dt +C, 


where C is a constant and where f{ (g(t) dt represents some particular an- 
tiderivative of u(Hg(t). Solving for y(t), we are led to the general solution of the 
nonhomogeneous equation (9): 


y=e PO 7 eet) dt + Ce, (10) 


REMARKS: 


1. Don’t be confused by the notation. In particular, the terms e-?® and 
e® in (10) do not cancel; e? is part of the function e” g(t) whose 
antiderivative must be determined. Once this antiderivative has been 
calculated, it is multiplied by the term e 

2. Notice that the general solution given by (10) is the sum of two terms, 
eP f eg(t) dt and Ce’. The first term is some particular solution 
of the nonhomogeneous equation, while the second term represents the 
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EXAMPLE 


4 


general solution of the homogeneous equation. We'll see this same so- 


lution structure again when we study higher order linear equations and 
systems of linear equations. 


3. Observe that the general solution contains only one arbitrary constant, 
C. This constant is determined by imposing an initial condition. 


4. Although expression (10) is the general solution of the nonhomogeneous 


equation, you should not try to memorize it. Instead, remember the steps 
leading to (10). 


Find the general solution and then solve the initial value problem 


y' + 2ty = 4t, y(O) =5. 


Solution: For this differential equation, p(t) = 2t. An antiderivative is P(t) = t”, 
and so an integrating factor is 


ud=e. 
Multiplying the differential equation by p(t), we obtain 
ey’ + 2te’y =4te” or (ey) = 4te". 
Therefore, 
ey =2e” +0. 
Solving for y, we obtain the general solution 
y=24+Ce”. 
Imposing the initial condition y(0) = 5, we find 
y=243e%. 
The solution is graphed in Figure 2.3. 


y(t) =24+3e% 


3 2 -l 1 2 3 
-TF 
FIGURE 2.3 
The solution of the problem posed in Example 4 is y = 2 + 3e. “ 


Example 4 illustrates the second remark following equation (10). The gen- 
eral solution we found (namely y = 2 + Ce“) is the sum of some particular so- 
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lution of the nonhomogeneous equation (namely the constant function y = 2) 
and the general solution of the homogeneous equation (namely y = Ce"). Note 
that the initial condition was imposed on the general solution as the last step. 
This will always be the case. 


Discontinuous Coefficient Functions 


In some applications, physical conditions undergo abrupt changes. For exam- 
ple, a hot metal object might be plunged suddenly into a cooling bath, or we 
might throw a switch and abruptly change the source voltage in an electrical 
network. 

Such applications are often modeled by an initial value problem 


yt+pody=eg), y@=Yo, ast =b; 


where one or both of the functions p(f) and g(t) have a jump discontinuity at 
some point, say t = c, where a <c <b. In such cases, even though y'(f) is not 
continuous at t=c, we expect on physical grounds that the solution y(t) is 
continuous at t = c. For these problems we first solve the initial value problem 
on the interval a < t < c; the solution y(t) will have a one-sided limit, 

lim y@) = yc). 


To complete the solution, we use the limiting value y(c-) as the initial condition 
on the subinterval [c, b] and then solve a second initial value problem on [c, b]. 


Solve the following initial value problem on the interval 0 < t < 2: 


1, O<t<l 


y-—y=et), y0)=0, where gi) = { (223 


Solution: The graph of g(t) is shown in Figure 2.4(a); it has a jump discontinu- 
ity att = 1. On the interval [0, 1), the differential equation reduces toy’ — y = 1. 
The general solution is 


y) = Ce’ - 1. 


Imposing the initial condition, we obtain y(t) = e' — 1,0 <t < 1. Astapproaches 
1 from the left, y(t) approaches the value e — 1. Therefore, to complete the so- 
lution process, we solve a second initial value problem, 


y-y=-2, y(l)=e-1, t<¢22 
The solution of this initial value problem is 
3 
yin = (1-2 )e42, 1<t<2. 
e 
Combining the individual solutions of these two initial value problems, we 


obtain the solution for the entire interval 0 < t < 2: 


e —1, 0<t<l 


() = 
. (1-2 )e+2, 1<t<2. 


é 
(continued) 
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(continued) 


The graph of y(t) is shown in Figure 2.4(b). Note that y(t) is continuous on the 
entire t-interval of interest. However, y(t) is not differentiable at t = 1. 
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FIGURE 2.4 


(b) 


(a) The coefficient function g(t) of the differential equation y’ — y = g(t) in 
Example 5 has a jump discontinuity at t = 1. (b) The solution of 
y’ — y = g(t), y(0) = 0 is continuous on the interval 0 < t < 2, but is not 


differentiable at t = 1. 


EXERCISES 


Exercises 1-10: 


For each initial value problem, 


% 
“ 


(a) Find the general solution of the differential equation. 


(b) Impose the initial condition to obtain the solution of the initial value problem. 


1. y+3y=0, y(0)=-3 2. 2y’—-y=0, y(-1)=2 

3. 2ty—y'=0, y(1)=3 4. ty’—4y=0, y(1)=1 

5. y -3y=6, y0)=1 6. y —2y=e", y(0)=3 

7. 2y'+3y=e', y(0)=0 8. y+ y=1+42e'cos2t, y(r/2)=0 


9. 2y’+ (cost)y = —3cost, y(0)=—4 10. y'+2y=e'4+t4+1, y(-l) =e 


Exercises 11-24: 


Find the general solution. 


11. ty’ +4y=0 12. y+ (14+ sinty =0 
j y’ 

14. (° + Dy’ +2ty =0 cr ae 
ua (7 + ly 

17. y'+2y=1 18. y'+2y =e" 

20. y' + 2ty =t 21. ty’ +2y=r, t>0 


13. y’ — 2(cos 2H)y = 0 
16. y+e'y’=0 


19. y+ 2y=e% 
22. (? + 4)y' + 2ty =P (P +4) 
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(c) y-y=0 


0 


2.2 First Order Linear Differential Equations 


24. y’ + 2y = cos 3t 


(b) y+ y 
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with one of the following differential equations: 


25. Consider the three direction fields shown. Match each of the direction field plots 
(a) y+y=0 


23.y +y=t 
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(b) y’ + (cos 2ny = 0 


Direction Field 3 
(d) 10y'— y=0 


Figure for Exercise 25 
Solution graph passes through the points (2, 1) and (4, 4). 


Solution graph passes through the points (1, 4) and (3, 1). 


© A Oe eae 
ec ew= nw K— — 44+ -- - HK KM we 


Yo- 


y(1) = Yo: 


0, 
28. Following are four graphs of y(t) versus f, 


the four differential equations (a)-(d). Match the graphs to the differential equa- 


tions. For each match, identify the initial condition, y(0). 


(c) 10y’ — (1 — cos 2t)y = 0 


The graph of the solution of the given initial value problem is known to pass through 
(a) 2y'+y=0 


the (t, y) points listed. Determine the constants a and yp. 


Exercises 26-27 
26. y +ay=0, y(0) 


27. ty’ —ay 
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Figure for Exercise 28 


29. Antioxidants Active oxygen and free radicals are believed to be exacerbating factors 
in causing cell injury and aging in living tissue.' These molecules also accelerate 
the deterioration of foods. Researchers are therefore interested in understanding 
the protective role of natural antioxidants. In the study of one such antioxidant 
(Hsian-tsao leaf gum), the antioxidation activity of the substance has been found 
to depend on concentration in the following way: 


dA(c) 
dc 
In this equation, the dependent variable A is a quantitative measure of antioxidant 


activity at concentration c. The constant A* represents a limiting or equilibrium 
value of this activity, and k is a positive rate constant. 


= k{A* — Acc)], A(0) = 0. 


(a) Let B(c) = A(c) — A* and reformulate the given initial value problem in terms of 
this new dependent variable, B. 


(b) Solve the new initial value problem for B(c) and then determine the quantity of 
interest, A(c). Does the activity A(c) ever exceed the value A*? 


(c) Determine the concentration at which 95% of the limiting antioxidation activity 
is achieved. (Your answer is a function of the rate constant k.) 


30. The solution of the initial value problem ty’ + 4y = at”, y(1) = —+ is known to exist 
on —oo <t < oo. What is the constant a? 


'Tih-Shiuh Lai, Su-Tze Chou, and Wen-Wan Chao, “Studies on the Antioxidative Activities of 
Hsian-tsao (Mesona procumbens Hemsl) Leaf Gum,” J. Agric. Food Chem., Vol. 49, 2001, 
pp. 963-968. 
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Exercises 31-33: 


In each exercise, the general solution of the differential equation y’ + p(t)y = g(t) is 
given, where C is an arbitrary constant. Determine the functions p(t) and g(¢). 


31. y(t) =Ce*+4+t4+1 32. y(t) = Ce” +2 33. yt) =Cr' +1, t>0 
Exercises 34-35: 
In each exercise, the unique solution of the initial value problem y’ + y = g(t), y(0) = vo 
is given. Determine the constant y,) and the function g(t). 
34. y(t) =e'+t-1 35. y(t) = —2e‘'+e'4+ sint 
Exercises 36-37: 
In each exercise, discuss the behavior of the solution y(t) as t becomes large. Does 
lim,,,.y() exist? If so, what is the limit? 
36. y +y+ycost=1+cost, y(0)=3 
fr —t 2 
ag. 2 2S. yO S29 
y 
38. The solution of the initial value problem y’ + y =e“, y(0) = yy has a maximum value 
of e-' = 0.367..., attained at t = 1. What is the initial condition y,? 


39. Let y(t) be a nonconstant solution of the differential equation y’ + Ay = 1, where A 
is a real number. For what values of A is lim,_,,,y(t) finite? What is the limit in this 
case? 


Exercises 40-43: 


As in Example 5, find a solution to the initial value problem that is continuous on the 
given interval [a, b]. 


40. y'+ : @), yd)=1; (t) ae te [a,b] = [1, 3] 
-y Pa ’ y ee & = 0, fps a, — , 
j : sint, O<t<z 
41. y+ (sindDby=g(), yO=3; geH= ; [a, b] = [0, 27] 
—sint, ma <t<2n; 
0, O<t<lil 
42. y+ py =2, y0)=1; poO=441 [a, b] = [0, 2] 
-, 1<t<2; 
2t—1, O<t<l 
’ 0, 1<t<3 
43. y+ py =0, y(0) =3; p(t) = = [a, b] = [0, 4] 
m7 3.<t<4; 


Exercises 44-45: 


In each exercise, you are asked to express the solution in terms of a “special function” 
[the function Si(t) in Exercise 44 and erf(f) in Exercise 45]. Such special functions are 
sufficiently important in applications to warrant giving them names and studying their 
properties. (A book such as Handbook of Mathematical Functions by Abramowitz and 
Stegun? gives the definitions for many important special functions, lists their properties, 
and has tables of their values. Scientific software such as MATLAB, Mathematica, Maple, 
and Derive has subroutines for evaluating special functions.) 


?Milton Abramowitz and Irene Stegun, Handbook of Mathematical Functions (New York: Dover 
Publications, 1965). 
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1 
44. Solve y’ — Pe oe sint, y(1) = 3. Express your answer in terms of the sine integral, 


t i t * 
Si(t), where Si) = / ds. [Note that Si) = Si(1) + / ds] 
(0) 1 


45. Solve y’ — 2ty = 1, y(0) = 2. Express your answer in terms of the error function, 


t 
erf(t), where erf(t) = 42 | eds. 
Jo 


46. Superposition First order linear differential equations possess important superpo- 
sition properties. Show the following: 


(a) If y,@ and y,(t) are any two solutions of the homogeneous equation 
y’ + p(y = 0 and if c, and c, are any two constants, then the sum c,y, (t) + cv) 
is also a solution of the homogeneous equation. 


(b) If y,@ is a solution of the homogeneous equation y’ + p(y = 0 and y,(t) is a 
solution of the nonhomogeneous equation y’ + p(t)y = g(t) and c is any constant, 
then the sum cy, (¢) + y,(¢) is also a solution of the nonhomogeneous equation. 


(c) If y,@ and y,(f) are any two solutions of the nonhomogeneous equation 
y' + p(y = g@), then the sum y, (4) + y,(f) is not a solution of the nonhomogeneous 
equation. 


Exercises 47-48: 


Outline of a Proof of Theorem 2.1 The discussion of integrating factors in this section 
provides a basis for establishing the existence-uniqueness result stated in Theorem 2.1. 
In particular, consider the initial value problem y’ + p@y = g(t), v(fo) = Yo, where p(t) 
and g(t) are continuous on the interval (a,b) and where f, is in the interval (a, b). Let 
P(t) denote the specific antiderivative of p(f) that vanishes at fo, 


t 
P(t) = i ord (11) 


Since p is continuous on (a, b), it follows from calculus that P(t) is defined and differ- 
entiable for all ¢ in (a, b). As an instance of equation (10), define y(t) by 


t 

yt) =y e +e f e”)o(s) ds. (12) 
1) 

Since g is continuous on (a,b) and P(t) is differentiable on (a,b), it follows from cal- 

culus that G(t) = Si e”)o(s) ds is defined and differentiable for all ¢ in (a,b) and that 


dG/dt = e? g(t). 


47. Use the facts above to show that y(f) defined in equation (12) is a solution of the ini- 
tial value problem y’ + p(y = g(t), y(ty) = Yo. This explicit construction establishes 
that at least one solution of the initial value problem exists on the entire interval 
(a,b). 


48. To establish the uniqueness part of Theorem 2.1, assume y, (f) and y,(¢) are two so- 
lutions of the initial value problem y’ + p(y = g(f), y(to) = y9- Define the difference 
function w(t) = y, (0 —y,(0). 

(a) Show that w(t) is a solution of the homogeneous linear differential equation 
w' + p(t)w = 0. 


(b) Multiply the differential equation w’ + p(t)w = 0 by the integrating factor e?, 


where P(t) is defined in equation (11), and deduce that e” w(t) = C, where C is a 
constant. 


(c) Evaluate the constant C in part (b) and show that w(t) = 0 on (a, b). Therefore, 
y,(t) =y,(t) on (a,b), establishing that the solution of the initial value problem is 
unique. 
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2.3 Introduction to Mathematical Models 


Differential equations often serve as mathematical models that are used to 
describe and make predictions about physical systems. This section and the 
next one focus on models based on first order linear differential equations, while 
Sections 2.8 and 2.9 consider models involving first order nonlinear differential 
equations. Later chapters present models involving higher order differential 
equations and systems of differential equations. 

We saw a simple example of a mathematical model in Chapter 1: 


= 72, yO)=¥%, yO) =Vo. 


This initial value problem is a mathematical model, derived from Newton’s® 
second law of motion, for an object falling under the influence of gravity. The 
starting position of the object is y(0) = yo, and its initial velocity is y'(0) = v9. 
The solution predicts how the object’s position, y(t), and its velocity, y'(t), vary 
with time as the object falls. 

In this section, we study two important problems modeled by first order 
linear differential equations—mixing problems and cooling problems. These 
problems arise when we model phenomena such as the mixing of solutes and 
solvents in flow systems, the spread and removal of pollutants in air and water, 
and the cooking and sterilization of foods. 


Modeling 


We can divide the art of mathematical modeling into three phases: 


1. Formulation After observing the physical system, we need to identify 
the appropriate independent and dependent variables. Then we need 
to develop a mathematical description of how these variables interact. 
Often, a differential equation (along with appropriate initial conditions) 
will serve as a mathematical description of the system. 


2. Solution Once we have formulated the modeling problem, we need 
to solve it. This involves recognizing the mathematical structure of the 
problem and bringing the appropriate analytical and/or numerical tech- 
niques to bear. 


3. Validation and Interpretation Once we have solved the problem, the 
solution needs to be examined carefully. Does it make sense? Is it con- 
sistent with our physical intuition about what should be expected? The 
solution needs to be scrutinized for its physical content: What does it 
say about the physical phenomenon being modeled? 


3Sir Isaac Newton (1643-1727) profoundly influenced the development of mathematics and sci- 
ence. Newton, along with Gottfried Leibniz, is generally credited with laying the foundations of 
differential and integral calculus. His work De Methodis Serierum et Fluxionum was completed in 
1671 but was not published until 1736. Optiks, published in 1704, summarizes Newton's research 
in the theory of light and color. His greatest work, Philosophiae naturalis principia mathematica (or 
simply Principia), was published in 1687. This work summarizes his research in physics and celes- 
tial mechanics. It contains his laws of motion and the law of universal gravitation. The Principia 
is arguably the greatest scientific work ever published. 
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Mixing Problems 


Consider the fluid mixing problem shown schematically in Figure 2.5. A tank 
initially contains a volume of fluid, within which is dissolved a certain amount 
of solute. For definiteness, consider the liquid to be water, having the units 
of gallons. Consider the solute to be salt, having the units of pounds. Time is 
measured in minutes. 


Inflow Tank Outflow 


c;(t) lb/gal 


r;(t) gal/min 
eh) = a Ib/gal 


r,(t) gal/min 


FIGURE 2.5 


A salt solution enters the tank at a certain inflow rate and the well-stirred 
solution leaves the tank at a certain outflow rate. How much salt is in the 
tank at a given time f? 

At some starting time, say tf = 0, a salt solution enters the tank at a certain 
inflow rate and the well-stirred solution flows out of the tank at some outflow 
rate. The phrase well stirred means that the concentration of salt is uniform 
within the tank; the concentration depends only on time and not on spatial 
location within the tank. In other words, any salt entering the tank is instanta- 
neously dispersed throughout the tank (through either mechanical mixing or 
diffusion). This is a reasonable approximation if the salt dissolves and disperses 
into solution very quickly relative to the speed at which the solution enters or 
leaves the tank. 

Our objective in this mixing problem is to determine the amount of salt in 
the tank, as a function of time. 


Modeling the Mixing Problem 


To model the dynamics of the mixing process shown in Figure 2.5, we invoke 
a “conservation of salt” law: 


Rate of change of _ Rate at which = Rate at which (1) 


salt in the tank salt enters the tank salt leaves the tank. 


We need to translate the words of equation (1) into mathematics. To that end, 
let 

Q(t) = amount of salt (pounds) in the tank at time ¢ (minutes), 

V(t) = volume of water (gallons) in the tank at time f, 

c,(t) = inflow salt concentration (pounds/gallon) at time ¢, 

c,(t) = outflow salt concentration (pounds/gallon) at time ¢, 

r,(t) = inflow rate (gallons/minute) at time f, 

r,(t) = outflow rate (gallons/minute) at time f. 


EXAMPLE 


1 
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Using these definitions, we can convert each term of equation (1) into a math- 
ematical statement and obtain a mathematical model for the mixing process. 

The rate at which salt enters the tank is given by the product of the inflow 
rate and the inflow salt concentration. That is, 


Rate at which 
=r.(t)c,(t). 
salt enters the tank We 


(Dimensionally, pounds = gallons pounds ) 


minute minute gallon 


Similarly, the rate at which salt leaves the tank is the product of the outflow rate 
and the outflow salt concentration. But, while the inflow salt concentration is 
a known function, c,(t), the outflow salt concentration is not a known function 
of t. In particular, outflow salt concentration, c,(t), is determined by volume 
V(t) and by how much salt is in the tank at time f: 

Q(t) 


Thus, 


Rate at which Q(t) 


= t t)= t)——_. 
salt leaves the tank To Weal) = Tol VO 


Combining these two calculations, we have a mathematical model for the mix- 
ing process: 

dQ Q 

a rte) — ro OT Q(0) = Qo. (2) 
In equation (2), Q(0) = Q, gives the amount of salt in the tank at the starting 
time, t = 0. 

In equation (2), the volume of water in the tank, V (0), is related to the flow 

rates by the differential equation 


dV _ ; ' 
We te 


Solving this equation by antidifferentiation, we obtain an expression for V(f), 


t 
Vit) = V(0O) + | [r;(s) —1,(s)] ds. 
0 


Having V(t), we can solve the first order linear equation (2) for Q(t). [In many 
cases, the inflow rate and the outflow rate are equal. In such cases, V(t) = V(0) 
is constant. ] 


A tank initially contains 1000 gal of water in which is dissolved 20 Ib of salt. 
A valve is opened and water containing 0.2 lb of salt per gallon flows into the 
tank at a rate of 5 gal/min. The mixture in the tank is well stirred and drains 
from the tank at a rate of 5 gal/min. 


(a) Find Q(t), the amount of salt in the tank after t minutes. 


(b) Find the limiting value: lim , ,,, Q(t). Why should you expect such a limit 
to exist? 


(continued) 
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(continued) 


(c) Let the limit in part (b) be designated as Q,. How long will it be until Q(t) 
is within 1% of Q,? 


Solution: Since the inflow rate and the outflow rate are the same, the volume 
of water in the tank remains constant at 1000 gal. Equation (2), together with 
the condition that there was 20 lb of salt in the tank at time t = 0, leads to the 
following initial value problem: 


dQ Q 


ae (5)(0.2) —5 7000’ Q(0) = 20. 


(a) Solving the nonhomogeneous differential equation using the tech- 
niques of Section 2.2, we obtain the general solution 


Q(t) = 200 + Ce? 
Imposing the initial condition, we find 
Q(t) = 200 — 180e~*/? Ib. 


(b) From part (a) we see that Q(t) ~ 200 as t > oo. The discussion following 
this example comments on the physical significance of the limit, why the 
limit should exist, and why the limit should be Q,; = 200 lb. 


(c) Given Q; = 200, we need to determine when Q(f) is within 1% of 200. 
Now, from the solution graphed in Figure 2.6, Q(t) is an increasing func- 
tion. Thus, Q(t) is within 1% of Q,; when Q(t) > 198. Solving the equation 
Q(t) = 198, we find 


—t = 200In(;3). 


or t = 899.96... min. Therefore, after about 900 min (15 hr), there will be 
at least 198 lb of salt in the tank. 


899.96 


FIGURE 2.6 


For the mixing problem in Example 1, there is Q(t) lb of salt in the tank 
after t min, where Q(t) = 200 — 180e~“/". 


0, 
~~ 
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The general solution of the differential equation in Example 1 is 
Q(t) = 200 + Ce". 


Thus, Q(t) ~ 200 ast > ov, regardless of the value of C. Note that the constant 
function Q(t) = 200 is an equilibrium solution of the differential equation. This 
is the amount of salt needed to make the concentration of salt in the tank equal 
to the inflow concentration. 

This limiting behavior also can be seen in more general situations. For 
instance, suppose the inflow and outflow rates are constant and equal, say 
at r gal/min. Let the inflow concentration, c;, be constant as well. Let V, de- 
note the volume of water in the tank, and let Q(0) = Q) denote the amount 
of salt in the tank at time t = 0. Under these conditions, the mixing model 
becomes 


dQ Q 

aoe Ve" Q(0) = Qo. (3a) 
The solution of this initial value problem is 

OQ) = ¢;Vp + (Qy — Ve MO. (3b) 


Note that the solution Q(t) tends to the same limiting value, c;V), regardless 
of the flow rate r. In fact, the constant function Q(t) = c;Vp is an equilibrium 
solution of differential equation (3a). It is the amount of salt needed to make 
the concentration of the solution in the tank equal to the inflow concentration. 
Think about flushing out a tank with a salt solution. No matter how much salt 
is initially in the tank, it is flushed out as time increases and the concentration 
of salt in the tank approaches the inflow concentration of c; lb/gal. Hence, 
equation (3b) is consistent with our physical intuition. Increasing or decreasing 
the flow rate r affects how rapidly the limiting value is approached but does 
not affect the limiting value itself. 

Although we've talked only about tanks and salt, problems of this sort arise 
in a variety of circumstances, such as environmental applications where the 
tank is actually a body of water (such as a lake) and the solute is some pollutant 
entering and leaving via connecting streams. 


Cooling Problems 


Imagine a bowl of hot soup placed on a kitchen table and left there to cool. 
Suppose you wanted to develop a mathematical model to predict how the tem- 
perature of the soup changes as time progresses. How would you proceed? 

At any instant of time, we would expect the temperature at all points within 
the soup itself to be approximately the same. (This is the thermal equivalent of 
“well stirred.”) Therefore, we assume that the temperature of the soup is de- 
scribed by a function of time alone. We make the same assumption about the 
kitchen surroundings, and thus its temperature can be described by a second 
function of time (quite possibly a constant function). Moreover, the kitchen 
surroundings are sufficiently large that kitchen temperature is basically un- 
changed by introducing the bow] of hot soup. 

With this example as a guide, we'll now set up the general framework for 
Newton’s law of cooling. Instead of soup and a kitchen, we speak of an object 
and its surroundings. 
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EXAMPLE 


2 


Let @(¢) and S(t) denote the temperatures of the object and its surround- 
ings, respectively. The basic assumption underlying Newton’s law of cooling is 
that the rate of change of the object’s temperature is proportional to the dif- 
ference in temperatures between the object and its surroundings. Expressed 
mathematically, Newton’s law of cooling is 


O'@) =k[S — OWI. (4) 


In the model given by equation (4), we assume that the temperature of the 
surroundings, S(t), is known for all time of interest and is unaffected by the 
presence of the object. 

In equation (4) we also assume that the constant of proportionality, k, is 
positive. Does that make sense to you? Suppose that, at some instant in time, 
the temperature of the surroundings is less than the temperature of the object. 
Should the object’s temperature be increasing or decreasing at that instant? 


A metal object is heated to 200°C and then placed in a large room to cool. The 
temperature of the room is held constant at 20°C. After 10 min, the object's 
temperature is 100°C. How long will it take the object to cool to 25°C? 


Solution: Using equation (4), we can model the object’s temperature, @(f), by 
Q(t) = k[20 — 0], ©(0) = 200. 


Here, t is measured in minutes and temperature in degrees Celsius. 
The general solution of 0'(t) = k[20 — @(0)] is 


@) =20+Ce™. 


Imposing the initial condition, we get @(f) =20+180e. Knowing 


©(10) = 100, we determine the rate constant k, finding k = 0.08109 (min)~!. 
Thus, @(f) is given (approximately) by 


O(t) = 20 + 18027081, 


Solving @(¢) = 25, we find that the metal object cools to 25°C after 44.186... 
min. 


Consider a cooling problem (such as the one in Example 2) where the sur- 
rounding temperature S(t) is constant. In particular, let S(t) = Sp for all t of 
interest. The initial value problem modeling constant-temperature surround- 
ings is 

O'(t) = kK[Sp — OO), ©@(0) = Op. (5) 


From a mathematical point of view, equations (3a) and (5) are the same. We 
need only identify k with r/V,) and Sy with Voc;. Equation (5) has equilibrium 
solution @(¢) = Sg. Therefore, if the object has the same initial temperature as 
the surroundings (that is, if ©, = Sj), then its temperature will remain constant. 
If the object’s initial temperature is not equal to that of the surroundings, we 
expect the object’s temperature to approach Sy as t > oo. These common-sense 
checks are satisfied by the solution of (5): 


OW) = Sy + (Oy) —Sye™. 


EXERCISES 
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You can also gain insight into this behavior by examining the direction field for 
the differential equation, shown in Figure 2.7. Observe from the direction field 
that ©(¢) = S, is an equilibrium solution. This analysis together with Figure 2.7 
clearly suggests that the temperature of the body tends toward the temperature 
of the surroundings as time evolves. 


1. 
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FIGURE 2.7 


The direction field for the differential equation 0’(t) = k[S, — @(d)] that 
models a cooling problem. The constant function @(f) = Sy is an 
equilibrium solution. The direction field shows that the temperature of the 
body, ©(t), tends toward the temperature of the surroundings, Sp. 


A tank originally contains 100 gal of fresh water. At time t = 0, a solution containing 
0.2 lb of salt per gallon begins to flow into the tank at a rate of 3 gal/min and the 
well-stirred mixture flows out of the tank at the same rate. 


(a) How much salt is in the tank after 10 min? 


(b) Does the amount of salt approach a limiting value as time increases? If so, what 
is this limiting value and what is the limiting concentration? 


A tank initially holds 500 gal of a brine solution having a concentration of 0.1 lb of 
salt per gallon. At some instant, fresh water begins to enter the tank at a rate of 10 
gal/min and the well-stirred mixture leaves at the same rate. How long will it take 
before the concentration of salt is reduced to 0.01 lb/gal? 


An auditorium is 100 m in length, 70 m in width, and 20 m in height. It is ventilated 
by a system that feeds in fresh air and draws out air at the same rate. Assume that 
airborne impurities form a well-stirred mixture. The ventilation system is required 
to reduce air pollutants present at any instant to 1% of their original concentration 
in 30 min. What inflow (and outflow) rate is required? What fraction of the total 
auditorium air volume must be vented per minute? 


A tank originally contains 5 lb of salt dissolved in 200 gal of water. Starting at time 
t = 0, a salt solution containing 0.10 lb of salt per gallon is to be pumped into the 
tank at a constant rate and the well-stirred mixture is to flow out of the tank at the 
same rate. 
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(a) The pumping is to be done so that the tank contains 15 lb of salt after 20 min of 
pumping. At what rate must the pumping occur in order to achieve this objective? 


(b) Suppose the objective is to have 25 lb of salt in the tank after 20 min. Is it 
possible to achieve this objective? Explain. 


. A 5000-gal aquarium is maintained with a pumping system that passes 100 gal of 


water per minute through the tank. To treat a certain fish malady, a soluble an- 
tibiotic is introduced into the inflow system. Assume that the inflow concentration 
of medicine is 10te~/°° mg/gal, where t is measured in minutes. The well-stirred 
mixture flows out of the aquarium at the same rate. 


(a) Solve for the amount of medicine in the tank as a function of time. 


(b) What is the maximum concentration of medicine achieved by this dosing and 
when does it occur? 


(c) For the antibiotic to be effective, its concentration must exceed 100 mg/gal for 
a minimum of 60 min. Was the dosing effective? 


. A tank initially contains 400 gal of fresh water. At time ¢ = 0, a brine solution with 


a concentration of 0.1 lb of salt per gallon enters the tank at a rate of 1 gal/min and 
the well-stirred mixture flows out at a rate of 2 gal/min. 


(a) How long does it take for the tank to become empty? (This calculation deter- 
mines the time interval on which our model is valid.) 


(b) How much salt is present when the tank contains 100 gal of brine? 


(c) What is the maximum amount of salt present in the tank during the time interval 
found in part (a)? When is this maximum achieved? 


. A tank, having a capacity of 700 gal, initially contains 10 lb of salt dissolved in 100 


gal of water. At time ¢ = 0, a solution containing 0.5 lb of salt per gallon flows into 
the tank at a rate of 3 gal/min and the well-stirred mixture flows out of the tank at 
a rate of 2 gal/min. 


(a) How much time will elapse before the tank is filled to capacity? 
(b) What is the salt concentration in the tank when it contains 400 gal of solution? 


(c) What is the salt concentration at the instant the tank is filled to capacity? 


Exercises 8-10: 


A tank, containing 1000 gal of liquid, has a brine solution entering at a constant rate of 
2 gal/min. The well-stirred solution leaves the tank at the same rate. The concentration 
within the tank is monitored and is found to be the function of time specified. In each 
exercise, determine 


(a) the amount of salt initially present within the tank. 


(b) the inflow concentration c;(t), where c;(¢) denotes the concentration of salt in the 


11. 


~ctH= 


brine solution flowing into the tank. 


—1/500 1 ci te 1/500 
] ] . c(t) = —(1-e ] ] 10. c(t) = ——— 1 ] 
50 b/ga 9. c(t) 50‘ e ) lb/ga’ 0. c(t) 500 b/ga 


A 500-gal aquarium is cleansed by the recirculating filter system schematically 
shown in the figure. Water containing impurities is pumped out at a rate of 
15 gal/min, filtered, and returned to the aquarium at the same rate. Assume that 
passing through the filter reduces the concentration of impurities by a fractional 
amount a, as shown in the figure. In other words, if the impurity concentration 
upon entering the filter is c(t), the exit concentration is ac(t), where 0 < a < 1. 


(a) Apply the basic conservation principle (rate of change = rate in — rate out) to 
obtain a differential equation for the amount of impurities present in the aquarium 
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at time t. Assume that filtering occurs instantaneously. If the outflow concentration 
at any time is c(t), assume that the inflow concentration at that same instant is wc(t). 


(b) What value of filtering constant a will reduce impurity levels to 1% of their 
original values in a period of 3 hr? 


Filter 


Concentration ac(t) Concentration c(t) 


ae 
— — 


Q(t) lb of impurities 


L | 
15 gal/min V = 500 gal 15 gal/min 


Aquarium 


Figure for Exercise 11 


12. Consider the mixing process shown in the figure. A mixing chamber initially con- 
tains 2 gal of a clear fluid. Clear fluid flows into the chamber at a rate of 10 gal/min. A 
dye solution having a concentration of 4 oz/gal is injected into the mixing chamber 
at a rate of r gal/min. When the mixing process is started, the well-stirred mixture 
is pumped from the chamber at a rate of 10+ 7 gal/min. 


(a) Develop a mathematical model for the mixing process. 

(b) The objective is to obtain a dye concentration in the outflow mixture of 1 oz/gal. 
What injection rate r is required to achieve this equilibrium solution? Would this 
equilibrium value of r be different if the fluid in the chamber at time t = 0 contained 
some dye? 

(c) Assume the mixing chamber contains 2 gal of clear fluid at time t = 0. How 
long will it take for the outflow concentration to rise to within 1% of the desired 


concentration? 
Dye solution 
r gal/min 
Inflow = 4 Outflow 
10 gal/min fe 10 +r gal/min 
Mixing chamber 


Figure for Exercise 12 
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13. Series Connections of Tanks Consider the sketch shown below, where two ponds 


are connected and fed by a single stream flowing through them. Pond A holds 
500,000 gal of water, while Pond B holds 200,000 gal of water. The fresh water 
stream flows through these ponds at a rate of 1000 gal/hr. Assume that at some time, 
say t = 0, 1000 lb of a toxin is spilled into Pond A and disperses rapidly enough that 
a well-stirred assumption is reasonable. 

(a) Let Q,(t) and Q,(t) denote the amounts of toxin in Ponds A and B, respectively, 
at time t. Apply the “conservation of salt” principle to each pond and formulate 
initial value problems governing how the amount of toxin in each pond varies with 
time. 

(b) Solve the two initial value problems for Q,(t) and Q,(t). (Because of the way 
the two ponds are connected by the feeder stream, the problem for Pond A can be 
solved independently of that for Pond B and the solution, in turn, used to specify 
the problem for Pond B.) 

(c) What is the maximum amount of toxin present in Pond B and at what time after 
the spill is this maximum value reached? 

(d) How much time must elapse before the concentration of toxin in both ponds 
has been reduced to 1 Ib per million gallons? 


NY Pond A 


Pond B 


Figure for Exercise 13 


14. Oscillating Flow Rate A tank initially contains 10 lb of solvent in 200 gal of 


15. 


water. At time t = 0, a pulsating or oscillating flow begins. To model this flow, we 
assume that the input and output flow rates are both equal to 3 + sint gal/min. 
Thus, the flow rate oscillates between a maximum of 4 gal/min and a minimum 
of 2 gal/min; it repeats its pattern every 27 ~ 6.28 min. Assume that the inflow 
concentration remains constant at 0.5 lb of solvent per gallon. 


(a) Does the amount of solution in the tank, V, remain constant or not? Explain. 


(b) Let Q(t) denote the amount of solvent (in pounds) in the tank at time ¢ (in min- 
utes). Explain, on the basis of physical reasoning, whether you expect the amount 
of solvent in the tank to approach an equilibrium value or not. In other words, do 
you expect lim Q(t) to exist and, if so, what is this limit? 


t>0o 


(c) Formulate the initial value problem to be solved. 


(d) Solve the initial value problem. Determine lim Q(f) if it exists. 


too 
Oscillating Inflow Concentration A tank initially contains 10 lb of salt dissolved in 
200 gal of water. Assume that a salt solution flows into the tank at a rate of 3 gal/min 
and the well-stirred mixture flows out at the same rate. Assume that the inflow 
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concentration oscillates in time, however, and is given by c,(f) = 0.2(1 + sin?) lb of 
salt per gallon. Thus, as time evolves, the concentration oscillates back and forth 
between 0 and 0.4 lb of salt per gallon. 


(a) Make a conjecture, on the basis of physical reasoning, as to whether or not you 
expect the amount of salt in the tank to reach a constant equilibrium value as time 
increases. In other words, will lim Q(t) exist? 


(b) Formulate the corresponding initial value problem. 


t>0o 


(c) Solve the initial value problem. 


(d) Plot Q(t) versus t. How does the amount of salt in the tank vary as time becomes 
increasingly large? Is this behavior consistent with your intuition? 


Assume Newton’s law of cooling applies in Exercises 16-23. 


16. A chef removed an apple pie from the oven and allowed it to cool at room tem- 
perature (72°F). The pie had a temperature of 350°F when removed from the oven; 
10 min later, the pie had cooled to 290°F. How long will it take for the pie to cool to 
120°F? 

17. The temperature of an object is raised from 70°F to 150°F in 10 min when placed 


within a 300°F oven. What oven temperature will raise the object’s temperature 
from 70°F to 150°F in 5 min? 


18. An object, initially at 150°F, was placed in a constant-temperature bath. After 2 


min, the temperature of the object had dropped to 100°F; after 4 min, the object's 
temperature was observed to be 90°F. What is the temperature of the bath? 


Exercises 19-21: 


A metal casting is placed in an environment maintained at a constant temperature, S). 
Assume the temperature of the casting varies according to Newton’s law of cooling. 
A thermal probe attached to the casting records the temperature 6(t) listed. Use this 
information to determine 


(a) the initial temperature of the casting. 

(b) the temperature of the surroundings. 

19. A(t) =704+270e' °F 20. A(t) = 390e/? °F 21. 6(t) = 80 — 40e°* °F 

22. Food, initially at a temperature of 40°F, was placed in an oven preheated to 350°F. 
After 10 min in the oven, the food had warmed to 120°F. After 20 min, the food was 
removed from the oven and allowed to cool at room temperature (72°F). If the ideal 
serving temperature of the food is 110°F, when should the food be served? 

23. A student performs the following experiment using two identical cups of water. One 
cup is removed from a refrigerator at 34°F and allowed to warm in its surround- 
ings to room temperature (72°F). A second cup is simultaneously taken from room 
temperature surroundings and placed in the refrigerator to cool. The time at which 


each cup of water reached a temperature of 53°F is recorded. Are the two recorded 
times the same or not? Explain. 


2.4 Population Dynamics and Radioactive Decay 


In this section, we study simple population models based on first order linear 
equations. We also examine models for radioactive decay and applications such 
as radiocarbon dating. 
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From Discrete to Continuous Models 


Many physical systems are inherently discrete in nature. For example, a pop- 
ulation is composed of an integer number of individuals and the size of a 
population changes in time by integer jumps. However, we sometimes can use 
differential equations to model such discrete systems. Differential equation 
models provide useful approximations when the population is large and indi- 
vidual births and deaths occur frequently during our time interval of interest. 


Population Models 


Let P(t) represent the population of a species at time t. We assume the pop- 
ulation lives in some well-defined environment that we call a colony. For this 
introductory model we will be quite naive, making no distinction among pop- 
ulation members as to age, gender, health, or location within the colony. 

Assume that the population can change in time through births, deaths, 
and migration in and out of the colony. Also assume that the population is 
sufficiently large to warrant describing its evolution in time by a differential 
equation based on the following “conservation of population” law: 


Rate of change _ Rate of _ Rate of 
of population ~ population increase population decrease. 


(1) 
For our model, population can increase through either births or migration into 
the colony. Similarly, population decreases through either deaths or migration 
out of the colony. 

To translate the principle in equation (1) into mathematics, we'll need to 
introduce some notation. Let 7, and rz be positive constants representing the 
birth and death rates per unit population. In other words, r,P(t) represents the 
rate of population increase through births at time t. Similarly, r;P(¢) represents, 
at time f, the rate of population decrease through deaths. 

Let M(t) denote the migration rate at time t. Note that M(t) can be positive 
or negative, depending on whether or not the rate of immigration into the 
colony exceeds the exodus rate. Combining this notation with the conservation 
of population principle in equation (1), we obtain the differential equation 


dP 
de => r,pP = rgP + M(t), 
or 
dP 
at — (rp = rgyP+ M(t). (2) 
If there is no migration, then equation (2) takes the form 
dP 
— =kP. 3 
dt (3) 


When k is positive in equation (3), we often refer to it as the growth rate; if k 
is negative, we refer to it as the decay rate. As Example 1 illustrates, we can 
sometimes use data about the population to estimate this rate k. 


EXAMPLE 


1 


EXAMPLE 


2 


2.4 Population Dynamics and Radioactive Decay 43 


For a population of about 100,000 bacteria in a petri dish, we decide to model 
population growth by the differential equation 
ap 
dt — 
Suppose, 2 days later, that the population has grown to about 150,000 bacteria. 
Find the growth rate k and estimate the bacteria population after 7 days. 


KP. 


Solution: The general solution of P’ = kP is 

P®) = Ce", 
where, for this problem, t is measured in days. Imposing the initial condition, 
P(O) = 100,000, we obtain 

P(t) = 100,000e*. 
Knowing P(2) = 150,000, we find 
150,000 = 100,000e*, or 1.5 =e, 
Therefore, 
k =11n (1.5) days’. 
Having k, we arrive at an expression for the bacteria population: 
P(t) = 100,000e"'>/2" — 100,000(1.5)". 


At the end of 7 days, there will be about 413,000 bacteria. [The formula for P(t) 
gives P(7) = 413,351.] 


An aquaculture firm raises catfish in ponds. At the beginning of the year, the 
ponds contain approximately 500,000 catfish. The net growth rate coefficient, 
1, — fg, is estimated to be about 6.1 per 1000 per week. The firm wants to harvest 
at a constant rate of R fish per week, but it also wants to increase the population 
to about 600,000 fish by the end of the year. Find the appropriate harvest rate, R. 


Solution: Using the model in equation (2), we have 


dP 


For our problem, t is measured in weeks. The growth rate coefficient, r, — ry, 
is 6.1 per 1000 per week. Therefore, 


Y, -'3 = —— 
> “4 1000 
For this problem, the migration rate is the same as the harvest rate. Since 
the harvest rate is constant, we set M(t) = —R, where R is a positive constant. 
Therefore, we arrive at the following model for the catfish population: 
dP 


ae 0.0061P—R, P(O) = 500,000. (4) 


= 0.0061 week™!. 


(continued) 
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EXAMPLE 


3 


(continued) 


Our objective is to choose R so that P(52) = 600,000. [In the absence of any 
harvesting (that is, with R = 0), the population P(t) would be 


P(t) = 500,000e9-°°!". 


So, with no harvesting, the population at the end of the year would be about 
P(52) = 500,000e°3'””, or about 685,000 fish.] 

To determine a reasonable harvest rate R, we first find the general solution 
for nonhomogeneous differential equation (4): 


P(t) = Ce: 0061t Be 


0.0061— 
Imposing the initial condition P(0) = 500,000, we obtain 
R 
_ = 0.0061¢ 
ss (s 00,000 — 5061 ) : 0.0061" 


or 


P(t) — (1 - any ale 500,000e°.°°!, 


R 
0.0061 
We want to choose R so that P(52) = 600,000. Thus, 


600,000 = (1 = ge) + 500,000¢93!72. 


0.0061 


Solving for R, we arrive at a harvest rate of R = 1416 per week. Thus, the firm 
can harvest at a rate of about 1400 fish per week and still see its fish population 
grow to about 600,000 by year’s end. 


Radioactive Decay 


The process of radioactive decay is, in many respects, like the behavior of a large 
population in which there are deaths but no births. At the atomic level, individ- 
ual atoms of a radioactive element spontaneously undergo change, transform- 
ing themselves into new material. 

At the macroscopic level (the level of continuous modeling), we'll let Q(#) 
represent the amount of radioactive material present at time ¢. It has been 
observed empirically that the rate of decrease of radioactive material is pro- 
portional to the amount present. That is, the mathematical model is 


dQ 
dt 
We can obtain differential equation (5) by invoking the same basic conser- 
vation law, equation (1), that was used to derive the population model 
P’(t) = (r, —1r,)P() + M@. Here, the birth rate r, is zero since no radioactive 
material is being created. The death rate constant r, has been replaced by k. 
Likewise, we are tacitly assuming that no material is being added or taken away, 
and therefore the migration rate M(t) is also zero. 


—kQ, k>0. (5) 


Initially, 50 mg of a radioactive substance is present. Five days later, the quantity 
has decreased to 43 mg. How much will remain after 30 days? 
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Solution: The general solution of equation (5) is 
Qi) = Ce, 

where ¢f is measured in days. Imposing the initial condition, we obtain 
Q(t) = 50e™. 


As in Example 1, we use the fact that Q(5) = 43 mg to determine the decay 
rate k: 


ly. 43 -1 
After 30 days, therefore, we expect to have 


Q(30) = 50e° = 20.228... mg. * 


The half-life of a radioactive substance is the length of time it takes a given 
amount of the substance to be reduced to one half of its original amount. Thus, 
the half-life t is defined by the equation 


Q(t + 1) = 5Q(). 


Since Q(t) = Ce~™, this equation reduces to e** — 0.5 and hence 
= In2 
t= k é 
For example, the substance in Example 3 has a half-life of about 
In2 
= 22: : 
0.0302 o> days 


If we had 300 mg of the substance at some given time, we would have about 
150 mg of the substance 22.95 days later and 75 mg of the substance after 45.9 
days. 


EXERCISES 


Assume the populations in Exercises 1-4 evolve according to the differential equa- 
tion P’ = kP. 


1. A colony of bacteria initially has 10,000,000 members. After 5 days, the population 
increases to 11,000,000. Estimate the population after 30 days. 


2. How many days will it take the colony in Exercise 1 to double in size? 


3. A colony of bacteria is observed to increase in size by 30% over a 2-week period. 
How long will the colony take to triple its initial size? 


4. Acolony of bacteria initially has 100,000 members. After 6 days, the population has 
decreased to 80,000. At that time, 50,000 new organisms are added to replenish its 
size. How many bacteria will be in the colony after an additional 6 days? 


5. Initially, 100 g of a radioactive material is present. After 3 days, only 75 g remains. 
How much additional time will it take for radioactive decay to reduce the amount 
present to 30 g? 
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6. 


7. 


10. 


11. 


12. 


Radioactive decay reduces an initial amount of material by 20% over a period of 90 
days. What is the half-life of this material? 


A radioactive material has a half-life of 2 weeks. After 5 weeks, 20 g of the material 
is seen to remain. How much material was initially present? 


. After 30 days of radioactive decay, 100 mg of a radioactive substance was observed 


to remain. After 120 days, only 30 mg of this substance was left. 
(a) How much of the substance was initially present? 
(b) What is the half-life of this radioactive substance? 


(c) How long will it take before only 1% of the original amount remains? 


. Initially, 100 g of material A and 50 g of material B were present. Material A is 


known to have a half-life of 30 days, while material B has a half-life of 90 days. At 
some later time it was observed that equal amounts of the two radioactive materials 
were present. When was this observation made? 


The evolution of a population with constant migration rate M is described by the 
initial value problem 


dP 
Gp =KP+M, — P(0) = Pp. 


(a) Solve this initial value problem; assume k is constant. 


(b) Examine the solution P(t) and determine the relation between the constants k 
and M that will result in P(t) remaining constant in time and equal to Py. Explain, 
on physical grounds, why the two constants k and M must have opposite signs to 
achieve this constant equilibrium solution for P(t). 


Assume that the population of fish in an aquaculture farm can be modeled by the 
differential equation dP/dt = kP + M(t), where k is a positive constant. The manager 
wants to operate the farm in such a way that the fish population remains constant 
from year to year. The following two harvesting strategies are under consideration. 


Strategy I. Harvest the fish at a constant and continuous rate so that the popula- 
tion itself remains constant in time. Therefore, P(t) would be a constant and M(t) 
would be a negative constant; call it —M. (Refer to Exercise 10.) 


Strategy II: Let the fish population evolve without harvesting throughout the year, 
and then harvest the excess population at year’s end to return the population to its 
value at the year’s beginning. 


(a) Determine the number of fish harvested annually with each of the two strate- 
gies. Express your answer in terms of the population at year’s beginning; call it Po. 
(Assume that the units of k are year '.) 


(b) Suppose, as in Example 2, that P) = 500,000 fish and k = 0.0061 x 52 = 0.3172 
year'. Assume further that Strategy I, with its steady harvesting and return, pro- 
vides the farm with a net profit of $0.75/fish while Strategy II provides a profit of 
only $0.60/fish. Which harvesting strategy will ultimately prove more profitable to 
the farm? 


Assume that two colonies each have P, members at time ¢ = 0 and that each evolves 
with a constant relative birth rate k =r, —1,. For colony 1, assume that individu- 
als migrate into the colony at a rate of M individuals per unit time. Assume that 
this immigration occurs for 0 < t < 1 and ceases thereafter. For colony 2, assume 
that a similar migration pattern occurs but is delayed by one unit of time; that is, 
individuals migrate at a rate of M individuals per unit time, 1 < t < 2. Suppose we 
are interested in comparing the evolution of these two populations over the time 


13. 


14. 


15. 


16. 
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interval 0 < t < 2. The initial value problems governing the two populations are 


ap, 1, O<t<1 
Ol 4p ay P,(0) =P M,O= 

i 1+M,0, (0) = Po, i : 1<t<2; 
dP, 0, O<t<il 
ae kP, + M,(0), P,(0) = Po, M,(t) = fe 1<t<2. 


(a) Solve both problems to determine P, and P, at time t = 2. 


2 
(b) Show that P, (2) — P,(2) = (M/k) (e - 1) . Ifk > 0, which population is larger 
at time t = 2? What happens if k < 0? 


(c) Suppose that there is a fixed number of individuals that can be introduced into a 
population at any time through migration and that the objective is to maximize the 
population at some fixed future time. Do the calculations performed in this problem 
suggest a strategy (based on the relative birth rate) for accomplishing this? 


Radiocarbon Dating Carbon-14 is a radioactive isotope of carbon produced in the 
upper atmosphere by radiation from the sun. Plants absorb carbon dioxide from 
the air, and living organisms, in turn, eat the plants. The ratio of normal carbon 
(carbon-12) to carbon-14 in the air and in living things at any given time is nearly 
constant. When a living creature dies, however, the carbon-14 begins to decrease as 
a result of radioactive decay. By comparing the amounts of carbon-14 and carbon- 
12 present, the amount of carbon-14 that has decayed can therefore be ascertained. 

Let Q(t) denote the amount of carbon-14 present at time ¢ after death. If we 
assume its behavior is modeled by the differential equation Q’(t) = —kQ(t), then 
Q(t) = Q(0)e™. Knowing the half-life of carbon-14, we can determine the constant 
k. Given a specimen to be dated, we can measure its radioactive content and de- 
duce Q(t). Knowing the amount of carbon-12 present enables us to determine Q(0). 
Therefore, we can use the solution of the differential equation Q(t) = Q(0)e™ to 
deduce the age, t, of the radioactive sample. 


(a) The half-life of carbon-14 is nominally 5730 years. Suppose remains have been 
found in which it is estimated that 30% of the original amount of carbon-14 is 
present. Estimate the age of the remains. 


(b) The half-life of carbon-14 is not known precisely. Let us assume that its half-life 
is 5730 + 30 years. Determine how this half-life uncertainty affects the age estimate 
you computed in (a); that is, what is the corresponding uncertainty in the age of the 
remains? 


(c) It is claimed that radiocarbon dating cannot be used to date objects older 
than about 60,000 years. To appreciate this practical limitation, compute the ratio 
Q(60,000)/Q(0), assuming a half-life of 5730 years. 


Suppose that 50 mg of a radioactive substance, having a half-life of 3 years, is 
initially present. More of this material is to be added at a constant rate so that 
100 mg of the substance is present at the end of 2 years. At what constant rate must 
this radioactive material be added? 


Iodine-131, a fission product created in nuclear reactors and nuclear weapons ex- 
plosions, has a half-life of 8 days. If 30 micrograms of iodine-131 is detected in 
a tissue site 3 days after ingestion of the radioactive substance, how much was 
originally present? 


U-238, the dominant isotope of natural uranium, has a half-life of roughly 4 billion 
years. Determine how long it takes for a sample to be reduced in amount by 1% 
through radioactive decay. 
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2.5 First Order Nonlinear Differential Equations 


Thus far we have studied first order linear differential equations, equations of 
the form 


y' + pOy =g(0). 


We now consider first order nonlinear differential equations. The term “nonlin- 
ear differential equation” encompasses all differential equations that are not 
linear. In particular, a first order nonlinear differential equation has the 
form 


y=fy), 


where f(t, y) 4 —POy +g. 
Three examples of first order nonlinear differential equations are 


t 
(a)y =P+y?  (b)y'=t+cosy (c)y'= ; 


Nonlinear differential equations arise in many models of physical phenom- 
ena, such as population dynamics influenced by environmental constraints and 
one-dimensional motion in the presence of air resistance. We'll consider such 
applications in Sections 2.8 and 2.9. 

Because the set of nonlinear differential equations is so diverse, the type of 
theoretical statement that can be made about the behavior of their solutions 
is less comprehensive than that made in Theorem 2.1 for linear equations. In 
addition, unlike the situation for linear equations, we cannot derive a general 
solution procedure that applies to the entire class of nonlinear equations. We 
therefore concentrate on certain subclasses of nonlinear differential equations 
for which solution procedures do exist. 


Existence and Uniqueness 


We begin our study of nonlinear equations by considering questions of exis- 
tence and uniqueness for initial value problems. In particular, given the initial 
value problem 


y=of, vil= ve (1) 


what conditions on the function f (t, y) guarantee that problem (1) has a unique 
solution? On what f-interval does this unique solution exist? The answers to 
these questions provide a framework within which we can work. 

For example, if we use some special technique to find a solution of problem 
(1), then it is essential to know whether the solution we found is the only solu- 
tion. In fact, if the initial value problem does not have a unique solution, then 
it probably is not a good mathematical model for the physical phenomenon 
under consideration. 

Existence and uniqueness are also important considerations if we need to 
use numerical methods to approximate a solution. For example, if a numeri- 
cal solution “blows up,” we want to know whether this behavior arises from 
inaccuracies in the numerical method or correctly depicts the behavior of the 
solution. 


Theorem 2.2 
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We now state a theorem that guarantees the existence of a unique solution 
to an initial value problem. The proof of this theorem is usually studied in a 
more advanced course in differential equations; we do not give a proof here. 


Let R be the open rectangle defined by a <t <b, a < y < B. Let f(t, y) 
be a function of two variables defined on R, where f (¢, y) and the partial 
derivative df/dy are continuous on R. Suppose (tp, yo) is a point in R. Then 


there is an open f-interval (c, d), contained in (a, b) and containing to, in 
which there exists a unique solution of the initial value problem 


y= 7 G9), Y(t) =¥o- 


A typical open rectangle R, initial point (tg, yp), and interval (c, d) are shown 
in Figure 2.8. (The rectangle R is called an open rectangle because it does not 
contain the four line segments forming its boundary.) 


Lt L Lt ,; 


FIGURE 2.8 


The open rectangle R, defined by a < t < b, a < y < £, contains the initial 
point (ty, v9). If the hypotheses of Theorem 2.2 hold on R, we are 
guaranteed a unique solution to the initial value problem on some open 
interval (c, d). 


Although presented in the context of nonlinear differential equations, The- 
orem 2.2 makes no distinction between linear and nonlinear differential equa- 
tions. It applies to linear first order equations where 


f@.y) =—pOy +2, 


as well as to nonlinear first order equations. 
Two important observations can be made about Theorem 2.2. 


1. The hypotheses of Theorem 2.2 are a natural generalization of those 
made in Theorem 2.1 for linear differential equations. That is, if 
ft,v) =—-p®y+e@, then df/day = —p(t). Therefore, requiring f(t, y) 
and df/dy to be continuous on the rectangle R means that any linear 
differential equation satisfying the hypotheses of Theorem 2.2 also sat- 
isfies the hypotheses of Theorem 2.1. Conversely, a linear differential 
equation satisfying the hypotheses of Theorem 2.1 also satisfies the hy- 
potheses of Theorem 2.2. 
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2. The conclusions of Theorem 2.2, however, differ substantially from those 
of Theorem 2.1. Since we have broadened our perspective to encompass 
nonlinear differential equations, the corresponding conclusions of The- 
orem 2.2 are weaker than those of Theorem 2.1. Theorem 2.1 guarantees 
existence and uniqueness on the entire (a, b) interval. Theorem 2.2 guar- 
antees existence and uniqueness only on some subinterval (c, d) of (a, b) 
containing f); it does not guarantee existence and uniqueness on the 
entire (a, b) interval. Moreover, Theorem 2.2 gives no insight into how 
large (c,d) is or how we might go about estimating it. 


Although Theorem 2.2 leaves many questions unanswered, it does provide us 
with the framework we need to study solution techniques for certain classes 
of nonlinear differential equations. Examining these special cases will give us 
valuable insight into the behavior of solutions of nonlinear equations. 


Autonomous Differential Equations 


First order autonomous equations have the form y’ = f(y). The right-hand side 

of the differential equation does not explicitly depend on the independent vari- 

able t. Solution curves for an autonomous differential equation have the im- 

portant geometric property that they can be translated parallel to the t-axis. 
As an example, consider the autonomous equation 


y' = (2 -). 


The direction field for this equation, along with portions of some solution 
curves, is shown in Figure 2.9. As observed in Section 1.3, the slopes of the 
direction field filaments for an autonomous equation remain constant along 
horizontal lines. For instance (see Figure 2.9), at every point along the line 
y = 1, the direction field filaments have slope equal to 1. Similarly, at every 
point along the line y = 3, the direction field filaments have slope equal to —3. 
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FIGURE 2.9 


The direction field for the autonomous equation y’ = y(2 — y), together 
with portions of some typical solutions. Notice that the graph of y,(¢), when 
translated to the right, looks as though it coincides with the graph of y,(¢). 
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Besides illustrating that horizontal lines are isoclines for the autonomous 
equation, Figure 2.9 illustrates an important property of solutions to autono- 
mous differential equations. That is, it looks as though the graph of y, (t), when 
translated about 2 units to the right, will fall exactly on the graph of y,(t). This 
is indeed the case, and we show in Theorem 2.3 that the solution y,(¢) is related 
to the solution y, (t) by 


y(t) =, (t—C), 


where c is a constant. 


Let the initial value problem 


y=fo), yO)=y 


satisfy the conditions of Theorem 2.2, and let y, (¢) be the unique solution, 
where the interval of existence for y,(f) isa <t <b, witha <0 <b. 
Consider the initial value problem 


v=7@), 9g) =V6: (2) 


Then the function y,(¢) defined by y,(t) = y,(t — tg) is the unique solution 
of initial value problem (2) and has an interval of existence 


tp ta<t<tyt+b. 


© PROOF: Since y, (4) is defined fora < t < b, we know that y,(t) = y(t — to) 
is defined for a < t—t,) < b and hence for ty) +a <t < ty) +b. We next observe 
that y,(t) satisfies the initial condition of (2), since y, (to) = ¥, (to — to) =, (0) = 
Yo. Therefore, to complete the proof of Theorem 2.3, we need to show that y, (¢) 
is a solution of the differential equation y’ = f(y). 

Using the definition of y,(¢), the chain rule, and the fact that y, (¢) solves the 
differential equation y’ = f(y), we have 


/ d / d / 
YO) = FM ~ to) = NE — to) FE to) = Yi ~ bo) =F ~ t)) =F 2). 


Therefore, the function y,(t) = y,(t — tp) is a solution of the initial value prob- 
lem. © 


The important conclusion to be reached from Theorem 2.3 is that the so- 
lution of the autonomous initial value problem y’ = f(y), y(to) = v9 depends on 
the independent variable t and the initial condition time t) as a function of 
the combination t — ty. What matters is time t measured relative to the initial 
time f,. As a simple example, recall that the solution of the linear autonomous 
equation y’ = ky, y(to) = Yq is 


y(t) = ye"). 
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Bernoulli Equations 


We conclude this section by studying a class of nonlinear differential equations 
known as Bernoulli equations. By making an appropriate change of dependent 
variable, these nonlinear equations can be transformed into first order linear 
equations and solved using the techniques described in Section 2.2. 

Bernoulli differential equations’ are first order differential equations 
having the special structure 


dy _ i 
cre +pOy= qh’, 


where 1 is an integer. We do not consider n = 0 andn = 1 since, in those cases, 
the Bernoulli equation is a first order linear equation. 

A simple example of a Bernoulli equation is 

dy 2t 3 

—+e"y=y sint. 
ae v= y 
Bernoulli equations arise in applications such as population models and models 
of one-dimensional motion influenced by drag forces. 

Consider a Bernoulli equation 


dy 
dt 
where 7 is a given integer (1 4 0 andn # 1). We look for a change of dependent 


variable of the form v(t) = y(t)”, where m is a constant to be determined. Using 
the chain rule, we have 


+pOy=qy", (3) 


dv m—1 dy 
a dt 
and therefore 
dy —1,.1-—m dv —1,,1—m)/m dv 
ae =m y dt =m Vv ae 
Equation (3) transforms into the following differential equation for v(t): 
d 
Zi + mp(ty = mater Dim (4) 


At first glance, it may seem that our change of variables has accomplished little. 
The structure of equation (4) seems similar to what we started with. However, 
we are free to choose the constant m. In particular, if we select 7 = 1 —n, then 
equation (4) reduces to the first order linear equation 


dv 
dt 


We can solve this equation for v(t) and then obtain the desired solution, 
yO =veoQve™. 


+ (1 —n)p@)v = (1 —n)q@). (5) 


4Jacob Bernoulli (1654-1705) is one of eight members of the extended Bernoulli family remem- 
bered for their contributions to mathematics and science. While at the University of Basel, Jacob 
made important contributions to such areas as infinite series, probability theory, geometry, and 
differential equations. In 1696 he solved the differential equation that now bears his name. Jacob 
always had a particular fascination for the logarithmic spiral and requested that this curve be 
carved on his tombstone. 
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Solve the initial value problem 
yty=ty, yO) =2. 
Solution: The differential equation is a Bernoulli equation with n = 3. 


We make the change of dependent variable v = y! or, since n = 3,v = y 
The initial value problem for v(t) then becomes [recall equation (5)] 


=2 


vy’ —2v = —21, v(0) = y(0)-? = i: 
The general solution is 
v =Ce” + (t+ 4). 
Imposing the initial condition, we have 
v=—te*+ (t+ 4). 


1/2 


Finally, since y = v_’’“, we arrive at the desired solution 


% 
Ba 


—1/2 
y= |[-fe"+ (t+ 5)] 


Exercises 1-8: 
For the given initial value problem, 


(a) Rewrite the differential equation, if necessary, to obtain the form 
y=fGy), yo) =o- 
Identify the function f(t, y). 


(b) Compute df/dy. Determine where in the ty-plane both f(t, y) and af/dy are continu- 
ous. 


(c) Determine the largest open rectangle in the ty-plane that contains the point (f, yo) 
and in which the hypotheses of Theorem 2.2 are satisfied. 


1. 3y'+ 2tcosy=1, y(r/2)=-1 2. 3ty’+2cosy=1, y(ar/2)=-1 
3. 2t+(14+y)y'=0, y)=1 4, 2t+(1+y*)y'=0, yA) =1 
5.y + t'8=tant, y(-1)=1 6. (v2? -9)y" +e% =P", y(2)=2 
7. (cosy)y’ =2+tant, y(0)=0 8. (cos2t)y’ =2+tany, y(r)=0 
9. Consider the initial value problem ??y’ — y” = 0, y(1) = 1. 


(a) Determine the largest open rectangle in the ty-plane, containing the point 
(tp, Yo) = C1, 1), in which the hypotheses of Theorem 2.2 are satisfied. 


(b) A solution of the initial value problem is y(t) =¢. This solution exists on 
—oo <t < oo. Does this fact contradict Theorem 2.2? Explain your answer. 


10. The solution of the initial value problem y’ = f(y), y(0)=8 is known to be 
y() = (4+0°”. Let ~(t) represent the solution of the initial value problem 
y' = f(y), v(tp) = 8. Suppose we know that y(0) = 1. What is t,? 


11. The solution of the initial value problem y’ = f(y),y(0)=2 is known to be 
y(t) = 2/1 —t. Let y(t) represent the solution of the initial value problem y’ = f(y), 
y(1) = 2. What is the value of ¥(0)? 
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12. The graph shows the solution of y’ = —1/(2y),y(0) = 1. Use the graph to answer 
questions (a) and (b). 
(a) If z,@ is the solution of z = —1/(2z,),z,(—2) = 1, what is z,(—5)? 
(b) If z,(f) is the solution of z, = —1/(2z,), z,(2) = 1, what is z,(3)? 


-3.5 -3 -2.5 -2 -15 -1 -0.5 0.5 


Figure for Exercise 12 


Exercises 13-19: 
(a) Solve the initial value problem by 


(i) transforming the given Bernoulli differential equation and initial con- 
dition into a first order linear differential equation with its correspond- 
ing initial condition, 


(ii) solving the new initial value problem, 
(iii) transforming back to the dependent variable of interest. 


(b) Determine the interval of existence. 


13. y =y(2-y), yO)=1 14, y =2ty1—y), y0)=-1 
15. y= -y+ely’, y(-1)=-1 16.y'=y+y', y@0)=-1 
17. ty’ +y=Py?, yd)=1 18. y —y=ty'?, y(0)=-8 


19. y= -—(Vy+14+ty+)’, yO)=1 [Hint: Letz=y+1.] 
20. The initial value problem y’ + y = q(t)y”, y(O) = yo is known to have solution 


3 


YO = Bape! 


on the interval —oo < t < i. Determine the coefficient function q(t) and the initial 
value yo. 


2.6 Separable First Order Equations 


In Section 2.2, we obtained an explicit representation for the solution of a 
first order linear differential equation; recall equation (10) in Section 2.2. By 
contrast, there is no all-encompassing technique that leads to an explicit rep- 
resentation for the solution of a first order nonlinear differential equation. 
For certain types of nonlinear equations, however, techniques have been 
discovered that give us some information about the solution. We have already 


EXAMPLE 
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seen one type, the Bernoulli equations, in the previous section. In this section 
we study another type, called separable differential equations. 


Separable Equations 
The term separable differential equation is used to describe any first order 
differential equation that can be put into the form 

dy 

— t)=0. 

n(y) di + m(t) 
For example, the differential equations 
dy 2, os ! t+y Vise 
(a) ate siny=0 and (b)y'+e' =e’ sint 

are separable since they can be rewritten (respectively) as 


(a’) ese y a +=0 and (bey + [fe —sint] =0. 


A simple example of a nonseparable differential equation is 
y’ = 2ty? +1. 


The structure of a separable differential equation, 
dy 
— t)=0, 
n(y) dt +m(t) 


gives the equation its name. The first term is the product of dy/dt and a term 
n(y) that involves only the dependent variable y. The second term, m(t), involves 
only the independent variable ¢. In this sense, the variables “separate.” 


Solving a Separable Differential Equation 


We can get some information about the solution of a separable equation by 
“reversing the chain rule.” We illustrate this technique in Example 1 and then 
describe the general procedure. 


Solve the initial value problem 


y=2ty’, yO)=1. 


Solution: First, notice that f (¢, y) = 2ty” is continuous on the entire ty-plane, 
as is the partial derivative df/dy = 4ty. Therefore, the conditions of Theorem 
2.2 are satisfied on the open rectangle R defined by —00 < t < 00, —-00 <y < &. 
Theorem 2.2 guarantees the existence of a unique solution of the initial value 
problem, but it provides no insight into the interval of existence of the solution. 
The differential equation is separable. It can be rewritten as 
/ 
7 -2t=0. 

y 


(continued) 
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(continued) 


To emphasize the fact that y is the dependent variable, we express the equation 
as 


YO 94. 
y(t” 
Taking antiderivatives, we find 
t 
Aya f rde=c. 
y@) 
Evaluating the integrals on the left-hand side yields 
SPag 
y® 


Solving for y(t), we obtain a family of solutions 


t) = =. 
a) PEC 
Imposing the initial condition, y(0) = 1, yields the unique solution of the initial 
value problem: 


yO) =. 


Having determined the solution, we are now able to see that the interval of 
existence is -1<t<1l. * 


The solution process of Example 1 can be viewed as reversing the chain 
rule. To explain, we return to the general separable differential equation, 


dy _ 
ny) ai +m(t) =0. (1) 


Let y be a differentiable function of t, and let N(y) be any antiderivative of n(y). 
By the chain rule, 


d dy 
Pre =) a (2a) 
Similarly, let M(t) be any antiderivative of m(d), 
d 
5 MW = mio. (2b) 
Combining (2a) and (2b), we can rewrite the left-hand side of equation (1) as 
dy d d d 
n(y) ai +m(t) = aN + qo =i [IN(y) + M(e)]. 
Therefore, equation (1) reduces to 


d 
it [N(y) + M(@)] = 0. 


EXAMPLE 


2 
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Since the term N(y) + M(f) is a function of t whose derivative vanishes identi- 
cally, we have 


N(y)+M@) =C, (3) 


where C is an arbitrary constant. 

Equation (3) provides us with information about the solution y(¢). It is not 
an explicit expression for the solution; rather, it is an equation that the solution 
must satisfy. An equation in y and f¢, such as (3), is called an implicit solution. 
Sometimes (as in Example 1 and in Example 2 below) we can “unravel” the 
implicit solution and solve for y(t) as an explicit function of the independent 
variable t. In other cases, we must be content with the implicit solution. 

Whether or not we can unravel the implicit solution given by equation 
(3), we can always determine the constant C by imposing the initial condition 
y(t) = Yo, finding 


C=N(%) +My). 


Solve the initial value problem 


dy t 
+ =--, 0) = -2. 
dt y(0) 
Solution: Separating the variables, we obtain 
dy 
—+ft=0. 
aa 
Integrating, we find an implicit solution 
2 2 
y E 
—+ —=C. 
2 as 2 
Imposing the initial condition, we find C = 2. Thus, an implicit solution of the 
initial value problem is given by 
y+P =4. 


Suppose we want an explicit solution. Solving the equation above, we find 


y=44-P?. 


Which root should we take? To satisfy the initial condition, y(0) = —2, we must 
take the negative root. Thus, the solution is 


y=-1/4-?. (4) 


This choice of roots is also obvious geometrically, since the graph of y” + 7? = 4 
is a circle of radius 2 in the ty-plane, as shown in Figure 2.10. The solution of 
the initial value problem has the lower semicircle as its graph. The function 
given by equation (4) is defined and continuous on [—2, 2]. It is differentiable 
and satisfies the differential equation on the open interval (—2, 2). 


(continued) 
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(continued) 


A 
Pad ieee 
¢ N 
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>t 
y=-V4-7 (0, -2) 
FIGURE 2.10 


The implicit solution of the initial value problem in Example 2 is 
y’ +0? =4; its graph is a circle of radius 2. The explicit solution of the 


initial value problem is y = — V4 — ??; its graph is the lower semicircle. 


Solve the initial value problem 


(2+siny)\y+t=0, y(2)=0. 


Solution: Computing the antiderivatives yields 


2 
2y —cosy+ > =C, 


Imposing the initial condition, we obtain the implicit solution 


2 
t 
2y—cosy +5 = 1. (5) 


Although we cannot unravel this equation and determine an explicit solution, 
we can plot the graph of equation (5); see Figure 2.11. Observe that if the cosine 
term in (5) were absent, the graph would be that of a concave-down parabola. 
Loosely speaking, therefore, the cosine term creates the ripples displayed by 
the graph in Figure 2.11. “ 


Differences between Linear and Nonlinear 
Differential Equations 
We can use Examples 1-3 to make several points about Theorem 2.2 and to 


illustrate some of the differences between nonlinear and linear differential 
equations. 


1. The Interval of Existence May Not Be Obvious If the coefficient func- 
tions for a linear differential equation are continuous on an interval 
(a,b), where (a, b) contains the initial point f), then a unique solution 
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ly + 


! 
-10 


FIGURE 2.11 


The initial value problem posed in Example 3 has an implicitly defined 
solution given by equation (5). The graph of equation (5) is shown above. 


of the initial value problem y’ + p(Oy = g(t), v(fo) = Yo exists and is de- 
fined on all of (a, D). 

By way of contrast, consider the initial value problem in Example 
1. The function f (¢, y) = 2ty? is continuous everywhere and is about as 
nice a nonlinear function as we can expect. However, the solution of 
the initial value problem has vertical asymptotes at t = —1 and att = 1. 
Note that we cannot predict that the interval of existence is (—1, 1) by 
simply looking at the equation y’ = 2ty’. In fact, if the initial condition 
is changed from y(0) = 1 to y(0) = —1, then the interval of existence 
changes to (—oo, 00). (See Exercise 4.) 

Example 2 provides another illustration. The interval of existence in 
Example 2 is —2 <t < 2. Suppose we leave the initial condition alone 
and simply change the sign on the right-hand side of the differential 
equation. This change produces a new initial value problem 

dy t 
aoe y(0) = —2. 
In this case, the solution is defined for all t. (See Exercise 12.) 

In each of these examples, a harmless-looking change in the differ- 
ential equation or in the initial condition leads to a pronounced change 
in the nature of the solution and in the interval of existence. 


. There May Not Be a Single Formula That Gives All Solutions Note that 
the family of solutions found in Example 1, 


Pa 
does not include the zero function. The zero function is, however, a solu- 
tion of y’ = 2ty’. In particular, given the initial value problem y’ = 2ty’, 


yf) = (6) 


60 


EXERCISES 


CHAPTER 2 First Order Differential Equations 


y(0) = 0, there is no choice for C in equation (6) that yields the unique 
solution, y(t) = 0, that is guaranteed by Theorem 2.2. 


3. We May Have to Be Content with Implicitly Defined Solutions In Ex- 
amples 1 and 2 we were able to find an explicit formula for the solution, 
y(t), of the initial value problem. However, as Example 3 illustrates, it 
may not be possible to obtain an explicit formula for the solution. By 
contrast [see equation (10) in Section 2.2], there is an explicit formula 
for the solution of any first order linear differential equation. 


Exercises 1-17: 


(a) Obtain an implicit solution and, if possible, an explicit solution of the initial value 


problem. 
(b) If you can find an explicit solution of the problem, determine the t-interval of exis- 
tence. 
d : d 1 
y= sint =0, y(/2) = —2 e: a ee 
1 
4 : ey ge ee 1)= 4 = 2 7 =U, a 
Yay 0, y1)=0 y —2ty’=0, y0)=-1 
, 3 dy y Mies 
y—-tr’=0, y0)=2 6. a tetae sint, y(0) =0 
dy 2 Dit 
Fae y(r/4) = -1 8. ty +secy=0, yv(-1)=0 
d 1 d 
a =t- 57, yO) = 5 10. ay? $=4, ¥j=—4 
d = dy t 
a =e, y(0) =1 12. any" y(0) = —2 
. ey’ + (cosy? =0, y0)=7/4 14. (2y—siny)y’+t=sint, y(0)=0 
t , 
. ey 4 —— =, 1-2 16. dny)y’+t=1, yv(3)=e 
oe y+t1l y+il yy 


19. 


20. 


21. 


ey =1+e’, y(2)=0 


. For what values of the constants a, y, and integer n is the function y(t) = (44+ t)~ 


1/2 


a solution of the initial value problem 


ytay"=0, y0)=¥o? 
For what values of the constants a, y) and integer n is the function y(t) = 6/(5 + ¢*) 
a solution of the initial value problem 


y tatty’ =0, yl) =? 
State an initial value problem, with initial condition imposed at tf, = 2, having im- 


plicit solution y? +? + siny = 4. 


State an initial value problem, with initial condition imposed at t) = 0, having im- 
plicit solution ye” + ?? = sint. 
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22. Consider the initial value problem 
y=2y’, (0) =. 


For what value(s) yo will the solution have a vertical asymptote at t= 4 anda 
t-interval of existence —oo < t < 4? 


23. (a) A first order autonomous differential equation has the form y’ = f(y). Show that 
such an equation is separable. 


(b) Solve y’ = y(2—y), y(2)=1. 
Exercises 24-26: 


A differential equation of the form 


y =p,0+p.Oy + p30" 


is known as a Riccati equation.’ Equations of this form arise when we model one- 
dimensional motion with air resistance; see Section 2.9. In general, this equation is not 
separable. In certain cases, however (such as in Exercises 24-26), the equation does 
assume a separable form. 

Solve the given initial value problem and determine the t-interval of existence. 


24. y =24+2y+y", y(0)=0 25. y = 165+4y+y’), y(0)=-3 
26. y =(y° +2y41)sint, y(0)=0 


27. Let Q(t) represent the amount of a certain reactant present at time t. Suppose that 
the rate of decrease of Q(t) is proportional to Q°(f). That is, Q’ = —kQ?, where k is 
a positive constant of proportionality. How long will it take for the reactant to be 
reduced to one half of its original amount? Recall that, in problems of radioactive 
decay where the differential equation has the form Q’ = —kQ, the half-life was in- 
dependent of the amount of material initially present. What happens in this case? 
Does half-life depend on Q(0), the amount initially present? 

28. The rate of decrease of a reactant is proportional to the square of the amount 
present. During a particular reaction, 40% of the initial amount of this chemical 
remained after 10 sec. How long will it take before only 25% of the initial amount 
remains? 

29. Consider the differential equation y’ = |y]. 

(a) Is this differential equation linear or nonlinear? Is the differential equation 
separable? 


(b) A student solves the two initial value problems y’ = |y|,y(0) = 1 and y’ = y, 
y(0) = 1 and then graphs the two solution curves on the interval —1 < ¢t < 1. Sketch 
what she observes. 


(c) She next solves both problems with initial condition y(0) = —1. Sketch what she 
observes in this case. 


30. Consider the following autonomous first order differential equations: 
y=-y, y=,  y=y4-y). 


Match each of these equations with one of the solution graphs shown. Note that 
each solution satisfies the initial condition y(0) = 1. Can you match them without 
solving the differential equations? 


>Jacopo Riccati (1676-1754) worked on many differential equations, including the one that now 
bears his name. His work in hydraulics proved useful to his native city of Venice. 
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31. 


32. 


Graph A Graph B 


Graph C 


Figure for Exercise 30 


Let S(t) represent the amount of a chemical reactant present at time f, t > 0. Assume 
that S(t) can be determined by solving the initial value problem 
aS 
S=- : S(0) = S,, 
K+S a 
where a, K, and S, are positive constants. Obtain an implicit solution of the initial 
value problem. (The differential equation, often referred to as the Michaelis-Menten 
equation, arises in the study of biochemical reactions.) 


Change of Dependent Variable Sometimes a change of variable can be used to con- 
vert a differential equation y’ = f(t, y) into a separable equation. 


(a) Consider a differential equation of the form y’ = f (at + By + y), where a, 6, and 
y are constants. Use the change of variable z = at + By + y to rewrite the differential 
equation as a separable equation of the form z’ = g(z). List the function g(z). 


(b) A differential equation that can be written in the form y’ = f(y/t) is called an 
equidimensional differential equation. Use the change of variable z = y/t to rewrite 
the equation as a separable equation of the form tz’ = g(z). List the function g(z). 
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Exercises 33-38: 


Use the ideas of Exercise 32 to solve the given initial value problem. Obtain an explicit 
solution if possible. 


! ML. ! ytt 
33. y =——, y(2)=2 34, y' = ———_, w(-1) = 0 
y er, y(2) y oer y(-1) 
1 
35. y =(t+y)-1, yA) =2 36. y' = ——_—_—__, y(1) = 0 
y=(tt+y) yl) y FE apti yQ) 
1 
7. y' =2t ——, y(1)=1 Py =y—-ty, v(-2)= 
37. y aa Taree y(1) 38. fy =y—ty, y(-2)=2 


39. Consider the initial value problem 


y= V/1-y’, ¥y(0) = 0. 


(a) Show that y = sint is an explicit solution on the t-interval —7/2 <t < 7/2. 

(b) Show that y = sint is not a solution on either of the intervals —32/2 < t < —1/2 
orm/2 <t < 3/2. 

(c) What are the equilibrium solutions of y’ = ,/1—y?? Suppose a solution y(t) 
reaches an equilibrium value at ¢ = ¢*. What happens to the graph of y(t) for t > t*? 


(d) Show that the solution of the initial value problem is given by 


-1, —0oo <t <—m/2 
y= ¢ sint, —n/2<t<a2/2 
i a/2<t<o. 


2.7 Exact Differential Equations 


The class of differential equations referred to as exact includes separable equa- 
tions as a special case. As with separable equations, the solution procedure for 
this new class consists of reversing the chain rule. This time, however, we use 
a chain rule that involves a function of two variables. 


The Extended Chain Rule 


Suppose H(t,y) is a function of two independent variables t and y, where 
H(t, y) has continuous partial derivatives with respect to t and y. If the sec- 
ond independent variable y is replaced with a differentiable function of f, 
call it y(t), we obtain a composition H(t, y(t)) which is now a function of t 
only. What is dH /dt? 

The appropriate chain rule is 


dH (t, y(t)) ' dH (t, y(t) dy(0) 
at ay dt © 


To understand this equation, note that the partial derivatives on the right-hand 
side refer to H viewed as a function of the two independent variables ¢ and y. 
Once these partial derivatives are computed, the variable y is replaced by the 
function y(t). 

Formula (1) is an extension of the chain rule for functions of a single vari- 
able. If the function H has the form H(y) so that it is only a function of the 


d 
Ge yO) = (1) 
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single variable y, then the first term on the right-hand side of (1) vanishes and 
the formula reverts to the usual chain rule for the composite function H(y(f)). 


Solving Exact Differential Equations 


The basic idea underlying the solving of exact differential equations is to reverse 
the extended chain rule when possible. To that end, consider a differential 
equation of the form 


F 
M(t.y) +N(Y) 7 =) (2) 


Notice the similarity between the form of differential equation (2) and that 
of the chain rule (1). Suppose there exists some function, call it H(t, y), that 
satisfies the following two conditions: 


0H 0H 
—=M(t,y) and —=WNt¢t,y). (3) 
ot oy 
Because of (3), we can rewrite differential equation (2) as 
0H 4 dH dy _ 0 (4) 
Ot | (by dt 
By the chain rule (1), equation (4) is the same as 
d 
— H(t,y) =0. 
di (t,y) 
Therefore, we obtain an implicitly defined solution of equation (4), 
A(t,y) =C. (5) 


If there is a function H(t, y) satisfying the conditions in (3), then differential 
equation (2) is called an exact differential equation. If we can identify the 
function H(t, y), then an implicitly defined solution is given by (5). 


Recognizing an Exact Differential Equation 


Once we know that a given differential equation is exact and once we identify 
a function H(t, y) satisfying the conditions in (3), then we can write down an 
implicit solution, H(t, y) = C, for the differential equation. Two basic questions 
therefore need to be answered. 


1. Given a differential equation of the form M(t,y)+N(t,y)y’ = 0, how 
do we know whether or not it is exact? That is, how do we determine 
whether there is a function H(t, y) satisfying the conditions 


dH 0H 

—=M(,y) and ——=Ni(t,y)? 

ot oy 

2. Suppose we are somehow assured that such a function exists. How do 
we go about finding H(t, y)? 


The answer to the first question is given in Theorem 2.4, which is stated 
without proof. To answer the second question, we will use a process of “anti- 
partial-differentiation.” 


EXAMPLE 


1 
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Consider the differential equation M(t, y) + N(t, yy’ = 0. Let the func- 
tions M,N, dM/dy, and dN/dt be continuous in an open rectangle R of 
the ty-plane. Then the differential equation is exact in R if and only if 


dM aN 
ay at 


(6) 


for all points (¢, y) in R. 


Theorem 2.4 provides an easy test for whether or not a given differential 
equation is exact. The theorem does not, however, tell how to construct the 
implicitly defined solution H(t, y) = C. 


Which of the following differential equations is (are) exact? 


(a)y+t+ty=0 (b)y+sint+(ycosty =0 (c) siny+(2y+tcosy)y’ = 0 


Solution: 
(a) Using the notation of Theorem 2.4, we have 
M(t,y)=y+t and N(t,y) =t. 
Calculating the partial derivatives, we find 
ne =1 and - = 


Therefore, by Theorem 2.4, the differential equation is exact. 


1. 


(b) For this equation, 
M(t,y)=y+sint and N(t,y) =ycost. 


Calculating the partial derivatives yields 
> =1 and “ = —ysint. 
Since the partial derivatives are not equal, the differential equation is not 
exact. 
(c) Calculating the partial derivatives, we have 
aM 
es =cosy and ae 
Since the partial derivatives are equal, the differential equation is 
exact. “ 


= cosy. 


REMARK: Recall that a separable differential equation is one that can be writ- 
ten in the form n(y) dy/dt + m(t) = 0. Notice that 
0 
om” =0 and a = 0. 
oy t 


Thus, by Theorem 2.4, any separable differential equation is also exact. 
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Anti-Partial-Differentiation 


We can use Theorem 2.4 to determine whether the differential equation M(t, y) + 
N(t,y)y’ = Ois exact. If it is exact, then we know there must be a function H(t, y) 
such that 


ot 
Once we determine H(t, y), we have an implicitly defined solution, 


Ht, v) =C. 


aH dH 
— =M(t,y) and a = N(t,y). 
ly 


A process of anti-partial-differentiation can be used to construct H. 
As an illustration, recall from Example 1 that the following differential 
equation is exact: 


siny + (2y+tcosy)y’ = 0. (7) 
Thus, there is a function H(t, y) such that 
dH . dH 
—z=siny and —=2y+tcosy. (8) 
ot oy 


Choose one of these equalities, say 0H /dy = 2y + tcosy, and compute an “anti- 
partial-derivative.” Antidifferentiating 2y + ¢cosy with respect to y, we obtain 


H(t,y) =y’ +tsiny + g(, (9) 


where g(f) is an arbitrary function of t. [Note: The “constant of integration” in 
equation (9) is an arbitrary function of t since ¢ is treated as a constant when 
the partial derivative with respect to y is computed. ] 
We now determine g(f) so that the representation (9) for H satisfies the first 
equality in (8). Taking the partial derivative of H with respect to t, we find 
dH 2 Dye esi cat 4% 
— = — sin = sin a 
at at - 7G is dt 
Comparing the preceding result with the first condition of equation (8), it fol- 
lows that we need 


dg _ 

dt 
or g(t) =C,, where C, is an arbitrary constant. Thus, from equation (9), we 
know 


0 


Hit,y) =y’? +tsiny+C,. (10) 


We can drop the arbitrary constant C,, since we will eventually set H(t, y) equal 
to an arbitrary constant in the implicit solution. Therefore, H(t, y) = y* +¢siny. 

In this illustration, we started with the second equation in (8), 0H/dy = 2y + 
t cosy. We could just as well have started with the first equation, dH /dt = siny. If 
we had done so, we would have arrived at the same function H; see Exercise 21. 


Consider the initial value problem 
d 
+9? +2¢+ Dy = =0, y(0) = 1. 


Verify that the differential equation is exact and solve the initial value problem. 
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Solution: To verify that the differential equation is exact, we appeal to The- 
orem 2.4, using M(t, y) =1+y* and N(t,y) = 2(t+ l)y. The functions M,N, 
dM /dy, and dN /dt are continuous in the entire ty-plane. Since 
aM aN 
—=2y and —=2y, 
ay 


at 
the differential equation is exact. 
We now find H(t, y). Since the equation is exact, 


oH 


as 1+y’. 
Antidifferentiating with respect to t yields 
H(t,y) =t( +y°) +8(). (11) 

To determine g(y), we differentiate (11) with respect to y, finding 

* = 2ty+ =. 
Since the differential equation is exact, 

2ty + “ = 2(t+ ly. 

Therefore, 

go) =y +Cy. 


Without loss of generality, we let C,; = 0 to obtain 
H(t,y)=t+y*) +y? = (4 Dy? +t. 


Thus, we have the following implicitly defined solution of the differential equa- 
tion: 


(t+1y?+t=C. 


Imposing the initial condition, we obtain an implicit solution of the initial value 
problem: 


(t+ )y4+t=1. 


We can solve for y: 


Choosing the positive sign so as to satisfy the initial condition y(0) = 1, we 
arrive at an explicit solution of the initial value problem: 


[=% 


y= ——., 


The explicit solution y = V/(1 —1)/(1+ 2) has —1 <t < 1 as an interval of 
existence. This should not be surprising in light of the existence-uniqueness 
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statement in Theorem 2.2. The differential equation in Example 2 has the form 
y' = f(t,y), where 


ay 
Q(t + Iy 


Since the initial condition point is (fg, ¥9) = (0, 1), the hypotheses of Theorem 
2.2 are satisfied in the infinite rectangle defined by —1 <t < aw, 0<y<o. 
Along the lines t = —1 andy = 0, bothf and df/dy are undefined. As Figure 2.12 
shows, the solution curve has a vertical asymptote at the boundary line t = —1 
and approaches the boundary line y = 0 as t > 1 from the left. 


(y= 


A 
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FIGURE 2.12 


A portion of the direction field for the differential equation in Example 2. 
The solution y = /(1 — f)/(1 +f) is shown as a solid curve. 


Exercises 1-10: 

Show that the given nonlinear differential equation is exact. (Some algebraic manipula- 
tion may be required. Also, recall the remark that follows Example 1.) Find an implicit 
solution of the initial value problem and (where possible) an explicit solution. 

. 2y—Dy'—y+2t=0, y(1)=0 2.¢+yy+y+0=0, yO) =-2 

.¥ =3?4+D)0°+), yO)=1 4. (y+ cost)y’ =2+ysint, y(0)=-1 
(e'? + 2yy' + e'” + 377) =0, (0) =0 

(7 —P)y' = 3fy+4+1, y(-2) = -1 

-(% +0y)y' + ty +cost=0, y(r/2) =0 


; cos (ty) + 1 1\ , 
“y= > om z yr) =0 9. (2v+<)y $y=1, 90y=1 
t cos (ty) + 2ye” y 


10. (2y nt—tsiny)y'+ t'y?+cosy=0, y(2)=0 


oN DH UW 
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Exercises 11-16: 


Determine the general form of the function M(t, y) or N(t, y) that will make the given 
differential equation exact. 


11. 2t+y)y' +My) =0 12. (°+y’ sindy’ +M(t,y) =0 
13. (te? + t+ 2y)y' + M(t, y) =0 14. Nit, y)y' + 2t+y =0 

/ - rd 2 
15. Nit,y)y' +? +y’ sint =0 16. N(t,y)v +e +2ty=1 


Exercises 17-20: 


The given equation is an implicit solution of N(t, y)v’ + M(t, y) = 0, satisfying the given 
initial condition. Assuming the equation N(t, y)y’ + M(t, y) = 0 is exact, determine the 
functions M(t, y) and N(¢,y), as well as the possible value(s) of yo. 


17. byt+e'+y? =5, yO) =v 18. 2ty + cos(ty)+y* =2, y(0)=yp 
19. n@2t+y)+?+e=1, yO=Hy, 20.77 +4ty+4+1=0, yO=y, 


21. The differential equation (2y + tcosy)y’ + siny = 0 is exact, and thus there exists a 
function H(t, y) such that dH/dt = siny and dH/dy = 2y + tcosy. Antidifferentiating 
the second equation with respect to y, we ultimately arrived at H(t, y) = y* + fsiny + 
C,; see equation (10). Show that the same result would be obtained if we began the 
solution process by antidifferentiating the first equation, dH /dt = siny, with respect 
tof. 


22. Making a Differential Equation Exact Suppose the differential equation N(t, y)y’ + 
M(t, y) = O is not exact; that is, N,(f,y) # M,(t, y). Is it possible to multiply the equa- 
tion by a function, call it p(t, y), so that the resulting equation is exact? 


(a) Show that if u(t, y)N(, yy’ + w(t, y) M(t, y) = 0 is exact, the function must be 
a solution of the partial differential equation 


Ny) ey = M(t, y)by = [M, (t, y) —N,(t,y)]M. 


Parts (b) and (c) of this exercise discuss special cases where the function can 
be chosen to be a function of a single variable. In these special cases, the partial 
differential equation in part (a) reduces to a first order linear ordinary differential 
equation and can be solved using the techniques of Section 2.2. 


(b) Suppose the quotient [M, (t, y) — N,(t, )]/N(t, y) is just a function of ¢, callitp(@. 
Let P(Z) be an antiderivative of p(t). Show that 4 can be chosen as p(t) =e”. 
(c) Suppose the quotient [N,(t, y) — M,(t,y)1/M@, y) isjusta function of y, call itq(y). 


Let Q(y) be an antiderivative of g(y). Show that can be chosen as pu(y) = e2””. 


Exercises 23-28: 
In each exercise, 
(a) Show that the given differential equation is not exact. 


(b) Multiply the equation by the function yp, if it is provided, and show that the resulting 
differential equation is exact. If the function w is not given, use the ideas of Exercise 
22 to determine p. 


(c) Solve the given problem, obtaining an explicit solution if possible. 

23. 4ty+y-t=0, yD=1, ut&yarl? 

24. (Py? + Dy’ + 6° =0, yO =1, wey) =y" 

25. (2t+y’+y=0, y(2)=-3 26. ty’y’ +2y3=1, y)=—-1 

27. tyy +y*+e'=0, y(1)=-2 28. Btv+2)y'+y?=0, y(-1)=-1 
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2.8 The Logistic Population Model 


The art of mathematical modeling involves a trade-off between realism and 
complexity. A model should incorporate enough reality to make it useful as a 
predictive tool. However, the model must also be tractable mathematically; if 
it’s too complex to analyze and if we cannot deduce any useful information 
from it, then the model is worthless. 

A key assumption of the population model described in Section 2.4, 
often referred to as the Malthusian° model, is that relative birth rate is indepen- 
dent of population. (Recall that the relative birth rate, r, — rj, is the difference 
between birth and death rates per unit population.) The assumption that 7, — rj 
is independent of population leads to uninhibited exponential growth or decay 
of solutions. Such behavior is often a poor approximation of reality. 

For a colony possessing limited resources, a more realistic model is one 
that accounts for the impact of population on the relative birth rate. When 
population size is small, resources are relatively plentiful and the population 
should thrive and grow. When the population becomes larger, however, we 
expect that resources become scarcer, the population becomes stressed, and 
the relative birth rate begins to decline (eventually becoming negative). In this 
section we consider a model that attempts to account for this effect. This model 
leads to a nonlinear differential equation. 


The Verhulst, or Logistic, Model 


The Verhulst population model’ assumes that the population P(t) evolves 
according to the differential equation 


dP P 


e 
In equation (1), r and P, are positive constants. Equation (1) is also known as 
the logistic equation. Comparing equation (1) with the Malthus equation 
dP 
at = (% —Trg)P, (2) 
we see that the constant relative birth rate r, —r, of equation (2) has been 
replaced by the population-dependent relative birth rate 


(22) 


where r is a positive constant. If P(t) > P,, then dP/dt < 0 and the population 
is decreasing. Conversely, if P(t) < P,, then dP/dt > 0 and the population is 
increasing. 

The qualitative behavior of solutions of the logistic equation can also be 
deduced from the direction field. Figure 2.13, for example, shows the direction 
field for the logistic equation for the parameters r = 3 and P, = 1. 


6Thomas Malthus (1766-1834) was an English political economist whose Essay on the Principle of 
Population had an important influence on Charles Darwin’s thinking. Malthus believed that human 
population growth, if left unchecked, would inevitably lead to poverty and famine. 

Pierre Verhulst (1804-1849) was a Belgian scientist remembered chiefly for his research on pop- 
ulation growth. He deduced and studied the nonlinear differential equation named after him. 
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The direction field for the logistic equation P’ = 3(1 — P)P. The equilibrium 
solutions are P = 0 and P= 1. 


The logistic equation has two equilibrium solutions, the trivial solution 
P(t) = 0 and the nontrivial equilibrium solution P(t) = P,. If P(t)) = P,, then 
the population remains equal to this value as time evolves. The constant pop- 
ulation, P,, is called an equilibrium population. In terms of its structure, 
the logistic equation is a nonlinear separable differential equation. It is also a 
Bernoulli equation. We solve it below as a separable equation. Its treatment as 
a Bernoulli equation is left to the exercises. 


Solution of the Logistic Equation 
To solve equation (1), we separate variables, obtaining 
1 dP 


>——— >= =r. 
P 
( i_ ) P dt 
Fr, 
An implicit solution is therefore 
dP 
| a (3) 
1—-—]P 
( P. ) 


where K is an arbitrary constant. Recalling the method of partial fractions from 
calculus (also see Section 5.3), we obtain 


dP IG 1 ) ap ; P 
ee a = In |——— 
(1-5) P P-P, P-P, 
P, 
Therefore, 
In P-P, =rt+K. 
Hence, 
P(t) pas 
race es ” 
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where C = e* is an arbitrary positive constant. We can remove the absolute 
value signs by arguing as follows. The exponential function e” is never zero. 
Therefore, the quotient P(t)/[P(t) — P,] is never zero and, being a continuous 
function of t, never changes sign; it is either positive or negative for all t. There- 
fore, we can remove the absolute value signs if we allow the constant C to be 
either positive or negative. 

Assume that the initial population P(0) = Po is positive and Py 4 P,. Then 


C= Po . 
Py zt, 


After some algebraic manipulation, we obtain the explicit solution 


PoP. 


OS ae ye 


(5) 


The derivation leading to equation (5) tacitly assumes that P(t) never takes on 
the value 0 or P,. The final expression (5), however, is valid for any value of Py 
(including the equilibrium values 0 and P.). 

What behavior is predicted by the solution (5)? Since r > 0, we see that 


lim P@ = P, 


for all positive values of Py. Therefore, any given nonzero population will tend to 
the equilibrium population value, P,, as time increases. Figure 2.13 illustrates 
this behavior, showing the direction field for the special case P’ = 3(1 — P)P. 

We can ask additional questions. What happens if we allow temporal vari- 
ations in the relative birth rate by allowing r = r(t) in equation (1)? What hap- 
pens if migration is introduced into the logistic model? When migration is 
introduced, the population model has the form 


dP P 
par (inp) etm. (6) 
If r,P,, and M are constants, the equation is separable. Moreover, the ques- 
tion of equilibrium populations is relevant. What happens to the equilibria as 
the migration level M changes? Some of these questions are addressed in the 
exercises. 

Example 1 illustrates how sketching a diagram similar to a direction field 
enables us to predict the behavior of solutions of equation (6) without actually 
solving the equation. The basis for such predictions is found in Exercises 14-15. 
These exercises set r = 1, P, = 1 in equation (6), considering the equation P’ = 
—(P — P,)(P — P) with equilibrium populations P,; > P, > 0. These exercises 
show the following: 


1. If P(O) > P,, then P(t) exists for 0 < t < co and P(t) > P, ast > oo. 
2. If 0 < P(O) < Py, then lim , , » P(t) = —oo for some finite t* > 0. 


EXAMPLE 


1 
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Let P(t) denote the population of a colony, where P is measured in units of 
100,000 individuals and time t is in years. Assume that population is modeled 
by the logistic model with constant out-migration, 


—(1—P)P P(O) =2. 


9’ 


(a) Determine all the equilibrium populations (that is, the nonnegative equi- 
librium solutions). Sketch a diagram indicating those regions in the first 
quadrant of the tP-plane where the population is increasing [P’(t) > 0] and 
those regions where the population is decreasing [P’(t) < 0]. This diagram 
gives a rough indication of how the solutions behave. 


(b) Without solving the initial value problem, use the results of Exercise 14 (as 
summarized above) to determine lim ,_,,, P(d). 


Solution: 

(a) The equilibrium solutions are the constant solutions P(t) = 5 and P(t) = ; 
Since these equilibrium solutions are nonnegative, they correspond to equi- 
librium populations. The diagram sketched in Figure 2.14 indicates the 
regions in the first quadrant where P’(t) > 0 and where P’ (ft) < 0. 

(b) From Figure 2.14, it follows that the solution of the initial value problem 
P’ = (1 — P)P — 2, P(O) = 2 is decreasing at t = 0, since P’(0) = — 2. This so- 
lution curve cannot cross the line P = z, since P = 5 is also a solution of 
P'’=(1-—P)P- Z. By Exercise 14, either solutions of equation (6) are un- 
bounded or they tend to an equilibrium value as t > oo. The diagram in 
Figure 2.14 indicates that 


lim P(t) = . 
too 


> y 


P(t) <0 
24 - P(t) =0 
P(t)>0 
in - P(t)=0 
P(t) <0 


FIGURE 2.14 


Consider the population model P’ = (1 — P)P — 2. The equilibrium 
populations are P = 3 and P = 4; see Example 1. The diagram shows the 
regions where population is increasing [P’(t) > 0] and where it is 
decreasing [P’(t) < 0]. The solution satisfying the initial condition P(0) = 2 
is decreasing and bounded below by the line P = 4. Therefore, by Exercise 
14, P(t) > z ast—> oO. 


(continued) 
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EXERCISES 


(continued) 


[Similarly, if PO) = Py where + < Py < $, we again obtain lim ,,,, P() = 3. 
However, if P(0) = Py where Py < 4, then the population becomes extinct 
when the graph of P(t) intersects the t-axis. At that point, the population 
model ceases to be meaningful.] “ 


The Spread of an Infectious Disease 


The logistic differential equation also arises in modeling the spread of an infec- 
tious disease. Suppose we have a constant population of N individuals and at 
time ¢ the number of infected members is P(t). The corresponding number of 
uninfected individuals is then N — P(t). Areasonable assumption is that the rate 
of spread of the disease at time ¢ is proportional to the product of noninfected 
and infected individuals. This assumption leads to the differential equation 


dP 
— =k(N—P)P 
dt ( ) J 
where k is the constant of proportionality. If the equation is rewritten as 
dP P 
—=kN|1-—)P, 7 
dt ( =) " 


we can see that it is similar to the logistic equation (1). The corresponding initial 
value problem is completed by specifying the number of infected individuals 
at some initial time, P(t)) = Po. 

Note that the differential equation (7) has two equilibrium solutions, P = 0 
and P=N. This certainly makes sense. If no one is infected or if everyone is 
infected, the disease will not spread. We consider aspects of this infectious 
disease model in the exercises. 


Exercises 1-3: 


Let P(t) represent the population of a colony, in millions of individuals. Assume that the 
population evolves according to the equation 


dP P 
a Ot (1-5), 


with time ¢ measured in years. Use the explicit solution given in equation (5) to answer 
the questions. 


1. Suppose the colony starts with 100,000 individuals. How long will it take the pop- 
ulation to reach 90% of its equilibrium value? 


2. Suppose the colony is initially overpopulated, starting with 5,000,000 individuals. 
How long will it take for the population to decrease to 110% of its equilibrium 
value? 
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3. Suppose, after 3 years of existence, the colony population is found to be 2,000,000 
individuals. What was the initial population? 


Exercises 4-10: 


Constant Migration Consider a population modeled by the initial value problem 


© = (1 — PP +M, P(O) = Py, (8) 


where the migration rate M is constant. [The model (8) is derived from equation (6) by 
setting the constants r and P, to unity. We did this so that we can focus on the effect M 
has on the solutions. ] 

For the given values of M and P(0), 


(a) Determine all the equilibrium populations (the nonnegative equilibrium solutions) 
of differential equation (8). Asin Example 1, sketch a diagram showing those regions 
in the first quadrant of the tP-plane where the population is increasing [P’(t) > 0] 
and those regions where the population is decreasing [P’(t) < 0]. 


(b) Describe the qualitative behavior of the solution as time increases. Use the informa- 
tion obtained in (a) as well as the insights provided by the figures in Exercises 11-13 
(these figures provide specific but representative examples of the possibilities). 


4.M=-, P(0)=3 5.M=-;%, PO)=5 6. M=-j, PO)=j4 


7.M=-1, P@)=1 8. M=-1!, PO)=} 9.M=2, PO)=0 


10. M=2, P(0)=4 


Exercises 11-13: 


The direction fields shown correspond to the differential equation 


ar ee ee 
ao By 


* 


Determine the constants P, and M. 


11. The equilibrium solutions are 12. The equilibrium solution is 
P(t) = 2 and P(t) = 1. P(t) =2. 
P P 


3:5 
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13. The equilibrium solutions are 
P(t) = 2 and P(t) = -1. 
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14. Consider the initial value problem (8). Let P, and P, denote the roots of 
P’? -P—M =O, and assume that P, > P, > 0. [Since P, and P, are positive con- 
stant solutions of P’ = (1 — P)P + M, they correspond to equilibrium populations. ] 


(a) What does the assumption P, > P, > 0 imply about the sign of M? Is migration 
occurring at a constant rate into or out of the colony? 


(b) Solve initial value problem (8), assuming that P(0) 4 P, and P(O) 4 P,. Note 
that the differential equation is separable. Your solution will have the form 


IPO) —Pyl _ gw 
|P® — P2| 


’ 


where K and 4 are positive constants. Unravel this implicit solution. [Hint: The 
graph of P(t) cannot cross the lines P = P, and P = P,. Therefore, the terms P(t) — P, 
and P(t) — P, have the same signs as Py — P, and P, — P, respectively. In order to 
unravel the solution, consider the separate cases P) > P,, P, > Py) > P,, and P, > Py 
and remove the absolute values. ] 


(c) Use the explicit solutions found in part (b) to show that if P) > P,, then P(t) > P, 
as t > oo. Similarly, show that if P, > Py > P,, then P(t) > P, as t > oo. Finally, 
show thatifP, > Py,thenlim , ,* P() = —oo at some finite time ¢*. Since populations 
are nonnegative, what actually happens to the population in this last case? 


15. Repeat the analysis of Exercise 14 for the case of a positive repeated root of 
P? —P—M =0 (that is, for the case of P, =P, > 0). 
(a) What does the assumption P, = P, > 0 imply about the sign of M? Is migration 
occurring at a constant rate into or out of the colony? 


(b) Solve initial value problem (8) for the case in which P(O) 4 P,. Argue that P, = P, 
can happen only if P, = P, = }. 


(c) By taking limits of the explicit solution found in part (b), show that P(t) > P, 
as t + oo if P) > P,;. What happens if P, < P,? 


Variable Birth Rates In certain situations, a population’s relative birth rate may vary 
with time. For example, environmental conditions that change over a period of time 
may affect the birth rate. When food is stored, variations in temperature may affect the 
growth of harmful bacteria. It is of interest, therefore, to understand the behavior of the 
logistic equation when the relative birth rate r(t) is variable. 


16. Consider the initial value problem 


a thil e P P(O)=P, 
770 -5) ’ (0) = Po. 


Observe that the differential equation is separable. Let R(t) = { r(s) ds. Solve the 
initial value problem. Note that your solution will involve the function R(f). 
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17. Solve the initial value problem in Exercise 16 for the particular case of r(t) = 
1+ sin2zt, P, = 1, and Py = }. Here, time is measured in years and population in 
millions of individuals. (The varying relative birth rate might reflect the impact of 
seasonal changes on the population’s ability to reproduce over the course of a year.) 
How does the population behave as time increases? In particular, does lim P(t) 


exist, and if so, what is this limit? 


t>0o 


18. Let P(t) represent the number of individuals who, at time f, are infected with a 
certain disease. Let N denote the total number of individuals in the population. 
Assume that the spread of the disease can be modeled by the initial value problem 


dP 
dt 


where k is a constant. Obtain an explicit solution of this initial value problem. 


=k(N—P)P, —_P(0) = Py, 


19. Consider the special case of the infectious disease model in Exercise 18, where 
N = 2,000,000 and P, = 100,000. Suppose that after 1 year, the number of infected 
individuals had increased to 200,000. How many members of the population will 
be infected after 5 years? 

20. Consider a chemical reaction of the form A + B > C, in which the rates of change of 
the two chemical reactants, A and B, are described by the two differential equations 


A’ = —kAB, B' = —-kAB, 


where k is a positive constant. Assume that 5 moles of reactant A and 2 moles of 
reactant B are present at the beginning of the reaction. 


(a) Show that the difference A(t) — B(t) remains constant in time. What is the value 
of this constant? 
(b) Use the observation made in (a) to derive an initial value problem for reactant A. 


(c) It was observed, after the reaction had progressed for 1 sec, that 4 moles of 
reactant A remained. How much of reactants A and B will be left after 4 sec of 
reaction time? 


21. Solve the initial value problem 


oo 1 - P PO) =P 
a =5)® ae 


e 


by viewing the differential equation as a Bernoulli equation. 


2.9 Applications to Mechanics 


In Chapter 1, we considered a falling object acted upon only by gravity. For that 
case, with y(t) used to represent the vertical position of the body at time t and 
v(t) to represent its velocity, Newton’s second law of motion, ma = F, reduces to 


dv _ 
3 


Here, m is the mass of the object and g the acceleration due to gravity, nom- 
inally 32 ft/sec” or 9.8 m/s”. The minus sign on the right-hand side is present 
because we measure y(f) and v(t) as positive upward while the force of grav- 
ity acts downward. For the simple model above, we solved for v(t) and y(t) by 
computing successive antiderivatives. 


—meg. 
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A more realistic model of one-dimensional motion is one that incorporates 
the effects of air resistance. As an object moves through air, a retarding aerody- 
namic force is created by the combination of pressure and frictional forces. The 
air close to the object exerts a normal pressure force upon it. Likewise, friction 
creates a tangential force that opposes the motion of air past the object. The 
combination of these effects creates a drag force that acts to reduce the speed 
of the moving object. 

The drag force depends on the velocity v(t) of the object and acts on it in 
such a way as to reduce its speed, |v(t)|. We consider two idealized models of 
drag force that are consistent with these ideas. 


Case 1: Drag Force Proportional to Velocity 


Assume that velocity v(t) is positive in the upward direction and that the drag 
force is proportional to velocity. If k is the positive constant of proportionality, 
Newton’s second law of motion leads to 


dv k 

m a —meg — Kv. (1) 
Does the model of drag that we have postulated act as we want it to? If the 
object is moving upward [that is, if v(t) > 0], then the drag force —kv(t) is 
negative and thus acts downward. Conversely, if v(t) < 0, then the object is 
moving downward. In this case, the drag force —kv(t) = k|v(t)| is a positive 
(upward) force, as it should be. Therefore, whether the object is moving upward 
or downward, drag acts to slow the object; this drag model is consistent with 
our ideas of how drag should act. See Figure 2.15. 


ya drag force ya oa 
| 
v<0 O O 
I 
a —mg ee force 
I 
I 
v —mg 
(a) (b) 
FIGURE 2.15 


Assume a drag force of the form kv(t), k > 0; see equation (1). (a) When the 
object is moving downward, drag acts upward and tends to slow the object. 
(b) When the object is moving upward, drag acts downward and likewise 
tends to slow the object. 


This drag model leads to equation (1), a first order linear constant co- 
efficient equation; we can solve it using the ideas of Section 2.2. Before we 
do, however, let’s consider the question of equilibrium solutions to see if the 
model makes sense in that regard. The only constant solution of equation (1) 
is v(t) = —mg/k. At the velocity v(t) = —mg/k, the drag force and gravitational 
force acting on the object are equal and opposite. This equilibrium velocity is 
often referred to as the terminal velocity of the object. 
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The initial value problem corresponding to equation (1) is 


dv 
a= —meg — kv, v(0) = Vo. (2) 


Solving initial value problem (2), we obtain 


mg ( 7) —(k/m)t 
vit) = -——_ Vot—]Je , 
( ) k ae 0 k 
From this explicit solution it is clear that, for any initial velocity vo, v(t) tends 
to the terminal velocity 
1 

lim v(t) = — = 

too k 
The concept of terminal velocity is a mathematical abstraction since, in any 
application, the time interval of interest is finite. However, whether the object 
is initially moving up or down, it eventually begins to fall and its velocity ap- 
proaches terminal velocity as the time of falling increases. The velocity that 
the object actually has the instant before it strikes the ground is called the im- 
pact velocity. Once impact occurs, the mathematical model (2) is no longer 
applicable. 


Case 2: Drag Force Proportional to the Square of Velocity 


A drag force having magnitude «v?(t) (where the constant of proportionality « 
is assumed to be positive) has been found in many cases to be a reasonably good 
approximation to reality over a range of velocities. However, since it involves 
an even power of velocity, incorporating this model of drag into the equations 
of motion requires more care. 

Drag must act to reduce the speed of the moving object. Therefore, if the 
object is moving upward, the drag force acts downward and should be —«v?(). 
If the object is moving downward, the drag force acts upward and should be 
xv’ (t). In other words, when we use this model for drag, Newton’s second law 
leads to 


d 

m a = —mg — KV’, v(t) = 0, 
d 

m = = -—mgt+ KV’, v(t) < 0. 


Here again we can ask about equilibrium solutions and see if the answer 
makes sense physically. Note that no equilibrium solution exists if v(t) > 0 
since —mg — «v~ is never zero. When v(t) < 0, however, there is an equilibrium 
solution: 
(hal 
K 

This equilibrium solution is again a terminal velocity corresponding to down- 
ward motion; at this velocity, drag and gravity exert equal and opposite forces. 

Each of the preceding equations is a first order separable equation. If the 
problem involves a falling (rising) object, then velocity is always nonpositive 
(nonnegative) and a single equation is valid for the entire problem (that is, 
over the entire ¢-interval of interest). If, however, the problem involves both 
upward and downward motion, then both equations will ultimately be needed. 
The first equation must be used to model the upward dynamics, the behavior 
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EXAMPLE 


1 


of the projectile from launch until the time ¢,,, at which it reaches its highest 
point [that is, when v(¢,,,) = 0]. After time ¢,,,, the projectile begins to fall and 
the second differential equation [with initial condition v(¢,,) = 0] is needed to 
model the descending dynamics. 


Assume a projectile having mass m is launched vertically upward from ground 
level at time ¢t = 0 with initial velocity v(0) = vy. Further assume that the drag 
force experienced by the projectile is proportional to the square of its velocity, 
with drag coefficient «. Determine the maximum height reached by the projec- 
tile and the time at which this maximum height is reached. 


Solution: The projectile motion being considered involves only upward mo- 
tion. Therefore, 
mv’ = —mg— kv’, v(0)-= Vy. 


Separating variables yields 


v 
1 4 
mg 
Integrating, we find 
= me ez tan”! (\/<») =-e+e. 
14+ —v? a me 
mg 


Imposing the initial condition gives 


C= Fy eal tan’ ( v0). 
K \) mg 


Finally, after some algebra, we obtain the explicit solution 


v(t) = ge tan ian! ( < v0) — 1 2, ‘ (3) 
K \) mg m 


As acheck on (3), note that v(0) does reduce to the given initial velocity vg. Asa 
further check, one can show (using L-H6pital’s rule®) that for every fixed time f, 
lim v(t) = V9 — gt, 

Kk>0 
which is the velocity in the absence of drag. 

Let ¢,, denote the time when the maximum height is reached; that is, 
v(t,,) = 0. From equation (3), we see that the maximum height is attained at 
the first positive value t where the argument of the tangent function is zero. 
Thus, 


8 Guillaume de LH6pital (1661-1704) wrote the first textbook on differential calculus, Analyse des 
infiniment petits pour l’intelligence des lignes courbes, which appeared in 1692. The book contains 
the rule that bears his name. 
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m a K ) 
tm =,/—tan~ {,/—vo]. (4) 
Kg mg 


We next want to determine the maximum height, y(¢,,,), reached by the pro- 
jectile. To find y(¢,,,), we need an expression for position, y(t). To determine 
position, y(t), we integrate velocity: 


or 


t 
y(t) —y) = | v(s) ds. 
0 


For our problem, y(0) = 0. Therefore, 


t 
(tp) = vipvdt, (5) 
0 


where v(t) is given by equation (3). To carry out the integration in equation (5), 
we use the fact that f tanu du = —In|cosu| + C, finding 


2 
m KV 


Here again, as a check, one can show using LH6pital’s rule that 
2 
: Vv 
lim y(t,,) = = (6) 


is the maximum height reached in the absence of drag. Figure 2.16 shows how 
the size of the drag constant affects the quantities ¢,,, and y(¢,,,) for the case of 
a 2-lb object launched upward from ground level with an initial velocity of 60 
mph (v9 = 88 ft/sec). 


y (feet) t (seconds) 

A A 
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FIGURE 2.16 


A 2-lb object is launched upward from ground level with an initial velocity 

of 88 ft/sec. The graph in (a) shows the maximum altitude as a function of 

the drag constant «x; see equation (5). The graph in (b) shows the time 

when the maximum altitude is reached as a function of the drag constant 

«; see equation (4). % 
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EXAMPLE 


2 


The computations in Example 1 are relatively complicated. The task of find- 
ing maximum projectile height can be simplified by transforming the problem 
to one in which height rather than time is the independent variable. This trans- 
formation is discussed in the next subsection. 


One-Dimensional Dynamics with Distance 
as the Independent Variable 


In many applications, velocity is always nonnegative or always nonpositive 
over the entire time interval of interest. For the present discussion, assume 
that motion occurs in a straight line, along the x-axis. Then position x(f) is a 
monotonic function of time. If velocity is nonnegative, the position of the object 
is an increasing function of time; if velocity is nonpositive, then position is a 
decreasing function of time. In these cases, we can simplify the differential 
equation describing the object’s motion if we use position x as the independent 
variable rather than time ¢. 

Suppose (for definiteness) that position x(t) is an increasing function of 
time ¢ [a similar analysis is valid if x(t) is decreasing]. Then an inverse function 
exists and we can express time as a function of position. We can ultimately 
view velocity as a function of position and use the chain rule to relate dv/dt to 
dv /dx: 

dv dv dx dv 


a de ae (7) 


This change of independent variable is useful when the net force acting on the 
body is a function of velocity or position or both but does not explicitly depend 


3 é Vv 
on time. In such a case, when F = F(x, v), the equation n= F transforms 


into 


dv 
mv — = F(x,v). (8) 
dx 
We adopt the customary notation and write v = v(x) when referring to velocity 
as a function of position and v = v(t) when referring to velocity as a function 
of time. 

Equation (8) is typically supplemented by an initial condition that pre- 
scribes velocity at some initial position v(x)) = vy. Equation (8) and the ini- 
tial condition define an initial value problem on the underlying x-interval of 
interest. 

To illustrate the simplifications that can be realized by adopting distance as 
the independent variable, we reconsider the problem solved in Example 1, that 
of determining the maximum height reached by a projectile when subjected to 
a drag force proportional to the square of the velocity. 


Consider the problem treated in Example 1. The initial value problem describ- 
ing the projectile’s upward motion is 
dv 2 


m— =-—mg—KvV’, v(0) = Vo, 


dt 
where v = dy/dt. Determine the maximum height reached by the projectile. 
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Solution: We view velocity as a function of position y. Since y = 0 whent = 0, 
the initial value problem satisfied by v(y) becomes 


mv = —mg — KV’, v(0) = Vo. 


dy 


Therefore, 


kK 


m v _m 2 a 
[= we dv = Fe In [* + (mg/k)] = —v + C. 
Imposing the initial condition yields 
m 2 m 2 
5, nl’ + dmg/«)] = —y + 5 In [vo + (ng/«)]. (9) 
K 2k 


If we would like to have velocity expressed as a function of height y, we can 
“unravel” the implicit solution (9). However, to determine y,,, the maximum 
height reached by the projectile, we need only note that the velocity is zero at 
the maximum height. Setting v = 0 in (9) leads to 


In [vp + (mg/k)], or Vy = In 14+ —— 


WW WL 
=— In [mg/«] = —y,, + —— oe 


2k 2k 


This is the same expression we found in Example 1. * 


Impact Velocity 


The next example, concerning an object falling through the atmosphere, shows 
that using position as the independent variable may convert a problem we 
cannot solve into one that we can solve. 

The force of Earth’s gravitational attraction diminishes as a body moves 
higher above the surface. For objects near the surface, the usual assumption 
of constant gravity is fairly reasonable. However, for a body falling from a 
great height (such as a satellite reentering the atmosphere), a constant gravity 
assumption is not accurate and may lead to erroneous predictions of the reentry 
trajectory. 

While most of the realistic gravity models used in aerospace applications 
are quite complicated, they are all based on Newton's law of gravitation, which 
states that the force of mutual attraction between two bodies is 


GmM 


r 


b= (10) 
In equation (10), G = 6.673 x 10°!' m3/(kg-s’) is the universal gravitational 
constant, m and M are the masses of the two bodies, and r is the distance 
between the centers of mass of the two bodies. [If the bodies are moving relative 
to each other, then r varies with time and therefore r = r(f).] 

As a first approximation to the force of gravitational attraction for an object 
falling to the surface of Earth, we assume Earth is a sphere of homogeneous 
material. Under this assumption, we can use equation (10) to model gravity. 
The mass of Earth is M, = 5.976 x 10*4 kg, and its radius is R, = 6371 km or 
6.371 x 10° m. 
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EXAMPLE 
3 Consider an object having mass m = 100 kg which is released from rest at an 


altitude of h = 200 km above the surface of Earth. Neglecting drag and consid- 
ering only the force of gravitational attraction, calculate the impact velocity of 
the object at Earth’s surface. 


Solution: In this problem we do not assume that the force of gravitational 
attraction is constant. Rather, we take into account the variation of this force 
with the separation distance between the two bodies. See Figure 2.17. 


m 


‘ he h—| 


FIGURE 2.17 


An object of mass ™ is released at an altitude of 200 km above the surface 
of Earth. As the object falls, its distance from the center of Earth is r. Earth 
has radius R,, and therefore r = R, + h defines the object's altitude, h, above 
Earth. The quantity r is positive in the direction of increasing altitude. 


As shown in Figure 2.17, separation distance r is measured positively from 
Earth’s center to the 100-kg body. If v = dr/dt, then the application of Newton’s 
second law of motion leads to the differential equation 


dv GmM, 
i= =-— (11) 


If time is retained as the independent variable, we obtain a differential equation 
for the dependent variable r(t) by using the fact that v = dr/dt. The resulting 
differential equation, however, is second order and nonlinear: 


d’r GmM, 
m— = —-—,—. 
dt’ r 
Note that the separation distance r(t) is a decreasing function of time. If 
we transform differential equation (11) into one in which distance r is the 


independent variable and use the fact that v = 0 when r = R, +h, we obtain 
the following initial value problem: 


eo R,<r<R,+h, 
dr r (12) 
v(R, +h) = 0. 


The differential equation in (12), while nonlinear, is a first order separable equa- 
tion for the quantity of interest, v. Solving, we obtain 


EXERCISES 
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Imposing the initial condition, we find the implicit solution 


2 
v 1 1 
— =GM,|-- : 
2 . € R,+ 7) 
Since separation distance is decreasing with time, velocity is negative. There- 
fore, an explicit solution of the problem is 


The impact velocity is found by evaluating velocity at r = R,: 


1 1 
Vimpact = - 26m, (= ~ zat): 
€ € 


Using the values given, we obtain v;,,,4., = —1952 m/s (a speed of about 4350 
mph). [Note: The impact velocity does not depend on the mass of the object, 
but only on its distance from Earth when it is released.] 


In the Exercises, we ask you to consider the same problem in the presence 
of a drag force that is proportional to the square of the velocity. In particular, 
the governing differential equation becomes 

dv GmM 


ma = 2 24 uy, (13) 


After the independent variable is changed from time to distance, the resulting 
differential equation can be recast as a Bernoulli equation and then solved; see 
Exercise 16. 


1. An object of mass m is dropped from a high altitude. How long will it take the 
object to achieve a velocity equal to one half of its terminal velocity if the drag force 
is assumed to be proportional to the velocity? 


2. A drag chute must be designed to reduce the speed of a 3000-lb dragster from 220 
mph to 50 mph in 4 sec. Assume that the drag force is proportional to the velocity. 


(a) What value of the drag coefficient k is needed to accomplish this? 
(b) How far will the dragster travel in the 4-sec interval? 


3. Repeat Exercise 2 for the case in which the drag force is proportional to the square 
of the velocity. Determine both the drag coefficient « and the distance traveled. 


4. A projectile of mass m is launched vertically upward from ground level at time t = 0 
with initial velocity vy and is acted upon by gravity and air resistance. Assume the 
drag force is proportional to velocity, with drag coefficient k. Derive an expression 
for the time, ¢,,,, when the projectile achieves its maximum height. 


5. Derive an expression for the maximum height, y,,, = y(¢,,), achieved in Exercise 4. 

6. An object of mass m is dropped from a high altitude and is subjected to a drag force 
proportional to the square of its velocity. How far must the object fall before its 
velocity reaches one half its terminal velocity? 


7. An object is dropped from altitude yy. Determine the impact velocity if air resistance 
is neglected—that is, if we assume no drag force. 
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Exercises 8-11: 


An object undergoes one-dimensional motion along the x-axis subject to the given de- 
celerating forces. At time t = 0, the object’s position is x = 0 and its velocity is v = vy. 
In each case, the decelerating force is a function of the object’s position x(t) or its veloc- 
ity v(t) or both. Transform the problem into one having distance x as the independent 
variable. Determine the position x, at which the object comes to rest. (If the object does 
not come to rest, x, = oo.) 
8. mn = kev 9. mo = kev? 10. mS = ke 1m = 
12. A boat having mass m is pushed away from a dock with an initial velocity vj. The 
water exerts on the boat a drag force that is proportional to the square of its velocity. 
Determine the velocity of the boat when it is a distance d from the dock. 


13. An object is dropped from altitude yp. 


(a) Determine the impact velocity if the drag force is proportional to the square of 
velocity, with drag coefficient x. 


(b) If the terminal velocity is known to be —120 mph and the impact velocity was 
—90 mph, what was the initial altitude y,? (Recall that we take velocity to be negative 
when the object is moving downward.) 


14. An object is dropped from altitude yp. 


(a) Assume that the drag force is proportional to velocity, with drag coefficient k. 
Obtain an implicit solution relating velocity and altitude. 


(b) If the terminal velocity is known to be —120 mph and the impact velocity was 
—90 mph, what was the initial altitude y,? 


15. We need to design a ballistics chamber to decelerate test projectiles fired into it. 
Assume the resistive force encountered by the projectile is proportional to the 
square of its velocity and neglect gravity. As the figure indicates, the chamber is 
to be constructed so that the coefficient « associated with this resistive force is not 
constant but is, in fact, a linearly increasing function of distance into the cham- 
ber. Let «(x) = kx, where k, is a constant; the resistive force then has the form 
K(x)? = Koxv?. If we use time ¢ as the independent variable, Newton’s law of motion 
leads us to the differential equation 


ly 5 : dx 
m a + koXtv =0 with v= ae 
(a) Adopt distance x into the chamber as the new independent variable and rewrite 


differential equation (14) as a first order equation in terms of the new independent 
variable. 


(14) 


(b) Determine the value xy needed if the chamber is to reduce projectile velocity to 
1% of its incoming value within d units of distance. 


Ballistics chamber 


Projectile 


= => 


x > K(X) = KgX 


Figure for Exercise 15 


16. 


17. 


18. 


19. 
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The motion of a body of mass m, gravitationally attracted to Earth in the presence 
of a resisting drag force proportional to the square of its velocity, is given by 
dv GmM, 


SS + KV 
dt r 


2 


[recall equation (13)]. In this equation, r is the radial distance of the body from the 
center of Earth, G is the universal gravitational constant, M, is the mass of Earth, 
and v =dr/dt. Note that the drag force is positive, since it acts in the positive r 
direction. 


(a) Assume that the body is released from rest at an altitude h above the surface of 
Earth. Recast the differential equation so that distance r is the independent variable. 
State an appropriate initial condition for the new problem. 


(b) Show that the impact velocity can be expressed as 


h eo 2{K/m)s 1/2 
v 2GM, ) <____ds| , 
0 


impact = — 


(R, +s) 


where R, represents the radius of Earth. (The minus sign reflects the fact that 
v =dr/dt < 0.) 


On August 24, 1894, Pop Shriver of the Chicago White Stockings caught a base- 
ball dropped (by Clark Griffith) from the top of the Washington Monument. The 
Washington Monument is 555 ft tall and a baseball weighs 53 Oz. 


(a) If we ignore air resistance and assume the baseball was acted upon only by 
gravity, how fast would the baseball have been traveling when it was 7 ft above the 
ground? 


(b) Suppose we now include air resistance in our model, assuming that the drag 
force is proportional to velocity with a drag coefficient k = 0.0018 lb-sec/ft. How 
fast is the baseball traveling in this case when it is 7 ft above the ground? 


A 180-lb skydiver drops from a hot-air balloon. After 10 sec of free fall, a parachute 
is opened. The parachute immediately introduces a drag force proportional to ve- 
locity. After an additional 4 sec, the parachutist reaches the ground. Assume that 
air resistance is negligible during free fall and that the parachute is designed so that 
a 200-lb person will reach a terminal velocity of —10 mph. 


(a) What is the speed of the skydiver immediately before the parachute is opened? 
(b) What is the parachutist’s impact velocity? 

(c) At what altitude was the parachute opened? 

(d) What is the balloon’s altitude? 


When modeling the action of drag chutes and parachutes, we have assumed that 
the chute opens instantaneously. Real devices take a short amount of time to fully 
open and deploy. 

In this exercise, we try to assess the importance of this distinction. Consider 
again the assumptions of Exercise 2. A 3000-lb dragster is moving on a straight 
track at a speed of 220 mph when, at time ¢ = 0, the drag chute is opened. If we 
assume that the drag force is proportional to velocity and that the chute opens 
instantaneously, the differential equation to solve is mv’ = —kv. 

If we assume a short deployment time to open the chute, a reasonable differen- 
tial equation might be mv’ = —k(tanh f)v. Since tanh(0) = 0 and tanh(1) * 0.76, it 
will take about 1 sec for the chute to become 76% deployed in this model. 

Assume k = 25 lb-sec/ft. Solve the two differential equations and determine in 
each case how long it takes the vehicle to slow to 50 mph. Which time do you antici- 
pate will be larger? (Explain.) Is the idealization of instantaneous chute deployment 
realistic? 
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20. An object of mass m is dropped from a high platform at time t = 0. Assume the 
drag force is proportional to the square of the velocity, with drag coefficient «. As 
in Example 1, derive an expression for the velocity v(). 


21. Assume the action of a parachute can be modeled as a drag force proportional to the 
square of the velocity. Determine the drag coefficient « of the parachute needed so 
that a 200-lb person using the parachute will have a terminal velocity of —10 mph. 

Pendulum Motion: Conservation of Energy In Exercises 22 and 23, our goal is to describe 


the rotational motion of the pendulum shown in the figure. We neglect the weight of 
the rod when modeling the motion of this pendulum. 


a 


Figure for Exercises 22 and 23 


Applying the rotational version of Newton’s laws to the pendulum leads to the sec- 
ond order differential equation 


ml?” = —mel siné. (15) 


In equation (15), the right-hand side is negative because it acts to cause clockwise 
rotation—that is, rotation in the negative @ direction. 


22. Suppose that at some initial time the pendulum is located at angle 6) with an angular 
velocity dé /dt = w, radians/sec. 
(a) Equation (15) is a second order differential equation. Rewrite it as a first order 


separable equation by adopting angle 6 as the independent variable, using the fact 
that 


gr # do _ dw dwdo _ dw 
~ a \dt)~ dt do dt” do’ 


Complete the specification of the initial value problem by specifying an appropriate 
initial condition. 


(b) Obtain the implicit solution 


2 2 
2 20 
ml ee — meglcosé = ml os mel cos Op. (16) 


The pendulum is a conservative system; that is, energy is neither created nor de- 
stroyed. Equation (16) is a statement of conservation of energy. At a position defined 
by the angle 0, the quantity ml?w’/2 is the kinetic energy of the pendulum while 
the term —mglcos@ is the potential energy, referenced to the horizontal position 
6 = 2/2. The constant right-hand side is the total initial energy. 


(c) Determine the angular velocity at the instant the pendulum reaches the verti- 
cally downward position, 9 = 0. Express your answer in terms of the constants w» 
and 6). 


23. A pendulum, 2 ft in length and initially in the downward position, is launched with 
an initial angular velocity w,. If it achieves a maximum angular displacement of 
135 degrees, what is w)? 
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2.10 Euler’s Method 


Up to this point, we have focused on analytical techniques for solving the initial 
value problem 


¥=SefEy; IY =—Vo- (1) 


In Section 2.2, we saw that there is an explicit representation, in terms of in- 
tegrals, for the solution of a linear differential equation. However, we also saw 
that it might be difficult to work with this representation if the integrand does 
not have an elementary antiderivative. 

Sections 2.5-2.7 discussed analytical techniques for solving certain special 
types of nonlinear differential equations (Bernoulli equations, separable equa- 
tions, exact equations, etc.). These techniques, however, often lead to implicit 
solutions, and it may be difficult to “unravel” the implicit solution in order 
to obtain an explicit solution. In addition, there are many nonlinear differen- 
tial equations that do not belong to the special categories for which analytical 
techniques have been developed. 

Therefore, it’s clear that the analytical methods we've discussed, while im- 
portant and useful, are not totally adequate. We need tools that enable us to 
obtain quantitative information about the solution of (1) in the general case. 
Numerical methods are one such tool. We introduce numerical techniques by 
considering Euler’s method,’ perhaps the simplest and most intuitive numeri- 
cal method. 

Besides serving as an introduction to numerical techniques, Euler’s method 
also provides us with a means (albeit a relatively crude one) to analyze initial 
value problems for which analytical methods are not applicable. Numerical 
methods are discussed in greater detail in Chapter 7. 

We begin by asking the most basic question: “What is a numerical solution 
of initial value problem (1)?” As we will see, anumerical method for (1) typically 
generates values 


¥ix Yo, +++ Vn 
that approximate corresponding solution values 
y(t), Y(to), sey v(t) 


°Leonhard Euler (1707-1783) was one of the most gifted individuals in the history of mathematics 
and science; his 866 publications (books and articles) make him arguably the most prolific as 
well. He established the foundations of mathematical analysis, the theory of special functions, 
and analytical mechanics. Complex analysis, number theory, differential equations, differential 
geometry, lunar theory, elasticity, acoustics, fluid mechanics, and the wave theory of light are some 
of the other areas to which Euler made important contributions. A backlog of his work continued 
to be published for nearly 50 years after his death. 

Euler’s achievements become even more remarkable when one appreciates the circumstances 
surrounding his work. He was involved in the world about him. In Russia, he worked on state 
projects involving cartography, science education, magnetism, fire engines, machines, and ship- 
building. Later, in Berlin, he served as an advisor to the government on state lotteries, insurance, 
annuities, and pensions. He fathered thirteen children, although only five survived infancy. Euler 
claimed that he made some of his greatest discoveries while holding an infant in his arms with 
other children playing at his feet. In 1771 Euler became totally blind, but he was able to maintain 
a prodigious output of work until his death. 
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at designated abscissa values ty < t; <t, <--- <t,. Figure 2.18 illustrates the 
output of a numerical method, where the solid curve indicates the actual (un- 
known) solution of initial value problem (1). 
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FIGURE 2.18 


The solid curve indicates the actual (unknown) solution of initial value 
problem (1). Fori = 1, 2,...,m, the points (¢;,y,) are approximations to 
corresponding points (f;, y(f;)) on the actual solution curve. We say that y; 
is a numerical approximation to the unknown value y(¢;). 


In Figure 2.18, the values y,, y5,y3,... are found sequentially—first y,, then 
y, and so forth. Note that the starting value yg = y(¢g) is known exactly, since 
it is specified in the initial value problem (1). The numerical problem therefore 
reduces to this question: 


Given (ty, 9), how do we determine (¢,,y,)? And in general, given an 
approximation (t,,y;), how do we determine the next approximation, 


(thas ¥epi)? 


The simplest answer, the simplest numerical algorithm, is Euler’s method (also 
known as the tangent line method). 


Derivation of Euler’s Method 


The geometric ideas underlying Euler’s method can be understood in terms 
of direction fields. At the initial condition point (¢),y,), the differential equa- 
tion specifies the slope of the solution curve at (fg, 9); it is equal to f (tp, yo). 
Therefore, the line tangent to the solution curve y(t) at the point (fg, yo) has 
equation 


Y=Vo tf lo, No)(t — to). (2) 


We follow this tangent line over a short time interval, to t = t,, where fy < ¢;. 
At t =?t,, we reach the point (f,, y,;), where 


yi = Yo +f to, Voy — fo). 


The value found above, y,, is the Euler's method approximation to the solution 
value y(t,). (See Figure 2.19.) 

While the new point (¢,,y,) does not exactly coincide with the point 
(t,, y(t,)), it is generally close to that point (assuming 1, is sufficiently close to 
to). Moreover, since f(t, y) is continuous, the direction field filament at (¢,, y,) 
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FIGURE 2.19 


The line tangent to y(t) at the initial point (4), yp) has slope f (tg, V9). 
Following the tangent line to time t,, we arrive at the point (¢,,y,) and have 
an approximation, y,, to the solution value, y(¢,). 


has nearly the same slope as the filament at (¢,, v(t,)). Hence, although we do 
not know the exact value of y(t) when t = t,, we are close to it and we do have 
a good idea of which direction the graph of y(t) is heading. At t = t,, the graph 
of y(t) has slope f (¢,, y(t,)), which is nearly equal to f(¢,,y,). So, in an attempt 
to follow the solution curve y(t), we proceed from (¢t,,,) along a line having 
slope f (t,,71): 


y=y tht x )-%). 
Following this line until t = t,, we reach a point (t,, y,), where 
92 =V tf. Wh -t). 
This process is repeated, leading to the algorithm 
Vert =Ve +h te Ve Ces — th): k= 0,1, 2,020: (3) 


Iteration (3) is known as Euler's method and is illustrated in Figure 2.20. Euler's 
method amounts to tracing a polygonal path through the direction field. 
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Starting on the solution curve at (f9, yo), Euler’s method attempts to track 
the solution y(t), tracing a polygonal path through the direction field. As 
the path proceeds, its direction is constantly corrected by sampling the 
direction field; see equation (3). 
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EXAMPLE 


1 


Apply Euler’s method to the initial value problem 
y=tty, y(2) = 1. 


Use t; = 2.1, t, = 2.2, and t, = 2.3. Generate approximations y, to y(2.1), y to 
y(2.2), and y, to y(2.3). 


Solution: The actual (unknown) solution starts at (fo, yo) = (2, 1) and has a 
starting slope of f (tp, ¥9) =f (2, 1) = 5. Following the line of slope 5 passing 
through (2, 1), we obtain, by (3), 


¥1 =Vo tftp, Yo), — to) = 1450.1) = 1.5. 
Having (f,,¥,) = (2.1, 1.5), we take the next step to (t,, y>): 
yo =9, 4+ 6G. 9)G —t,) = 1.545.9100.1) = 2.091. 
Having (f,, y,) = (2.2, 2.091), we take the next step to (t3, y3): 
¥3 =. +f (ta, 92) tg — ty) = 2.091 + 6.931(0.1) = 2.7841. 


Note that the differential equation in this example is linear, and hence a formula 
for the solution can be found. The exact solution is 


yt) = 11e-? — 7 + 2t +2). 


Figure 2.21 compares the Euler’s method approximations with the exact solu- 
tion at the points t = 2, 2.1, 2.2, and 2.3. 
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FIGURE 2.21 


The values y,,y,, and y, are the Euler’s method approximations found in 
Example 1. “ 


Implementing Euler’s Method 


The simplest way to organize an Euler’s method calculation is to choose an 
appropriate step size, h, and then use /: to define the equally spaced sample 
points: 
ty =to th, tr =t, +h, 
and, in general, 
tesy=t,th, k=0,1,....n-1. 


EXAMPLE 


2 
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In Example 1 we used a step size of h = 0.1 to define sample points tf) = 2.0, 
t, =2.1,t) = 2.2, and tf; = 2.3. 

Fora constant step size h, the term t,,, — t, in (3) is equal toh. Thus, Euler's 
method takes the form 


Vers =e + hf Gs Vp): k=0,1,...,n—1. (4) 


We anticipate that Euler’s method should become more accurate when we take 
smaller steps, sampling the direction field more often and using this informa- 
tion to correct the “Euler path” that is tracking the solution y(t) (see Exercise 
15). Using a small step size h, however, may lead to a significant amount of 
computation. Therefore, numerical methods are usually programmed and run 
on a computer or programmable calculator. 

In this section, we have assumed a constant step size / in order to simplify 
the discussion. Many implementations of numerical methods, however, use 
variable-step algorithms rather than a fixed-step algorithm. Such variable-step 
algorithms use error estimates that monitor errors as the algorithm proceeds. 
When errors are increasing, the steplength is reduced; when errors are decreas- 
ing, the steplength is increased. 


Apply Euler's method to the initial value problem 
y=y2-y), y0)=0.1. (5) 
Use h = 0.2 and approximate the solution on the interval 0 < t < 4. 


Solution: Using a fixed step size of h = 0.2, Euler’s method samples the direc- 
tion field at time values t, = 0.2, t, = 0.4,...,¢,) = 3.8, and f,) = 4.0. For this 
test case, initial value problem (5) can be solved, since the differential equation 
is separable. Figure 2.22 shows a portion of the direction field for y’ = y(2 —y). 
The solid curve in Figure 2.22 is the graph of the actual solution of (5), and the 
dots show the Euler path through the direction field. 
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FIGURE 2.22 


The direction field for y’ = y(2 — y). The curve denotes the solution of 
y’ = y(2—y), y(O) = 0.1, the initial value problem posed in Example 2. 
The dots are the points generated by Euler’s method, using a step 

size of h = 0.2. 
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Runge-Kutta Methods 


Euler’s method is conceptually important, but it is a relatively crude numeri- 
cal algorithm. The question then becomes “How do we systematically develop 
algorithms that are more accurate?” 

A key to systematically achieving greater accuracy is to view Euler’s method 
from another, slightly different perspective. Consider the initial value problem 
(1). Suppose we assume not only that the solution y(¢) is differentiable, but also 
that it has a Taylor series expansion that converges in the interval of interest, 
a<t<b. We then have, fort andt+h in [a, b], 


i" (t) 


yt +h) =yO +y¥(Oh+ SH 
If we sett = t,t +h =t,,, and use the fact that y'(t) = f(t, y(), we obtain 


yl" (t,) 


3 
31 Wr +e, (7) 


a 


"(t 
V(b) =H) +h Ge. r yh + LOH? 


As shown in (7), Euler’s method can be viewed as truncating the Taylor series 
after the linear term. Equation (7) also shows that the error made in taking one 
step of Euler's method is the infinite sum that begins with the term y’ (t,)h?/2!. 
In most applications, it can be shown (using Taylor’s theorem) that this error 
is bounded by a constant multiple of h?. 

Equation (7) provides a blueprint for improving accuracy; an improved 
algorithm should somehow incorporate more terms of the Taylor series. For 
example, if the algorithm incorporated the term y’(t,)h?/2!, then it would be 
including concavity information in addition to the slope information given by 
the term y’ (t,.)4. Moreover, such an algorithm would have an error bounded by 
a constant multiple of 4? instead of a multiple of h”. Since h is small, we would 
expect increased accuracy. 

It is shown in Chapter 7 that the terms y (¢,)h" /n! can be obtained directly 
from the differential equation y’ = f(t, y). In principle, therefore, retaining ad- 
ditional terms in (7) in order to create a more accurate algorithm is straightfor- 
ward. There are two practical difficulties, however. The computations necessary 
to determine 


(n—1) 
y™ () = qn! yO) (8) 
t=t k 
very quickly become unwieldy as n increases. Moreover, the resulting algorithm 
is problem specific, since the calculations in (8) have to be redone every time 
the method is applied to a new differential equation. 

The challenge facing the numerical analyst is to retain more terms of the 
Taylor series (7), but in a way that is both problem independent and compu- 
tationally friendly. One operation that computers perform very easily is the 
evaluation of functions. Knowing this, numerical analysts have achieved the 
desired objectives by creating algorithms that use nested compositions of func- 
tions to approximate the higher derivatives y (t,),n = 2,3,.... Several such 
algorithms are discussed in Chapter 7. One popular example is the fourth-order 


EXAMPLE 
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Runge-Kutta’? method listed in (9). For initial value problem (1), this method 
has the form 


h 


where 
K, =f (tgs ¥%) 
K,=ft,+h/2,y, + (2/2)K,) 
K,=f(t, +h/2,¥, + (1/2)K,) 
Ky — f (ty + h, yp +hK;). 


(9b) 


Note that the terms K; in (9b) are formed by sequentially evaluating com- 
positions of the function f; for example, 


K, =f, +h/2,9, + (h/2)f t, +h/2, 9, + (h/2)f (th. 94)))- 


When the compositions in (9) are unraveled, it can be seen that the algorithm 
correctly replicates the Taylor series expansion (7) up to and including the term 
yO (tht /4). 


As a test case to illustrate how the Runge-Kutta philosophy can improve accu- 
racy, consider the initial value problem 


y=2ty+1, (0) =2. 


(a) Solve this initial value problem mathematically. 


(b) Solve this initial value problem numerically on the interval 0 < t < 2, using 
Euler’s method and the Runge-Kutta method (9). Use a constant step size 
of h = 0.05. 


(c) Tabulate the exact solution values and both sets of numerical approxima- 
tions from t = 0 tot = 2 in steps of At = 0.25. Is the Runge-Kutta method 
more accurate than Euler’s method for this test case? 


Solution: 


(a) This initial value problem was given in Exercise 45 in Section 2.2. The exact 
solution is 
2 
yt) =e 2 + a) : 


2 fe 
where erf(t) denotes the error function, erf(t) = —= | e°* ds. 
Jn Jo 
(continued) 


!0Carle David Tolmé Runge (1856-1927) was a German scientist whose initial interest in pure 
mathematics was eventually supplanted by an interest in spectroscopy and applied mathematics. 
During his career, he held positions at universities in Hanover and Gottingen. Runge was a particu- 
larly fit and active man; it is reported that he entertained grandchildren on his seventieth birthday 
by doing handstands. 

Martin Wilhelm Kutta (1867-1944) held positions at Munich, Jena, Aachen, and Stuttgart. In 
addition to the Runge-Kutta method (1901), he is remembered for his work in the study of airfoils. 
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(continued) 


(b) We coded the Runge-Kutta method (9) for this initial value problem, using 
MATLAB as a programming environment; a listing, together with a dis- 
cussion of the practical aspects of coding a Runge-Kutta, is given in the 
next subsection. (We also provide brief tutorials for MATLAB and Mathe- 
matica in our Technical Resource Manual. You may view these tutorials at 
http://www.aw-bc.com/kohler/.) 

(c) The results are shown in Table 2.1. As is shown in the table, the Runge-Kutta 


results for the constant step size h = 0.05 are considerably more accurate 
than those of Euler’s method using = 0.05. 


TABLE 2.1 


The Results of Example 3 

Here, a denotes the Euler’s method estimates of y(t), 
ye denotes the Runge-Kutta method estimates, and yl 
the true values. 


t iE RK T 


y y y 
0.0000 2.0000 2.0000 2.0000 
0.2500 2.3594 2.3897 2.3897 
0.5000 3.0726 3.1603 3.1603 
0.7500 4.3960 4.6162 4.6162 
1.0000 6.9084 7.4666 7.4666 
1.2500 11.9543 13.4434 13.4434 
1.5000 22.8447 27.0987 27.0988 
1.7500 48.3243 61.4573 61.4577 
2.0000 113.2709 157.3539 157.3563 & 


Coding a Runge-Kutta Method 


We conclude with a short discussion of the practical aspects of writing a pro- 
gram to implement a Runge-Kutta method. Figures 2.23 and 2.24 list the pro- 
grams used to generate the numerical solution in Example 3. This particular 
code was written in MATLAB, but the principles are the same for any program- 
ming language. 

We note first that no matter what numerical method we decide to use for 
the initial value problem 


y=fG&y), yo) =o 


we need to write a subprogram (or module) that evaluates f (t, y). Such a module 
is listed in Figure 2.24 for the initial value problem of Example 3. Figure 2.23 
lists a MATLAB program that executes 40 steps of the fourth-order Runge-Kutta 
method (9) for the initial value problem of Example 3. 

The program listed in Figure 2.23 is not as general as it could be. Normally 
a Runge-Kutta code is written as a subprogram or module that we can call 
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% Set the initial conditions for the 


% initial value problem of Example 3 
t=0; 

y=2; 

h=0.05; 


% Execute the fourth-order Runge-Kutta method 
% on the interval [0,2] 


ytemp=y; 
k1=£ (ttemp, ytemp) ; 
ttemp=t+h/2; 
ytemp=y+ (h/2) *k1; 
k2=f (ttemp, ytemp) ; 
ttemp=t+h/2; 
ytemp=y+ (h/2) *k2; 
k3=f (ttemp, ytemp) ; 
ttemp=t+h; 
ytemp=y+h*k3; 
k4=f (ttemp, ytemp) ; 
y=y+t (h/6) * (K14+2*k2+2*k3+k4) ; 
t=t+h; 
output=[output;t,y]; 
end 


FIGURE 2.23 


A Runge-Kutta code for the initial value problem in Example 3. 


function yp=f (t,y) 
yp=2*t*y+1; 


FIGURE 2.24 


A function subprogram that evaluates f(t, y) for the differential equation of 
Example 3. 


whenever we have an initial value problem to solve numerically. Such subpro- 
grams allow the user to input a step size h, the number of steps to execute, 
and the initial conditions. They can be used over and over again and do not 
have to be modified whenever the initial value problem changes. We did not 
list a general module for Figure 2.23 because we wanted the basic steps of a 
Runge-Kutta program to be obvious. 
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EXERCISES 


Observe that the code listed in Figure 2.23 stays as close as possible to the 
notation and format of the fourth-order Runge-Kutta method (9). In general, it 
is a good idea to use variable names (such as K, and K,) that match the names 
in the algorithm. Beyond the choice of variable names, the code in Figure 2.23 
also mimics the steps of algorithm (9) as closely as possible. Adhering to such 
conventions makes programs much easier to read and debug. 


Exercises 1-6: 
In each exercise, 


(a) Write the Euler’s method iteration y,,, = y, + hf (t,,y,) for the given problem. Also, 
identify the values ty) and yo. 


(b) Using step size h = 0.1, compute the approximations y,, y,, and y3. 
(c) Solve the given problem analytically. 
(d) Using the results from (b) and (c), tabulate the errors e, = v(t,) —y, for k = 1, 2, 3. 


1. y =2t-1, yd)=0 2.y =-y, yO)=1 
3. y'=-ty, y(0)=1 4.y =-y+t, y0)=0 
5.9 js). vOyS1 6.y=y, y(-l)=-1 


Exercises 7-10: 


Reducing the Step Size These exercises examine graphically the effects of reducing step 
size on the accuracy of the numerical solution. A computer or programmable calculator 
is needed. 


(a) Use Euler’s method to obtain numerical solutions on the specified time interval for 
step sizes h = 0.1, h = 0.05, and h = 0.025. 


(b) Solve the problem analytically and plot the exact solution and the three numerical 
solutions on a single graph. Does the error appear to be getting smaller as /: is 


reduced? 
7.y =2y-1, yO)=1, 0<t<05 8. y =yt+e", y0)=0, 0<tK<1 
%9y¥=y', yO)=1, O<t<1 10. y'=-y*, y(-1)=2, -1<t<0 


11. Assume we are considering the direction field of an autonomous first order differ- 
ential equation. 


(a) Suppose we can qualitatively establish, by examining this direction field, that 
all solution curves y(t) in a given region of the ty-plane have one of the following 
four types of behavior: 


(i) increasing, concave up (ii) increasing, concave down 
(iii) decreasing, concave up (iv) decreasing, concave down. 


Suppose we implement an Euler’s method approximation to one of the solution 
curves in the region, using some reasonable step size i. Consider each of the four 
cases. In each case, will the values y, underestimate the exact values or overestimate 
the exact values or is it impossible to reach a definite conclusion? 


(b) What do you think will happen if Euler’s method is used to approximate an 
“S-shaped solution curve” similar to the logistic curve shown in Figure 2.22 on 
page 93. In that case, a solution curve changes from increasing and concave up 
to increasing and concave down. Are your answers to part (a) consistent with the 
behavior exhibited by the Euler approximation shown in the figure? 
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Exercises 12-15: 


A programmable calculator or computer is needed for these exercises. 


12. 


13. 


14. 


15. 


Use Euler’s method with step size = 0.01 to numerically solve the initial value 
problem 


y' — ty = sin 2nt, y(0) = 1, 0<t<1. 


Graph the numerical solution. [Note: Although the differential equation in this prob- 
lem is a first order linear equation and we can get an explicit representation for the 
exact solution, the representation involves antiderivatives that we cannot express 
in terms of known functions. From a quantitative point of view, the representation 
itself is of little use. ] 


Assume a tank having a capacity of 200 gal initially contains 90 gal of fresh water. 
At time t = 0, a salt solution begins flowing into the tank at a rate of 6 gal/min and 
the well-stirred mixture flows out at a rate of 1 gal/min. Assume that the inflow con- 
centration is given by c(t) = 2 — cos zt oz/gal, where time ¢t is in minutes. Formulate 
the appropriate initial value problem for Q(t), the amount of salt (in ounces) in the 
tank at time t. Use Euler’s method to approximately determine the amount of salt 
in the tank when the tank contains 100 gal of liquid. Use a step size of h = 0.01. 
Let P(t) denote the population of a certain colony, measured in millions of members. 
The colony is modeled by 


P'=01 (1 Z 4 P+M@Q), PO) =P, 


where time ¢ is measured in years. Assume that the colony experiences a migra- 
tion influx that is initially strong but that soon tapers off. Specifically assume that 
M(t) =e. Suppose the colony had 500,000 members initially. Use Euler's method 
to estimate its size after 2 years. 


In Chapter 7, we will examine how the error in numerical algorithms, such as Euler’s 
method, depends on step size h. In this exercise, we further examine the dependence 
of errors on step size by studying a particular example, 


yo=ytl, y(0) = 0. 


(a) Use Euler’s method to obtain approximate solutions to this initial value problem 
on the interval 0 < t < 1, using step sizesh, = 0.02 andh, = 0.01. You will therefore 
obtain two sets of points, 


Ct .y), k=0,...,50 
¢?, vy),  k=0,...,100 
where t,” = 0.02k,k = 0, 1,...,50 and t/” = 0.01k,k =0,1,..., 100. 
(b) Determine the exact solution, y(t). 
(c) Print a table of the errors at the common points, f,”,k = 0,1,..., 50: 
eG) =VGP)— ye? and eR) = (GQ?) — Ye 


(d) Note that the approximations ve were found using a step size equal to one half 
of the step size used to obtain the approximations ae that is, h, =h,/2. Compute 
the corresponding error ratios. In particular, compute 


2 1 
ef a ) 


2 Gy » b= tpene, 50) 


On the basis of these computations, conjecture how halving the step size affects the 
error of Euler’s method. 
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CHAPTER 2 


16. This exercise treats the simple initial value problem y’ = Ay, y(0) = yp, where we can 
see the behavior of the numerical solution as the step size h approaches zero. 


(a) Show that the solution of the initial value problem is y = e“y,. 


(b) Apply Euler’s method to the initial value problem, using a step size h. Show that 
y, is related to the initial value by the formula y, = (1+ hA)"yo. 


(c) Consider any fixed time ¢*, where t* > 0. Leth = t*/n so that t* = nh. (The exact 
solution is y(t) = ye.) Show that letting h > 0 and n > o0 in such a way that ¢* 
remains fixed leads to 
jim Yn = yt"). 
t*=nh 
17. Consider the initial value problem y’ = 2t — 1, y(1) = 0. 
(a) Solve this initial value problem. 


(b) Suppose Euler’s method is used to solve this problem numerically on the interval 
1 <t <5, using step size h = 0.1. Will the numerical solution values be the same as 
the exact solution values found in part (a)? That is, will y, = y(),k = 1,2,..., 40? 
Explain. 


(c) What will be the answer to the question posed in part (b) if the Runge-Kutta 
method (9) is used instead of Euler’s method? 

Exercises 18-22: 

In each exercise, 


(a) Using step size h = 01, compute the first estimate y, using Euler’s method and the 
Runge-Kutta method (9). Let these estimates be denoted by y? and y**, respectively. 


(b) Solve the problem analytically. 


(c) Compute the errors |y(¢,) — y,| for the two estimates obtained in (a). 


18. y= -y, y(0)=1 19. y’= -ty, y(0)=1 20. y= —-y+t, y(0)=0 
21.y=y, y(0)=1 22. =y, y(-l=-1 

Exercises 23-27: 

A computer or programmable calculator is needed for these exercises. For the given 
initial value problem, use the Runge-Kutta method (9) with a step size of h = 0.1 to 
obtain a numerical solution on the specified interval. 

23. y=-ty+1, vO)=0, O0<t<2 24.v=y3, y1)=0.5, 1<t<2 

25, Saye, pj=0. tares 26. y'+2ty=sint, y(0)=0, 0<t<3 
27.yv=y7, yO)=1, 0<t<0.9 


REVIEW EXERCISES 


These review exercises provide you with an opportunity to test your understanding 
of the concepts and solution techniques developed in this chapter. The end-of-section 
exercises deal with the topics discussed in the section. These review exercises, however, 
require you to identify an appropriate solution technique before solving the problem. 


Exercises 1-30: 


If the differential equation is linear, determine the general solution. If the differential 
equation is nonlinear, obtain an implicit solution (and an explicit solution if possible). 
If an initial condition is given, solve the initial value problem. 
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1. y'+2y=6 2. = = 39 
3. y' — 30y! =0 4. y2y’=1+4+y3, y(0)=0 
5. y! + 2ty =2t 6. y-7=0, y(1) = 3e 
7. (t+ 3y?)y’+ y+ 2t=0 8. vy =sint, y(0)=4 
9. 24 =3y, y(0)=4 10. y’'— 2y=0 
11. Jiy’ — /yt =0 12. y’ — 4y = 6c! 
13. (tsiny)y’ — cosy = 0 14. y =e%+47, (0) =0 
2, O<t<1 
15.”+pdv=0, yOH1; pH= i 1=fe2 
16. Vv —y=g(t), y0)=0; gi) = a ae 
0, 1<t<2 
17. y'=y3, yO)=1 18. ty’—2y=0, t>0 
19. y’+ (cost)y = cost 20. yy’ = 2t(1 + y3) 
21.y=t/y-1, yd)=5 22. (2y + 303)y’ + 9yt? =0 
23. 2/ty’'—-y=8, t>0 24. 2yy’ = ety 
25. y+ y=12, y(0)=5 26. t+ 5yy’= 0 
27. 2yy'+32=4, yO)=1 28. 12(1 + 9y2)y’ + 2ty(1 + 3y2) = 0 
29. y+ (sin2t)y = sin2t, y(r/4)=4 30. ?y’+cscy=0, t>0 


PROJECTS 


Project 1: Flushing Out a Radioactive Spill 


A lake holding 5,000,000 gallons of water is fed by a stream. Assume that fresh water 
flows into the lake at a rate of 1000 gal/min and that water flows out at the same rate. At 


ac 


ertain instant, an accidental spill introduces 5 lb of soluble radioactive pollutant into 


the lake. Assume that the radioactive substance has a half-life of 2 days and dissolves in 
the lake water to form a well-stirred mixture. 


1. 


Let Q(t) denote the amount of radioactive material present within the lake at time 
t, measured in minutes from the instant of the spill. Use the conservation principle 
[rate of change of Q(t) equals rate in minus rate out] to derive a differential equation 
describing how Q(t) changes with time. Note that the solute is removed by both 
outflow and radioactive decay. Add the appropriate initial condition to obtain the 
initial value problem of interest. 


2. Solve the initial value problem formulated in part 1. 


. How long will it take for the concentration of the radioactive pollutant to be reduced 


to 0.01% of its original value? 
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Project 2: Processing Seafood 


Many foods, such as crabmeat, are sterilized by cooking. Harvested crabs are laden 
with bacteria, and the crabmeat must be steamed to reduce the bacteria population to 
an acceptable level. The longer the crabmeat is steamed, the lower the final bacteria 
count. But steaming forces moisture out of the meat, reducing the amount of crabmeat 
for sale. Excessive cooking also destroys taste and texture. The processor is therefore 
faced with a tradeoff when choosing an appropriate steaming time. 

The basis for a choice of steaming time is the concept of “shelf life.” After the steam- 
ing treatment is completed, the product is placed in a sterile package and refrigerated. 
Under refrigeration, the bacterial content in the meat slowly increases and eventually 
reaches a size where the crabmeat is no longer suitable for consumption. The time span 
during which packaged crabmeat is suitable for sale is called the shelf life of the product. 
We study the following problem: How long must the crabmeat be steamed to achieve a 
desired shelf life? 

The first step in modeling shelf life is to choose a model that describes the population 
dynamics of the bacteria. For simplicity, assume 

a k(T)P 1 

A ROP, (1) 
where P(t) denotes the bacteria population at time t. In equation (1), k(T) represents 
the difference between birth and death rates per unit population per unit time. In this 
model, & is not constant; it is a function of T, where T denotes the temperature of the 
crabmeat. [Note that k(7) is ultimately a function of time, since the temperature T of 
the crabmeat varies with time in the steamer and in the refrigeration case. ] 

We need to choose a reasonable model for the bacteria growth rate, k(T). We do so 
by reasoning as follows. At low temperatures (near freezing), the rate of growth of the 
bacteria population is slow; that’s why we refrigerate foods. Mathematically, k(T) is a 
relatively small positive quantity at those temperatures. As temperature increases, the 
bacterial growth rate, k(T), first increases, with the most rapid rate of growth occurring 
near 90°F. Beyond this temperature, the growth rate begins to decrease. Beyond about 
145°F, the death rate exceeds the birth rate and the bacteria population begins to decline. 
A simple model that captures this qualitative behavior is the quadratic function 


kK(T) =ky +k, (T — 34)(140 — 7), (2) 


where k, and k, are positive constants that are typically determined experimentally. 

We also need a model that describes the thermal behavior of the crabmeat—how 
the crabmeat temperature T varies in response to the temperature of the surroundings. 
Assuming Newton’s law of cooling, we have 


aT 
— =7[S(t) -T]. 3 
dt nS) | (3) 
In equation (3), 7 is a positive constant and S(¢) is the temperature of the surroundings. 
Note that the surrounding temperature is not constant, since the crabmeat is initially 
in the steamer and then in the refrigeration case. 

We now apply this model to a specific set of circumstances. Assume the following: 


(i) Initially the crabmeat is at room temperature (75°F) and contains about 107 
bacteria per cubic centimeter. 


(ii) The steam bath is maintained at a constant 250°F temperature. 

(iii) When the crabmeat is placed in the steam bath, it is observed that its temper- 
ature rises from 75°F to 200°F in 5 min. 

(iv) When the crabmeat is kept at a constant 34°F temperature, the bacterial count 
in the crabmeat doubles in 60 hr. 
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(v) The bacterial count in the crabmeat begins to decline once the temperature 
exceeds 145°F; that is [see equation (2)], k(145) = 0. 


(vi) A bacterial count of 10° bacteria per cubic centimeter governs shelf life. Once 
this bacterial count is reached, the crabmeat can no longer be offered for sale. 


Determine how long the crabmeat must be steamed to achieve a shelf life of 16 
days. Assume that the crabmeat goes directly from the 250°F steam bath to the 34°F 
refrigeration case. Assume the 16-day shelf life requirement includes transit time to the 
point of sale; that is, assume that the measurement of shelf life begins the moment the 
crabmeat is removed from the steam bath. 


Project 3: Belt Friction 


The slippage of flexible belts, cables, and ropes over shafts or pulleys of circular cross- 
section is an important consideration in the design of belt drives. When the frictional 
contact between the belt and the shaft is about to be broken (that is, when slippage 
is imminent), a belt drive is acting under the most demanding of conditions. The belt 
tension (force) is not constant along the contact region. Rather, it increases along the 
contact region between belt and shaft in the direction of the impending slippage. 

Consider the belt drive shown in Figure 2.25. Suppose we ask the following question: 
“How much greater can we make tension T, relative to the opposing tension T, before 
the belt slips over the pulley in the direction of T,?” The answer obviously depends in 
part on friction—that is, on the roughness of the belt-shaft contact surface. 


FIGURE 2.25 


Consider the belt drive. How much greater can we make tension T, relative 
to the opposing tension 7, before the belt slips over the pulley in the 
direction of T,? 


When slippage is imminent, the tension in the belt has been found to satisfy the 
differential equation 


dT (0) 
do 
where the angle 6 (in radians) is measured in the direction of the impending slippage 
over the belt-pulley contact region. The parameter jz is an empirically determined con- 
stant known as the coefficient of friction. The larger the value of wu, the rougher the contact 
surface. In Figure 2.25, with slippage impending in the direction of T,, the value of T, 
is determined relative to T, by solving the initial value problem 


dT 
a 
Consider the belt drive configurations shown in Figures 2.26 and 2.27. Assume that 
belt slippage is impending in the direction shown by the dashed arrow. Compute the 
belt tensions at the locations shown for the geometries and coefficients of friction given. 
Which configuration can support the greater load T, before slipping? 


= uT(6), 


uT, TO)=T,, 6 <0<6. 
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T, = 1001b 


b=0.2 


FIGURE 2.27 


Project 4: The Baranyi Population Model 


Milk and milk products depend on refrigeration for storage after pasteurization. Most 
microorganisms do not grow at refrigeration temperatures (0°C-7°C). One exception is 
Listeria monocytogenes. This anaerobic pathogen can multiply at refrigeration temper- 
atures, and the microbe has been responsible for some recent outbreaks of listeriosis, 
caused by human consumption of contaminated milk products. 

Food scientists are interested in developing predictive mathematical models that 
can accurately model the growth of harmful organisms. These models should be able 
to relate environmental conditions (such as temperature and pH) to the growth rate of 
a microbial population. In this regard, the modeler walks a fine line. On the one hand, 
there is an ongoing need to “build more reality” into the model. On the other hand, the 
model must be kept simple enough to be mathematically tractable and useful. 

A population model currently being studied and used in food science research is 
the Baranyi population model.!' It attempts to account for the way certain critical sub- 
stances affect bacterial cell growth. The essence of the model is a pair of initial value 
problems, 


dPt)_ PO \" = 
da" t+q® f ( P, ) | Poo. ae (4) 
dq(t) 


ae = vq(t), q(O) = qo. 


Wy. Baranyi, T. A. Roberts, and P. McClure, “A Non-autonomous Differential Equation to Model 
Bacterial Growth,” Food Microbiology, Vol. 10, 1993, pp. 43-59. 
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In this model, P(t) represents the population of bacteria at time t, while g(t) represents 
the concentration of critical substance present. The positive constant v represents the 
growth rate of the critical substance. The parameter 1 accounts for the effects of envi- 
ronmental conditions, such as temperature, on the growth rate of the bacteria. We shall, 
for simplicity, assume both yw and v to be constants. In (4), the initial values P) and q 
represent the bacterial population and the amount of critical substance present at time 
t = 0, respectively. The integer exponent m is introduced into the relative birth rate to 
allow for greater modeling flexibility. (When m = 1, the differential equation reduces to 
the logistic equation.) 


1. Solve the initial value problem for g(t). For brevity, let 


q(t) 
Hn= : 
= Te a® 
The differential equation for P(t) now takes the form 
dP(t) P(t)\” 
ae pa (t) E - (=) P(t). (5) 
2. Show that 
lim a(t) = 1. 


Therefore, in the model (5), the critical substance exerts only a certain limited effect 
on bacterial growth. 


3. Make a “change-of-clock” change of independent variable by introducing the new 
independent variable t, where 


dt 
i = pa(t), t(0) = 0. 


Therefore, 
t 
T(t) = w | a(s)ds. (6) 
0 
Using the chain rule, show that if we introduce the normalized dependent variable 


p = P/P, and view p to bea function of r, then the initial value problem for p becomes 


dp(t) | 
dt 


4. Solve initial value problem (7) for p(r). Note that this differential equation is sepa- 
rable (as well as being a Bernoulli equation). For a general integer m, the equation 
is most easily solved as a Bernoulli equation. In particular, show that 


n= [o(E ey . 


5. Noting that P(t) = P,p(t(t)), determine P(t). 


P 
[1—p(t)Ip(t), = pO) = a (7) 


e 


This page intentionally left blank 


CHAPTER 


Second and Higher Order 
Linear Differential 
Equations 


CHAPTER OVERVIEW 


3.1 Introduction 
3.2 The General Solution of Homogeneous Equations 
3.3 Constant Coefficient Homogeneous Equations 


3.4 Real Repeated Roots; Reduction of Order 
3.5 Complex Roots 
3.6 Unforced Mechanical Vibrations 


3.7 The General Solution of a Linear Nonhomogeneous 
Equation 


3.8 The Method of Undetermined Coefficients 
3.9 The Method of Variation of Parameters 


3.10 Forced Mechanical Vibrations, Electrical Networks, 
and Resonance 


3.11 Higher Order Linear Homogeneous Differential Equations 


3.12 Higher Order Homogeneous Constant Coefficient 
Differential Equations 


3.13 Higher Order Linear Nonhomogeneous Differential 
Equations 


Review Exercises 


107 


108 


CHAPTER 3 Second and Higher Order Linear Differential Equations 


3.1 


Introduction 


Most of this chapter discusses initial value problems of the form 


y+ poy +aOvy=80, yt =%, Vto)=%, ja<t<b. (4) 


In equation (1), p(t), g(t), and g(t) are continuous functions on the interval 
a <t <b, and fy is some point in this t-interval of interest. The differential 
equation in problem (1) is called a second order linear differential equa- 
tion. If g(t) is the zero function, then the differential equation is a homoge- 
neous differential equation; otherwise the equation is a nonhomogeneous 
differential equation. An initial value problem for a second order equation 
involves two supplementary or initial conditions, y(t)) = yg and y' (to) = yo. 

Second order differential equations owe much of their relevance and im- 
portance to Newton’s laws of motion. Since acceleration is the second derivative 
of position, modeling one-dimensional dynamics often leads to a differential 
equation of the form 


my” = F(t,y,y’). 


When the applied force F is a linear function of position and velocity, we obtain 
a second order linear differential equation. The two supplementary conditions 
in (1) specify position and velocity at time fo. 

The concepts and techniques used to analyze the second order initial value 
problem (1) extend naturally to analogous problems involving higher order 
linear equations. We consider these extensions in Sections 3.11-3.13. 


An Example: The Bobbing Motion of a Floating Object 


We have all observed a cork, a block of wood, or some other object bobbing 
up and down in a liquid such as water. How do we mathematically model this 
bobbing motion? 

In its rest or equilibrium state, a floating object is subjected to two equal 
and opposite forces—the weight of the object is counteracted by an upward 
buoyant force equal to the weight of the displaced liquid. (This is the law of 
buoyancy discovered by Archimedes.') If we disturb this equilibrium state by 
pushing down or pulling up on the object and then releasing it, the object 
will begin to bob up and down. The physical principle governing the object’s 
movement is Newton’s second law of motion: ma = F, the product of the mass 
and acceleration of an object is equal to the sum of the forces acting on it. 

For example, consider a cylindrical object having uniform mass density 
p, constant cross-sectional area A, and height L (see Figure 3.1). We assume 
the object is floating in a liquid having density »,, where p < ,;. In its rest or 
equilibrium state, the object sinks into the liquid until the weight of the liquid 


' Archimedes of Syracuse (287-212 B.c.) was a remarkable mathematician and scientist, contribut- 
ing important results in geometry, mechanics, and hydrostatics. Archimedes developed an early 
form of integration that empowered his work. He was also an inventor, developing the compound 
pulley, a pump known as Archimedes’ screw, and military machines used to defend his native Syra- 
cuse in Sicily from attack by the Romans. Archimedes was killed when Syracuse was captured by 
the Romans during the Second Punic War. 
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Equilibrium state Perturbed state 


Cross-sectional 
area A 


(a) (b) 
FIGURE 3.1 


(a) The floating object is in its equilibrium or rest state when the weight of 
the displaced liquid is equal to the weight of the object. 

(b) The object is in a perturbed state when it is displaced from its 
equilibrium position. At any time ft, the quantity y(t) measures how far the 
object is from its equilibrium position. 


displaced equals the weight of the object; we denote the depth to which the 
object sinks as Y. It can be shown (see Exercise 12) that 


aaa (2) 
PI 

Suppose now that the object is displaced from its equilibrium state, as il- 
lustrated in Figure 3.1(b). Let the depth to which the body is immersed in the 
liquid at time ¢ be denoted by Y + y(t). Thus, y(t) represents the time-varying 
displacement of the object from its equilibrium state. For definiteness, we as- 
sume y(t) to be positive in the downward direction. In the perturbed state, the 
net force acting upon the object is typically nonzero. In Exercise 12, you are 
asked to show that Newton’s law, ma = F, leads to the equation 

2_ PE 
o = o 
where g is the acceleration due to gravity. The perturbation depth, y(t), is thus 
described by a second order linear homogeneous differential equation. 

We need more than just the differential equation to uniquely characterize 
the motion of the bobbing object. Specifying the object’s depth and velocity at 
some particular instant of time by specifying y(t)) = yo and y'(t)) = 9 would 
seem (on physical grounds) to uniquely characterize the motion. The discussion 
of existence and uniqueness issues given later shows that this physical intuition 
is, in fact, correct. 

Consider the differential equation in (3). Assume for the present discussion 
that the initial value problem 


yOtoyH=0, yO=y%, yO)=y (4) 


has a unique solution on any time interval of interest. For simplicity, we’ve 


y"@) + o’y(t) = 0, (3) 
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chosen the initial time to bet) = 0. Does the solution of initial value problem (4) 
describe a bobbing or oscillating motion that is consistent with our experience? 

For some insight and a preview of what’s to come, note that the functions 
y(t) = sinwt and y(t) = cos at are each solutions of the differential equation in 
(4). Section 3.5 shows how to obtain these solutions. For now, the assertion can 
be verified by direct substitution. In fact, for any choice of constants C, and C,, 
the function 


y(t) = C, sinat + C, cos at (5) 


is a solution of y” + w*y = 0. 

You will see later that y(t) = C, sin wt + C, cos at is, in fact, the general solu- 
tion of the differential equation; that is, any solution of the differential equation 
can be constructed by making an appropriate choice of the constants C, and C,. 
For initial value problem (4), imposing the initial conditions upon the general 
solution (5) leads to the set of equations 


y(0) =C, sin(0)+ C,cos(0) =yo 
y' (0) = Cywcos(0) — C,w sin) = yp. 


Solving this system of equations, we find C, = yo/w and C, = yo. The unique 
solution of initial value problem (4) is therefore 


/ 


yt) = 20 sin wf + V9 Cos at. (6) 
(a2) 


If either yy = 0 or yp = 0, it’s obvious that the solution represents the type of si- 
nusoidal oscillating behavior that is consistent with our experience. In general, 
as you will see later in this chapter, the solution (6) can always be written as a 
sinusoid. Figure 3.2, for example, shows the behavior of (6) for the special case 
Yo =o = 1, = 2. Thus, the mathematical model (4) and its solution (6) do, in 
fact, predict an oscillatory behavior that is consistent with physical intuition 
about the motion of a bobbing body. 


FIGURE 3.2 


The graph of the solution of y” + 4y = 0, y(0) = 1, y'(0) = 1. The solution is 
given by equation (6), using values w = 2, yy = 1, yy = 1. 


Theorem 3.1 


EXAMPLE 
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Existence and Uniqueness 


We begin to develop the necessary mathematical underpinnings by stating an 
existence-uniqueness theorem proved in advanced texts. 


Let p(t), g(t), and g(t) be continuous functions on the interval (a, b), and 
let ty be in (a, b). Then the initial value problem 


y'+pOy+q0y=e), ybo)=¥%, yo) =% 


has a unique solution defined on the entire interval (a, b). 


Compare this theorem with Theorem 2.1, which states an analogous 
existence-uniqueness result for first order linear initial value problems. Both 
theorems assume that the coefficient functions and the nonhomogeneous term 
on the right-hand side are continuous on the interval of interest. Both theorems 
reach the same three conclusions: 


1. The solution exists. 
2. The solution is unique. 
3. The solution exists on the entire interval (a, b). 


Theorem 3.1 defines the framework within which we will work. It assures us 
that, given an initial value problem of the type described, there is one and only 
one solution. Our job is to find it. The similarity of Theorems 2.1 and 3.1 is 
no accident. You will see in Chapter 4 that these two theorems, as well as an 
analogous theorem stated for higher order linear initial value problems, can 
be viewed as special cases of a single, all-encompassing existence-uniqueness 
theorem for first order linear systems. 


Determine the largest ¢-interval on which we can guarantee the existence of a 
solution of the initial value problem 


ty"+ (costy'+ty=st, y(-l)=-1, y(-1) =2. 


Solution: Before we apply Theorem 3.1, we need to write the differential equa- 
tion in standard form: 


» _ cost , 
y se aS aa 


With the equation in this form, we can identify the coefficient functions in the 
hypotheses of Theorem 3.1. One of the coefficient functions is not continuous 
at t = 0, but there are no other points of discontinuity on the t-axis. Since the 
initial conditions are posed at the point ty = —1, it follows from Theorem 3.1 
that the given initial value problem is guaranteed to have a unique solution on 
the interval —co <t <0. 

Figure 3.3 shows a numerical solution for this initial value problem on the 
interval [—1, —0.002]. As you can see, it appears that the solution is not defined 


att =0. (continued) 
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(continued) 


FIGURE 3.3 


The graph of a numerical solution of the initial value problem in Example 
1. The solution appears to have a vertical asymptote at t = 0. 


o, 
~~ 


EXERCISES 


Exercises 1—4: 


For each initial value problem, determine the largest t-interval on which Theorem 3.1 
guarantees the existence of a unique solution. 


1. y’+3Py'+2y=sint, y(1)=1, y()=-1 
2.y"+y4+3ty=tant, va)=1, wW(r)=-l1 


vn, 4 / 
Sey tog 2-92 Pe 


,  sin2t , j 
4. ty age ge Fay, yi=0, yd=l 


5. Consider the initial value problem ?’?y” — ty’ + y = 0,y(1) = 1, y'(1) = 1. 
(a) What is the largest interval on which Theorem 3.1 guarantees the existence of 
a unique solution? 


(b) Show by direct substitution that the function y(t) = ¢t is the unique solution of 
this initial value problem. What is the interval on which this solution actually exists? 


(c) Does this example contradict the assertion of Theorem 3.1? Explain. 


Exercises 6-7: 


Let y(t) denote the solution of the given initial value problem. Is it possible for the 
corresponding limit to hold? Explain your answer. 


1 
6. y"+5——~yv=0, yO=1, yYO=1,  limy() = +00 
tv — 16 to3- 


1 
7. y" + dy’ + —sy=0, y=1, yd)=2, — limy@ = +00 


t>0 


Exercises 8-10: 


In each exercise, assume that y(t) = C,; sinwt+C,coswt is the general solution of 
y" + w’y = 0. Find the unique solution of the given initial value problem. 
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8 y"+y=0, yx) =0, y(x)=2 9. y"+4y=0, y0)=-2, y(0)=0 

10. y"+16y=0, yir/4)=1, vw(r/4)=-4 

11. Concavity of the Solution Curve In the discussion of direction fields in Section 1.3, 
you saw how the differential equation defines the slope of the solution curve at a 
point in the ty-plane. In particular, given the initial value problem y’ = f(t, y), v(to) = 
Yo, the slope of the solution curve at initial condition point (tp, yo) is v (to) = f (9, ¥9)- 
In like manner, a second order equation provides direct information about the con- 
cavity of the solution curve. Given the initial value problem y” = f(t, y,y’), v(to) = 
Yo. ¥ (to) = Vo, it follows that the concavity of the solution curve at the initial condi- 
tion point (5, V9) is v" (to) =f (to, Vo. Vo). (What is the slope of the solution curve at 
that point?) 

Consider the four graphs shown. Each graph displays a portion of the solution of 

one of the four initial value problems given. Match each graph with the appropriate 
initial value problem. 


(a) y'+y=2-sint, yO)=1, y@O)=-1 
(b) yY’"+y=-2t, yO)=1, y(0)=-1 

() y'-y=P, yO=1, ¥@=1 

(d) y’—-y=-2cost, yv0)=1, y(@O)=1 


Figure for Exercise 11 
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12. 


13. 


The Bobbing Cylinder Model Using Figure 3.1 for reference, carry out the following 
derivations. 


(a) Derive expressions for the mass of the cylinder and the displaced liquid, in 
terms of the mass densities and cylinder geometry. Recall that weight W is given by 
W = mg. Apply the law of buoyancy to the equilibrium state shown in Figure 3.1(a) 
and establish equation (2), Y = (p/p,)L. 


(b) Apply Newton's law ma = F to the cylinder shown in its perturbed state in Fig- 
ure 3.1(b). Since y is positive downward, the net force F equals the cylinder weight 
minus the buoyant force. Show that 


[Hint: The equilibrium equality of part (a) can be used to simplify the differential 
equation obtained from ma = F.] 


Since sin(@ft + 27) = sin wt and cos(wt + 27) = cos wt, the amount of time T it takes 
a bobbing object to go through one cycle of its motion is determined by the relation 
wT = 2n, or T = 2r/o. This time T is called the period of the motion (see Section 
3.6). As the period decreases, the bobbing motion of the floating object becomes 
more rapid. 


(a) Two identically shaped cylindrical drums, made of different material, are float- 
ing at rest as shown in part (a) of the figure. 

(b) Two cylindrical drums, made of identical material, are floating at rest as shown 
in part (b). 

For each case, when the drums are put into motion, is it possible to identify the 
drum that will bob up and down more rapidly? Explain. 


Gi Ss 


14, 


(a) (b) 


Figure for Exercise 13 


A buoy having the shape of a right circular cylinder 3 ft in diameter and 5 ft in 
height is initially floating upright in water. When it was put into motion at time 
t = 0, the following 10-sec record of its displacement from equilibrium, measured 
in inches positive in the downward direction, was obtained. 


(a) Determine the initial displacement y, and the period T of the motion (see Ex- 
ercise 13). 


(b) Determine the constant and the initial velocity yj of the buoy. 
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Figure for Exercise 14 


3.2 The General Solution of Homogeneous Equations 


Consider the second order linear homogeneous differential equation 
y’ + py’ + qMy = 0, a<t<b, (1) 


where p(t) and q(t) are are continuous on (a,b). We begin with this homoge- 
neous equation because understanding its solution structure is basic to de- 
veloping methods for solving linear differential equations, whether they are 
homogeneous or nonhomogeneous. 

The general solution of equation (1) is often described as a “linear combi- 
nation” of functions. In particular, let f; (t) and f, () be any two functions having 
a common domain, and let c, and c, be any two constants. A function of the 
form 


FO =eE,f,0 +eofrO 


is called a linear combination of the functions f, and f,. For example, the 
function f(t) = 3 sint + 8 cost is a linear combination of the functions sint and 
cost. 


The Principle of Superposition 


The first result we establish for the homogeneous equation (1) is a superpo- 
sition principle. It shows that a linear combination of two solutions is also 
a solution. An analogous superposition principle is also valid for higher order 
linear homogeneous equations; see Section 3.11. 
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Let y, (¢) and y,(¢) be any two solutions of 


y" + py’ + qy =0 


defined on the interval (a, b). Then, for any constants c, and c,, the linear 
combination 


yt) =, 0 +070) 


is also a solution on (a, b). 


e@ PROOF: The hypotheses state that y,(¢) and y,(t) are both solutions of the 
homogeneous equation. Therefore, 


yi + POY + 4Oy,=0 and y+ pOy2 + gOy2 = 0. 
Substituting y(t) = c,y,(f) + c2¥2(0) into the differential equation, we obtain 
y" + py’ + ay = (yy, + 292)" + POC +292) + OEY +292). (2) 
Using basic properties from calculus, we can write the right-hand side of (2) as 
ely, + pOy, + gy] + colys + POY: + Myo] = [0] + €,[0] = 0. 


Therefore, the linear combination y(t) = c,y,(f) +c¢,y7(0) is also a solution. © 


It is important to understand that the superposition principle of Theorem 
3.2 is valid for homogeneous linear equations. In general, a linear combina- 
tion of solutions of a linear nonhomogeneous equation is not a solution of the 
nonhomogeneous equation. Similarly, a linear combination of solutions of a 
nonlinear differential equation is normally not a solution of the nonlinear equa- 
tion. 


Fundamental Sets of Solutions 


Theorem 3.2 shows that we can form a linear combination of two solutions of 
equation (1) and create a new solution. We now turn this idea around and ask, 
“Is it possible to find two solutions, y,(t) and y,(t), such that every solution of 


y" + pity’ + ay = 0, a<t<b (3) 


can be expressed as a linear combination of y,(¢) and y,(¢)?” In other words, 
if we are given any solution, y(t), of the homogeneous equation (3), can we 
determine constants c, and c, such that 


y(t) =C,¥,(0) +c,¥2(0), a<t <b? 


If there are two such solutions y,(¢) and y,(t), we say that {v,(0,y>(t)} is a 
fundamental set of solutions for equation (3). The term “fundamental set” 
is an appropriate one, since every solution of equation (3) can be constructed 
using the basic building blocks y, (t) and y,(¢). 


EXAMPLE 


1 
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Consider the linear homogeneous differential equation 
y" +4y = 0. (4) 


(a) Show, by direct substitution, that y,(t) = cos 2t and y,(t) = sin 2t are solu- 
tions of differential equation (4). 


(b) Show, by direct substitution, that y(t) = 3 cos[2t + (2/4)] is a solution of (4). 


(c) It can be shown (see Example 2) that y,(t) and y,(¢) form a fundamental 
set of solutions for equation (4). Find constants c, and c, such that 
3 cos[2t + (1 /4)] = c, cos 2t + c, sin 2t. 


Solution: 
(a) Inserting y, (tf) = cos 2t into equation (4), we obtain 
yi + 4y, = (cos 21)” + 4 cos 2t = —4 cos 2t + 4 cos 2t = 0. 


A similar calculation shows that y,(t) = sin 2t is also a solution of equation 
(4). 

(b) We leave this part as an exercise. 

(c) We want to find constants c, and c, such that 


a 
3 cos (20+ 7) = Cc, cos 2t+ c, sin 2t. 


Rewriting the left-hand side of this equation using the trigonometric iden- 
tity 


cos (6, + 6,) = cos 6, cos 6, — sin 6, siné, 
yields 


3 cos (20+ =) = 3.cos 2r cos 7 _ 3sin 2r sin 7 


— (3 cos 7) cos 2t + (-3 sin a) sin 2t. 


The constants c, and c, are therefore 


x 3/2 _ a 342 
= 308 = and c,= 3sin 7 = —- 


> 


Fundamental Sets and the General Solution 


Assume that {y, (4), y,(4)} is a fundamental set of solutions for the linear homo- 
geneous equation 


y+ poy +q0y=0, a<t<b, (5) 


where p(t) and q(t) are continuous on (a, b). Therefore, if y(t) is any solution of 
(5), there are corresponding constants c, and c, such that 


yt) =cy,O+cey7(), a<t<b. (6) 
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Expression (6) is called the general solution of equation (5). Once we obtain 
the general solution, we can use it to solve an initial value problem such as 
y" +pOy' +aOv=9, — vllo) =Vo, Yo) = Yo- (7) 

In particular, since every solution of the differential equation has the form (6), 
solving initial value problem (7) reduces to finding constants c, and c, such 
that 

C11 (Lo) + C2V2 lo) = Yo 

C14 (to) + 2.99 (to) = Yo- 


These equations can be written in matrix form as 


Vio) Yao} fe _ |%o (8) 
Vito) Y2to)} fer Yo 
Theorem 3.1 guarantees that initial value problem (7) has a unique solution 
for any choice of the initial conditions. Therefore, equation (8) has a unique 


solution for any choice of yg and yp, and this means that the coefficient matrix 
has a nonzero” determinant: 


Yio) Y2(to) 


Vi (to) V2) = V1 (to)Va(to) — V1 Co)V2o) # O. (9) 


The Wronskian 


The determinant in (9) plays a key role in characterizing fundamental sets of 
solutions. As we saw above, if {y, (4), y,(0} is a fundamental set of solutions for 
equation (5), then the determinant in (9) is nonzero at every point fy in (a, b). 

The converse is true as well. That is, if {y,(£), y.(D} is a set of solutions such 
that the determinant in (9) is nonzero at every point ¢ in (a, b), then {y, (4), y,(0)} 
is a fundamental set of solutions. To prove this, let u(t) be any solution of 
equation (5), and let tp be a point in (a, b). Let u(t)) = a, u(t) = B, and consider 
the initial value problem 


y"+ py +qOvy=e), yo)=o, y(t) = 8B. (10) 


Since we are assuming the determinant in (9) is nonzero, there are c, and c, 


such that 
Y1(to) Yalto)} Jey |" 
y' to) ¥5 (to) Co B , 


Let us define y(t) = c,v, (0) + ¢>y>(t). Therefore, 9(¢) is a solution of initial value 
problem (10). Since the solution of (10) is unique and since solutions u(t) 
and $(¢t) both satisfy the initial conditions, it follows that u(t) = $() =c,y,() + 
€y¥>(t). Since the solution u(t) is a linear combination of y, (f) and y,(f), we have 
that {y, (1), y,(} is a fundamental set of solutions for equation (5). 

To summarize: Let y,(¢) and y,(f) be solutions of (5). Then {y,(t), v,(@} is a 
fundamental set of solutions if and only if W(t) 4 0 for all t in (a, b), where 


?From linear algebra, if a (2 x 2) matrix equation Ax = b is consistent for every right-hand side b, 
then A is invertible. Equivalently, the determinant of A is nonzero. 


EXAMPLE 


2 


EXAMPLE 
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y 10) y(t) 
yO ¥5) 


The determinant in (11), W(0), is called the Wronskian determinant or simply 
the Wronskian? of {vi 0.v2O}. 

In Section 3.11, we prove an important result known as Abel’s theorem. 
Abel’s theorem shows that if y, (4) and y,(¢) are solutions of (5), then W(¢) either 
is identically zero on (a,b) or is never zero in (a, b). Therefore, if we want to 
decide whether or not solutions y,(¢) and y,(t) form a fundamental set, all we 
need to do is check the value of W(t) at some convenient test point, tf = fp. If 
W(t) 4 0, then {y, (¢), y2(¢)} is a fundamental set of solutions. If W(t.) = 0, then 
{v,(, y(t} is not a fundamental set. 


W(t) = =y, Oy, —y Ov). (11) 


Example 1 showed that y, (t) = cos 2t and y,(¢) = sin 2t are solutions of the ho- 
mogeneous linear equation y" + 4y = 0, —0o < t < ov. Show that {y, (4), y,(} is 
a fundamental set of solutions. 


Solution: We compute the Wronskian of the solution pair. If it is nonzero in 
the interval of interest, then {y,(t), y,(} is a fundamental set of solutions. The 
Wronskian is 

cos 2t sin 2t 


= 2 cos” 2+ 2 sin’ 2¢ = 2. 
—2sin2t 2cos2t a Teen 


Wit) = 


Since the Wronskian is nonzero on —oo < f < oo, we see that {y, (1), y,@} isa 
fundamental set of solutions and the general solution of y’ +4y=0, 
—oo <t<olis 


y(t) =c,cos2t+c,sin2t. * 


Consider the initial value problem 


1 3 
yW—sy-S5y=0,  y=4, YI) =8,  O<t<ow. 


(a) Verify that the functions y,() = t and y(t) = t-' form a fundamental set 
of solutions for the differential equation on the interval 0 < t < co. 


(b) Solve the initial value problem. 


Solution: 


(a) We leave it as an exercise to verify that y, (4) and y,(f) are solutions of the dif- 
ferential equation. To show that they form a fundamental set, we calculate 
the Wronskian: 

3 a4 

Wi) = 


30? 
(continued) 


3Hoene Wronski (1778-1853) was born Josef Hoene but changed his name just after he married. 
The determinants we now know as Wronskians were given their name by Muir in 1882. 
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(continued) 


Since the Wronskian is nonzero on 0 < t < ov, it follows that {y, (4), y(0)} is 
a fundamental set of solutions. 


(b) By part (a), the general solution is y(t) = c,t? +c,t~!. Imposing the initial 


conditions at t = 1, we find 
cy tec,=4 
3c; — C, = 8. 
Solving, we obtain c, = 3 andc, = 1. The solution of the initial value prob- 
lem is 


2, 


yt) =3Ph +0," 0O<t<om. * 


Exercises 1-15: 


In these exercises, the t-interval of interest is —oo < t < o0 unless indicated otherwise. 


(a) Verify that the given functions are solutions of the differential equation. 


(b) Calculate the Wronskian. Do the two functions form a fundamental set of solutions? 


(c) If the two functions form a fundamental set, determine the unique solution of the 
initial value problem. 
1. y"—4y=0, y,Q=e", y,@=2e%, yO)=1, y)=-2 
2.y"-y=0; y,Q=2e, »O=e; x-N=1, y(-1)=0 
3. y"+y=0; y,Q=0, y,@=sint, y@/2)=1, y(a/2)=1 
4. y"+v=0; y,®=cost, y,(t)=sint; y(/2)=1, y(r/2)=1 
5. y’—4y'+4y=0; y,() =e", y,(t)=te"; yO)=2, y'O)=0 
6. 2y”-y =0; y,Q=1, mO=e"; y2)=0, y'(2)=2 
7. y"—3y' +2y=0; y¥,Q=2e', yO=e% y-D=1, yl) =0 
8. 4y"+y=0; y,( =sin[(¢/2) + @/3)], 2) = sin[(¢/2) — @/3)]; 
y0)=0, y(0)=1 
9. ty"+y=0, O<t<o; y,QO=Int, yQ@=m34 y3)=0, vB)=3 
10. ty” +y=0, O<t<o; y,H=Int, yQ=In3; yd)=0, y(1)=3 
11. ?y” — ty -—3y=0, -coo<t<0; y,®O®=0, y»,®@=-t'; yR-1)=0, 
Wil =2 
12. y"+2y+y=0; yQ=e%, y@)=2e'* yO=1, y'(0)=0 
13. y"=0; y,@=t+1, »Q=-t+2; yD=4, yd)=-l1 


14. y’+n’y=0; y,@) =sinat +coszt, 
y(a)=1, y(Q)=0 

15. 4y"+4y'+y=0; y,O=e%”, 

Exercises 16-18: 


y,(t) = sinat — coszt; 


yt) =te*?; yA=1, yd)=0 


The given pair of functions {y,,y,} forms a fundamental set of solutions of the differen- 


tial equation. 


(a) Show that the given function ¥(f) is also a solution of the differential equation. 
(b) Determine coefficients c, and c, such that y(t) = cy, (t) +c, 9, (0). 
16. y’+4y=0; y(t) = sin[2t + (7/4)] 


y,(t) =2cos2t, y(t) =sin2z; 
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17. ?y’—t’+y=0, O<t<0o; y,Q=t, y,Q=tlnt; yt) = 2t+tln3t 

18. 4y"-y=0; y,®Q=e%, »,@ =—-2e"; 9) =2 cosh(t/2) 

19. The functions y,(f) = e* and y(t) = e~* are known to be solutions of 
y" + ay’ + By = 0, where a and f are constants. Determine a and £. [Hint: Obtain a 
system of two equations for the two unknown constants. ] 

20. The functions y, (¢) = sin(t + a) and y,(¢) = sin(¢ — @) are solutions of y” + y = 0 on 
—oo < t < oo. For what values of the constant a, if any, is {y,;, y,} a fundamental set? 


Exercises 21-22: 


In each exercise, assume that y, andy, are solutions of y” + p(t)y’ + q(y = 0, where p(t) 
and q(t) are continuous on (a, b). Explain why y, (¢) and y,(¢) cannot form a fundamental 
set of solutions. 


21. y,(t) and y,(t) have a common zero in (a, b); that is, y, (tg) = 0 and y,(t)) = 0 at some 
point fy in (a, b). 


22. y,(t) and y,(f) achieve a local extremum at the same point fy in (a, b). 


3.3 Constant Coefficient Homogeneous Equations 


The discussion in Section 3.2 established the solution structure for second 
order linear homogeneous differential equations. We saw that to obtain the 
general solution, we need to find a fundamental set of solutions—that is, a 
pair of solutions whose Wronskian is nonzero on the f-interval of interest. This 
section, along with Sections 3.4 and 3.5, shows how to find a fundamental set 
of solutions for the important special case of a constant coefficient equation, 


ay" + by'+ cy=0. (1) 


In equation (1), a, b, and c are constants and we assume that a 4 0. When 
discussing equation (1), we can assume the t-interval of interest is —oo < t < 00 
or any subinterval of (—o0o, co), since the coefficient functions are constant and 
hence continuous everywhere. 


Finding Solutions of Second Order Constant 
Coefficient Equations 


We look for solutions of the form y(t) = e”’, where A is a constant to be de- 
termined. The motivation for assuming this form for a solution comes from 
observing how the function e“ behaves under repeated differentiation: 


2 
d ott = ret Mt 42pht 
dt dt* 
Each differentiation of e simply multiplies e“’ by a power of the constant, A. 
Substituting y(4) = e”’ into differential equation (1) leads to 


ay" + by’ + cy = ade" + bre + ce =e (an? +bK +0) = 0. (2) 


Equation (2) must hold for all ¢ in the interval of interest. Since the factor e” is 
never zero, equation (2) is valid only if 4 is a root of the polynomial equation 


a a hitcst (3) 
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The quadratic equation (3) is called the characteristic equation for 
ay" + by’ + cy = 0, and the polynomial P(A) = ad? +b’ +c is called the char- 
acteristic polynomial. The roots of the characteristic equation are exactly 
those values A for which y(t) =e” is a solution of the differential equation 
ay" + by'+ cy=0. 


Consider the homogeneous linear differential equation 


y” + 8y' + 15y = 0. 


(a) Find all values 4 such that y(t) = e“ is a solution of the differential equation. 


(b) Do the functions found in part (a) form a fundamental set of solutions for 
the differential equation? If so, what is the general solution of the differen- 
tial equation? 


Solution: 
(a) The characteristic polynomial for y” + 8y’ + 15y = Ois 
PA) = 27 +82 +15 = (A+5)(A+ 3). 


The roots of the characteristic equation are A, = —5 anda, = —3. Thus, the 
trial form y(t) =e” leads to two solutions of the differential equation: 


5t 3t 


ye" and 36". 


(b) To decide whether {y,,y} is a fundamental set of solutions, we form the 
Wronskian: 
—5t —3t 


Wi) = | : lenge 


—5e—% —3e7% 


Since W(t) = 2e™ is never zero, {y;,y2} is a fundamental set of solu- 
tions for y’ + 8y'+15y=0 on any t-interval. The general solution of 
y” + By’ + 15y = 0 is therefore 


yD=ce*+ce%. 


Roots of the Characteristic Equation 


The function y(t) = e”"’ is a solution of ay” + by’ + cy = 0 provided 4, is a root 
of the characteristic equation 


aw? +br+c=0. (4) 


As we know, the quadratic equation ad? + bA +c = 0 might have two dis- 
tinct real roots, one real root, or two complex roots. Figure 3.4 shows the graph 
of P(A) = ad? + bd. +c versus A, illustrating each of these three cases. 

We can obtain the roots of characteristic equation (4) from the quadratic 
formula, 


—b xr V b? — 4ac 


2a (5) 


A142 _— 


3.3 Constant Coefficient Homogeneous Equations 123 


P(X) P(A) P(X) 
A A \/ 
J > J > > 
AN Ag iy =e 
(a) (b) (c) 
FIGURE 3.4 


Three possibilities for the graph of P(A) = aa* + br’ +c,a > 0. 

(a) The characteristic equation has two real distinct roots, 4, and A). 
(b) The characteristic equation has a single repeated real root, A,. 

(c) The characteristic equation has two complex roots but no real roots. 


As illustrated in Figure 3.4, there are three cases, depending on the value of the 
discriminant, b? — 4ac: 


(a) Suppose b* — 4ac > 0. In this case, the two roots 4, and 4, are real and 


distinct. We obtain two solutions, y, (¢) = e*"’ and y,(t) = e”2". We show later 
in this section that these two solutions form a fundamental set of solutions 
for equation (1). 


(b) Suppose b? — 4ac = 0. In this case, the two roots are equal, 


(c) 


_—b 
a 2a 
Our computation, based on the trial form y(t) = e”’, therefore yields only 
one solution, namely 


Ap=aA 


yi) = oe P/2at. 


Since a fundamental set of solutions consists of two solutions having a 
nonvanishing Wronskian, we must find another solution having a different 
functional form. In Section 3.4, we will discuss this real “repeated root” case 
and show how to obtain the second function needed for a fundamental set. 


Suppose b? — 4ac < 0. In this case, the roots are complex-valued and we 


have 
fae b _.V4ac — b? 
i) a) 


Since a, b, and c are real constants, the roots 4, » form a complex conjugate 
pair. For brevity, let 


b V 4ac — b? 


2a’ 2a 
Then,» = a +i, where f is nonzero. Several questions arise. What math- 


ematical interpretation do we give to expressions of the form e“*'?"? Once 
we make sense of such expressions mathematically, how do we obtain real- 
valued, physically meaningful solutions of equation (1)? These issues will 
be addressed in Section 3.5. 
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The General Solution When the Characteristic Equation 

Has Real Distinct Roots 

We now consider case (a), where the discriminant b? — 4ac is positive. In this 
case, the two roots A, and A, are real and distinct and y, (¢) = e*"’ and y,(t) = e’2" 


are two solutions of ay” + by’ + cy = 0. To determine whether {y,,y,} forms a 
fundamental set of solutions, we calculate the Wronskian: 


= (A, —AeOrt), 


The factor (A, — 4,) is nonzero since the roots are distinct. In addition, the 
exponential function e“:*2” is nonzero for all t. This calculation establishes, 
once and for all, that the two exponential solutions obtained in the real, distinct 
root case form a fundamental set of solutions. There is no need to reestablish 
this fact for every particular example. The corresponding general solution of 
ay" + by'+ cy =0is 


yt) =c,e"* +.c,e%2". (6) 


Solve the initial value problem 


yi +4 +3y=0, yOQ=7, yO)==17. 


Solution: The characteristic equation is 
7 4+444+3=0, 
or 
A+ 1)(A+3)=0. 
Therefore, the general solution is 
y@) =c,e' +ce,e*, 
and its derivative is 
yt) = -c,e* — 3c,e**. 
To satisfy the initial conditions, c, and c, must satisfy 
Cyt co= 7 
—c, — 3c, = -17. 
We find c, = 2 and c, = 5. The unique solution of the initial value problem is 


y(t) = 2e'+5e%. & 


Solve the initial value problem 
y+y—2v=0, yO=¥%, yO) = yo. 


For what values of the constants yy and y) can we guarantee that 
lim ,.4.¥(@ = 0? 
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Solution: The characteristic polynomial for y” + y’ — 2y = 0 is 
0 44=2]64760= 1. 
Thus, the general solution is 
y(t) =c,e* +c,e". 
Imposing the initial conditions, we have 
Cy +C, =Vo 
—2c, + ¢, =p. 


The solution of this system of equations is c, = (V9 — ¥9)/3,C2 = (2¥9 + ¥p)/3. 
The solution of the initial value problem is therefore 


—_ / 2 / 
sO= € st) 4 ( ot) ot 


Since lim,,,,e~’ = 0 and lim, ,,,e’ = +00, the solution of the initial value 
problem will tend to zero as t increases if the coefficient of e’ in the solution is 
zero. Therefore, lim,_,,, y@ = 0 ify = —2y9. # 


Exercises 1-15: 
(a) Find the general solution of the differential equation. 


(b) Impose the initial conditions to obtain the unique solution of the initial value prob- 
lem. 


(c) Describe the behavior of the solution y(t) as t > —oo and as t > oo. Does y(f) ap- 
proach —oo, +00, or a finite limit? 


1. y’+y—2y=0, yO)=3, y(0)=-3 
2.y"-jv=0, y(2)=1, y'(2)=0 
3. y’-4)'4+3y=0, yvO)=-1, y(O=1 
4. 2y”—5y’'+2y=0, y0)=-1, y'(0)=-5 
5.y"-y=0, yO)=1, y(O)=-1 
6. y+ 2y'=0, y(-1)=0, y(-1l)=2 
7. y"+5y'+6y=0, yO)=1, yO)=-1 
8. y”—5y'+6yv=0, yO)=1, yO=-1 
9. y"-4y=0, y(3)=0, y(3)=0 
10. 8y’-6y' +y=0, y)=4, yd)=3 
11. 2y"—3y'=0, y(-2)=3, y(-2)=0 


12. y"— 6y'+ 8y=0, y(1)=2, w(d)=-8 
13. y’+4y'+2y=0, y0)=0, y@)=4 

14, y"-4y’'-y=0, yO)=1, y0)=24+V5 
15. 2y’-y=0, y(0)=-2, y'(0)=Vv2 
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16. Consider the initial value problem y” + wy’ + By = 0, (0) = 1, y’'(0) = yo, where a, B, 


and yy are constants. It is known that one solution of the differential equation is 
y,O= e * and that the solution of the initial value problem satisfies lim tow V(t) = 2. 
Determine the constants a, 8, and yo. 


17. Consider the initial value problem y” + ay’ + By = 0, (0) = 3, y'(0) = 5. The differ- 


ential equation has a fundamental set of solutions, {y,(4),y,(H}. It is known that 
y,(t) =e and that the Wronskian formed by the two members of the fundamental 
set is W(t) = 4e”. 


(a) Determine the second member of the fundamental set, y, (0). 
(b) Determine the constants a and £. 


(c) Solve the initial value problem. 


18. The three graphs display solutions of initial value problems on the interval 


0 <t < 3. Each solution satisfies the initial conditions y(0) = 1, y’(0) = —1. Match 
the differential equation with the graph of its solution. 


(a) y"+2y'= 0 (b) 6y” — 5y'+ y=0 (c) y"-y=0 


05 1 152 25 
Graph C 


Figure for Exercise 18 
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19. Obtain the general solution of y” — 5y” + 6y’ = 0. [Hint: Make the change of depen- 
dent variable u(t) = y'(t), determine w(t), and then antidifferentiate to obtain y(f).] 

20. Rectilinear Motion with a Drag Force In Chapter 2, we considered rectilinear mo- 
tion in the presence of a drag force proportional to velocity. We solved the first order 
linear equation for velocity and antidifferentiated the solution to obtain distance 
as a function of time. We now consider directly the second order linear differential 
equation for the distance function. 

A particle of mass m moves along the x-axis and is acted upon by a drag force 
proportional to its velocity. The drag constant is denoted by k. If x(t) represents the 
particle position at time t, Newton’s law of motion leads to the differential equation 
mx" (t) = —kx'(t). 

(a) Obtain the general solution of this second order linear differential equation. 
(b) Solve the initial value problem if x(0) = xy and x’(0) = vo. 


(c) What is lim x(t)? 


t>oo 


3.4 Real Repeated Roots; Reduction of Order 


In Section 3.3, it was shown that the constant coefficient differential equation 
ay" + by’ + cy = 0 has the general solution 


y(t) = ce" + ce*2 


whenever the characteristic equation ad” + bA +c = 0 has distinct real roots 1, 
and A. In this section, we consider the case where the characteristic equation 
has a repeated real root (that is, when the discriminant b? — 4ac = 0). In this 
event, looking for solutions of the form y(t) =e” leads to only one solution, 
since the characteristic equation has just one distinct root. We must somehow 
find a second solution in order to form a fundamental set of solutions. 


The Method of Reduction of Order 


To obtain a second solution for ay” + by’ + cy = 0 in the repeated root case, 
we use a method called reduction of order. We apply the method first to the 
problem at hand, 


ay" + by’ + cy = 0. (1) 


Then, at the end of this section, we'll discuss reduction of order as a tech- 
nique for finding a second solution of the general homogeneous linear equation, 
y" + py’ + q@y = 0, given that we have somehow found one solution, y, (f), 
of the equation. 

Assume, without loss of generality, that a = 1 in equation (1). Then, since 
b? — 4c = 0, we know that c is positive. We can represent c as c = a* and choose 
b = —2a. With these simplifications in notation, differential equation (1) be- 
comes 


y” — 2ay’ + ay = 0. (2) 
The characteristic polynomial for equation (2) is 
Paes Shaw. 
and therefore one solution is 


y,@) = e, 
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To find a second solution, y(t), we use the method of reduction of order. 
The basic idea underlying the method is to look for a second solution, y,(¢), of 
the form 


yot) = 9, Oud = e"u). (3) 


The function w(t) in (3) must be chosen so that y,(¢) is also a solution of equa- 
tion (2). 

At this point, there’s no obvious reason to believe that this assumed form of 
the solution provides any simplification. We must substitute (3) into differential 
equation (2) and see what happens. Substituting, we obtain 


ys — ay, + a?y, = “uy” — 2a(e“uy + a7 (eu), (4) 
which simplifies to 
yy — ay, + a?y, = eu". (5) 


Since the exponential function is nonzero everywhere, y,(t) = e“u(t) is a so- 
lution of y” — 2ay’ + a’y = 0 if and only if uw” = 0. The equation wu” = 0 can be 
solved by antidifferentiation to obtain u(t) = a,;t+a,, where a, and a, are ar- 
bitrary constants. 

Thus, the method of reduction of order has led us to a second solution, 


yo(t) =e" (ayt +a) =ayte™ + aye. 


Notice that the term a,e“ is simply a constant multiple of y,(¢). Since the gen- 
eral solution of the differential equation contains y,(t) multiplied by an arbi- 
trary constant, we lose no generality by setting a, = 0. We can likewise take 
a, = 1 since y,(¢) will also be multiplied by an arbitrary constant in the general 
solution. With these simplifications, the second solution is 


yo.) = ie", 
To verify that {y,,y} = {e”, te“} forms a fundamental set, we compute the 


Wronskian: 


at at 


te 


W(t) = = 
@ ae (at + le“ 


Since the Wronskian is nonzero, we have shown that the general solution is 


y(t) =c,e" +c,te™. (6) 


Solve the initial value problem 


4y"+4y'+y=0, y(2)=1, y(2)=0. 


Solution: Looking for solutions of the form y(t) = e™ leads to the characteristic 
equation 


A}? 4:4) 1 = 21 4-177 = 0. 


Therefore, the characteristic equation has real repeated roots A, = A, = — 5. By 
(6), the general solution is 


y(t) =cye? +e,te”. 
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Imposing the initial conditions leads to 


The solution is c, = 0,c, = e/2. The solution of the initial value problem is 


@ 42 fF 1-42» 
t) = ~te =e . 
y@ 5 5 


Method of Reduction of Order (General Case) 


The method of reduction of order is not restricted to constant coefficient equa- 
tions. It can be applied to the general second order linear homogeneous equa- 
tion 


y" + py’ + ay = 9, (7) 


where p(t) and q(t) are continuous functions on the t-interval of interest. Sup- 
pose we know one solution of equation (7); call it y,(). We again assume that 
there is another solution, y,(t), of the form 


yo) =, Ou. 


Substituting the assumed form into (7) leads (after some rearranging of terms) 
to 


yu" + [2y, + pOy, lu’ + Ly} + pO, + ay, lu = 0. 


At first it seems as though this equation offers little improvement. Recall, how- 
ever, that y, is not an arbitrary function; it is a solution of differential equa- 
tion (7). Therefore, the factor multiplying u in the preceding equation vanishes, 
and we obtain a considerable simplification: 


yu" + [2y, + pOy,]u' =0. (8) 


The structure of equation (8) is what gives the method its name. Although 
equation (8) is a second order linear differential equation for u, we can define 
a new dependent variable v(t) = u’(t). Under this change of variables, equation 
(8) reduces to a first order linear differential equation for v, 


y,@v' + [2y,0 + pOy, Ov = 0. (9) 


Thus, the task of solving a second order linear differential equation has been 
replaced by that of solving a first order linear differential equation. Once we 
have v = u’, we obtain u (and ultimately y,) by antidifferentiation. 


Observe that y, (¢) = t is a solution of the homogeneous linear differential equa- 
tion 


ty” — ty’ +y =0, 0<t<a. (10) 
(a) Use reduction of order to obtain a second solution, y,(t). Does the pair 
{v,.¥} form a fundamental set of solutions for this differential equation? 


(continued) 
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(b) If {y,,¥,} is a fundamental set of solutions, solve the initial value problem 


Py’ -t’+y=0, yi=3, yM=8. 


Solution: Note that the initial value problem, written in standard form, be- 
comes 


A 1 rd 1 if 
yy + Fed =0, y(1) = 3, y (1) =8. (11) 


The coefficient functions are not continuous at ¢ = 0. Our ¢-interval of interest, 
0 <t < ©, is the largest interval containing f, = 1 on which we are guaranteed 
the existence of a unique solution of the initial value problem. 


(a) Since one solution is known, we apply reduction of order. Assuming 
y(t) = tu(t), we have 
yo =ut+tu’ and y5=2u'+tu". 


Substituting these expressions into the differential equation, 


ty" — ty’ + y = 0, we find 


P(2u' + tu") —tut+ tu’) +tu=Pu" +u') =0. 
Therefore, tu” + u' = 0. Setting v = w’ leads to the first order linear equation 
tv’ +v=0. (12) 
The general solution of equation (12) is 
c 
v(t) = rs 
Since v(t) = u(t), it follows that u(t) = clInt+d, and we obtain a second 
solution, 
y,(t) = tu(t) =t(clnt+d). (13) 


[Note that In |t| = In ¢ since t > 0.] Using the same rationale as before, we 
can take c = 1,d = 0 and let 


y,() =tlnt. 


The Wronskian of y,; and y, is W(t) =¢, which is nonzero on the interval 
0 < t < o. Therefore, the general solution is 


yO) =cy,O+072.0 =cyt + ey Int, 0<t<m. (14) 


(b) For y(t) = cyt + Cot Int, we have y'(t) = c, +c>(1 + Ind). Imposing the initial 
conditions y(1) = 3 and y'(1) = 8, we obtain 


Cy =3 
C, +c, = 8. 
The solution of the initial value problem is 


y(t) = 3t + 5t Int. 
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Exercises 1-9: 


(a) 
(b) 


~~ 
onan auwsb wn e & 


= 
i—) 


Obtain the general solution of the differential equation. 


Impose the initial conditions to obtain the unique solution of the initial value 
problem. 


Describe the behavior of the solution as t > —oo and t > oo. In each case, does y(t) 
approach —oo, +00, or a finite limit? 


~y"+2y¥+y=0, yU)=1, y’)=0 

. 9" —6y'+y=0, y3)=-2, y'3)=-3 

y+ 6y'+9y=0, yO)=2, y(0)=-2 

. 25y"+20y'+4y=0, y(5)=4e7, y(5)=—-3e” 
» 4y"—4y'+y=0, yi) =—-4, yl) =0 
-y'—4/4+4y=0, y-1)=2, y(-D=1 

. l6y”—-8y+y=0, yvO)=—-4, y(0)=3 

-y" +2V2y'+2y=0, y(0)=1, y'(0)=0 
.y’—5y'4+6.25y=0, y(-2)=0, y(-2)=1 


. Consider the simple differential equation y” = 0. 


(a) Obtain the general solution by successive antidifferentiation. 


(b) View the equation y” = 0 as a second order linear homogeneous equation with 
constant coefficients, where the characteristic equation has a repeated real root. 
Obtain the general solution using this viewpoint. Is it the same as the solution 
found in part (a)? 


Exercises 11-12: 


In each exercise, the graph shown is the solution of y’ — 2ay’ + a*y = 0, y(0) = yo, 
y'(0) = yy. Determine the constants a, y9, and yo as well as the solution y(t). In Exer- 
cise 11, the maximum point shown on the graph has coordinates (2, 8e7'). 


11. 


13. 


‘| (2, 8e!) 12. 
T T 


The graph of a solution y(t) of the differential equation 4y” + 4y’ + y = 0 passes 
through the points (1, e~'/”) and (2, 0). Determine y(0) and y’(0). 
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Exercises 14-20: 
One solution, y,(¢), of the differential equation is given. 
(a) Use the method of reduction of order to obtain a second solution, y,(t). 


(b) Compute the Wronskian formed by the solutions y, (t) and y,(¢). 


14, ty” — (24+ Dv’ 4+ ¢+)Dyv=0, y,O=e 

15. fy" — ty’ +y=0, y,O=t 

16. y” — (2cot ty’ + (1+2cot*Ay=0, y,@ =sint 
17. ¢+1)*y"-—4(¢4+ Dy’ +6y=0, »,=(¢4+1)? 
18. "+ 4ty'+ 2442 y=0, 9()=e% 

19. (t— 2)’y" + (¢—2)y'-4y =0,  ¥,® = (¢- 2) 


-1 -1 
20. y"” — (2 + “) y+ (1 + “= *) y = 0, where 7 is a positive integer, y,(t) =e' 


3.5 Complex Roots 


We now complete the discussion of finding the general solution for the differ- 
ential equation 


ay" + by'+ cy =0, 


by obtaining the general solution when the discriminant is negative. 

Looking for solutions of the form y(t) = e“’ when the discriminant is nega- 
tive leads to a characteristic equation ad? + ba +c = 0 having complex conju- 
gate roots, 


b  .W4ac — b? 


Ayo = a 
ne 2a ‘ 2a 
Using a = —b/2a and B = V 4ac — b*/2a for simplicity, we have for the roots 
Ay. =a +i. (1) 


The Complex Exponential Function 


The approach to solving ay” + by’ + cy = 0 has been based on looking for so- 
lutions of the form y(t) = e”’. When the roots (1) of the characteristic equation 
are complex, we are led to consider exponential functions with complex argu- 
ments: 


yO =e*" and y(t) =o, (2) 


We need to clarify the mathematical meaning of these two expressions. How 
is the definition of the exponential function extended or broadened to accom- 
modate complex as well as real arguments? Once such a generalization is un- 
derstood mathematically, we then need to demonstrate for complex 1 that the 
function e” is, in fact, a differentiable function of t satisfying the fundamental 
differentiation formula 

dad et fi et. 


dt 
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This differentiation formula was tacitly assumed in Section 3.3, and it is needed 
now if we want to show that y = e@*'?” and y = e@'?” are, in fact, solutions of 
ay" + by'+ cy =0. 

A second issue that needs to be addressed is that of physical relevance. We 
will be able to show that the functions {e*8", e—®) form a fundamental set 
of solutions. How do we use them to obtain real-valued solutions? 

As a case in point, recall the buoyancy example discussed in Section 3.1. 
When we modeled the object's position, y(t), we arrived at a differential equation 
of the form 


y" + o*y =0. 


The characteristic equation for this differential equation is 47 + w* = 0 and has 
roots 4, = iw and 1, = —iw. How do we relate the two solutions 
y@=e" and y,@)=e™ 
to the real-valued general solution 
y =Asinot + Bcosat 


used to describe the bobbing motion of the object? 


The Definition of the Complex Exponential Function 


In calculus, the exponential function y = e’ is often introduced as the inverse 
of the natural logarithm function. For our present purposes, however, we want 
a representation of the exponential function that permits us to generalize from 
a real argument to a complex argument in a straightforward and natural way. 
In this regard, the power series representation of the function e* is very conve- 
nient. 

From calculus, the Maclaurin‘* series expansion for e* is the infinite series 


2 3 oO Ln 


— 2 8 Z 
@altz+ 5+ gt = (3) 


n=0 ~ 


where z° and 0! are understood to be equal to 1. For a given value of z, the 


Maclaurin series (3) is interpreted as the limit of the sequence of partial sums, 
M 
a? - 
e* = lim = (4) 
M->0o n! 
n=0 
When limit (4) exists, we say that the series converges. It is shown in calculus 
that the Maclaurin series (3) converges to e* for every real value of z. Although 
we do not do so here, it is possible to derive a number of familiar properties 
of the exponential function from the power series (3). For example, it can be 


shown that e¢ is differentiable and that 


ett. = e%1e%2. 


4Colin Maclaurin (1698-1746) was a professor of mathematics at the University of Aberdeen and 
later at the University of Edinburgh. In a two-volume exposition of Newton’s calculus, titled the 
Treatise of Fluxions (published in 1742), Maclaurin used the special form of Taylor series now 
bearing his name. Maclaurin also is credited with introducing the integral test for the convergence 
of an infinite series. 
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The importance of the power series representation (3) for e* is that the repre- 
sentation is not limited to real values of z. It can be shown that power series (3) 
converges for all complex values of z. In this manner, the function e”’ is given 
meaning even for a complex value of 4. The power series representation can 
also be used to show that 


M _ p(atipyt _ patript at ppt (5) 


e =e e 


Euler’s Formula 
From equation (5), 


ert — puttipt _ pat pipt 


This result simplifies our task of understanding the function y = e”’, since we 
already know the behavior of the factor e*' when a is real. Thus, we focus on 
the other factor, e’*’. Using z = ift in power series (3), we obtain 


(pt)? (pty? rm (ipt)* - (ipt)° 


Ma 1+ GBD +S + 4 5! 
(Bt) (Bt)" (pty? (Bt)? 
= [bo 4) iit (eee Ge ” 
see (= 1)" (pt)?" iy ee {= tien 
_. =~ — (2n)! (Qn+1)! ~ 
In (6), we used the fact that i? = —1 and regrouped the terms into real and 


imaginary parts. The two series on the right-hand side of (6) are Maclaurin 
series representations of familiar functions: 


_, (pty, (Bt)? (= 1)"(6t)" 
cos Bt = 1 y + 4 ean (Qn)! 
eae, (Bt)? (Bt) Sel (pnt 
RECS ag ey o> Qn+t! 


Using these results in equation (6), we obtain Euler’s formula, 
e'F' — cos Bt +isin ft. (7) 


The symmetry properties of the sine and cosine functions [cos(—@) = cos 6 and 
sin(—@) = — sin @], together with Euler's formula (7), lead to an analogous ex- 
pression for e~”, 


e Bt — e'(-P) — cos(—fBt) + isin(—ft) = cos ft — isin ft. (8) 


(a+ip)t (a—ip)t 


Equations (5), (7), and (8) can be used to express e ande in terms of 


familiar functions: 
e@HiB)t _ eatpiPt _ 6%! (cos Bt + isin Bd), 


. . . (9) 
eo -iBt _ pat y—ipt _ e“' (cos Bt —isin Bt). 


We can use equation (9) to show that the Wronskian of y,(t) = et and 
y(t) =e" is WO = ~i2fe*, which is nonzero for all t since 6 4 0. The 
two solutions, y; and y,, therefore form a fundamental set of solutions. 


Theorem 3.3 
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From a mathematical point of view, we are done with the complex roots case 
since we have found a fundamental set. From a physical point of view, however, 
if the mathematical problem arises from a (real-valued) physical process and 
we seek real-valued, physically meaningful answers, the two solutions in (9) are 
not satisfactory. We want a fundamental set consisting of real-valued solutions. 


The Real and Imaginary Parts of a Complex-Valued Solution Are 
Also Solutions 


We now state and prove a theorem that shows how to obtain a fundamental set 
of real-valued solutions when the characteristic equation has complex roots. 


Let y(t) = u(t) + iv(t) be a solution of the differential equation 
y" + pOy’ + ay = 0, 


where p(t) and q(t) are real-valued and continuous ona < t < band where 
u(t) and v(t) are real-valued functions defined on (a, b). Then u(t) and v(t) 
are also solutions of the differential equation on this interval. 


© PROOF: Since y(t) is known to be a solution, we have 
(ut+iv)" + pHut+ivy + qOut+iv) =0. 
Therefore, 
ul + iv’ + pO’ + iv)+ qH(utiv) =0. 
Collecting real and imaginary parts, we have 
[u” + pu’ + qu] +ifv" + pOv’ + qv] = 0, a<t<b. 


Since a complex quantity vanishes if and only if its real and imaginary parts 
both vanish, we know that 


u"+pitu'+qtu=0, a<t<b 
and 
v" + pOv’+qtv=0, a<t<b. 
Therefore, u(t) and v(t) are both solutions of y" + p(y’ + qv = 0. @ 


We now apply Theorem 3.3 to the equation y” + ay’ + by = 0 in the case 
where the characteristic equation has complex roots ~,=a+if and 
A> = a —if and corresponding complex-valued solutions 


y,(t) =e" (cos Bt +isinBt) and y,(t) =e (cos ft — isin ft). 


Taking the real and imaginary parts of y, (t) [or, equivalently, of y,(4)], we obtain 
a pair of real-valued solutions 


u(t) =e" cosft and v(t) =e” sin ft. 
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EXAMPLE 


1 


EXAMPLE 


2 


The Wronskian is 


e“ cos Bt e“ sin Bt on 
W(t) = at : at : = Be F 0. 
e (acos ft — Bsin Bt) e (asin t+ fcos Br) 
Therefore, the general solution of ay” + by’ + cy = 0 is 
y(t) = Ae” cos Bt + Be“ sin Bt = e* (Acos ft + Bsin fr). (10) 


Find the general solution for the differential equation 
y” + 25y = 0. 
Solution: The characteristic equation is A? + 25 = 0. The roots are 4, = 5i and 


Ay = —5i. Therefore, in equation (10), we have a = 0 and 6 =5. The general 
solution is 


y(t) = Acos5t+Bsin5t. * 


Solve the initial value problem 


y" + 2y' + 5y = 0, y(0) = 2, y'(O) = 2. 


Solution: The characteristic equation is 4* + 2A +5 = 0. The roots are 


—24+V4-—- 20 
Ai = 4 


The general solution of the differential equation is 


=—-1+2i. 


y(t) =e‘ (Acos 2t + Bsin 2zr). 
In order to impose the initial conditions, we differentiate y(t), obtaining 
y'(t) = —e ‘(A cos 2t + Bsin 2t) + e‘(—2A sin 2t + 2B cos 21). 
The initial conditions at t = 0 lead to the equations 
A =2 
—-A+2B=2. 


Solving this system, we find that the unique solution of the initial value problem 
is 


y(@) = 2e "(cos 2t + sin2t). + 


The graph of the solution found in Example 2, y(t) = 2e‘(cos 2t + sin 21), 
is shown in Figure 3.5. Notice that the dashed curves, which are actually the 
graphs of y = +2,/2e~™, represent an envelope that describes the (decreasing) 
size of the sinusoidal oscillations. We will discuss this envelope in the next 
subsection. 
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FIGURE 3.5 


The graph of the solution found in Example 2, y(t) = 2e'(cos 2t + sin 21). 
The dashed curves, y = 2/2e~ and y = —2\/2e™, constitute an envelope 
containing the graph of the solution. 


Amplitude and Phase 


Consider an initial value problem whose characteristic equation has complex 
roots, 4; 5 =a +i. The solution has the form 


y(t) =e (Acos bt + Bsin Bt), (11) 


where A and B are constants determined from the given initial conditions. We 
now show that this solution can also be expressed as 


y(t) = Re cos(Bt — 8), (12) 


where R and 6 are positive constants. In this form, the behavior of the solution as 
a function of time is more easily understood—it is the product of a sinusoidally 
oscillating function, cos($t — 6), and a term, Re“, that is increasing with time 
when a > 0, constant when a = 0, and decreasing with time when a < 0. 

In (12), the term Re is often referred to as the amplitude of the os- 
cillations. The constant 6 is referred to as the phase, the phase angle, or 
the phase shift. The term “phase shift” reflects the fact that we obtain the 
graph of cos(ft — 5) by shifting the graph of cos Bt to the right by an amount 
t = 5/B. To see how equation (11) can be recast as (12), first recall the trigono- 
metric identity 


cos(@, — 6,) = cos @, cos 6, + sin, sin 4). 


Using this trigonometric identity on the right-hand side of equation (12), we see 
that Rcos(ft — 6) = Rcos ftcosé6 + Rsin Bt sind. Equating the corresponding 
expressions in (11) and (12), we obtain 


Ri(cos Bt cos 6 + sin Bt sind) = Acos Bt + Bsin Pt. 


138 CHAPTER 3 Second and Higher Order Linear Differential Equations 


EXAMPLE 


3 


EXAMPLE 


4 


Comparing like terms, we see R and 6 must be chosen so that 
RceosS=A and Rsind=B. (13) 
From (13), it follows that 


R=VA?+4+B’, 


B (14) 
tané = a A#0. 


We need to examine the signs of both cos5 = A/R and sind = B/R in order to 
determine the quadrant in which the angle 6 lies, since there are two different 
choices for an angle 6 that satisfies tan5 = B/A: 


B B 
5=tan! (5) or 5=tan! (F) +2. (15) 


Consider the solution of the initial value problem found in Example 2, 
y(t) = 2e ‘(cos 2t + sin 2t). The solution is graphed in Figure 3.5. Rewrite y(t) 
in the form 


y(t) = Re“ cos(Bt — 8). 
Use this form to identify the main features of the graph of y(‘). 
Solution: Compare the solution, y(t) = 2e~‘(cos 2¢ + sin 2t), with expression 
(11). We see that A = 2,B = 2,a = —1, and B = 2. Therefore, 
R=2V2 and tané=1. 


Since Rcos$ = 2 and Rsin6é = 2, it follows that cos 6 and sin 6 are both positive. 
Therefore, 6 is in the first quadrant and not in the third quadrant. Having 
identified the proper quadrant, we obtain 6 = tan '(1) = 7/4. 

Knowing R, f, and 6, we can rewrite y(t) = 2e ‘(cos 2t + sin 2f) as 


y(t) = 2V2e~' cos (20 - =) . (16) 


From expression (16), we can readily deduce the main features of the graph in 
Figure 3.5. As mentioned earlier, the envelope function y(t) = 2/2e~ governs 
the amplitude of the oscillations, and this fact is clear from equation (16). The 
phase angle, 2/4, determines the shift of the cosine function. For instance, in 
t > 0, v(t) is zero at t = 37/8, 77/8, 117/8,.... 


Solve the initial value problem 
y"+y¥=0, yO=-1, yOQ=-v3 
and put the solution in the form Re cos(Bt — 4). 
Solution: The characteristic equation is 4” + 1 = 0 and has roots 4, » = +i. The 
general solution is 
y(t) = Acost+Bsint. 
Imposing the initial conditions, we obtain the solution 


y(t) = —cost — V3 sint. 
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Using Rcosé = —1 and Rsiné = —V3, we have 
R=2 and tand=V3. 


Since cos 6 and siné are both negative, the phase angle 6 must lie in the third 
quadrant, 


4 
§=tan!/34+7= < 


t) =2cos(t >) 
yt) = cos (1 . 


The graph of y(t) is shown in Figure 3.6. It is the graph of 2 cost shifted to the 
right by 47/3 + 4.19 radians. 


Hence [see (12)], 


FIGURE 3.6 


The graph of the solution found in Example 4, y(t) = 2 cos[t — (477/3)]. ” 


EXERCISES 


nz 


The identity e+ = e*1e”, from which we obtain (e*)" =e 
exercises. 


, is useful in some of the 


1. Write each of the complex numbers in the form a +if, where a and £ are real 


numbers. 
(a) 2ei2/3 (b) —2/2eit/4 (c) (2 — ie37/? 
(d) em (e) (v2ei*/6)* 


2. Write each of the functions in the form Ae” cos ft + iBe™ sin Bt, where a, B, A, and 
B are real numbers. , 


(a) Qeiv2t (b) = eo 243i (c) = 
us 


(1+i)ty 3 a2 int : 
(a) (V3e™) © ( ae ) 
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Exercises 3-12: 

For the given differential equation, 

(a) Determine the roots of the characteristic equation. 

(b) Obtain the general solution as a linear combination of real-valued solutions. 

(c) Impose the initial conditions and solve the initial value problem. 
3. y'+4y=0, y(r/4)=-2, y(r/4)=1 

.y+2y'+2v=0, y0)=3, yO)=-1 

9" +y=0, y/2)=4, y'(@/2)=0 

» 2y"—2y +y=0, y(-m)=1, y(-m)=-1 

yw +y¥+y=0, yO)=-2, y'(0)=-2 

2 +4y4+5y=0, yvir/2)=1/2, y'(a/2) = -2 

. "+ by’ +2y=0, y3r)=0, yB3r)=1/3 

10. y’+4r’*y=0, yI=2, yW=1 

11. y"—2/2y'+3y=0, y(0)=-1/2, y'(0) = V2 

12. 9y"+0*y=0, y3)=2, y'G)=-z 


oO mnon awn 


Exercises 13-21: 


The function y(¢) is a solution of the initial value problem y” + ay’ + by = 0, y(fo) =o, 
y' (to) = Yo, where the point f, is specified. Determine the constants a,b, yp, and yp. 


13. y(t) = sint — V2 cost, tp = 7/4 

14. y@) =2sin2t+cos2t, t)=7/4 

15. y®) =e cost—e“sint, t,=0 

16. y(t) =e" */* cos 2t—e'"/" sin2t, ty) = 1/6 
17. y(t) = V3cosxt—sinzt, t)=1/2 

18. y(t) = V/2cos(2t— 7/4), t)=0 

19. y(t) = 2e'cos(nt—), ty =1 

20. y(t) =e cos(xt—2), ty=0 

21. yt) = 3e-* cos(t— 2/2), t)=0 
Exercises 22-26: 


Rewrite the function y(t) in the form y(t) = Re“ cos(Bt — 5), where 0 < 6 < 27. Use this 
representation to sketch a graph of the given function, on a domain sufficiently large to 
display its main features. 


22. y(t) = sint + cost 23. v(t) = cosat — sinzt 
24. y(t) =e! cost + V3e' sint 25. y(t) = -e cost + V/3e7 sint 
26. y(t) =e” cos 2t — e~ sin 2t 


Exercises 27-29: 


In each exercise, the figure shows the graph of the solution of an initial value problem 
y" + ay’ + by = 0,y(0) = yo, y'(0) = yp. Use the information given to express the solu- 
tion in the form y(t) = Rcos(St — 5), where 0 < 6 < 27. Determine the constants a, b, yo, 
and yp. 


27. 


29. 


30. 


31. 


32. 
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The graph has a maximum value 28. The graph has a maximum value at 
at (0, 2) and a t-intercept at (1, 0). (7/12, 1) and at-intercept at (57/12, 0). 
y 


The graph has a maximum value at 
(52/12, 1/2) and a t-intercept at (7/6, 0). 


Consider the differential equation y" + ay’ + by = 0, where a and b are positive real 
constants. Show that lim,_,,; v() = 0 for every solution of this equation. 


Consider the differential equation y” + ay’ + 9y = 0, where is a real constant. Sup- 
pose we know that the Wronskian of a fundamental set of solutions for this equation 
is constant. What is the general solution for this equation? 


Buoyancy Problems with Drag Force We discussed modeling the bobbing motion 
of floating cylindrical objects in Section 3.1. Bobbing motion will not persist indef- 
initely, however. One reason is the drag resistance a floating object experiences as it 
moves up and down in the liquid. If we assume a drag force proportional to velocity, 
an application of Newton’s second law of motion leads to the differential equation 
y” + py’ + wy = 0, where y(t) is the downward displacement of the object from 
its static equilibrium position, is a positive constant describing the drag force, 
and w is a positive constant determined by the mass densities of liquid and 
object and the vertical extent of the cylindrical object. (See Figure 3.1.) 


(a) Obtain the general solution of this differential equation, assuming that 
we < 40”. 

(b) Assume that a cylindrical floating object is initially displaced downward a dis- 
tance y, and released from rest [so the initial conditions are y(0) = yo, y'(0) = 0]. 
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Obtain, in terms of jz, w, and yo, the solution y(t) of the initial value problem. Show 
that lim,_,,,y(@) = 0. 


33. This section has focused on the differential equation ay” + by’ + cy = 0, where a, b, 
and c are real constants. The fact that the roots of the characteristic equation occur 
in conjugate pairs when they are complex is due to the fact that the coefficients a, 
b, and c are real numbers. To see that this may not be true if the coefficients are 
allowed to be complex, determine the roots of the characteristic equation for the 
differential equation 


y” + 4iy' + Sy = 0. 


Find two complex-valued solutions of this equation. 


3.6 Unforced Mechanical Vibrations 


In this section, we model the motion of a simple mechanical system—that of a 
mass suspended from the end of a hanging spring and subjected to some initial 
disturbance. The resulting up-and-down motion of the mass will be similar to 
the bobbing motion of a floating cylindrical object. 


Hooke’s Law 


A spring hangs vertically from a ceiling. We assume that the weight of the 
spring is negligibly small. The natural or unstretched length of the spring is 
denoted by /, as in Figure 3.7. Suppose we now apply a vertical force to the 
end of the spring. If the force is directed downward, the spring will stretch. 
As it stretches, the spring develops an upward restoring force that resists this 
stretching or elongation. Conversely, if the applied force is directed upward, 
the spring compresses or shortens in length. In this case, the spring develops a 
counteracting downward restoring force that tends to resist compression. 


(a) (b) (c) 
—=—— 
l 
Ay, 0 
Fr=0 Fr =-kAy, Ay, >0 
=k|Ay,|>0 4 
Fr =—kAyz <0 
v Distance y 
(positive 
downward) 
FIGURE 3.7 


(a) A spring with natural length /. (b) The restoring force, Fp = —kAy,, is 
positive (directed downward) when the spring is compressed. (c) The 
restoring force, Fp = —kAy,, is negative (directed upward) when the spring 
is stretched. 
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We need an equation that relates the restoring force developed by the spring 
to the amount of elongation or compression that has occurred. The relation 
we use is Hooke’s law,’ which assumes the restoring force is proportional to 
the amount of stretching or compression that the spring has undergone. We 
assume that the displacement Ay is positive when the spring is stretched and 
negative when it is compressed. Whether the spring is stretched or compressed, 
its length is given by the quantity /+ Ay. 

Hooke’s law states that the restoring force is 


F, = —kAy, (1) 


where Ay is the displacement and k is a positive constant of proportionality, 
called the spring constant. The negative sign in equation (1) arises because 
the restoring force acts to counteract the displacement of the spring end. 

The spring constant k in equation (1) has the dimensions of force per unit 
length and represents a measure of spring stiffness. A stiffer spring has a larger 
value of k, and the same restoring force arises from a smaller displacement. 

Hooke’s law is a useful description of reality when the displacement magni- 
tude, |Ay|, is reasonably small. It cannot remain valid for arbitrarily large | Ay| 
since one cannot stretch or compress a spring indefinitely. We assume in all our 
modeling and computations that displacement magnitudes are small enough 
to permit the use of Hooke’s law. 


A Mathematical Model for the Spring-Mass System 


An object having mass m is attached to the end of the unstretched spring, as in 
Figure 3.8. The weight of the object is 


W=me_, 
== as 
, 
‘ 
* 
y(t) 
Equilibrium 
or rest position 
vy Distance Perturbed state 
(positive 
downward) 


FIGURE 3.8 


As the mass moves, the quantity y(t) measures its displacement from the 
equilibrium position. 


>Robert Hooke (1635-1703) served as professor of geometry at Gresham College, London, for 30 
years. He worked on problems in elasticity, optics, and simple harmonic motion. Hooke invented 
the conical pendulum and was the first to build a Gregorian reflecting telescope. He was a compe- 
tent architect and helped Christopher Wren rebuild London after the Great Fire of 1666. 
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where g is the acceleration due to gravity. The spring stretches until it achieves 
anew rest or equilibrium configuration. Let Y represent the distance the spring 
stretches to achieve this new equilibrium position. The displacement, Y, is de- 
termined by Hooke’s law—the spring stretches until the restoring force exactly 
counteracts the object's weight: 


W+FrR=mg—kY =0. (2) 


It follows that Y = mg/k. 
When the spring-mass system in Figure 3.8 is perturbed from its equilib- 
rium position, we have from Newton’s second law of motion 


ka 
gt T= WE Seok 19). 


Using (2) and noting that Y is a constant, we can reduce this equation to 
my" + ky =0. (3) 


If we define w? = k/m, we obtain the differential equation y” + w*y = 0, which 
characterizes the bobbing motion of a floating object. 

Suppose we now assume a damping mechanism, a dashpot, is attached 
and suppresses the vibrating motion of the spring-mass system. It is shown 
schematically in Figure 3.9. We assume the damping force is proportional to 
velocity, 


dyit 

dt ~ 
In (4), y is a positive constant of proportionality, referred to as the damping 
coefficient. The negative sign is present because the damping force acts to 
oppose the motion. A similar model of velocity damping was assumed in the 
linear model of projectile motion with air resistance discussed in Section 2.9. 


Fy =-y (4) 


FIGURE 3.9 


A spring-mass-dashpot system. 


The differential equation describing the motion of the mass, again obtained 
from Newton’s second law of motion, is 


dy 


m— =W+FatFp=mge-k¥ +y)—y Z. 


(5) 
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Since mg — kY = 0, equation (5) simplifies to 


moe 
ar res ae 


Equation (6) is a second order linear constant coefficient differential equation. 
It is homogeneous because we are considering only the unforced or free vibra- 
tion of the system. That is, there are no external forces applied to the system. 

In Section 3.10, we will consider forced vibrations, where equation (6) is 
modified to include a time-varying applied force, F(t). Inclusion of an applied 
force leads to a nonhomogeneous equation of the form 


+ky =0. (6) 


oer ad “ +ky = F(t). (7) 


Behavior of the Model 


In this subsection, we discuss the solutions of equation (6), my" + yy’ + ky = 0. 
These solutions describe how the mass-spring-dashpot system behaves—pre- 
dicting the position, y(t), and the velocity, y’(t), of the moving mass at any time tf. 
The characteristic equation, 


mv +yra+k=0, 


—y+/y* —4mk 
Ai2= . 


2m 


has roots 


(8) 


The corresponding mass-spring-dashpot system exhibits different behavior, 
depending on the roots of the characteristic equation. The roots, in turn, are 
determined by the relative values of the mass, spring constant, and damping 
coefficient. 


Case 1 If y* > 4km (if damping is relatively strong), the characteristic equa- 
tion has two negative real roots 


=) + ,/y? — 4mk 
Ata = : 


2m 


(Both roots are negative since \/y? — 4mk is less than y.) As shown in Sec- 
tion 3.3, the general solution is given by 


yt) =c,e"* +.c,e%2". (9a) 


Therefore, the strong damping suppresses any vibratory motion of the mass. 
The general solution is a linear combination of two decreasing exponential 
functions. This case is referred to as the overdamped case. 


Case 2 If y? = 4km, then the roots are real and repeated. As we saw in Section 
3.4, the general solution is given by 


yt) =c,e"* + cote, (9b) 


146 


CHAPTER 3 Second and Higher Order Linear Differential Equations 


where A, = —y/2m. In this case, known as the critically damped case, damp- 
ing is also sufficiently strong to suppress oscillatory vibrations of the mass. 


Case 3 If y? < 4km, then the roots are complex conjugates, 


V4mk = y? 
M2= +1 ue y = 


2m 2m 


atifp. 
As we saw in Section 3.5, the general solution is given by 
y(t) =e“ (c, cos Bt +c, sin fr). (9c) 


In this case, known as the underdamped case, damping is too weak to totally 
suppress the vibrations of the mass. Note that the underdamped case also in- 
cludes the case where there is no damping whatsoever—that is, the case where 
y = 0. Later, we refer to this as the undamped case. Finally, recall from Sec- 
tion 3.5 that solution (9c) can be restated in amplitude-phase form as 


y(t) = Re™ cos(ft — 8), (10) 


where R = Vci +3, Rcosé =c, and Rsind =c,. If damping is present (that 
is, ify > 0), thena = —y/2m < Oand the motion of the mass described by equa- 
tion (10) consists of damped vibrations (oscillations that decrease in amplitude 
as time progresses). If there is no damping, then a = 0 and the oscillations do 
not decrease in magnitude. 


Representative examples of the motion that occurs in these three cases are 
shown in Figure 3.10, parts (a)—(c). When damping is present, it follows from 
equations (9a)-(9c) that lim, ,,, v(@) = 0 for any choices of c, and c,. This is to 
be expected, since energy is dissipated and any initial disturbance will diminish 
in strength as time increases. 


Vibrations and Periodic Functions 


As a special case, assume that damping is absent; that is, y = 0. In this case, 
a = 0 and solution (10) reduces to 


y(t) = Rcos (VEr-5}, (11) 


If we set wm = \/k/m, equation (11) becomes 
y(t) = Rcos(wt — 4). (12) 


In this case, the amplitude of the vibrations remains constant and equal to R. 
The function y(¢) in (12) is an example of a periodic function. 

In general, let f(t) be defined on —o0 < t < co ora < t < oo for some a. The 
function f(t) is called a periodic function if there exists a positive constant T, 
called the period, such that 


ft+T) =fO (13) 


for all values of t in the domain. The smallest value of the constant T satisfying 
(13) is called the fundamental period of the function. 
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Equation: y” + 4y’ + 3y = 0 


y(0) = 1, y(0) =-9 
Solution: y(t) = 4e~3!- 3e% 


(a) Overdamped motion 


Equation: y” + 2y’+17y = 0 


y(0) = 1, yO) =-5 
Solution: y(t) = e“(cos 4t — sin 4f) 


= \2e~ cos(4t + 7/4) 


(b) Underdamped motion 


Equation: y” + 16y = 0 
>t 


y(0) = 1, y’(0) =-4 
Solution: y(t) = cos 4t — sin 4t 


= V2 cos(4t + 77/4) 


(c) Undamped motion 


FIGURE 3.10 


Examples of (a) overdamped motion, (b) underdamped motion with 
nonzero damping, and (c) undamped motion. 
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The basic qualitative feature of a periodic function is that its graph repeats 
itself. If we know what the graph looks like on any time segment of duration 
T, we can obtain the graph on the entire domain simply by replicating this 
segment. Figure 3.11 provides an illustration. 


f(t) 
A 


a" 


FIGURE 3.11 


The graph of a periodic function repeats itself over any time period of 
duration T, where T is the fundamental period of the function. 


Consider again the solution y(t) = Rcos(t — 5) in equation (12). Since the 
cosine function repeats itself whenever its argument changes by 27, y(t) is a 
periodic function. To find the period for y(t), we set y+ 7) = y(t): 


yt+T) = Rcecoslw(t+T) — 46] 
= Reos[wt + wT — 5] 
= v(t), if wT = 2nz, n=1,2,.... 


Therefore, the function y(t) has fundamental period T = 27/w. In terms of the 
spring-mass system, T = 27/w is referred to as the fundamental period of 
the motion or simply the period. The period represents the time required for 
the mass to execute one cycle of its oscillatory motion. The motion itself is 
often referred to as periodic motion. The reciprocal of the period, f = 1/T, 
is called the frequency of the oscillations. The frequency represents the num- 
ber of cycles of the periodic motion executed per unit time. For example, if 
T =0.01 sec, the system completes 100 cycles of its motion per second. In 
current terminology, one cycle per second is referred to as one Hertz.° There- 
fore, we would say that the system oscillations have a frequency of 100 Hertz 
(100 Hz). From the relations T = 27/w and f = 1/T, it follows that w = 2zf. 
The constant w is called the angular frequency or the radian frequency. It 
represents the change, in radians, that cos(wt — 6) undergoes in one period. 
It’s worthwhile to check that the model predictions are consistent with 
our everyday experience. In the absence of damping, angular frequency is 
w= ./k/m and frequency is f = (1/27)./k/m. Frequency therefore increases 
as either k increases or m decreases. Thus, when a given mass is attached in 
turn to two springs of differing stiffness, the model predicts it will vibrate more 
rapidly when suspended from the stiffer spring. Likewise, if two bodies of dif- 


Heinrich Hertz (1857-1894) was a German physicist who confirmed Maxwell's theory of electro- 
magnetism by producing and studying radio waves. He demonstrated that these waves travel at the 
velocity of light and can be reflected, refracted, and polarized. The unit of frequency was named 
in his honor. 
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fering mass (and therefore weight) are suspended from the same spring, the 
smaller mass will vibrate more rapidly than the larger mass. 

Now consider what happens when damping is added. The solution y(¢) in 
equation (10) has the form 


y(t) = Re“ cos(Bt — 8), (14) 
where 
y V4km — y? 


t= and B= Fa 
Equation (14) predicts that when two different masses are attached to a spring- 
dashpot system having the same damping coefficient y and spring constant k, 
the solution envelope of the larger mass (the heavier body) will decrease more 
slowly with time because the associated value a@ is smaller. 

Note also that the introduction of damping changes the cosine term in 
equation (12) from cos[(,/k/m)t — 6], when damping is absent, to 


c= 
cos | ——————_-t— 6 ], 


2m 


when damping is present. Since 


[k WV4km— y? 
m 2m , 


the introduction of damping causes the vibrations to “slow down” while simul- 
taneously being reduced in amplitude. 

Are these model predictions consistent with your everyday experience? 
What experiments might test these predictions, both qualitatively and quan- 
titatively? 

We conclude this section with two examples illustrating the motion of a 
spring-mass-dashpot system. 


A block weighing 8 lb is attached to the end of a spring, causing the spring to 
stretch 6 in. beyond its natural length. The block is then pulled down 3 in. and 
released. Determine the motion of the block, assuming there are no damping 
forces or external applied forces. 


Solution: The motion of the block is governed by equation (3), 
my" +ky=0, 


along with the initial conditions of the problem. Assuming the gravitational 
constant to be g = 32 ft /sec* and noting that the weight is given by W = mg, 
we find the block has mass 


= 1 Ib-sec” 
™ =A ft 


[Note that 1 lb-sec?/ft = 1 slug.] The spring constant k can be determined by 
the fact that an 8-lb force (the weight of the block) causes the spring to stretch 


(continued) 
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(continued) 


6 in.; Hooke’s law implies k = 8 lb/in. = 16 lb/ft. Since 3 in. = ; ft, the initial 
value problem governing the motion is 
yy" +1l6y=0, yO)=}, yO)=0. (15) 


The units of y(t) are feet and of y'(t) are feet per second. The solution of the 
initial value problem is y(t) = - cos 8t. A graph of the block’s position, y(t), is 
shown in Figure 3.12(a). 


>t 


—0.2 - 


-0.4- 0.44 


(a) (b) 
FIGURE 3.12 
(a) The position, y(t), of the mass in Example 1 (no damping). 


(b) The position, y(t), of the mass in Example 2 (includes damping). 


Consider the spring-mass system in Example 1. Assume that damping is present 
and that the damping coefficient is given by y = 1 lb-sec/ft. Determine the mo- 
tion of the block. 


Solution: To account for the assumed damping force, the equation of Exam- 
ple 1 will be modified to include a damping term yy’, where y = 1: 
4y" + y' + léy =0. 
Therefore, the initial value problem governing the motion of the block is 
y"+4y'+64y=0, (0) = §, y'(0) = 0. 
The general solution is 


y(t) =e 7 le: cos(2V151) +c, sin(2V150)| 


Imposing the initial conditions y(0) = i and y’(0) = 0, we obtain 


i 9 | 1. 
t) = —e cos(2v 15t) + —=sin(2V151)|. 
y@ 4 ( ) Vis ( ) 
The graph of y(t) is shown in Figure 3.12(b). The block still oscillates about 
its equilibrium position, but the envelope of the oscillations decreases with 
time. * 


EXERCISES 
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1. The given function f(t) is periodic with fundamental period T; therefore, 


f(t+T) =f (®. Use the information given to sketch the graph of f(t) over the time 
interval 0 < t < 47. 


1, O<t<3 
(a) fO=t2-fH, OK<t<2, T=2 (b) f= , T=2 
0, 2<t<2 
(c) f@ eer oe. ged (d) f®=-14+4, O<t<2, T=2 
= = = < = 
. tap, Defer cee eee 
(e) f® =2e", O<t<1, T=1 (f) fO=sint, OK<t<z, T=n2 
2sinzt, O<t<1 
t)= =  f=2 
(g) FO 6 (s 
Exercises 2-8: 
These exercises deal with undamped vibrations of a spring-mass system, 
my"+ky=0, yO)=y¥, = y'(0) =. (16) 


Use a value of 9.8 m/s” or 32 ft/sec’ for the acceleration due to gravity. 


2. A 10-kg mass, when attached to the end of a spring hanging vertically, stretches the 


spring 30 mm. Assume the mass is then pulled down another 70 mm and released 
(with no initial velocity). 


(a) Determine the spring constant k. 


(b) State the initial value problem (giving numerical values for all constants) for y(‘), 
where y(t) denotes the displacement (in meters) of the mass from its equilibrium 
rest position. Assume that y is measured positive in the downward direction. 


(c) Solve the initial value problem formulated in part (b). 


. A 3-kg mass is attached to a spring having spring constant k = 300 N/m. At time 


t = 0, the mass is pulled down 10 cm and released with a downward velocity of 100 
cm/s. 


(a) Determine the resulting displacement, y(Z). 


(b) Solve the equation y’'(t) = 0,t > 0, to find the time when the maximum down- 
ward displacement of the mass from its equilibrium position is first achieved. 


(c) What is the maximum downward displacement? 


. A20-kg mass was initially at rest, attached to the end of a vertically hanging spring. 


When given an initial downward velocity of 2 m/s from its equilibrium rest posi- 
tion, the mass was observed to attain a maximum displacement of 0.2 m from its 
equilibrium position. What is the value of the spring constant? 


. A 9-lb weight, suspended from a spring having spring constant k = 32 lb/ft, is per- 


turbed from its equilibrium state with a certain upward initial velocity. The ampli- 
tude of the resulting vibrations is observed to be 4 in. 


(a) What is the initial velocity? 
(b) What are the period and frequency of the vibrations? 


. (a) Derive an expression for the amplitude of the undamped vibrations modeled by 


equation (16). [Hint: From equations (10)—-(12), the general solution of my” + ky = 0 
is y =c, cos Bt +c, sin Bt. The amplitude R is given by R = ,/cj +3. Use the initial 


conditions in equation (16) to determine c, andc,. Your expression for R will involve 


Yo. Vo, and B = \/k/m.] 
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(b) Two experiments are performed. A mass is given an initial downward displace- 
ment y, and then released with a downward initial velocity y). Next, the mass is 
given the same downward displacement y,, but this time released with an upward 
initial velocity —yg. Which experiment (if any) would you expect to yield the larger 
amplitude? Using the result of part (a), compare the amplitudes of the resulting 
vibrations. 


. A 4-kg mass was attached to a spring and set in motion. A record of the displace- 


ments was made and found to be described by y(t) = 25 cos(2t — 7/6), with dis- 
placement measured in centimeters and time in seconds. Determine the initial 
displacement yo, initial velocity yp, spring constant k, and period T of the vibra- 
tions. 


. The graph shows the displacement from equilibrium of a mass-spring system as a 


function of time after the vertically hanging system was set in motion at t = 0. 
Assume that the units of time and displacement are seconds and centimeters, re- 
spectively. 

(a) What is the period T of the periodic motion? 

(b) What is the frequency f (in Hertz)? What is the angular frequency w (in rad/sec)? 
(c) Determine the amplitude R and the phase angle 6 (in radians), and express the 
displacement in the form y(t) = Rcos(ot — 5), with y in meters. 


(d) With what initial displacement y(0) and initial velocity y'(0) was the system set 
into motion? 


Figure for Exercise 8 


The first t-intercept is (3, 0), and the 
first minimum has coordinates (3, —3). 


9. A spring-mass-dashpot system consists of a 10-kg mass attached to a spring with 


spring constant k = 100 N/m; the dashpot has damping constant 7 kg/s. At time 
t = 0, the system is set into motion by pulling the mass down 0.5 m from its equi- 
librium rest position while simultaneously giving it an initial downward velocity of 
1 m/s. 

(a) State the initial value problem to be solved for y(t), the displacement from equi- 
librium (in meters) measured positive in the downward direction. Give numerical 
values to all constants involved. 


10. 


11. 


12. 


13. 


3.6 Unforced Mechanical Vibrations 153 


(b) Solve the initial value problem. What is lim ,_,,, y(t)? Explain why your answer 
for this limit makes sense from a physical perspective. 


(c) Plot your solution on a time interval long enough to determine how long it takes 
for the magnitude of the vibrations to be reduced to 0.1 m. In other words, estimate 
the smallest time, t, for which | y(¢)| < 0.1m, 1 <t < oo. 


A spring and dashpot system is to be designed for a 32-lb weight so that the overall 
system is critically damped. 


(a) How must the damping constant y and spring constant k be related? 


(b) Assume the system is to be designed so that the mass, when given an initial 
velocity of 4 ft/sec from its rest position, will have a maximum displacement of 
6 in. What values of damping constant y and spring constant k are required? 


A 4-kg mass is attached to a spring having spring constant k = 100 N/m. The sys- 
tem is set in motion and measurements are taken. A dashpot is then attached and 
the experiment repeated. It is observed that the time interval between successive 
zero crossings is 20% larger for the damped vibration displacement than for the 
undamped vibration displacement. What is the damping constant y? 


A spring-mass-dashpot system is released from rest with an initial displacement 

given by y(0) = yg. Consider the following question: “What happens to the displace- 

ment y(t) if we keep the values of mass m and spring constant k fixed but increase 

the damping constant y?” In particular, select an arbitrary but fixed time t > 0, think 

of the solution y(f) as being a function of the damping constant y, and determine 

lim ,_,,,7(0). Do you have any intuitive insight as to what the answer should be? 
Develop the answer with the following steps. 


(a) Show that the roots of the characteristic polynomial are 


heen Jy? —4mk pee 4 Vy = 4k 
| 2m 2m d 7 2m 2m , 


Solve the initial value problem, assuming the system to be overdamped. Express the 
solution in terms of the two roots 4, and A,. (Since we are interested in the system's 
behavior for large values of y, the overdamped assumption is appropriate.) 


(b) Show that lim A, = 0. 


(c) Use the results of parts (a) and (b) to determine lim poo (with k,m, and 
t > 0 fixed). What is the physical meaning of your answer? Does it agree with your 
intuition? Does it make physical sense in retrospect? 


A, = —oo and lim 


yoo yoo 


In this problem, we explore computationally the question posed in Exercise 12. 
Consider the initial value problem 


ytyy+y=0, yO=H1,  y(0)=0, 


where, for simplicity, we have given the mass, spring constant, and initial displace- 
ment all a numerical value of unity. 


(a) Determine y,,;,, the damping constant value that makes the given spring-mass- 
dashpot system critically damped. 


(b) Use computational software to plot the solution of the initial value problem 
for y = Yority 2Vcrit» aNd 20y,,;, Over a common time interval sufficiently large to 
display the main features of each solution. What trend do you observe in the behav- 
ior of the solutions as y increases? Is it consistent with the conclusions reached in 
Exercise 12? 


154 


CHAPTER 3 Second and Higher Order Linear Differential Equations 


3.7 The General Solution of a Linear 
Nonhomogeneous Equation 


We consider the linear second order nonhomogeneous differential equation 
y"+ py +q0y=e0, a<t<b (1) 


and ask, “What is the general solution of this equation?” 


The General Solution 


We begin by posing a second question: “To what extent can two solutions of 
equation (1) differ from one another?” Once we can answer this question, we 
will know how every solution of equation (1) is related to a single particular 
solution that we may somehow have found. 

Assume we have two solutions of nonhomogeneous equation (1); call them 
u(t) and v(t). Since both are solutions, 


u" + p(t)u'+q@u=eg(t) and v"+ pi)’ +q@v=ge), a<t<b. (2) 
Subtracting, we obtain 
[u” —v"] + pO’ -v']+qOlu -v] = g@ -—2g@ =0, a<t<b. 


Therefore, the difference function, w(t) = u(t) — v(t), is a solution of the asso- 
ciated linear homogeneous equation: 


y" + py’ + ay = 0. (3) 


Now, let yp(t) be a particular solution of equation (1) that we somehow have 
found. Let y(t) be any solution whatsoever of equation (1). As we saw above, 
the difference function y(t) — yp(f) is a solution of equation (3). Let y,(f) and 
y(t) form a fundamental set of solutions for the homogeneous equation (3). 
Since {y,,y } is a fundamental set of solutions, there are constants c, and c, 
such that 


y(t) — yp) = cy, (0) + ¢2y2 (0). 
Equivalently, 
y(t) = [cy +c292(0)] + yp). (4) 


Since y(t) was any solution whatsoever of equation (1), it follows that the gen- 
eral solution of (1) is given by (4). We can express result (4) in the following 
schematic form: 


The general solution of The general solution of A particular solution of 
the nonhomogeneous = the homogeneous + the nonhomogeneous 
equation equation equation. 


Note that the right-hand side of equation (4) contains two arbitrary constants 
c, and c, that we can select to satisfy given initial conditions, y(t)) = yo and 
y' (to) = Yo; we illustrate this point in Example 1. 

We call the general solution of the homogeneous equation the complemen- 
tary solution and denote it y,. The solution of the nonhomogeneous equation 


EXAMPLE 


ei 
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that we somehow have found is called a particular solution and is denoted by 
yp. If we use y to represent the general solution of nonhomogeneous equation 
(1), then the preceding schematic statement has the structural form 


y(t) =Ycet) + yp. (5) 


In Sections 3.8 and 3.9, we will discuss methods for finding a particular solu- 
tion, yp. For now, we illustrate equation (5) with an example. 


(a) Verify that yp(t) = 3t — 4 is a solution of y” — y' — 2y = 5 — 6t. 


(b) Use the result of (a) together with equation (5) to solve the initial value 
problem 


yl —y -2y=5- 6t, y(0) = 3, y'(0) = 11. 


Solution: 
(a) Inserting yp into the differential equation, we obtain 
Yp — Yp — 2yp = (0) — (3) — 2t— 4) =5 — Et. 


Therefore, yp = 3t — 4 is a particular solution of the nonhomogeneous dif- 
ferential equation. 


(b) The complementary solution of y” — y’ —2y =0 is ye(t) =cye! +c ,e"". 
Therefore, by equation (5), the general solution of y” — y’ — 2y = 5 — 6t is 
yO) = c(t) + yp), or 


y(t) =c,e' +c,e% + 3t — 4. 
Imposing the initial conditions, we obtain the system of equations 
cyt c,-4= 3 
—C€,+2c,+3=11. 


The solution of this system is c, = 2 and c, = 5. Thus, the solution of the 
initial value problem is 


y(t) = 2e* + Se 4 3-4. & 


The Superposition of Particular Solutions 


As we noted in Section 3.2, the principle of superposition does not apply to 
nonhomogeneous linear equations. If u,(¢) and u,(t) are two solutions of the 
nonhomogeneous equation 


y" + py’ + ay =80, (6) 
where g(t) is nonzero, the sum w(t) = u(t) + u,(d) is not a solution of equation 
(6). In fact, when w = uw, + uw, is inserted into the left-hand side of (6), we obtain 

w" + p(t)w’ + q(t)w = g(t) +e@) = 2g(0). 


Therefore, w = u, + uw, is not a solution of equation (6). 
There is, however, a different form of superposition that applies to nonho- 
mogeneous equations. We state this result formally as a theorem since we will 
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Theorem 3.4 


EXAMPLE 
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EXERCISES 


find it useful in Sections 3.8 and 3.9, which deal with the practical aspects of 
finding a particular solution, yp, for equation (6). The proof is left as Exercise 13. 


Let u(t) be a solution of y” + p(t)’ + q(t)v =2,@,a <t <b. Let vi be 
a solution of y” + p(y’ + q@yv = 2,(t),a <t <b. Let a, and a, be any 
constants. Then the function yp(t) = a,u(t) + a,v(t) is a particular solution 
of 


y" + py’ + qOy = 412, 0) + a28)(0). 


Theorem 3.4 is a simplifying principle. For example, suppose we need to 
find a particular solution of 


y" + py’ + qy =e” + cost. (7) 
It often is simpler to separately find a particular solution u, that solves 
y" + pOy’ + ay =e 
and then find a particular solution u, that solves 
y" + py’ + qy = cost. 
The desired particular solution of (7) is yp(t) = u(t) +. u, (0). 


We ask you to show in Exercise 3 that u(t) = 2e™ is a particular solution of 
y" — y’ — 2y = 20e*’. Recall from Example 1 that v(t) = 3¢—4 is a particular 
solution of y” — y’ — 2y = 5 — 6t. Find the general solution of 


y! — y' — 2y = —5e + 20 — 241. 
Solution: Applying Theorem 3.4, we know that a particular solution of the 
equation 
y" — yy —2y = —5e* + 20 — 24¢t 
is 
yp(t) = —4u(t) + 4v@ = —Ze* + 12t — 16. 
Therefore, the general solution is 


y(t) = yet) + yp) = ce +.c,e% — Fe" + 12t— 16. + 


Exercises 1-12: 


(a) Verify that the given function, y,(¢), is a particular solution of the differential equa- 
tion. 


(b) Determine the complementary solution, y-(f). 


(c) Form the general solution and impose the initial conditions to obtain the unique 
solution of the initial value problem. 
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1. y’—2y'-3y=-9t-3, yO)=1, yvO)=3, ypt)=3t-1 
2. y” —2y'-—3y=e7%, yO) =1, y'O)=0, yp(t) =—e7/3 
3. y"— y'—2y =20e%, y(0)=0, y'(O)=1, yp(t) = 2e% 
4. y"—y'-2y=10, y(-1=0, y(-1)=1, y@=-5 
5.y"+y =2t, yd)=1, yvd)=-2, yp@=0 -2t 
6. y"+y =2e*, yO=2, yYO=2, »,.0=—2ie* 
7.y"+y=2t—3cos2t, y0)=0, y(0)=0, yp) = 2t+cos2t 
8. y"+4y=10e°7%, yor) =2, yr) =0, yp(t) = 2e°* 
9. y”— 2y'+2y=10, y0)=0, y(0)=0, yp(t)=5¢+1)* 
10. y"—2y'+2y=5Ssint, y(/2)=1, y'(z/2)=0, yp(t) =2cost+sint 
11. y"—2y'+y=e', yO)=-2, y(O)=2, yplt) = 407e 
12. y"—2y +y=44+42sint, yO)=1, y¥O=3, yp) =2+4t+10+cost 
13. Assume that u(t) and v(t) are, respectively, solutions of the differential equations 


u"+ pu'+qQHu=g,() and v"+ pv’ + qv =g,(), 


where p(t), g(t), g; (0), and g, (f) are continuous on the f-interval of interest. Let a, and 
a, be any two constants. Show that the function y,(t) = a,u(t) + a,v(t) is a particular 
solution of the differential equation 


y" + py’ + ay = 4,8, (0) + a8, (0) 
on the same f-interval. 

Exercises 14-16: 

The functions u, (f), u,(t), and u,(t) are solutions of the differential equations 
uy + p(tu, + qu, =2e' +1, uy + pu, + qu, = 4, 
u; + p(t)u; + qu; = 30. 

Use the functions uw, (f), u,(t), and u,(¢) to construct a particular solution of the given 

differential equation. 

14. y"+ py’ + q@y =e 15. y+ py’ + q@y =t+2 

16. y"+ py’ + q@y =e’ +t+1 

Exercises 17-21: 


The function y,(¢) is a particular solution of the given differential equation. Determine 
the function g(f). 


17. y"+y¥-y=80, yOQ=e"-? 

18. y’—2y' =e), ypQ=3t+vi, t>0 
19. ty’ + e'y'+2y=e(1), yp(t)=3t, t>0 
20. y’+y=a(t), yp=mM(1+n), t>-1 
21. y+ (sindy +ty=20), ypH=tt+1 
Exercises 22-26: 


The general solution of the nonhomogeneous differential equation y” + ay’ + By = g(t) 
is given, where c, and c, are arbitrary constants. Determine the constants a and £ and 
the function g(f). 


22. y(t) =c,e' +c,e7% + 2e°-7 23. yO =e, te,e7 +2 
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24. y(t) =c,e' +-c,te' + te! 25. y(t) =c,e' cost +c,e' sint+e'+sint 
26. y(t) =c, sin2t+c,cos2t—1+sint 


3.8 The Method of Undetermined Coefficients 


In Section 3.7, we discussed the structure of the general solution for the non- 
homogeneous equation 


y+ py +q0y=e0, a<t<b. 


We saw that the general solution has the form 


yt) = VoD + yp, (1) 


where yc is the general solution of the homogeneous equation y" + p(t)y’+ 
q(t)y = 0 and yp is a particular solution of the nonhomogeneous equation 
y" + p@y’ + ay = ge). 

In this section, we describe a technique that often can be used to find a par- 
ticular solution, yp. The technique is known as the method of undetermined 
coefficients. 

We first illustrate the method through a series of examples. Later, we sum- 
marize the method in tabular form. In Section 3.9, we describe a different 
technique for finding a particular solution, the method of variation of param- 
eters. 

Before we discuss these two methods for obtaining a particular solution, 
it’s worth stating the procedure that should be followed to obtain the general 
solution (1): 


1. The first step is to find the complementary solution, yc. As you will see, 
knowledge of the complementary solution is a prerequisite for using ei- 
ther the method of undetermined coefficients or the method of variation 
of parameters. 


2. Next, use undetermined coefficients or variation of parameters (or any- 
thing else that works) to find a particular solution, yp. 


3. Finally, obtain the general solution by forming yc + yp. 


If you are solving an initial value problem, the initial conditions are imposed 
as a last step, step 4. 


Introduction to the Method of Undetermined Coefficients 
Consider the nonhomogeneous differential equation 
ay” + by’ + cy =g(), (2) 


where a, b, and c are constants. You will see that we can guess the form of 
a particular solution for certain types of functions g(t). Example 1 introduces 
some of the main ideas. 


EXAMPLE 


1 
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Find the general solution of the nonhomogeneous equation 


y" _ y’ = 2y _ 8e2!. 


Solution: We always begin by finding the complementary solution, y,. The 
characteristic polynomial for y’ — y'—2y=0 is A7—-A-—2=(A+ 1)A—2). 
Therefore, the complementary solution is 


yo =c,e* +c ,e7. 
We now look for a particular solution, a function y(t) such that 
P 
Vp — Vp — 2yp = 8e™. (3) 


Since all derivatives of y = e* are again multiples of e*, it seems reasonable 
that a particular solution might have the form 


yp = Ae™, 


where A is a coefficient to be determined. Inserting yp = Ae* into equation (3), 
we obtain 


9Ae* — 3Ae** — 2(Ae*) = 8e*". 


Collecting terms on the left-hand side yields 44e* = 8e*’. Therefore, A = 2, and 
yp(t) = 2e* is a particular solution of the nonhomogeneous equation. 

Having the complementary solution y, and a particular solution yp, we 
form the general solution of the nonhomogeneous equation 


y(t) =yof) + yp) =c,e! +c,e7 + 27". & 


Example 1 suggests a reasonable approach to finding a particular solution, 
yp. If the right-hand side of nonhomogeneous equation (2) is of a certain special 
type, then it might be possible to guess an appropriate form for yp. The method 
of undetermined coefficients amounts to a recipe for choosing the form of yp. 
This recipe involves unknown (or undetermined) coefficients that must be eval- 
uated by inserting the form, yp, into the differential equation. (The role that the 
complementary solution plays in this process will be clarified shortly.) 


Trial Forms for the Particular Solution 


The method of undetermined coefficients can be applied to differential equa- 
tions of the form 


ay” + by’ + cy =g(), 


where a, b, andc are constants and where the nonhomogeneous term g(t) is one 
of several possible types. It’s important to understand what types of functions 
g(t) are suitable and why. To gain insight, we start with some examples. 

The first few examples will treat, for various right sides g(d), the differential 
equation 


y” — y' — 2y =g(0). (4) 
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EXAMPLE 


2 


Equation (4) with g(t) = 8e* was discussed in Example 1; the complementary 
solution of (4) is 


yet) =c,e* +c,e”. 


Find the general solution of 

y" — y' — 2y = 42’. 
Solution: We already know the complementary solution from Example 1. 
Therefore, we can form the general solution after finding a particular solution. 


Following the approach taken in Example 1, we are tempted to look for a 
solution of the form 


yp(t) = AC. 


where A is an unknown (undetermined) coefficient. The guess yp(t) = At’, how- 
ever, does not work because forming the first and second derivatives of t? gener- 
ates multiples of some new functions, ¢ and 1. In particular, this guess leads to 
a contradiction when the trial form yp(f) = At’ is inserted into the differential 
equation. 

Instead, we assume a particular solution of the form 


yp(t) = At? + Bt +C, 
where the constants A, B, and C must be chosen so that 
Yp— Yp— 2yp = 40°. 
Substituting yp, we obtain the condition 
(2A) — (2At + B) — 2(At’? + Bt + C) = 40° 
or, after collecting terms, 
—2At? — (2A + 2B)t + (2A — B—2C) = 42. (5) 


This equality must hold for all ¢ in the interval of interest. Therefore, the co- 
efficients of #7, t, and 1 on the left-hand side of this equation must equal their 
counterparts on the right-hand side. We obtain the following three equations 
for the three unknown coefficients A, B, and C. 

—2A =4 

—2A — 2B =0 (6) 

2A—- B-—2C=0. 

The solution of this system is A = —2, B = 2, C= —3. Therefore, a particular 
solution is given by 


yp(t) = —227 + 2t — 3. 
The desired general solution is y(t) = yc() + yp(t), or 


y(t) =c,e* +c,e"% — 2° +2t-3. > 


EXAMPLE 


3 
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REMARKS ABOUT EXAMPLE 2: 


1. In retrospect, it is clear why our first guess, yp(t) = At’, failed. Substi- 
tution into the nonhomogeneous equation leads [see system (6)] to the 
contradictory constraints —2A = 4, -2A = 0, 2A = 0. The emergence of 
such contradictions is a clear indicator that the assumed form for the 
particular solution is incorrect. 


2. The assumed form yp(t) = At? + Bt + C of the particular solution is ap- 
propriate because of another fact that we did not mention—none of the 
functions 1, ft, or f* is a part of the complementary solution, yc. If one of 
these functions had been part of the complementary solution, then (see 
Examples 4 and 5) our guess would have failed. 


Find the general solution of 


y" — y' — 2y = —20sin 2z. 


Solution: The complementary solution is 
yo) =cye* +c,e". 


In choosing a guess for the particular solution, we observe that differentiation 
of the right-hand side, 


g(t) = —20sin 2zr, 


produces a multiple of cos 2t¢ but that continued differentiation of the set of 
functions {sin 2t, cos 2t} simply produces multiples of the functions in the set. In 
addition, neither of the functions sin 2t or cos 2¢ appears as part of the comple- 
mentary solution. Therefore, we choose the following trial form for a particular 
solution: 


yp(t) = Asin 2t+ Bcos2t. 
Substituting the trial form yp(t) = A sin 2t + B cos 21, we obtain 
Yp — Vp — 2p = —20sin 21, 
or 
(4A sin 2t— 4B cos 2t)— (2A cos 2t — 2B sin 2t) —2(A sin 2t+ B cos 2t) = —20 sin 2r. 
Collecting like terms reduces this equation to 
(—6A + 2B) sin 2t — (2A + 6B) cos 2t = —20sin 2t. 


Since this equation must hold for all ¢ in the interval of interest, it follows that 


—6A + 2B = —20 
-2A-—6B= _ 0. 
The solution of this system is A = 3 and B = —1, leading to a particular solution 


yp(t) = 3.sin 2t — cos 2t 
and the general solution 


y(t) =cye' +c e" + 3 sin 2t — cos 2t. + 
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EXAMPLE 


4 


EXAMPLE 
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Our next two examples illustrate how the trial form for yp must be modi- 
fied if portions of g(t) or derivatives of g(t) are present in the complementary 
solution. 


Find the general solution of 
y" —y —2y =4e™. 
Solution: In this case, we observe that the function e~“ is a solution of the ho- 


mogeneous equation. To illustrate that the trial form yp(t) = Ae is not correct, 
we substitute it into the differential equation, obtaining 


Ae — (—Ae™) — 2Ae™ = 4e™, 

or 

OAe = 4e™. 
Since the condition 0A = 4 cannot hold for any value A, the assumed form of 
the trial solution is not correct. 

We obtain the correct form for a particular solution of y” — y’ — 2y = 4e~ 

if we multiply e‘ by t—that is, if we assume a trial solution of the form 

yp(t) = Ate. (7) 


At first glance, it may seem surprising that this form is correct. Nevertheless, 


when we substitute yp(t) = Ate‘, we obtain 
(Ate~t — 2Ae~*) — (—Ate~t + Ae~‘) — 2Ate™? = 4e7t, (8) 
or 
—3Ae* = 4e. 
This equation is satisfied by choosing A = —}, leading to a particular solution 
yp(t) = —Fte* 


and the general solution 


y(t) =yelt) + yp) = ce! +c,e" — 4te". 


REMARK: In retrospect, it should be clear why the te terms vanish on the 
left-hand side of equation (8). After yp(t) = Ate is substituted into the dif- 
ferential equation, the terms that survive as te~’ terms are precisely those in 
which differentiation under the product rule has acted on the e factor and 
not on the ¢ factor. Such terms ultimately vanish because e~“ is a solution of the 
homogeneous equation. 


Find the general solution of 
t 


y+ 2y' + y= 2e%. 


Solution: For this problem, the homogeneous equation has characteristic 
equation A*74+24+1=(A+1)?=0. We obtain two real repeated roots, 
A, =4, =-—1, and the complementary solution is 


yc(t) =cye ' +c5te*. 
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It’s clear that a guess of the form 
yp(t) = Ae 


will not be the appropriate form for a particular solution, because e‘ is a 


solution of the homogeneous equation. A guess of the form yp(t) = Ate‘ will 
fail for the same reason. It’s perhaps not surprising that a guess of the form 


yp(t) = Ate 
does work. Substituting this form of the trial solution leads to 
(At?e — 4Ate' + 2Ae) + 2(-At’e + 2Ate“) + At?e = 2e7. 
Simplifying, we obtain 
2Ae' = 2e", 


so 2A = 2 and hence yp(f) = t?e '. The general solution is 


y(t) =cye' +ente'+0e". % 


A Table Summarizing the Method 
of Undetermined Coefficients 


We summarize the method of undetermined coefficients in Table 3.1. The 
method applies to the nonhomogeneous linear differential equation 


ay” + by’ + cy =g(), 


where a, b, and c are constants and g(t) has one of the forms listed on the left- 
hand side of the table. The corresponding form to assume for the particular 
solution is listed on the right-hand side of the table. The forms listed in Table 3.1 
will work; that is, they will always yield a particular solution. In the Exercises, 
we ask you to solve problems using Table 3.1. The role of the factor t’ in the 


TABLE 3.1 


The right-hand column gives the proper form to assume for a particular solution of 

ay” + by’ + cy= g(t). In the right-hand column, choose rto be the smallest nonnegative integer such 
that no term in the assumed form is a solution of the homogeneous equation ay” + by’ + cy=0. The 
value of rwill be O, 1, or 2. 


Form of g(t) Form to Assume for a Particular Solution yp(t) 
a,t +---+a,tt+d, CA, t' +---+A,t+Aol 
[a,t" +--+ +a,t+ayle™ U[A,t" +---+A,t+Agle™ 
[a,t” +---+a,t+a,] sin pt 
or UU(A,t” +---+A,t+ Ap) sin Bt + (B,t" + ---+ B,t+ By) cos Br] 

[a,t” +---+a,t+a,]cos Bt 
e“ sin ft or e” cos ft t'[Ae™ sin Bt + Be“ cos Bt] 
e“[a,t" +++» +d 9] sin Bt 

or (A, t" +---+A,)e“ sin Bt + (B,t" +---+B,)e“ cos Br] 
ela," +--+ +a,] cos Bt 
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EXAMPLE 
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right-hand column of Table 3.1 is to ensure that no term in the assumed form 
for yp is present in the complementary solution. You need to choose the proper 
value for r; the procedure for doing so is described in the table. 


Using Table 3.1, choose an appropriate form for a particular solution of 


(a) y” +4y =te* (b) y” + 4y = te” cost 


(c) y" + 4y = 20? + 5 sin 2t + e* (d) y’ + 4y = 2’ cos 2t 
Solution: We note first that the complementary solution for each of parts 


(a)-(d) is 
yc(t) = c, sin 2t +c, cos 2t. 


(a) For g(t) = ’e*, Table 3.1 specifies yp(t) = t’[Ajt? + Ayt + Aple™. If r = 0, no 
term in the assumed form for yp is present in the complementary solution. 
So the appropriate form for a trial particular solution is 


yp(t) = [Apt”? + At + Agle*. 
(b) For g(t) = te” cost, the specified form is 
yp(t) = t'[(Ayt + Ape” sint + (B,t + By)e” cos]. 


Ifr = 0, no term in the assumed form for yp is present in the complementary 
solution. So the appropriate form for a trial particular solution is 


yp(t) = (A,t + Ape” sint + (B,t + Bye” cost. 


Note that the nonhomogeneous term g(t) = 2/7? +5sin2t+e* does not 
match any of the forms listed in Table 3.1. However, we can use the super- 
position principle described by Theorem 3.4. Suppose w(t) is a particular 
solution of 


(c 


Ne 


y" + 4y = 20, 
v(t) is a particular solution of 
y” + 4y = 5sin2z, 
and w(t) is a particular solution of 
y+ 4y =e™. 
By Theorem 3.4, yp(f) = u(t) + vit) + w(d) is a particular solution of 
y" + 4y = 2 4+ 5sin2t+e™. (9) 


To determine the individual particular solutions u(t), v(t), and w(t), we 
turn to Table 3.1 to find suitable trial forms. In particular, an appropriate 
trial form for y” + 4y = 2¢7 is u(t) = Ajt* + Ayt + Ap. A suitable trial form for 
y” + 4y = 5sin2zr is the function v(t) = Bot cos 2t + Cot sin 2t and a suitable 
trial form for y" + 4y = e* is w(t) = Dye™. (In the first and last cases, r = 0. 


EXERCISES 
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In the second case, r = 1.) Therefore, 
yp(t) = Ant” + A,t +.Ap + Bot cos 2t + Cot sin 2t + Dye*. 
(d) For g(t) = t’ cos 2t, Table 3.1 prescribes the form 
yp(t) = f[(Agt” + At + Ap) sin 2t + (B,t” + Byt + By) cos 22]. 


If we set r = 0, the assumed form for yp(¢) will contain two terms, A, sin 2t 
and B, cos 2t, that are solutions of the homogeneous equation. Therefore, 
r cannot be zero. With r = 1, we see that no term in the assumed form is a 
solution of the homogeneous equation. Therefore, the appropriate form is 
yp(t) = t[(A,t” + A,t+A,) sin 2t + (Byt” + B,t + By) cos 2¢] 
= (Ajt? +A,0? + Aof) sin 2t + (Byt? + B,t? + Bot) cos 21. * 


Although we presented Table 3.1 in the context of discussing nonhomo- 
geneous constant coefficient second order linear differential equations, the 
method of undetermined coefficients is not restricted to second order equa- 
tions; the ideas extend naturally to nonhomogeneous constant coefficient linear 
equations of order higher than two. 


Exercises 1-15: 

For the given differential equation, 

(a) Determine the complementary solution. 

(b) Use the method of undetermined coefficients to find a particular solution. 


(c) Form the general solution. 


1. y" — 4y = 40 2. y" — 4y = sin 2t 3. y+ y= Be' 
4. y"+ y=e'sint 5. y" — 4y' + 4y =e” 6. y" — 4y' + 4y = 8 + sin 2r 
7. y" +2y'+2y=0 8. 2y" — 5y’ + 2y = te! 9. y+ 2y'+2y=cost+e 
10. y+ y' = 60 11. 2y" —5y' + 2y = —6e"/? 
12. y"+ y' =cost 13. 9y" — 6y'+ y = 9te!? 
14. y" + 4y' + 5y = 5t+e7 15. y" + 4y' + 5y = 2e°* + cost 


Exercises 16-22: 

For the given differential equation, 

(a) Determine the complementary solution. 

(b) List the form of particular solution prescribed by the method of undetermined co- 
efficients; you need not evaluate the constants in the assumed form. [Hint: In Exer- 
cises 20 and 22, rewrite the hyperbolic functions in terms of exponential functions. 
In Exercise 21, use trigonometric identities. ] 

16. y" — 2y' — 3y = 2e ‘cost +0? + te*™ 17. y+ 9y =f cos3t+4sint 

18. y’—-y =P(2+e') 19, y" — 2y'+ 2y =e" sin 2t + 2t + te“ sint 

20. y’ — y=cosht + sinh 2r 21. y” + 4y = sint cost + cos* 2t 

22. y’ + 4y =2 sinht cosh ¢ + cosh’t 
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Exercises 23-27: 


Consider the differential equation y” + wy’ + By = g(t). In each exercise, the complemen- 
tary solution, y,(t), and nonhomogeneous term, g(t), are given. Determine a and £ and 
then find the general solution of the differential equation. 


23. y-(t) =c,e*+c,e", g(t) = 4¢t 
24. y-(=c,+c,e", gt=t 


25. y(t) =cje *+c,te%, g(t) =5sint 


26. y-(t) =c,cost+c,sint, g(t) =t+sin2t 
27. y-(t) =c,e' cos2t+c,e‘sin2t, g(t) = 8e* 


Exercises 28-30: 


Consider the differential equation y” + wy’ + By = g(t). In each exercise, the nonhomo- 
geneous term, g(t), and the form of the particular solution prescribed by the method of 
undetermined coefficients are given. Determine the constants w and f. 


28. g(t) =t+e™, yp(t) =A,t? + Agt + Byte* 
29. g(t) =3e% -e 7% +t, yp(t) =Apte* + Bote * +C,t+C, 
30. g(t) = —e' + sin 2t +e’ sin 2z, 
yp(t) = Age’ + Bot cos 2t + Cot sin 2t + Dye’ cos 2t + Ene’ sin 2t 


31. Consider the initial value problem y” + 4y =e“, y(0) = yo, v'(0) = yp. Suppose we 
know that y(t) > 0 as t > oo. Determine the initial conditions yy and yp as well as 
the solution y(¢). 


32. Consider the initial value problem y” — 4y =e, y(0) = 1, y'(0) = yo. Suppose we 
know that y(t) > 0 ast > oo. Determine the initial condition yj as well as the solu- 
tion y(Z). 


33. Consider the initial value problem y” — y’ + 2y = 3, y(0) = yo, y'(0) = vy. Suppose we 
know that | y(t) | < 2 for all t > 0. Determine the initial conditions yy and yp as well 
as the solution y(?). 


Exercises 34-36: 


Consider the initial value problem y" + wy = g(t), y(0) = 0, y'(0) = 0, where o is a real 
nonnegative constant. For the given function g(t), determine the values of o, if any, for 
which the solution satisfies the constraint | y(t) | < 2,0 <t < 0. 


34. gf =1 35. g(t) = cos 2wt 36. g(t) = sinat 


37. Each of the five graphs on the next page is the solution of one of the five differen- 
tial equations listed. Each solution satisfies the initial conditions y(0) = 1, y’(0) = 0. 
Match each graph with one of the differential equations. 


: " _ 3t 
(a) y" + 3y'+2y = sint (b) y+ y=sint (c) y +y=sin > 


t 
(d) y" + By’ + 2y =e!!! (e) eS ee 


Complex-Valued Solutions Although we have emphasized the need to obtain real-valued, 
physically relevant solutions to problems of interest, it is sometimes computationally 
convenient to consider differential equations with complex-valued nonhomogeneous 
terms. The corresponding particular solutions will then likewise be complex-valued 
functions. Exercises 38 and 39 illustrate some aspects of this type of calculation. Exer- 
cises 40-44 provide some additional examples. 


38. Consider the differential equation y” + p()y’'+ q@y = g,(@) +ig,(@), where p(t), 
q(t), g,(t), and g,(f) are all real-valued functions continuous on some f-interval of 
interest. Assume that y,(t) is a particular solution of this equation. Generally, yp(d) 
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Graph E 


Figure for Exercise 37 


will be a complex-valued function. Let y,(¢) = u(t) + iv(t), where u(t) and v(f) are 
real-valued functions. Show that 


u" + pu’ +qHu=g,(t) and v"+ pv’ + qOv =2,(0). 


That is, show that the real and imaginary parts of the complex-valued particular 
solution, yp(t), are themselves particular solutions corresponding to the real and 
imaginary parts of the complex-valued nonhomogeneous term, g(t). 
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39. Consider the nonhomogeneous differential equation y’ — y =e’. The complemen- 
tary solution is ye =c,e' +c,e‘. Recall from Euler's formula that e'”’ = cos 2¢+ 
isin 2t. Therefore, the right-hand side is a (complex-valued) linear combination of 


functions for which the method of undetermined coefficients is applicable. 


(a) Assume a particular solution of the form yp, = Ae, where A is an undetermined 
(generally complex) coefficient. Substitute this trial form into the differential equa- 
tion and determine the constant A. 

i2t 


(b) With the constant A as determined in part (a), write y(t) = Ae’ in the form 


yp(t) = u(t) + iv(t), where u(é) and v(Z) are real-valued functions. 


(c) Show that u(t) and v(t) are themselves particular solutions of the following 
differential equations: 


u’ —u = Refe™] =cos2t and v” —v=Imfe™] = sin2z. 


Therefore, the single computation with the complex-valued nonhomogeneous term 
yields particular solutions of the differential equation for the two real-valued non- 
homogeneous terms forming its real and imaginary parts. 


Exercises 40-44: 
For each exercise, 


(a) Use the indicated trial form for y,(t) to obtain a (complex-valued) particular solution 
for the given differential equation with complex-valued nonhomogeneous term g(f). 


(b) Write yp(t) as yp(t) = u(t) + iv), where u(f) and v(t) are real-valued functions. Show 
that u(t) and v(t) are particular solutions of the given differential equation with 
nonhomogeneous terms Re[g(t)] and Im[g(t)], respectively. 

40. y’+2y'+y=e", yp(t) = Ae” 41. y"+4y =e", p(t) = Ae” 

42. y" + 4y = 7 yp(t) — Ate” 43. a ae y’ = et yp(t) = Ae! 

44. y"+y=elt y@) = Aellt 


3.9 The Method of Variation of Parameters 


Section 3.8 discussed the method of undetermined coefficients as a technique 
for finding a particular solution of the constant coefficient equation 


ay” + by’ + cy = g(t). (1) 


The method of undetermined coefficients can be applied to equation (1) as 
long as the nonhomogeneous term, g(t), is one of the types listed in Table 3.1 
of Section 3.8 or is a linear combination of types listed in the table. 

In this section, we consider the general linear second order nonhomoge- 
neous differential equation 


y" + py’ + ay =a. (2) 


Unlike in Section 3.8, we do not insist that this differential equation have con- 
stant coefficients or that g(t) belong to some special class of functions. The only 
restriction we place on differential equation (2) is that the functions p(d), g(t), 
and g(t) be continuous on the f-interval of interest. 

The technique we discuss, the method of variation of parameters, is one 
that uses a knowledge of the complementary solution of (2) to construct a 
corresponding particular solution. 


3.9 The Method of Variation of Parameters 169 


Discussion of the Method 


Assume that {y,(£), y(t} is a fundamental set of solutions of the homogeneous 
equation y” + p(t)y’ + qg(t)y = 0. In other words, the complementary solution is 
given by 


Ve) = C1, 9,0 +2 V2). 


To obtain a particular solution of (2), we “vary the parameters.” That is, we 
replace the constants c, and c, by functions u,(¢) and u,(t) and look for a 
particular solution of (2) having the form 


yplt) =47,0u,0 +472(t)u,(). (3) 


In (3), there are two functions, u(t) and u,(f), that we are free to specify. One 
obvious constraint on u,(¢) and u(t) is that they must be chosen so that yp is 
a solution of nonhomogeneous equation (2). Generally speaking, however, two 
constraints can be imposed when we want to determine two functions. We will 
impose a second constraint as we proceed, choosing it so as to simplify the 
calculations. 

Substituting (3) into the left-hand side of equation (2) requires us to com- 
pute the first and second derivatives of (3). Computing the first derivative leads 
to 


yp = [yey ot yquy] a [yu ne YoU]. 


The grouping of terms in this equation is motivated by the fact that we now 
impose a constraint on the functions w(t) and w(t). We require 


yu + V2 = 0. (4) 
With this constraint, the derivative of yp, becomes 
Vp = VU + Vou, (5) 
while y% is 
Vp = Vy + VpU + Yiu + YU. (6) 


Notice that the first and second derivatives of yp have been simplified and y; 


does not involve uw or wu. 
1 2 


Inserting yp=y,U,+y.uU, into the differential equation y" + p(t)y’ + 
q()y = g(t) and using (5) and (6), we find 


[vies + Vous + yyeey + YoU] + POLY My + Yoetg] + GOL ey + Y2tg] = BO. 
Rearranging terms yields 
[yi + POY + Oy ley + Ly + POY) + WOvaIu2 + [yi +24] =8O. (7) 
Since y, and y, are solutions of y" + p(y’ +q(y = 0, equation (7) reduces to 
Yiu + Youn = BO. (8) 


We therefore obtain two constraints, equations (4) and (8), for the two unknown 
functions u(t) and w(t). We can combine these two equations into the matrix 


equation 
yO yy] [uO _|0 sa 
VO mO} [OO] |g@]- 
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If the (2 x 2) coefficient matrix has an inverse, then we can solve equation (9) 
for the unknowns u(t) and u}(t). Once they are determined, we can find u, (1) 
and u,(t) by computing antiderivatives. 

The coefficient matrix in equation (9) is invertible if and only if its deter- 
minant is nonzero. Note, however, that the determinant of this matrix is the 
Wronskian of the functions y, and y,, 


WO) =y¥, 050 —y Ov. 


Since {y,(4),¥,(} is a fundamental set of solutions, we are assured that the 
Wronskian is nonzero for all values of ¢ in our interval of interest. Solving 
equation (9) for u and uw, gives 


uO) 1 | 2 2} | 0 
uy(t)| Wit) }-yiO yO] |gO! 


—y, Og) 
W(t) 


or 


yi, Og) 
W(t) ° 


Antidifferentiating to obtain u,(¢) and u(t), we have a particular solution, 
yp(t) =y, Ou, O +y2Quz(). 


Explicitly, the particular solution we have obtained is 


a ya(s)g(s) y, (s)g(s) 
yplt) = 9,0) / ES as-+ yal / Te (10) 


Once we calculate the two antiderivatives in equation (10), we will have deter- 
mined a particular function that solves the nonhomogeneous equation (2). 


“wo= and u5(t) = 


Find the general solution of the differential equation 

y” —2y' + y =e' Int, t=O, (41) 
Solution: Note that the nonhomogeneous term, g(t) = e‘ Int, does not appear 
in Table 3.1 as a candidate for the method of undetermined coefficients. Since 
the method of undetermined coefficients is not applicable, we turn to the 


method of variation of parameters. 
For equation (11), the complementary solution is 


yet) = cy, + cpv2(t) = cye’ +. cyte". 
Using variation of parameters to find a particular solution, we assume 
yp(t) = e'u, (t) + te'u,(t). 


Substituting this expression into the nonhomogeneous differential equa- 
tion (11) and applying the constraint from equation (4), e'u' () + teu (t) = 0, 


we obtain 
e! te! ui(t)| | 0 
e’ e'+te'| |u| Je! Int} 


EXAMPLE 


2 
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The determinant of the coefficient matrix is W(t) = e”. Solving this matrix 


equation gives 
u(t) —tlnt 
u5(t)| Int|~ 
Computing antiderivatives yields 
2 


2 
w= fuode=— frinede=-F Inet 54K, 


and 
w= [und =f Intdt =tlnt—t+K,. 


We can choose the constants of integration to suit our convenience because all 
we need is some particular solution, yp = y,u, +2 . For convenience, we set 
both K, and K, equal to zero and obtain 


2 2 


yp) =e" -5 Int+ . + te'[t Int — f] 


The general solution of equation (11) is, therefore, 


26 
t 3 
y(t) =cye' +cpte’ + = fine ;| .% 


Observe that y, (f) =f is a solution of the homogeneous equation 


ty” 


Use this observation to solve the nonhomogeneous initial value problem 


Py"-t’+y=t, yd=1, yd)=4. 


— ty +y=0, t>0. 


Solution: The first step in finding the general solution of the nonhomogeneous 
equation is determining a fundamental set of solutions {y,,y,}. Thus, we need 
to find a second solution, y,(t), to go along with the given solution, y, (t) = t. 

The method of reduction of order, described in Section 3.4, can be used. It 
leads to a second solution, 


y,(t) =¢ Int. 


The functions ¢ and ¢ Int can be shown to form a fundamental set of solutions 
for the homogeneous equation. Therefore, the complementary solution of the 
nonhomogeneous equation is 


Yo =c,t+ ct Int, t>0. 


Since the differential equation has variable coefficients, we cannot use the 
method of undetermined coefficients to find a particular solution. Instead, we 


(continued) 
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(continued) 


use the method of variation of parameters. Assume a particular solution of the 
form 


yp(t) = tu,() + [tInfJu,(@. 


The simplest approach is to substitute this form into the given nonhomoge- 
neous differential equation to determine one equation for u', and uw}, then use 
the constraint 


tu',(t) + [t Int]u;@ =0 


to form a second equation for uw, and wv. 

As an alternative, we could go directly to equation (9) or equation (10) to 
determine a particular solution. If we proceed in this fashion, however, we have 
to make certain that the nonhomogeneous equation under consideration is in 
the standard form given by equation (2). Since the differential equation in this 
example does not have this form, we need to rewrite it as 


Aged 
Po ge 


Doing so, we can identify the term g(f) in equations (9) and (10), g(t) = 1/t. 
Both approaches lead to the following system of equations for u', and v3: 


) 0 
Uu 
: t 


t tlnt 
1 1+I]1nt 


Solving this system, we obtain 


Computing antiderivatives yields 


_ (in t)? 


w= — fF intdt = +K,, 


u(t) = f Pdt=Int+ Ky, 


We can set both of the arbitrary constants equal to zero, obtaining a particular 
solution 


(In 1)? 


+ [t lng] Int = san iy. 


yp(t) =¢t - 
The general solution of the nonhomogeneous equation is therefore 
t 
yO) = cyt +ey¢ nt + 5 (In iy, f= 0; 


Imposing the initial conditions shows that the solution of the initial value prob- 
lem is 


t 
y(t) =t+ 3tInt+ 5 (ing, t>0. % 
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Figure 3.13 displays the graph of the solution y(¢). Note that lim , ,)+ y(@) = 0. 


The solution is well behaved near t = 0, even though the differential equation 
has coefficient functions that are not defined at t = 0. 


EXERCISES 


FIGURE 3.13 


The solution of the initial value problem in Example 2. Even though some 
of the coefficient functions are not defined at t = 0, the solution y(f) has a 
limit as t approaches 0 from the right. 


Exercises 1-14: 


For the given differential equation, 


(a) Determine the complementary solution, yo(f) = c,v,() + cy>(0). 
(b) Use the method of variation of parameters to construct a particular solution. Then 
form the general solution. 
1. y’+4y=4 2.y"+y=sect, —-2/2<t<27/2 
3. y"— [24+ /)ly'+[14+C/dly = te’, 0 <t < oo. [The functions y, (4) = e' andy,(t) = 
te! are solutions of the homogeneous equation.] 
4y"-y= aia ed 
+e 
6. y" — (2/t)y' + (2/)y =t/1 +2), 0<t < oo. [The function yO= ?? is a solution 
of the homogeneous equation. ] 
7. y"—2y'+y=e' 8. y" + 36y = csc3 (62) 


12. 


. Py 


.y”—(2cot ty’ + csc? t—1)y=tsint, 0<t<2.[The functions y, (ft) = sint and 


y(t) = tsint are both solutions of the homogeneous equation. ] 


2y" _ ty’ +y=tInt, O0<t<oo.[The functions y, (4) = tandy,(t) =¢ In tare both 


solutions of the homogeneous equation. ] 


.y¥" + [t/ — dy’ - (1/0 — dy = (¢(- De’, 1 <t < oo. [The functions y,() =t and 


y,(t) =e’ are both solutions of the homogeneous equation. ] 


2 2 2 
y” + 4ty' + (24.4?)y =e . [The functions y,() =e and y,(t)=te‘ are both 
solutions of the homogeneous equation. ] 
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13. (t— 1)°y" —4(¢— l)y' + 6y =t, 1 <t< oo. [The function y,QH=(t- 1)* is a solu- 
tion of the homogeneous equation. ] 

14. y”— [24 2/O)y’ + [14+ 2/Dly =e’, 0 <t < oo. [The function y,(f) =e’ is a solu- 
tion of the homogeneous equation. ] 

15. Consider the homogeneous differential equation y’ + p(t)y’+ q@y =e(t). Let 
{¥1,¥2} be a fundamental set of solutions for the corresponding homogeneous equa- 
tion, and let W(t) denote the Wronskian of this fundamental set. Show that the 
particular solution that vanishes at t = fy is given by 


; (A) 
volt) = J try.) veld Oly Gy 


Exercises 16-18: 
The given expression is the solution of the initial value problem 
y tay + py=e, yO=%, y0)=y. 


Determine the constants a, B, 9, and yo. 


16. y(t) = >| sin[2(t — A)]g(A) da 
0 


—(t-A) 


7 tpt e 
17. y(t) =e'+ | ——~—— 
0 


t 
; e(a)da =e' + ; sinh(t — A)g(A) da 
0 


t 
18. yj =t +f (t —A)g(A) dar 
0 


3.10 Forced Mechanical Vibrations, Electrical 


Networks, and Resonance 


In this section, we use what we know about solving nonhomogeneous second 
order linear differential equations to study the behavior of mechanical systems 
(such as floating objects and spring-mass-dashpot systems) that are subjected 
to externally applied forces. 

We also consider simple electrical networks containing resistors, inductors, 
and capacitors (called RLC networks) that are driven by voltage and current 
sources. All of these applications ultimately give rise to the same mathematical 
problem. And, as we shall see, the physical phenomenon of resonance is an 
important consideration common to all of these applications. 


Forced Mechanical Vibrations 


A Buoyant Body Consider again the problem of the buoyant body discussed 
in Section 3.1. (See Figure 3.1.) A cylindrical block of cross-sectional area A, 
height L, and mass density p is placed in a liquid having mass density »;. Since 
we assume p < p;, the block floats in the liquid. In equilibrium, it sinks a depth 
Y into the liquid; at this depth, the weight of the block equals the weight of 
the liquid displaced. The quantity y(t) represents the instantaneous vertical 
displacement of the block from its equilibrium position, measured positive 
downward. Suppose now that an externally applied vertical force, F.,(f), acts 
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on the buoyant body. Newton’s second law of motion ultimately leads to a 
nonhomogeneous differential equation for the displacement y(t): 


dy | og 1 
or i. 1 
ar gee Te (1) 


In equation (1), g denotes gravitational acceleration and the term pAL is the 
block’s mass. Defining a radian frequency, w) = \/g/pL, and a force per unit 
mass, f, (t) = (1/pAL)F,,(f), we can rewrite equation (1) as 


y" + apy =f, (t). (2) 


Equation (2) is a second order constant coefficient linear nonhomogeneous 
differential equation. To uniquely prescribe the bobbing motion of the floating 
body, we would add initial conditions that specify the initial displacement, 
y(to) = Yo, and the initial velocity, y'(t)) = yo, of the block. 


A Spring-Mass-Dashpot System As in Section 3.6, we can use Newton’s second 
law of motion to derive a nonhomogenous differential equation for the dis- 
placement of a mass suspended from a spring-dashpot connection and acted 
upon by an applied force. The resulting differential equation is 


my" + yy' + ky = F,(), (3) 


where F(t) denotes an applied vertical force. The positive constants m, y, and 
k represent the mass, damping coefficient, and spring constant of the system, 
respectively. The dependent variable y(t) measures downward displacement 
from the equilibrium rest position. (See Figure 3.8.) 


If there is no damping (that is, if y = 0) and if we define radian frequency 
@) = Vk/m and force per unit mass f,(¢) = (1/m)F,(t), equation (3) can be 
rewritten as 


y" + wy =f, 0. (4) 


Note that equation (4), describing a spring-mass system, is identical in structure 
to equation (2), which describes the bobbing motion of a buoyant body. Both 
applications lead to the same mathematical problem. As we shall see shortly, 
other applications (such as RLC networks) also lead to differential equations 
having exactly the same structure as equations (2) and (3). Since these applica- 
tions all lead to the same mathematical problem, we will discuss equations (2) 
and (3) in their own right rather than investigate each application separately. 
The Exercises focus on specific applications. 


Oscillatory Applied Forces and Resonance 


Examples 1 and 2 concern an important special case of equation (2) where the 
applied force is a sinusoidally varying force, 


f,@ =F cosat, 


where F is a constant. For simplicity, we assume the system is initially at rest in 
equilibrium. Thus, for the special case under consideration, the corresponding 


176 CHAPTER 3 Second and Higher Order Linear Differential Equations 


EXAMPLE 


1 


initial value problem is 


y" + wy = Fcosayt, t>0, 
y(0) = 0, y'(0) = 0. 


The complementary solution of (5) is 


(5) 


¥c(t) = Cy SIN@pt + Cy COS Wof. (6) 


In order to find a particular solution, we need to consider two separate cases, 
@, # W and w, = w). From a mathematical perspective, the method of undeter- 
mined coefficients discussed in Section 3.8 leads us to expect two different types 
of particular solutions. If @, 4 wp), the nonhomogeneous term, g(f) = F cos af, 
is not a solution of the homogeneous equation; when , = , g(t) is a solution 
of the homogeneous equation. 

This mathematical perspective is consistent with the physics of the prob- 
lem. We should expect different behavior on purely physical grounds. Radian 
frequency w (or, more properly, fy = w/2z) is called the natural frequency 
of the vibrating system. It represents the frequency at which the system would 
vibrate if no applied force were present and the system were merely respond- 
ing to some initial disturbance. The applied force acts on the system with its 
own applied frequency w,. In the special case where the natural and applied 
frequencies are equal, the applied force pushes and pulls on the system with a 
frequency precisely equal to that at which the system tends naturally to vibrate. 
This precise reinforcement leads to the phenomenon of resonance. For this 
reason, the natural frequency of the system is also referred to as its resonant 
frequency. 


Assume @, # @. Solve the initial value problem (5). 


Solution: Since w,; 4 w, Table 3.1 in Section 3.8 suggests a particular solution 
of the form 


yp(t) = Acosa,t+Bsina,t. 


Substituting this form into the nonhomogeneous equation, we obtain (see Ex- 
ercise 1) 


F 
yp) = —— 5 £08 ot. 


@1 — ®o 
Imposing the initial conditions on the general solution 


: F 
y(t) = C, SiN w@pt + Cy COS Wot — —z___3 60S ayt, 


@; — 
we obtain the solution of initial value problem (5), 


F 
y(t) = +—5 [cos wot — cos a1]. (7) 
@; ~ @ 


Figure 3.14 shows solution (7) for the special case where w, = 127 st, 
@ = 10x s |, and F is chosen so that F/ (wy - W) = 2 cm. The example there- 
fore assumes that the natural frequency of the system is 5 Hz while the applied 
frequency is 6 Hz. (For definiteness, the unit of length is chosen to be the cen- 
timeter.) 
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FIGURE 3.14 


The solution of initial value problem (5), as given by equation (7). For the 
case shown, w, = 127, w) = 107, and F = 2(w} — 9). 


We can better understand Figure 3.14, including the dashed envelope, if 
we use trigonometric identities to recast equation (7). Suppose we define an 
average radian frequency, @, and a difference (or beat) radian frequency, £, by 


@, — W 


With these definitions, we have w, = @+ 6 and a) = ®@ — B. Equation (7) be- 
comes 


0, 


y(t) = qagicostot — Bt) — cos(a@t + Br)]. 


Using the trigonometric identity cos(@; + 0,) = cos@, cos @, + sin, sin@,, we 
note that 


cos(o@t — Bt) — cos(@t + Bt) = 2 sin@t sin ft. 


Therefore, we obtain an alternative representation for the solution y(t): 


y(t) = AW) sina, (8) 
where 
_ Fsin Bt 


Using equation (8), we can interpret solution (7) as the product of a variable 
amplitude term, A(‘), and a sinusoidal term, sin@t. In cases where w, and 
are nearly equal, the amplitude term, whose behavior is governed by the factor 
sin Bt, is slowly varying relative to the sinusoidal term, sin @f (because |B| < 0). 
The combination of these disparate rates of variation gives rise to the phe- 
nomenon of “beats” seen in Figure 3.14. 

Since © = 11a s-' and B =z s_!, sin ft = sinzt varies much more slowly 
than sin @t = sin 11z7t. The multiplicative factor 


t 
A(t) = ——— = 4sinzt 
2) 


(continued) 
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(continued) 


defines a slowly varying sinusoidal envelope for the more rapidly varying 
sin @t = sin 11zt. The dashed envelope shown in Figure 3.14 is defined by the 


o, 


graphs ofy=+4sinzt. * 


Assume @, = @ . Solve initial value problem (5). 


Solution: In this case, 
y" + woy = F cos apt. 
Since the functions cos wt and sin wt are both solutions of the homogeneous 
equation, Table 3.1 of Section 3.8 prescribes a trial solution of the form 
yp(t) = At cos wpt + Bt sin wot. 


Substituting this form leads (see Exercise 1) to the particular solution 
(t) F tsinapt 
= ~—tsinw 
*P 20 a 
and the general solution 
: ae 
y(t) = c, SIN@pft + Cz COS Mpt + ——Tt SIN wof. 
2a 


The initial conditions imply that c, and c, are zero. The solution of initial value 
problem (5) is therefore 


F 
0 


Figure 3.15 shows solution (9) for the case 


F 
1 and ~—— =47 cm/s. 


®y = 107 s~ Fo 
0 


FIGURE 3.15 


The solution of initial value problem (5) as given by equation (9). For the 
case shown, @) = 10z and F = 87. The solution envelope grows linearly 
with time, illustrating the phenomenon of resonance. 
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In this case, the applied force reinforces the natural frequency vibrations of the 
mechanical system and the envelope of the solution (shown by the dashed lines 
in Figure 3.15) grows linearly with time. This is the phenomenon of resonance. 

Does the solution (9) make sense? The vibration amplitude of a real physical 
system certainly does not continue to grow indefinitely. Therefore, one would 
expect equation (9) to describe the behavior of a real system for a limited time 
at best. Once the vibration amplitude becomes sufficiently large, the assump- 
tions made in deriving the mathematical models cease to be valid. For exam- 
ple, equation (3) and special case (4) for the spring-mass system assume the 
validity of Hooke’s law. When mass displacement amplitude becomes too large, 
however, the force-displacement relation becomes more complicated than the 


>, 


simple linear relation embodied in Hooke’s law. “ 


REMARK: One property of a well-posed problem is continuous dependence 
upon the data. Roughly speaking, if an initial value problem is to be a rea- 
sonable model of reality, its solution should not change uncontrollably when a 
parameter (such as a coefficient in the differential equation or an initial con- 
dition) is changed slightly. Therefore, we might reasonably ask whether it is 
possible to see resonant solution (9) emerge from nonresonant solution (7) or 
(8) in the limit as w, + @,. Note that (8) can be rewritten as 


je ae 10 
a Bt SIN we. (10) 


Suppose we fix ¢ and let w, > wo. Then, from their definitions, @ > w, and 
B — 0. We know from calculus that 


x>0 X 


Therefore, for any fixed value of t, we do indeed obtain resonant solution (9) 
from nonresonant expression (8) in the limit as @, > wp. 


The Effect of Damping on Resonance 


There are no perpetual motion machines. All physical systems have at least 
some small loss or damping present. Therefore, it is of interest to see what 
happens if we add damping to an otherwise resonant system. Suppose we con- 
sider the initial value problem 


y" +25y' + a,y=Fcosat,  y(0)=0, y'(0)=0, (11a) 


where 65 is a positive constant (the factor 2 is added for convenience). What 
does the solution look like? In Exercise 11(a), you are asked to show that the 
solution of this initial value problem is 


—St o: 2 2 
F | sinagt e sin (08 ) ) 
yO = 26 oO / 2 2 
0 Wp — 6 


[In (11), we tacitly assume that wo > §?.]Asacheck, you can show [see Exercise 

11(b)] that for any fixed t and w, expression (11b) reduces to (9) as 5 > 0. 
Equation (11b) shows the effect of damping on the otherwise resonant 

system. If we fix 5 at some positive value and let t > oo, the second term in equa- 


(11b) 
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tion (11b) tends to zero. Therefore, with the addition of damping, displacement 
does not grow indefinitely, as it appears to in Figure 3.15. As time increases, 
displacement approaches a steady-state behavior given by the first term, 


—— sin wy. 
25a : 
As 5 becomes smaller, the amplitude of these steady-state oscillations becomes 


correspondingly larger. Figure 3.16 shows the variation of displacement for the 
case 


ll 
‘ ll ll 


The solution of y” + 26y’ + wey = F cos wot for the case w) = 107, F = 87a, 
and 6 = 0.5. As you can see by comparing this graph with the resonant 
solution graphed in Figure 3.15, the inclusion of damping eliminates the 
unbounded linear growth in the solution envelope that characterizes the 
resonant case. As noted, however, the steady-state oscillations, 

(F/25w) sin wt, have an amplitude proportional to 6~'. 


Nonresonant Excitation with Damping Present 


Suppose we now change the radian frequency of the applied force in the pre- 
vious problem to w, 4 @p. In that case, the problem becomes 
y" + 26y' + woy = Fcosat, y(0) = 0, y'(0) = 0. (12a) 
This amounts to the addition of a damping force to the problem defined by 
equation (5). Again assuming that Wo > 8”, the solution of problem (12a) is 
F 
(w5 — w{)* + (280) 


cer 2 2 2 2 


3 (a2 2 
4 oho 1) sin ( oj 1) 


2 2 
@p — 4 


y(t) = 


5 [(w9 ;) cos wt + 26a, sinw,t] 
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This solution seems relatively complicated. However, two checks can be made. 
Ata fixed value of t, the solution should reduce to (11b) in the limit as @, > wo. 
Also, the solution should reduce to (7) if we fix w, but let 5 > 0. Exercise 12 
asks you not only to derive this solution, but also to make these checks upon 
its correctness. 

The second term in the solution of equation (12a) represents a transient 
term, one that tends to zero as time increases. The first term is the steady-state 
portion of the solution. Figure 3.17 shows the behavior of the solution for the 
case where 


@j=10rs"', o,=120s", ——=4ncem/s, 6=05s"'. 
20 

Compare this behavior with that exhibited in Figures 3.14 and 3.16. When time 
t is relatively small, before the effects of damping become pronounced, the so- 
lution exhibits a difference frequency modulation envelope that is qualitatively 
similar to the behavior shown in Figure 3.14. As time progresses, however, 
damping eventually diminishes the second term in the solution to a negligibly 
small contribution and the solution becomes essentially the steady-state por- 
tion given by the first term. In this respect, the long-term behavior qualitatively 
resembles the damping-perturbed resonant case exhibited in Figure 3.16. 


y 


| 
EET 
| i) hii PRATT 


FIGURE 3.17 


The solution of equation (12) for representative values of w, w,, F, and 6. 
Initially, for small values of t, damping is not significant and the motion is 
similar to that shown in Figure 3.14, exhibiting beats. As t grows, damping 
diminishes the second term in equation (12) and the motion has a period 
similar to the applied force. 


RLC Networks 


We now consider networks containing resistors, inductors, and capacitors. The 
application of Kirchhoff’s’ voltage law and Kirchhoff’s current law to these 
networks leads us to second order differential equations. 


7 Gustav Robert Kirchhoff (1824-1887) was a German physicist who made important contributions 
to network theory, elasticity, and our understanding of blackbody radiation. A lunar crater is named 
in his honor. 
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Consider first the series RLC network shown in Figure 3.18. A voltage source 
V;() having the polarity shown is connected in series with circuit elements 
having resistance R, inductance L, and capacitance C. A current /(t), assumed 
positive in the sense shown, flows in the loop. In essence, Kirchhoff’s voltage 
law asserts that the voltage at each point in the network is a well-defined single- 
valued quantity. Therefore, as we make an excursion around the loop, the sum 
of the voltage rises must equal the sum of the voltage drops. If we proceed 
around the loop in Figure 3.18 in a clockwise manner, the voltage rise is the 
source voltage V(t), while the voltage drops are the drops across the three 
circuit elements. The voltage drop across the resistor is J(f)R, the drop across 
the inductor is L (dI/dt), and the drop across the capacitor is (1/C)Q(t), where 
Q(t) represents the electric charge on the capacitor. 


R L 
EOD 
MN oN 
Voltage Vv t iL 
source s(t) = C 
FIGURE 3.18 


A series RLC network, with voltage source V,(t) and loop current I(t). 


An application of Kirchhoff’s voltage law therefore leads to the equation 


dI 1 
V.(t) = RI+L — + =Q(). 13 
s(t) + a+ C2 (13a) 
To obtain a differential equation for a single dependent variable, we use the 
fact that electric current is the rate of change of electric charge with respect to 
time, 
dQ 
I(t) = —. 
(¢) at 
One approach is to rewrite equation (13a) as a second order differential equa- 
tion for the electric charge, obtaining 
oO... mo. I 
L R = V.(f). 
dt? 7 dt = Cc Q s®) 
This equation, supplemented by initial conditions specifying the charge Q(f)) 
and current Q'(t)) = (tg) at some initial time f), can be solved for the charge 
Q(t). Differentiating this solution yields the desired current, /(t). A second ap- 
proach is simply to differentiate equation (13a), obtaining a second order dif- 
ferential equation for the current J(t). In that case, 


d?I ,Ra 1, _ldvso 
a Lat iC ie 
Equation (13b) is a nonhomogeneous second order linear differential equation 


for the unknown loop current J(t). To uniquely prescribe circuit performance, 
we must add initial conditions /(t)) =I) and I'(t)) = Jj at some initial time 


(13b) 
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ty. [Specifying I’(t)) is tantamount to specifying the voltage drop across the 
inductor at time fo. ] 

As a second example of an RLC network, consider the network shown in 
Figure 3.19. In this case, the three circuit elements are connected in parallel 
with a current source J,(t), whose current output is assumed to flow in the 
direction shown. This time, the dependent variable of interest is nodal voltage 
V(t), assumed to have the polarity shown. 


+ 
e 
Current I " L 
source sO v(t) R Cc 
e 
FIGURE 3.19 


A parallel RLC network, with current source /,(f) and nodal voltage V(‘). 


The governing physical principle, Kirchhoff’s current law, states that elec- 
tric current does not accumulate at a circuit node. Therefore, the total current 
flowing into a node must equal the total current flowing out. Consider the upper 
node. The current flowing in is the source current, while the current flowing out 
is the current flowing “down” through each of the circuit elements. The current 
through the resistor is (1/R)V(0), the current through the capacitor is C(dV /dt), 
and the current through the inductor is (1/L) [ V(s) ds (an antiderivative of the 
nodal voltage). Applying Kirchhoff’s current law to the network in Figure 3.19 
leads us to the equation 


1 dv 1 


Upon differentiating and rearranging terms, the equation becomes 


@’V 1d 1 1 dI.(t) 
V= See 
dt2 RO de * IC C dt 


(14) 


Specifying V and V’ (that is, the currents through the resistor and capacitor) 
at some initial time f, will uniquely determine circuit performance. 


REMARK: If we short circuit the resistor (that is, set R = 0) in the series circuit 
(Figure 3.18) or if we open circuit the resistor (that is, let R > oo) in the parallel 
circuit (Figure 3.19), we remove the dissipative (damping) element in each case 
and obtain a lossless LC circuit. Such circuits can exhibit resonance. Note that 
equations (13b) and (14) become identical in structure to equations (2) and (4) 
with a resonant radian frequency defined by 
1 
LC’ 


2 
® = 
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EXERCISES 


1. Consider the differential equation y" + wp y = F cos ot. 
(a) Determine the complementary solution of this differential equation. 
(b) Use the method of undetermined coefficients to find a particular solution in 
each of the cases: (i) @ = w, # Wp, (ii) © = wp. 
Exercises 2-5: 


A 10-kg object suspended from the end of a vertically hanging spring stretches the spring 
9.8 cm. At time ¢ = 0, the resulting spring-mass system is disturbed from its rest state 
by the given applied force, F(t). The force F(f) is expressed in newtons and is positive in 
the downward direction; time is measured in seconds. 


(a) Determine the spring constant, k. 
(b) Formulate and solve the initial value problem for y(t), where y(t) is the displacement 


of the object from its equilibrium rest state, measured positive in the downward 
direction. 


(c) Plot the solution and determine the maximum excursion from equilibrium made 
by the object on the t-interval 0 < t < oo or state that there is no such maximum. 


2. F(t) = 20cos 10t 3. F(t) = 20e* 

20, O<t<z 
4. F(t) = 20cos 8t 5. Fi = 

0, zm<t<o 


[Hint: Solve Exercise 5 on the f-interval 0 < t < z and then use the fact that position 
y(t) and velocity y(t) are both continuous at t = z to formulate and solve a second 
initial value problem on the t-interval z < t < c.] 


6. Consider the initial value problem my” + ky = 20cos 8zt, y(0) = 0, y'(0) = 0, mod- 
eling the response of a spring-mass system, initially at rest, to an applied force; as- 
sume that the unit of force is the newton. Suppose the motion shown in the figure is 
recorded and can _ be described mathematically by the formula 
y(t) = 0.1 sin(zt) sin(7zt) m. What are the values of mass m and spring constant 
k for this system? [Hint: Recall the identity cos(@# + 8) = cosa cos £ Fsina sin B.] 


Figure for Exercise 6 


Exercises 7-10: 


Consider the initial value problem 


my"+yy+ky=FO, y0=0, y(0)=0, 
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modeling the motion of a spring-mass-dashpot system initially at rest and subjected to 


an 


applied force F(t), where the unit of force is the newton (N). Assume that 


m=2kg, y = 8 kg/s, andk = 80 N/m. 


(a) 


(b) 


11. 


12. 


13. 


. F() = 20sin6t 10. F(t) = 


Solve the initial value problem for the given applied force. In Exercise 10, use the 
fact that the system displacement y(t) and velocity y’(t) remain continuous at times 
when the applied force is discontinuous. 


Determine the long-time behavior of the system. In particular, is lim,_,,, v(t) = 0? If 
not, describe in qualitative terms what the system is doing as t > ov. 


. F(t) = 20cos 8t 8. F(t) = 20e* 


Consider the initial value problem my" + yy' + ky = Fcos./k/mt,v(O) = 0, 
y'(0) = 0. If we set y/m = 26, w =k/m, and F/m = F, we obtain initial value prob- 
lem (11a). Assume that @% > 25. Note that the radian frequency of the applied force 
is @; this is the resonant radian frequency of the corresponding undamped system. 


(a) Derive equation (11b), showing that the solution of this initial value problem is 


= ae a2 
F |sin(@t) © sin ( wy — 5 t) 


Hpn= 
¥) 26 ®o [we _ 52 


(b) Show, for any fixed values t > 0 and a, > 0, that 


—6t 2 2 
F : t e” sin ( @ — 64 t) F 
lim Suu@oe) J tsin(@f). 


soo* | 26 W la? _ 32 20 


This limit is the response of the undamped spring-mass system to resonant fre- 
quency excitation. 


(c) Suppose that we know the values of mass m and spring constant k (and F, the 
amplitude of the applied force). Explain how we might use our knowledge of the 
solution in part (a) (observed over a long time interval) to estimate the damping 
constant 6. 


Consider the initial value problem given in equation (12a), 

y" +28y'+ apy =Fcosa,t,  yO)=0, y(0)=0, 
where w, > 5? and w, # w. The radian frequency of the applied force is therefore 
not equal to wp. 


(a) Solve the initial value problem for y(t) and verify that equation (12b) represents 
the solution. 


(b) Assume that t > 0 and 6 > 0 are fixed. Show that 


~6t os 2 2 
F ; t e sin wp — ot 
oe sin(@f) ( 0 ) 


yey 25 | w [2 — 92 


(c) Assume now that ¢ > 0 and @, are fixed. Show that 
lim y(@) = =e [cos(wpt) — cos(@,t)] 
(2) = @ : 
era 1 — : ; 


The Great Zacchini, daredevil extraordinaire, is a circus performer whose act con- 
sists of being “shot from a cannon” toa safety net some distance away. The “cannon” 
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is a frictionless tube containing a large spring, as shown in the figure. The spring 
constant is k = 150 lb/ft, and the spring is precompressed 10 ft prior to launching 
the acrobat. Assume that the spring obeys Hooke’s law and that Zacchini weighs 
150 lb. Neglect the weight of the spring. 

(a) Let x(t) represent spring displacement along the tube axis, measured positive 
in the upward direction. Show that Newton’s second law of motion leads to the 
differential equation mx" = —kx — mg cos(/4),x <0, where m is the mass of the 
daredevil. Specify appropriate initial conditions. 


(b) With what speed does he emerge from the tube when the spring is released? 


(c) If the safety net is to be placed at the same height as the mouth of the “cannon,” 
how far downrange from the cannon’s mouth should the center of the net be placed? 


g ie 
| | x 
] 
| v 
M » w® 3 ft 
Uncompressed ; 
spring S 2-ft unstretched 1-oz ball 
rubber band 7 
Compressed spring y(t) 
prior to launch aL. =s 
45° e-—<> 
Figure for Exercise 13 Figure for Exercise 14 


14. A Change of Independent Variable (see Section 2.9) A popular child’s toy consists of 


a small rubber ball attached to a wooden paddle by a rubber band; see the figure. As- 
sume a 1-oz ball is connected to the paddle by a rubber band having an unstretched 
length of 2 ft. When the ball is launched vertically upward by the paddle with an 
initial speed of 30 ft/sec, the rubber band is observed to stretch 1 ft (to a total length 
of 3 ft) when the ball has reached its highest point. Assume the rubber band behaves 
like a spring and obeys Hooke’s law for this amount of stretching. Our objective is 
to determine the spring constant k. (Neglect the weight of the rubber band.) 

The motion occurs in two phases. Until the ball has risen 2 ft above the paddle, 
it acts like a projectile influenced only by gravity. Once the height of the ball exceeds 
2 ft, the ball acts like a mass on a spring, acted upon by the elastic restoring force 
of the rubber band and gravity. 


(a) Assume the ball leaves the paddle at time ¢ = 0. Let ¢, and f, represent the times 
at which the height of the ball is 2 ft and 3 ft, respectively, and let 72 denote the mass 
of the rubber ball. Show that an application of Newton’s second law of motion leads 
to the following two-part description of the problem: 

(Gi) my” =-mg, 0<t<t, y0)=0, y'(0) = 30 

(ii) my” =—-k(y—2)—mg, t, <t <ts. 

Here, y andy’ are assumed to be continuous at t = t,. We also know that y(¢,) = 2, 
y(t,) = 3, and y'(f,) = 0. 

If we attempt to solve the problem “directly” with time as the independent vari- 
able, it is relatively difficult, since the times ¢, and t,; must be determined as part of 
the problem. Since height y(t) is an increasing function of time t over the interval 
of interest, however, we can view time ¢ as a function of height, y, and use y as the 
independent variable. 
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(b) Let v = y’ = dy/dt. If we adopt y as the independent variable, the acceleration 
becomes y” = dv/dt = (dv/dy) (dy/dt) = v(dv/dy). Therefore, 
dv 


(i) ae O0<y<2, v(0)=30 


(ii) ae k(y-—2)-mg, 2<y <3. 
dy 


Here, v is continuous at y = 2 and v|,_3 = 0. 
Solve these two separable differential equations, impose the accompanying sup- 
plementary conditions, and determine the spring constant k. 


Network Problems Use the following consistent set of scaled units (referred to as the 
Scaled SI Unit System) in Exercises 15-18. 


Quantity Unit Symbol 
Voltage volt V 
Current milliampere (mA) I 
Time millisecond (ms) t 
Resistance kilohm (kQ) R 
Inductance henry (H) L 
Capacitance microfarad (\.F) Cc 


Exercises 15-16: 

Consider the series LC network shown in the figure. Assume that at time t = 0, the 
current and its time rate of change are both zero. For the given source voltage, determine 
the current J(t). 


Vs(t) (>) == C=4 uF 


Figure for Exercises 15-16 


15. V.() = 5 sin 3¢ volts 16. V(t) = 10te~ volts 


Exercises 17-18: 

Consider the parallel RLC network shown in the figure. Assume that at time ¢t = 0, the 
voltage V(f) and its time rate of change are both zero. For the given source current, 
determine the voltage V(‘). 


+ 
R=1kQ 
Ist) [4] ven) R E c L=1H 
L C=3 pF 


Figure for Exercises 17-18 


17. 1, =1-e'mA 18. [,(t) = 5sint mA 
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3.11 Higher Order Linear Homogeneous 
Differential Equations 


Theorem 3.5 


So far in this chapter, we have studied second order linear differential equations 


y" + pi Oy’ + poy =2, 


with emphasis on the important special case of constant coefficient equations. 
We now consider higher order linear equations. An nth order linear differential 
equation has the form 


y™ +p, Oy? +--+ +p.Oy" + py Oy’ + poOy = 2). (1) 


Our study of equation (1) and the associated initial value problem follows a 
familiar pattern. We first generalize the existence and uniqueness results of 
Section 3.1, then examine the homogeneous case of equation (1), and finally 
discuss nonhomogeneous equations. The basic theory and solution techniques 
for second order linear equations extend naturally to the higher order case. 
Our motivation for studying higher order equations is twofold. The theory 
of higher order linear differential equations is important in certain applica- 
tions, and the way it generalizes second order linear theory is aesthetically 
appealing. Fourth order linear equations arise, for example, in modeling the 
loading and bending of beams (see the Projects at the end of this chapter). 


Existence and Uniqueness 


Theorem 3.5 generalizes the existence and uniqueness results presented earlier 
for initial value problems involving linear differential equations; see Theorem 
2.1 (first order problems) and Theorem 3.1 (second order problems). 


Let po(t), p,(), ..-, 2,1 (¢) and g(t) be continuous functions defined on the 
interval a < t <b, and let ty be in (a, b). Then the initial value problem 


y +p, Oy? +--+ po Oy" + p,. Oy’ + pp Oy = 2, 


Vt =%o Vo) =o WE) =VO0 eee PE) =P 


has a unique solution defined on the entire interval (a, b). 


Comparing Theorems 2.1, 3.1, and 3.5, we see that the language and con- 
clusions of the three theorems are virtually identical. In fact, we shall see in 
Chapter 4 that Theorems 2.1, 3.1, and 3.5 can all be viewed as special cases of 
an overarching existence-uniqueness theorem for systems of first order linear 
equations (see Theorem 4.1 in Section 4.2). 


The Principle of Superposition and 
Fundamental Sets of Solutions 


Consider the nth order linear homogeneous equation 


y™ +p, Oyo +--+ p.Oy" + pi Oy' + ppOy=0, a<t<b. (2) 
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The principle of superposition, stated in Theorem 3.2 for second order linear 
equations, applies to higher order linear equations as well. In particular, if 
y,(t),¥2(t),...,y,(t) are solutions of equation (2), then the linear combination 


yO = Cy, O +epy.0 +---+0¢,9,0 


is also a solution of equation (2). 

The idea of a fundamental set of solutions for a second order linear homo- 
geneous differential equation also extends to nth order linear homogeneous 
equations. Let {y, (0), y.(t),.--,¥,,(} be a set of 7 solutions of the homogeneous 
differential equation (2). This set is a fundamental set of solutions if every 
solution of (2) can be represented as a linear combination of the form 


yd =e, O+ey.04+---+¢,7,0, a<t<b. (3) 


Constructing Fundamental Sets 


Consider the initial value problem 


y + py Oy? +--+ py" + p Oy’ + poy = 9, 
y(to) = Yo; yo) = Yo: y" bp) =¥> Sides yg" Gy =v”. 


Note that every solution of homogeneous equation (2) can be viewed as the 
unique solution of some initial value problem represented by (4). Simply fix a 
point ty in (a, b), and use the values of the function and its first n — 1 derivatives 
at ty as initial conditions. 

Let ¥ 5, ¥orss<s ye be an arbitrary set of m constants, and let u(t) be the 
corresponding unique solution of initial value problem (4). Assume that 
{¥1,¥2,---»¥,} is a fundamental set of solutions of (2). Since {y,,y ,...,y,} 
is a fundamental set of solutions, there are constants c,,c3,...,¢,, such that 
u(t) = cyy,(f) env (0) +--+ +.¢,9,,0), 4 < t < b. The initial conditions in (4) lead 
to a system of equations that can be written in matrix form as 


(4) 


V1 Lo) Yolto) +++ Vy to) Cy Yo 
V4 Co) V2 (to) Vn (to) Co Yo 

: : : |= rae (5) 
a ig oe ee), 2 Pele, is 


By Theorem 3.5, initial value problem (4) has a unique solution for any choice 
of the initial conditions. Therefore, matrix equation (5) has a solution for any 
choice of yp, ¥o,---, y-) and this means that the (n x ) coefficient matrix 
has a nonzero determinant. [From linear algebra, if an (n x 1) matrix equation 
Ax = bis consistent for every right-hand side b, then the matrix A is invertible. 
Equivalently, the determinant of A is nonzero. ] 

As in Section 3.2, the determinant of the coefficient matrix in equation (5) 
is called the Wronskian and is denoted as W(t): 


y(t) V(t) ei Vy (t) 


yO yy (t) yi O 


Wi) = (6) 


yO yo coe yr DO 
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EXAMPLE 


1 


We have just seen that if {y,(), ¥2(), ..., y,,®} is a fundamental set of solutions 
for (2), then the corresponding Wronskian (6) is nonzero for all t,a <t <b. 
Conversely, if {y,@),¥2(0,.--,¥,@} is a set of m solutions of (2) and if the cor- 
responding Wronskian is nonzero on (a, b), then {y, (0), y,(), ...,.y,,} is a fun- 
damental set of solutions. To prove this, let u(t) be any solution of (2), and let 
Vo =U) Vo =U Uy), 204 oo = YG). Solve equation (5) forc,,c,,...,C), 
and define $(t) = cy, (t) + env.) +--+ +,9,, 0). Note that u(t) and 9(¢) are both 
solutions of initial value problem (4). Therefore, by Theorem 3.5, u(t) = y(t) = 


Cy, () F C2Vo(t) aie hee +eVn f), a<t< b. 


Consider the fourth order differential equation 


d‘y 
22 aay: 
a 
It can be verified that the functions y,(t) =e’, y,(t) =e“, y3(t) = cost, and 
y4(t) = sint are solutions of this equation. 


-—-~w <t[<M. 


(a) Show that these four solutions form a fundamental set of solutions. 
(b) Represent the solution y(t) = sinht + sin(t + 7/3) in terms of this funda- 


mental set. 
Solution: 


(a) Computing the Wronskian, we obtain 


t at 


e e cost sint 
e’ -e' —sint cost Since 2d 

WO= |r ot _cost —sinz| = ~8CO8 t+ sin’) = -8. 
— a sint —cost 


Since the Wronskian is nonzero on (—oo, oo), it follows that {y,, 7,3, y4} 
is a fundamental set of solutions. 

(b) We use the fact that sinht = (e' —e‘)/2 and the trigonometric identity 
sin(A + B) = sinAcosB+ sinBcosA to obtain 


V(t) = sinhe + sin (¢+ =) = iy Dts Gud a as % 
a= a ane: 2 2 = 


Abel’s Theorem 


Let {y,(. y(), ..-,y,,(} be a set of solutions of the linear homogeneous equa- 
tion (2). We have seen that {y,(0,y,(0,....y,,(} is a fundamental set of solu- 
tions if and only if the corresponding Wronskian, W(t), is nonzero on (a, b). 
Abel’s theorem shows that the Wronskian is either zero throughout (a, b) or 
is never zero in (a,b). This fact allows us to choose a single convenient test 
point, fy, and use the value W(f,) to decide whether {y,(,9,(),....v,(O} is a 
fundamental set of solutions. 

We state Abel’s theorem for the general nth order case, but prove it only 
for n = 2. 
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Let y,(0), y(t), .--,y,,(t) denote 1 solutions of the differential equation 
yO +p, Oy" +--- +p, Oy’ + poDy = 0, a<t<b, 


where po(t), p;(t),---,Pn_1(@) are continuous on (a,b). Let W(t) be the 
Wronskian of y(t), y>(t), ...,¥,,(t). Then the function W(f) is a solution of 
the first order linear differential equation 


W' = —Pn-i ()W. 


Therefore, if tj) is any point in the interval (a, b), it follows that 


= Sig Pn 5) as 


W(t) = W(tp)e ets b. 


e PROOF: We prove Theorem 3.6 for the case n = 2. Let y,; and y, be solu- 
tions of the second order linear equation 


x + poy’ a Poy = 0. 
The Wronskian is W = y,y5 — yxy. Differentiating and simplifying, we obtain 
WS Ii 
= y¥i[-P1 Oys — Po¥2] — yal-P1 Oy — Poy] 


= —p, O19. — 271] 
= —p, (OW. 


Solving the resulting first order linear equation W’ = —p,(t)W leads to (7). @ 


The proof of Theorem 3.6 for general 1 can be found in most advanced 
texts on differential equations. The basic argument is similar to that used for 
the case n = 2. The computations are more involved, however, since one needs 
to compute the derivative of an (n x n) determinant of functions. 

By equation (7), if W(¢)) 4 0, then W(t) 4 0 for all ¢ in (a, b). On the other 
hand, if W(t.) = 0 then W (J) is also zero for allt in (a, b). The point fy is arbitrary; 
Abel’s theorem implies that the Wronskian of a set of solutions of (2) either is 
zero throughout (a, b) or is never zero in (a, b). 


Additional Observations 


We conclude by making some additional observations about fundamental sets 
of solutions of the homogeneous equation (2). 


Fundamental Sets Always Exist 


When differential equation (2) has constant coefficients, we can explicitly con- 
struct fundamental sets of solutions. For the general case of variable coeffi- 
cients, however, we are usually unable to explicitly construct solutions of (2). 
In such cases, it is logical to ask whether fundamental sets of solutions do, in 
fact, exist. The following theorem provides an affirmative answer. 
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Consider the nth order linear homogeneous differential equation 


y® +p, Oy"? canes +p,(y’ + poy = 0, a<t<b, 


where p(t), P; (0), ---,P,_, (4) are continuous on (a, b). A fundamental set 
of solutions exists for this equation. 


e PROOF: We prove Theorem 3.7 for the case n = 2. Let tf) be any point in 
(a, b), and let y, and y, be solutions of the initial value problems 
1 2 

yi t piOy + Poy, = 0, V1 (to) = ile ¥,@) =0 

y+ PiOy2+ Poy. =0, yl) =0, Wb (g) = 1. 
Existence-uniqueness Theorem 3.5 assures us that each of these initial value 
problems has a unique solution on (a, b). The fact that {y,, y5} forms a funda- 
mental set of solutions follows immediately from the observation that 
1 0 
0 1 


Y1(to) Vato) 
y} (to) y5 (to) 


W(t) = = —l.e 


Fundamental Sets of Solutions Are Linearly Independent 


A set of functions defined on a common domain, say f(t), f,(0),....f,() de- 
fined on the interval a < t < b, is called a linearly dependent set if there exist 
constants k,,k,,...,k,, not all zero, such that 


KfiOt+bhf,od+-:-+khfO =09, a<t<b. (8) 


A set of functions that is not linearly dependent is called linearly independent. 
Thus, a set of functions is linearly independent if equation (8) implies k, = k, = 
--- =k, = 0. Ifa set of functions is linearly dependent, then at least one of the 
functions can be expressed as a linear combination of the others. For example, 
ifk, 4 0 in (8), then 


f@O = —(ky/k AO _ (k3/k,)f,(0 ata Kk /k DEO, a<t<b, 


Loosely speaking, the functions comprising a linearly independent set are all 
“basically different,” while those forming a linearly dependent set are not. The 
following theorem, whose proof is left to the exercises, shows that a fundamen- 
tal set of solutions is a linearly independent set. 


Consider the nth order linear homogeneous differential equation 


yl) ae Poy? +---+p,Oy' + poOy = 90, a<t<b, 


where p(t), 2; (0), ---,P,_,() are continuous on (a, b). A fundamental set 
of solutions for this equation is necessarily a linearly independent set of 
functions. 


Theorem 3.9 


EXERCISES 


3.11 Higher Order Linear Homogeneous Differential Equations 193 


How Fundamental Sets Are Related 


Fundamental sets of solutions for equation (2) always exist. In fact, this linear 
homogeneous equation has infinitely many fundamental sets. These fundamen- 
tal sets must be related to each other, since any given fundamental set can be 
used to construct all solutions of (2). The following theorem shows how these 
fundamental sets are related. 


Let {v,(,y2(t),.--,¥,(0} be a fundamental set of solutions of the mth 
order linear homogeneous differential equation 


yO +p, Oy? +--+ +p, Oy + ppOy =0, a<t<b, 
where p(t), p; (4), -..,P,_1(f) are continuous on (a, b). Let {y, (0), 9), ..., 


y,, (t)} be a set of solutions of the differential equation. Then there exists 
an (n x n) matrix A such that 


[¥, (0), 92), fds V(t) ] = [y,0),¥2), ais Vy(tIA. 


Moreover, {y,(t), ¥,(0),...,¥,,(} is a fundamental set of solutions if and 
only if the determinant of A is nonzero. 


e PROOF: We prove Theorem 3.9 for the case 1 = 2. Since {y,, >} is a fun- 
damental set, we can express y, and y, as linear combinations of y, and y,: 


¥y = 4411 + p12 


V2 = 442V1 + Ago 


ae Gi, yz) 
or [¥1,¥2] = [91.92] = [y1, VIA. 
Az; 42 


Since the equation [¥,,¥.] = [y,,y]A holds for allt in (a, b), we can differentiate 
it and obtain the matrix equation 


¥1 2 = Yi 2 A 

ye} [MM 
Using the fact that the determinant of the product of two matrices is the product 
of their determinants, we have 


W(t) = W(t) det(A), 


where W(t) and W(t) denote the Wronskians of {¥,, ¥,} and {y,, v2}, respectively. 
Since W(t) 4 0 on (a, D), it follows that W(t) 4 0 if and only if det(A) £0. © 


Exercises 1-6: 
In each exercise, 
(a) Verify that the given functions form a fundamental set of solutions. 


(b) Solve the initial value problem. 


ly”’=0; y=4, yW=2, y"d)=0 
y,0=2, »@=t-1, ¥,0=P-1 
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2.y”-y=0; yO=4, yYO=1, yO) =3 
yO=1, »O=e, y1OQ=e" 
yO +4y"=0; yO)=0, y)=-1, y"O)=-4, y”"(0)=8 
yO=1, y,Q=t, »¥,Q) =cos2t, yt) =sin2t 
4. y"+4+2y"=0; y0)=0, y'(O)=3, y"(0)=-8 
1O=1 sO=h. 4oOse" 
5. ty” +3y"=0, t>0; y2=5, YQ=-32, yQ=; 
1O=l. 0%. yet 
6. Py" + ty"-y=0, ¢<0; y-—D=1, y(-D=-1, y"(-D=-1 
yO=1, ¥0=mCo, »@=f 


Exercises 7-10: 


Consider the given differential equation on the interval —oo < t < oo. Assume that the 
members of a solution set satisfy the initial conditions. Do the solutions form a funda- 
mental set? 


7. y+ 2ty+¢y=0, y,()=2, yid)=-1, »,(1)=-4, y5(1)=2 
8. y"+ty=0, y,(0)=0, y,(0)=2, y,0)=-1, y,(0)=0 
9. y"+(sinhy=0, ¥,0)=1, y¥,@=-1, yi@=90, y,(0)=0, (0) =0, 
y;0)=2, y,;0)=2, »3;(0)=—-2, »3(0)=1 
10. y"+e'y’+y=0, y(=0, yD=1, yM=1, »(Y=1, y5(1) =—-1, 
ys) =0, y,0)=—-1, y3)=0, y3)=0 
Exercises 11-15: 
The given differential equation has a fundamental set of solutions whose Wronskian 
W(t) is such that W(0) = 1. What is W(4)? 
Ll. y"+ 59’ +9 =0 12. y" + Sy ty=0 13. y"+y"+ty=0 
14. y% —y"+y=0 15. (7 + 1)y” — 2ty”+ y=0 
Exercises 16-19: 
Find a fundamental set {¥,, 7,} satisfying the given initial conditions. 
16. y"—-y=0, 9¥,0)=1, ¥,)=0, ¥,(0)=0, ¥,(0)=1 
17.y"+y=0, ¥,O)=1, ¥,0)=1, ¥,0)=1, 0) =-1 
18. y"+4y'+5y=0, ¥,0)=1, ¥,)=-1, ¥,0)=0, HO)=1 
19. y"+4y'+4y=0, ¥,0)=-1, ¥,O)=2, 7,0) =1, ¥O)=-1 
Exercises 20-22: 


In each exercise, {y,,¥,,V3} is a fundamental set of solutions and {7¥,,¥,,¥3} is a set of 
solutions. 


(a) Find a (3 x 3) constant matrix A such that [¥,(),9,(),.930] =[y,©.9.0,93(0]4. 
(b) Determine whether {¥,,7,,¥3} is also a fundamental set by calculating det(A). 
20. y"—y =0, {710,920,930} = (1e,e7}, 

{¥, (0), 92(),93()} = {cosht, 1 — sinht, 2 + sinh} 
21.y"—-y"=0, {y,0,.9.0,930) = (1, t,e7}, 

(7,0, 72.0, 730} = (1 — 22,04 2,e°} 
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22. ty” + ty” —y =0,t>0, {¥,0,9¥.0.9;0} = (1, nt, 7}, 
{¥, (2), ¥,(t), 93} = (2? — 1, 3, Int} 
Exercises 23-26: 


The Wronskian formed from a solution set of the given differential equation has the 
specified value at t = 1. Determine W(d). 


23. y" — 3y"+3y'-y=0; Wd)=1 

24. y+ (sindy” + (cost)y’+2y=0; W(1)=0 
25. Py” +Py"-2y=0, t>0; W)=3 

26. Py” —2y=0, t>0; W)=3 


27. Linear Independence For definiteness, consider Theorem 3.8 in the case n = 3. Let 
{1:2+¥3} be a fundamental set of solutions for y” + p,(Qy" + py@y' + poy = 0, 
where py, P,P are continuous ona <t < b. Show that the fundamental set is lin- 
early independent. [Hint: Consider the equation ky, (t) + k,y,(t) + k3y3() = 0 along 
with the first and second derivatives of this equation, evaluated at some point ¢) in 
a<t<b.J 


3.12 Higher Order Homogeneous Constant Coefficient 
Differential Equations 
Consider the nth order linear homogeneous differential equation 
yO ta, ye? +... +a’ + doy = 0, -~w <1<w, (1) 
where ay, @,,...,a,,_, are real constants. The general solution is given by 
VE) = CVO HlyV2O ++ +O, 


where {y, (4), y(0),..-,y,,()} is a fundamental set of solutions. How do we de- 
termine a fundamental set of solutions for equation (1)? 

As in Section 3.3, we look for solutions of the form y(t) =e’, where 4 is a 
constant to be determined. Substituting this form into equation (1) leads to 


OP +a, sae! 4++-+a,A+4+a,)e% =0, —0o <t <0. 


The exponential function e“’ is nonzero for all values of 4 (whether real or 
complex). Therefore, in order for y(t) = e”’ to be a solution, we need 


AM +a, a" | +++ +ajA+ay = 0. (2) 


The nth degree polynomial in equation (2) is called the characteristic polyno- 
mial, while equation (2) itself is called the characteristic equation. The roots 
of the characteristic equation define solutions of (1) having the form y(t) = e”’. 


Roots of the Characteristic Equation 


When we considered the case n = 2, we were able to list three possibilities for 
the roots of the characteristic polynomial (two distinct real roots, one repeated 
real root, or two distinct complex roots). While we cannot list all the possibilities 
for the general case, we can make some useful observations. 
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Complex Roots Occur in Complex Conjugate Pairs 


Since the coefficients ag,a,,...,a,_; are real constants, the complex-valued 
roots of the characteristic equation always occur in complex conjugate pairs. 
One simple consequence of this observation is the fact that every characteristic 
polynomial of odd degree has at least one real root. 

We noted in Section 3.5 that if A =a@+i8 and } =a —if are a complex 
conjugate pair of roots of the characteristic equation, then real-valued solutions 
corresponding to these two roots are 


y,@) =e" cosBt and y,(t) =e” sin Bt. (3) 


This result is true for the general nth order linear homogeneous equation as 
well. 


Find the general solution of the third order differential equation 


wy 


yl" + Ay’ = 0, —0 <t< oO. 


Solution: Looking for solutions of the form e” leads to the characteristic equa- 
tion A? ++ 44 = 0, or 


AA? + 4) = A(A + 21) (A — 27) = 0. 


The three roots are therefore A, = 0,4, = 2i, and A, =A, = —2i. The corre- 
sponding real-valued solutions are 


¥,@ =1, y(t) = cos 2t, y3(t) = sin 2t. 


To show these three solutions constitute a fundamental set, we calculate the 
Wronskian and find 


1 cos 2t sin 2t 
W(it)=|0 —2sin2t 2cos2t | = 8(sin* 2t+ cos? 2t) = 8. 
0 -—4cos2t —4sin2t 


Since the Wronskian is nonzero, the three solutions form a fundamental set of 
solutions. The general solution of the differential equation is 


y(t) =c, + Cy cos 2t +c, sin 2r, —0O <t<o. 


In this example, we computed the determinant W(t). But, recalling Abel’s the- 
orem, we could have simply evaluated W(t) at a convenient point, say t = 0. 
Note, for this equation, that Abel’s theorem would also have anticipated that 


K? 


W(t) is a constant function. 


If the Characteristic Polynomial Has Distinct Roots, the Corresponding 
Solutions Form a Fundamental Set 


In Example 1, the characteristic equation had three distinct roots: the real 
number A, = 0 and the complex conjugate pair 4, = 2i and 1, = —2i. The cor- 
responding set of solutions formed a fundamental set of solutions. In the ex- 
ercises, we ask you to show that this result holds in general. That is, if the 
characteristic equation has n distinct roots A,,4,,...,4,,, then the set of solu- 


tions {e*"", e*2', ...,e*n'} forms a fundamental set of solutions. (If some of these 
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distinct roots are complex-valued, we can replace the conjugate pair of com- 
plex exponentials with the corresponding real-valued pair of solutions and the 
conclusion remains the same.) 


Roots of the Characteristic Equation May Have Multiplicity Greater than 
2 and May Be Complex 


For the second order linear homogeneous equations discussed earlier, a re- 
peated root of the corresponding quadratic characteristic equation is, of neces- 
sity, real-valued. If, is a repeated root of the quadratic characteristic equation, 
then the corresponding solutions 


y,Q =e" and y(t) = te 


form a fundamental set of solutions. 
For higher order differential equations, the situation is more complicated. 
For example, 


(a) A root can be repeated more than once. In particular, if the characteristic 
polynomial has the form 
pa) =a? t+ a, Ar +e tar + ag = (A— A)’ GQ), (4) 


where g is a polynomial of degree n — r and q(A,) 4 0, then we say A, isa 


root of multiplicity r. If 4, is a root of multiplicity 7, then the functions 
ent, tert, Perit, a pf-l ght (5) 


form a set of r solutions of the differential equations. The remaining n — r 
solutions needed to form a fundamental set of solutions can be determined 
by examining the roots of g(A) = 0. 


(b) A repeated root might be complex. We recall, however, that complex roots 
arise in complex conjugate pairs. Therefore, if 1, = a +i is a root of mul- 
tiplicity r, then 4, = a — if is also a root of multiplicity r. In such cases, the 
characteristic polynomial has the form 


A$ Ayal fee + aA + dg = (A= Ay)" (A= 2y)'G(A), 


where q(A) is a polynomial of degree n — 2r and where q(A,) #0 and 
q(A,) # 0. In this case, the functions 


e“ cos Bt, te cos Bt, t?e cos Bt, ee t’ 'e* cos Bt 


. . pe . (6) 
e™ sin Bt, te“ sin Bt, te“ sin Bt, saa t''e sin Bt 


form a set of 2r real-valued solutions. 


Find the general solution of 


(a) yO oe 3y®) 4 3y4) py” _—0 (b) y®) —y4 4 2y"" _ 2y" fs yl -y= 0 


Solution: 
(a) The characteristic polynomial is 
py Sk 40 ed a PO 4 i 8h 4 SOS TY. 


(continued) 
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(continued) 


Therefore, 4 = 0 and 4 = —1 are each roots of multiplicity 3. By (5), the 
functions {1, t, ?7,e~", te’, t?e~"} are solutions. The Wronskian can be shown 
to be nonzero, and hence the solutions form a fundamental set; the general 
solution is 

yt) =c, +egt +0527 +c,e* + este + c,t7e™. 
(b) The characteristic polynomial is 

pba = 04-20 = 27 that = = 10? + 1). 


The characteristic equation has one real root, 4 = 1, and a repeated pair of 
complex conjugate roots, +i. The set of solutions {e’, cost, sint, t cost, t sin #} 
forms a fundamental set of solutions. The general solution is 


y(t) = ce’ +c, cost +c; sint +c,tcost+ctsint. + 


It can be shown that solutions (5) and (6), arising from repeated roots, will 
always form a fundamental set of solutions when they are combined with the 
solutions that arise from any remaining roots of the characteristic equation. 


Solving the Differential Equation y” - ay = 0 


Let a be a real number. The characteristic equation for y —ay =0 is 
A” — a = 0. Finding the roots of this equation amounts to finding the n different 
nth roots of the real number a. The first step is to write a in polar form as 


a= Re™, 


where R = |a| and where a = 0 whena > 0 anda = 7 whena < 0. Recall Euler’s 
formula from Section 3.5, 


e? = cosé +isind. 


i2kx i(a+2kz) 
, 


For any integer k, it follows that e’““” = 1. Therefore, we can writea = Re 


k=0,+1,+2,..., and hence 
ge ON SO FD) ces (7) 


In equation (7), R'/” is the positive real nth root of R = |a|. We generate the n 
distinct roots of 4" —a = 0 by setting k = 0, 1,..., — 1 in equation (7). (Other 
integer values of k simply replicate these values.) Once we determine the n 
roots, we can use Euler's formula to rewrite them in the form x + iy. 


Find the general solution of 
y + 1l6y = 0, —oo <t <0. 
Solution: The characteristic equation is x4 + 16 = 0. Therefore, in this exam- 


ple, a = —16 andn = 4. Using equation (7) with R = 16 anda = 7, we find the 
four roots are 


Ay = el t2kMi4 k= 0, 1,2, 3, 
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or 
Ay = 2e'*/4# = /2+i/2 
A, = 2e37/4 = -J/2+i/2 
Iga te aa a2 
dg = 2177/4 — /2 -i/2. 


The general solution, expressed in terms of real-valued solutions, is 


y(t) = ev?" (c cos V2t+c, sin V21) po (cs cosV2t+cy, sinV21) _% 


When a is a real number, the complex roots of 4” — a = 0 occur in complex 
conjugate pairs. If we plot these 1 roots in the complex plane, we see they all 
lie on a circle of radius |a|'/” and the angular separation between roots is 27/n. 
Figure 3.20 shows the four roots of a+ + 16 = 0 found in Example 3. 


Im 
-\2+iN2 ~~ ~S v2 + iv2 
e 
y \ 
; \ 
; \ 
- - >Re 
\ ij 
\ / 
\ / 
\ ra 
Ss 
-V2-iV2 ~~~ _ |__-~ V2-in2 
FIGURE 3.20 


The four roots of 44 + 16 = 0 lie on a circle of radius 16/4 = 2 and have an 


angular separation of 27/4 = 2/2 radians. The roots occur in two complex 
conjugate pairs. 


EXERCISES 


Exercises 1-18: 
In each exercise, 
(a) Find the general solution of the differential equation. 


(b) If initial conditions are specified, solve the initial value problem. 


1. y” — 4y'=0 Py ay ay aah 3. yy" + y" + 4y' + 4y =0 
4. l6y — 8y”+ y=0 5. l6y + 8y"+ y=0 6. y”—y=0 

7. y” —2y" — y' + 2y=0 8. v9 -y=0 9. y"” + 8y=0 

10. 2y” — y" =0 11. y"+y= 0 12. y 4 dy" + y=0 

13. y — y=0 14. y% — y”+ y'-y=0 


15. y"+2y’+ y'=0, y(0)=0, y(0)=0, y"(0)=1 
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16. y"+4y'=0, yvO)=1, y'(0)=6, y"(0) =4 

17. vy" +3y"+3y'+y=0, y(0)=0, y(0)=1, v"(0)=0 

18. y —y"=0, y0)=0, yO) =0, y")=0, y"@) =1 

Exercises 19-20: 

The given differential equations have repeated roots; a and £ are real constants. 
(a) Use equation (5) or (6), as appropriate, to determine a solution set. 


(b) Show that the solution set found in part (a) is a fundamental set of solutions by 
evaluating the Wronskian at t = 0. 


19. y” — 3ay" + 3a7y' — ay = 0 20. y + 267" + Bry =0 
Exercises 21-25: 


In each exercise, you are given the general solution of 


my 


y® + ay” + ayy" + ayy’ + ay = 0, 


where 4a3,d,,a,, and dy are real constants. Use the general solution to determine the 
constants a,,d,,a,, and ay. [Hint: Construct the characteristic equation from the given 
general solution. ] 
21. yt) =c, +c t+, cos 3t +c, sin 3t 
22. y(t) =c, cost +c, sint +c, cos 2t +c, sin 2t 
23. y(t) =cye' +c,te'+c3,e' + cyte“ 
24. y(t) =c,e‘sint +c,e' cost+c,e' sint + c,e' cost 
25. y(t) =c,e' +c,te' +.c,1’e' +c, f°e' 
Exercises 26-30: 
Consider the nth order homogeneous linear differential equation 
YF dy VY $v + ayy" + any" + ayy! + agy = 0, 
where dy, 4,,4,,...,4,,_, are real constants. In each exercise, several functions belonging 
to a fundamental set of solutions for this equation are given. 


(a) What is the smallest value n for which the given functions can belong to such a 
fundamental set? 


(b) What is the fundamental set? 

26. y,0)=t, y,(t)=e', y3(t) =cost 

27. v,0=e', yx(t)=e'cos2t, y3(t) =e‘ cos2t 
28. y,)=?sint, y(t) =e'sint 

29. y,0=tsint, y(t) =e! 

30.y,0=0, y,(t) =e” 

Exercises 31-35: 

Consider the nth order differential equation 


y™ — ay =0, 


where a is a real number. In each exercise, some information is presented about the 
solutions of this equation. Use the given information to deduce both the order n (n > 1) 
of the differential equation and the value of the constant a. (If more than one answer is 
possible, determine the smallest possible order n and the corresponding value of a.) 


31. |a| = 1 and lim, ,,, y(@) = 0 for all solutions y(¢) of the equation. 
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32. |a| = 2 and all nonzero solutions of the differential equation are exponential func- 
tions. 


33. y(t) =P is a solution of the differential equation. 

34. |a| = 4 and all solutions of the differential equation are bounded functions on the 
interval —oo < t < ow. 

35. Two solutions are y,(¢) =e‘ and y,(t) =e” sin(/3 1/2). 


36. Assume the characteristic equation of y" + a,_,y""? +--+ a,y' + ayy =0 has 
distinct roots A,,A3,...,,,. It can be shown that the Vandermonde® determinant 
has the value 


b 4: ae 4 
Ay Ay hn n 
2 

MO a |= [] @:-ap. 

2 F ij=l 

i>j 

_ Vr - cre i 
Use this fact to show that {e*1’, e’2",...,e’n'} is a fundamental set of solutions. 


3.13 Higher Order Linear Nonhomogeneous 
Differential Equations 
We now consider the mth order linear nonhomogeneous differential equation 
YP +p, OV" +--+ Pi Oy + PoOY=eO, a<t<b. (4) 


The arguments made in Section 3.7, establishing the solution structure for 
second order equations, apply as well in the nth order case. The arguments rely 
on the fact that the differential equation is linear; they do not depend on the 
order of the equation. The solution structure of equation (1) can be represented 
schematically as 


The general solution The general solution A particular solution 
of the nonhomogeneous = of the homogeneous + _ of the nonhomogeneous 
equation equation equation. 


The general solution of the homogeneous equation is the complementary so- 
lution, denoted by y,(t). The one solution of the nonhomogeneous equation 
that we have somehow found is the particular solution, denoted by yp(t). The 
general solution of nonhomogeneous equation (1) has the form 


yO) =ycO) + yp). 


Finding a Particular Solution 


In Sections 3.8 and 3.9, we discussed the method of undetermined coefficients 
and the method of variation of parameters for constructing particular solutions. 


8 Alexandre-Theophile Vandermonde (1735-1796) was a violinist who turned to mathematics when 
he was 35 years old. His four published mathematical papers made noteworthy contributions 
to the study of algebraic equations, topology, combinatorics, and determinants. Surprisingly, the 
determinant that now bears his name appears nowhere in his published works. 
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Both methods have straightforward generalizations to nth order equations. 
With respect to undetermined coefficients, Table 3.1 in Section 3.8 applies to 
higher order equations as well as second order equations. The only change is 
that the integerr in Table 3.1 can now range as high as the order of the equation, 
n. We illustrate the method of undetermined coefficients in Example 1. 


Choose an appropriate form for a particular solution of 


yO 4 3y 4 3y% 4 y” = t+ 2te* 4+ sint, —00 <t < 00. 


Solution: The first step is to find the complementary solution. The charac- 
teristic polynomial is Ao 37° + 30 +P St 0 4 FA 4 4 Se VO SY. 
Since A = 0 and A = —1 are repeated roots, the general solution of the homo- 
geneous equation is 


VO better ce +cste +e. Ee". 


Therefore, the method of undetermined coefficients suggests that we look for 
a particular solution having the form 
yp(t) = B(A,t + Ap) +2°(B, te! + Bye) + Ccost + Dsint. 


The ¢? multipliers ensure that no term in the assumed form is a solution of the 


2 


homogeneous equation. “* 


Variation of Parameters 


The method of variation of parameters, discussed in Section 3.9, can be ex- 
tended to find a particular solution of a linear nonhomogeneous nth order 
equation. As with second order equations, we assume we know a fundamen- 
tal set of solutions of the homogeneous equation, {v, (4), ¥2(t),...,¥,,(Q}. The 
complementary solution is therefore 


ve = C19, 0 +e. +--+ ¢,7,0, a<t<b. 
We now “vary the parameters,” by replacing the constants c,,c3,...,¢,, with 
functions 1, (f), u>(f),...,u,,(f), and assume a particular solution of the form 
yp) =, Ou, (t) +y2(Hu2g@ +---+y,0u,O, a<t<b. (2) 

The functions uw, (t), u,(t),...,u,,(t) must be chosen so that (2) is a solution of 
nonhomogeneous equation (1). However, since there are 1 functions in (2), we 
are free to impose n — 1 additional constraints on the n functions. Specifically, 
we impose the following m — 1 constraints: 

VU +H2QUg +--+ +Y,U, = 0 

YiUy + QU. +--+ +I p_ly = 0 

Yiu +y2Uy +++- + Yup = 0 (3) 


(n—2)_ 7 (n—2) 7 —2 
yT uy ty2" Kuyt ty Pui, = 0. 
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The purpose of (3) is to make successive derivatives of yp(t) [where yp(t) is 
defined by equation (2)] have the following simple forms: 
Yp =yiuy + ypuz aes + YpUy 
Vp = ViUy + VQUz +++ +I ply 
‘ (4) 
yp = yy ay ty 
When we substitute representation (2) for yp into differential equation (1), use 
(3), and also use the fact that each of the functions y,, y5,...,y,, is a solution of 
the homogeneous equation, we obtain 


=| -1 = 
YP uy ty Puy +--+ yf Pu, = 8. (5) 


ly tot yf 


Taken together, equations (3) and (5) form a set of n linear equations for the n 
unknowns, uw}, u5,...,u/,. In matrix form, this system of equations is 


v4 2 mee Yn ui 0 

re ae iE 0 
. . Pl lean a<t<b. (6) 

ye? yD ee oP] Len] Le 
The determinant of the (n x 1) coefficient matrix is the Wronskian of a fun- 
damental set of solutions, {v,,y>,.--,¥,,}. Therefore, since the Wronskian de- 
terminant is nonzero for all values ¢ in the interval (a, b), the system (6) has 
a unique solution for the unknowns uj, u5,...,u;,. Once these n functions are 
determined, we compute uw,,u,...,u,, by antidifferentiation and form yp as 

prescribed by equation (2). 

In principle, the method of variation of parameters is very general. How- 
ever, the practical limitations noted in Section 3.9 for the second order case 
also apply to the nth order case. If the differential equation coefficients are 
not constants, it may be very difficult to determine a fundamental set of so- 
lutions of the homogeneous equation. Even if we know a fundamental set, it 
may be impossible to express the antiderivatives of u),u,...,u), in terms of 
known functions. The following example, however, is one in which the entire 
computational program of variation of parameters can be performed explicitly. 


Consider the nonhomogeneous differential equation 
By” — 3t*y" + 6ty’ — by =t, 0<t<oo. (7) 


(a) Verify that the functions y,(t) = t, y(t) = t?, y3(t) =? form a fundamental 
set of solutions for the associated homogeneous equation. 


(b) Use variation of parameters to find a particular solution of the nonhomo- 
geneous equation. 


Solution: 


(a) In Section 8.3, we discuss methods of finding solutions for homogeneous 
equations such as fy” — 3t’y” + 6ty’ — 6y = 0. For now, the fact that these 


(continued) 
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(continued) 


functions are solutions can be verified by direct substitution. The Wron- 
skian of the solutions y,(t) = t, y>(t) = t*, y3(t) = @ is nonzero on 0 < t < oo: 


tr #£ 
W@®=|1 2¢ 32] = 22°. 
0 2 6t 


Therefore, the given functions form a fundamental set of solutions. 
(b) Assume a particular solution of the form 


yp = tu, +tu,0) +0u,0. 


If we want to use equations (5) and (6), we must first divide equation (7) 
by ¢? to put it in the standard form (1); this step is necessary in order to 
properly identify the nonhomogeneous term, g(t). Here, the function g(t) is 
given by g(t) =f *. Using equation (6), we arrive at 

tf la, 0 

1 2¢ Be) |) =| 0 |. (8) 

0 2 6t] |u 


Solving system (8), we find 


u 1/(2t) 
u,| = | -1/t? 
us 1/(2t°) 
We obtain the functions u,, u,, u, by computing convenient antiderivatives: 
1 1 1 1 
u,(t) = xin lel = zint, ux(t) = a u3(t) = ae 


where 0 < t < oo. Thus, one particular solution is 


t {1 5 t 3t 
ye) = Int +t (=) + (Fz) = jin re 0<t<om. 


Since the term 3t/4 is a solution of the homogeneous equation, we can 
dispense with it and use a simpler particular solution, 


t 
yp(t) = zint, 0<t<om. 
The general solution is 


t 
y@) = VoD +ypO = cyt + cot” +30 + zint, 0<t<oo. + 


Exercises 1-14: 

For each differential equation, 

(a) Find the complementary solution. 
(b) Find a particular solution. 


(c) Formulate the general solution. 
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1. yy" — y' =e 2. y" — y' =442cos2t 3. y"—y' =4t 
4. y"— y' = —4e' 5. y" + y" = be 6. y" — y" =4e7! 
7. yl" —2y"+ y =t+ 4e' 8. y” — 3y" 4 3y’ — y= 12e' 
9. y"—y=e' 10. y+ y =e' +cost 
11. y%-y=t+1 12. y® — y = cos2t 
13.y"+y=0 14. y"+y"=4 


Exercises 15-21: 
For each differential equation, 
(a) Find the complementary solution. 


(b) Formulate the appropriate form for the particular solution suggested by the method 
of undetermined coefficients. You need not evaluate the undetermined coefficients. 


15. y” — 4y" + 4y' = 8 4 4t’e” 16. y" — 3y" + 3y’ —y =e' + 4e' cos3t+4 
17. y® — l6y = 4tsin2t 18. y + 8y" + 16y =tcos 2t 
19. y? —y =te* + (3t+4) cost 20. y" — y" =f + cost 


21. y® + 4y =e' sint 
Exercises 22-24: 
Consider the nonhomogeneous differential equation 
y" + ay" + by’ + cy =g(0). 


In each exercise, the general solution of the differential equation is given, where c,,c), 
and c, represent arbitrary constants. Use this information to determine the constants 
a, b,c and the function g(t). 


22. y=c, +e5t +c,e" + 4 sin 2t 23. y =c, sin2t+c,cos2t+c,e' +? 
24, y=c, +e,t+c,0? — 20 
Exercises 25-26: 
Consider the nonhomogeneous differential equation 
Py" + at’y" + bty' + cy = g(t), t>0. 


In each exercise, the general solution of the differential equation is given, where c,,c), 
and c, represent arbitrary constants. Use this information to determine the constants 
a, b,c and the function g(t). 


25. y=c, +e,t+e,0+7 26. y =c,t+c,07 +c; +2 Int 
27. (a) Verify that {t, t”, 4} is a fundamental set of solutions of the differential equation 
Py” —4t’y" + 8ty' — 8y =0. 
(b) Find the general solution of 
By” — 4t?y" + 8ty’ — 8y = 2Vv1, t>0. 


[Hint: Cramer’s rule can be used to solve the system of equations arising in the 
method of variation of parameters. ] 


28. Using the information of Exercise 27(a), find the general solution of 
By” — 4t?y" + 8ty' — 8y = 21, t>0. 
29. Using the information of Exercise 27(a), find the general solution of 


By” — 4t?y" + 8ty’ — 8y = 6r3, t>0. 
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Exercises 30-33: 

Find the solution of the differential equation that satisfies the given conditions. 
30. y? —y=e", yO)=0, lim,,.y@=0 

31. y"+y=cost, yO)=1, |y®|<2forallt, O<t<a 

32. y"+y"=4e", yO0)=2, lim,,.yO=1 


Ud t 


33.y"+y=e", yO)=1, lim,,. vO =0 


REVIEW EXERCISES 


These review exercises provide you with an opportunity to test your understanding 
of the concepts and solution techniques developed in this chapter. The end-of-section 
exercises deal with the topics discussed in the section. These review exercises, however, 
require you to identify an appropriate solution technique before solving the problem. 


Exercises 1-30: 


In each exercise, determine the general solution. If initial conditions are given, solve the 


initial value problem. 


1. y" + 2y'+2y=0 2. y’— y =—6sint 
3. y"+4y=0, y0)=3, y0)=2 4, y"+9y'=0 
5. y” — 5y’+ 6y =0 6. y" — 4y'+ 13y =0 
7. y —81y =0 8.y"+yatant, -S<r<F 
9. y+ 9 =0 
10. y’+5y'+6y=6t, yO)=-1, y(O)=1 
11. y’-2y'+y=r'e', t>0 12. y" + 2y’+ 2y = 5cost 
13. y"+2y'+y=8, y(0)=10, y(O)=1 
14, y+ y' =e” 15. y’=6r+4 
16. y" + 2y'+y=0 17. y? —y =4t 
18. y" — 3y' + 2y = —3e! 19. y" + y =sect+t, =F <t<5 
20. y"+ y"-y'-—y=0 21. y" — 6y' + 9v =0 
22. y" + 6y' + 8y =0 23. y’-y=6-0 
24. y" — 9 =0 25. y” — 20y’ + 100y = 0 
26. y" + 4y'+4y =e 27. y" —4y'=0 
28. y’ — 4y'+4y =0 29. y — 4y”” + 4y"=0 
30. y"+y=24+?, yO)=2, y(0)=3 
PROJECTS 


Project 1: Modeling Buoyant Motion 


Consider the paraboloid of revolution whose cross section is shown in Figure 3.21. The 
upper radius of this solid body is r, and its height is h. Our initial goal is to derive a 
differential equation modeling the bobbing motion of such a solid when it is floating in 
liquid. The respective densities of the solid and liquid are p and p,, where we assume 
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(a) (b) 


FIGURE 3.21 


(a) The equilibrium state. (b) The dynamic state; y(t) is positive downward. 


p <p, so that the solid floats in the liquid. Assume further that the paraboloid bobs 
vertically up and down when disturbed from its equilibrium rest state. 


1 


As shown in Figure 3.21, Y represents the depth to which the paraboloid sinks when it 
is floating at rest, and y(t) denotes the displacement of the body from its equilibrium 
state (measured positive in the downward direction). Derive a differential equation 
for y(t) as follows: 


(a) Compute the weight of the solid. Apply the law of buoyancy (the weight of the 
solid equals the weight of the liquid displaced) to obtain an expression for the 
equilibrium depth Y. 

(b) Assume that the solid is displaced from its equilibrium state and apply Newton’s 
law of motion ma = F to derive a differential equation for y(t). The net downward 
force acting upon the body is the difference between its weight and the upward 
buoyant force. 


The differential equation you derive should have the form 
yO) +ay@) + By’ =0, (1) 


where a and £ are positive constants. This is a second order autonomous nonlinear 
differential equation. We have no techniques for solving such an equation. Neverthe- 
less, we can use it to answer the question posed in part 2. 


. Consider the problem illustrated in Figure 3.22. A bullet-like projectile, having the 


shape of a paraboloid of revolution, is dropped from rest a short distance / above 


(a) (b) 


FIGURE 3.22 


(a) The initial state when dropped. (b) Maximum penetration into the 
liquid. 
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the surface of a liquid. Assume that p = 0.5p,, = 10 in.,r = 4 in., and g = 32 ft/sec’. 
Assume that the tip of the paraboloid penetrates the liquid to a maximum depth of 
9 in. 

Determine the distance /. Assume that the drag forces in the atmosphere and in 
the liquid are negligible. [Hint: Divide the problem into two parts. Make a change 
of independent variable in (1), adopting y as the new independent variable; recall 
Section 2.9. Use this equation to determine the velocity with which the projectile 
impacts the liquid surface. Use this information, in turn, to determine /.] 


Project 2: A Simple Centrifuge 


The mechanical system shown in Figure 3.23 is a simple model of a centrifuge. A particle 
having mass m is initially positioned in a frictionless tube that rotates horizontally 
about a fixed pivot. As the tube rotates, the particle’s radial distance from the pivot 
will increase and the particle will eventually exit the tube. Our goal is to analyze this 
behavior mathematically. 


m 


FIGURE 3.23 


A simple centrifuge. 


The key observation is the fact that at any given instant, the particle experiences 
no forces in the radial direction. Newton's law of motion tells us, therefore, that the 
component of the acceleration vector in the radial direction must vanish. Obtain the 
relevant differential equation as follows: 


1. Consider Figure 3.24, where e, and e, are unit vectors in the radial and tangential 
directions, respectively. Show that 


e, = (cos 6)i+ (sin 6)j, e, = (—sin@)i+ (cos 0)j, (2) 


where i are j are unit vectors in the x and y directions, respectively. 


2. If the angle @ changes with time, the unit vectors e, and e, will likewise change with 
time since their orientations will change. Use equation (2) and the fact that i and j 
are constant vectors to show that 


de, 
dt 


de 
=6'e, and ae =-6'e,, (3) 


where 6’ = d6/dt. Next, use equation (3) to derive expressions for d’e,/dt* and 
d’e,/dt’. 

3. The position vector describing the particle’s location in the horizontal plane can be 
represented as r=re,, where r is the (time-varying) radial distance of the particle 
from the pivot. Differentiate this expression twice with respect to time, using the 
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FIGURE 3.24 


Diagram for equation (2). 


product rule and the relations derived in part 2, to show that 


d’r " W\2 ” tat 
a= Te = [r" —r(@’)"Je, + [ré" + 2r'6'Je,. 
In our problem, angular velocity 6’ = Q is prescribed, whereas the radial acceleration 
vanishes. The differential equation determining the radial distance of the particle 
from the pivot is therefore 


r — Or =0. (4) 


When angular velocity Q is constant, equation (4) can be solved using the techniques 
developed in this chapter. 


4. A frictionless tube 2 m in length is rotating with a constant angular velocity of 30 
revolutions per minute. At time ¢ = 0 the tube is aligned with the positive x-axis, and 
at that instant a particle is injected into the tube at the pivot with a radial velocity 
r'(0) = rg. What should the injection radial velocity r, be if we want the particle to 
exit the tube at the first instant the tube becomes aligned with the negative x-axis? 
What will be the radial velocity of the particle when it exits the tube? 


Project 3: A Glimpse at Linear Two-Point 
Boundary Value Problems 


The problems considered in this chapter are initial value problems, problems in which 
all supplementary constraints are imposed at a single value of the independent variable. 
Another important type of problem is a two-point boundary value problem, in which 
constraints (called boundary conditions) are imposed upon the solution at two different 
values of the independent variable. In applications, the two points at which constraints 
are imposed are typically the endpoints of the interval of interest. (Project 4 considers 
an application of this type.) 

The purpose of this exercise is to briefly illustrate some of the differences that 
exist between initial value problems and boundary value problems. We have seen that 
definitive statements can be made guaranteeing the existence of unique solutions of 
initial value problems. For boundary value problems, however, the situation is more 
complicated. The problems below illustrate that a two-point boundary value problem 
may have a unique solution, infinitely many solutions, or no solution. 

In each case, first obtain the general solution of the differential equation and then 
impose the boundary conditions. 
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1. Consider the two-point boundary value problem 


y"-y=0, yO=a, y(T)=8. 


Show that this problem has a unique solution on the interval 0 < t < T for every 
choice of the constants a, 8, and T, where we assume T > 0. Obtain the solution in 
the special case where a = 0, 8 = 2, and T = 1. 


2. Consider the two-point boundary value problem 
y'+y=0, yO)=a, y(T)=8. 
Show that this problem has 


(a) A unique solution for all choices of a and 6 ifT Anz,n =0,1,2,.... 
(b) Infinitely many solutions if T = 2 and B = —a. 
(c) No solution if T = x and B 4 —a. 


In each of the following exercises, obtain the general solution of the differential 
equation and impose the boundary conditions. State whether the boundary value prob- 
lem has a unique solution, infinitely many solutions, or no solution. If a solution exists, 
whether unique or not, determine it. 


yy +y=0, YO=H1, yr)=1 
-y"+2y'+y=0, yO)=0, y2)=-2 
.y"+4y=0, yO0)=0, yor/2)=0 
.y"+y=2, yO=H1, y2r)=0 

y= 2y'+2y=0, yQ)=0, yd) =-2 
.y”-y=0, y0=0, yO)=0, yd)=1 


CoN DWM BW 


Project 4: Vibrations of a Clamped-End Beam 


Consider the beam shown in Figure 3.25(a). It is uniform in cross section and compo- 
sition, has length /, and is clamped at both ends. Assume that a distributed loading or 
force per unit length, denoted by w(x, £), is applied vertically to the beam. This loading is 
a function of position x along the beam and time ¢. In response to this dynamic loading, 
the beam will flex or deflect. We denote the beam displacement at point x and time ft 
by v(x, 2). Both w and y are assumed positive in the downward direction [see Figure 


3.25(b)]. 
Distributed loading w(x, t) applied to beam 
: Beam deflection y(x, 1) 
x=0 xa x=0 x=l 
(a) (b) 
FIGURE 3.25 


(a) The beam in an unloaded state. (b) The beam in a loaded state, at time t. 


A mathematical description of how the beam deflects under loading is needed. A 
model frequently used is the following partial differential equation, known as the Euler- 
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Bernoulli beam equation: 


d°y (x, t) 
p 
ar? 
In equation (5), o is the mass per unit length, E is Young’s modulus (a constant char- 
acterizing the stiffness of the beam material), and J is the area moment of inertia (a 
constant determined by the beam’s cross-sectional geometry). 
Because the beam is clamped at its ends, beam displacement and the slope of this 
displacement must vanish at both x = 0 andx =/. Therefore, beam displacement y(x, ¢) 
must satisfy the following four constraints (known as boundary conditions): 


ay(0,t l,t 
MOP 9,  y@nao, BOD _ 
Ox Ox 
Consider the case where the loading function is 


+ EI 


4 
t 
2 = wed, 0<x <l, 0<t<oa. (5) 


y(0, t) = 0, 0, O<t<o. (6) 


w(x, t) = Wo sin*(2x/l) sin(wt), 


where wy is a positive constant. Therefore, at any fixed point x along the beam, the load- 
ing varies sinusoidally in time with radian frequency w = 27f. When the factor sin(w/) 
is positive, the loading is pressing downward; when sin(wf) is negative, the loading is 
pulling upward. The amplitude or strength of the loading at point x is wy sin?(rx/l). 
This amplitude is largest at the beam center, and it vanishes at both endpoints. 


1. Assume a solution of the form 
y(x, t) = u(x) sin(at). (7) 


We are therefore assuming that the beam deflection has the same sin(wt) time depen- 
dence as the applied loading. Substitute (7) into equations (5) and (6). Show that we 
obtain the following problem for u(x): 


4 
ou) — pw*u(x) = Wo sin? (x /l), O<x<l 


dx’ (8) 
u(0) = 0, u'(0) = 0, u(l) = 0, u'(l) = 0. 


EI 


Problem (8) consists of a fourth order linear nonhomogeneous ordinary differential 
equation and four supplementary conditions. Note, however, that the four constraints 
are not all given at the same value of independent variable x. Problem (8) is not an 
initial value problem; it is a two-point boundary value problem. The four constraints 
in (8) are referred to as boundary conditions. Although the theory for such boundary 
value problems will not be discussed here, this particular problem has a unique 
solution that we can obtain using the techniques developed in this chapter. 

2. Obtain the general solution of the differential equation in (8), assuming that 
(pw /EI)'* % 27/1. [Hint: Use the trigonometric identity sin*@ = (1 — cos 2@)/2.] 

3. Impose the boundary conditions in (8). This will lead to a system of four equations 
for the four arbitrary constants in the general solution found in part 2. 

4. Use computer software to solve the linear system found in part 3 and obtain the 
solution u(x) for the parameter values / = 2 m, w = 27 (therefore, f = 1 Hz), p = 0.6 
kg/m, EI = 32 N-m’, and wy = 100N. 

5. Use computer software to plot the solution u(x) and determine the maximum deflec- 
tion of the beam under this loading. 
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Introduction 


A linear system of algebraic equations is a familiar concept. For instance, con- 
sider this system of three linear equations in three unknowns: 


2x, + XX, -— 2x3, = 
5x, + 2x, + 9x3; = 
3x, -— xX, + 4x3; = 


3 
7 
6. 


Solving this system entails finding all values x,,x,,x, that simultaneously sat- 
isfy each of the three equations. In most cases, such systems of equations cannot 
be solved “one equation at a time.” Rather, we have to deal with the system as 
a whole, applying techniques from matrix theory to obtain the solution. 


213 


214 CHAPTER 4 First Order Linear Systems 


EXAMPLE 


sf 


Systems of First Order Linear Differential Equations 


In this chapter, we consider systems of first order linear differential equations. 
In general, we will be interested in systems of n first order linear differential 
equations. When n = 3, such a system has the form 


Vt = Pu Ov + Pi2OY2 + Pi3Oy3 + 210 
V2 = Px OV, + P22O¥2 + P2303 + 220) (1) 
3 = P39, + P32(bv2 + P33(0)¥3 + 230), a<t<b. 


Solving this problem amounts to finding all functions y, (¢), y,(¢), and y3(f) that 
simultaneously satisfy the three differential equations on the interval of inter- 
est. Here again, as with a system of algebraic equations, we cannot normally 
solve a system of differential equations “one equation at a time.” We cannot, 
for example, use the techniques of Chapter 2 to solve the first equation for y, (4), 
because the functions y,(t) and y,(t) are not known. Instead, we have to develop 
techniques that deal with the system of equations as a whole. In this regard, 
techniques from matrix theory will be of central importance. 


A Two-Tank Mixing Problem 


Consider the two-tank connection shown in Figure 4.1. As in Chapter 2, the 
solute and solvent are assumed to be salt and water, respectively, and the so- 
lutions in both tanks are “well-stirred.” Assume each tank has a capacity of 
500 gal. Initially, Tank 1 contains 200 gal of fresh water, while Tank 2 has 50 
lb of salt dissolved in 300 gal of water. At time t = 0, the flow begins at the 
rates and concentrations shown in Figure 4.1. Let the amounts of salt in the 
two tanks at time t be denoted by Q,(t) and Q,(f), respectively. The problem 
is to determine Q,(t) and Q,(¢) on the time interval that is physically relevant 
(that is, we will stop the flow if one of the tanks becomes completely filled or 
completely drained). Time ¢ is in minutes. 


10 gal/min 12 gal/min 


Fresh water 


4 gal/min 8 gal/min 


FIGURE 4.1 


The two-tank mixing problem described in Example 1. 
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Solution: As a first step, we determine how the volumes of fluid vary in both 
tanks. Tank 1 has a total of 16 gal of solution entering per minute and 6 gal 
leaving per minute. Since Tank 1 contains 200 gal at ¢ = 0 and gains 10 gal of 
fluid per minute, the volume of liquid in Tank 1 is given by V, (¢) = 200 + 10¢ gal. 

Tank 2, on the other hand, gains 14 gal of fluid per minute but also loses 
14 gal/min. Therefore, the volume of liquid in Tank 2 remains constant at 
V,(t) = 300 gal. These considerations of volume determine the t-interval of in- 
terest. Since the capacity of Tank 1 is 500 gal, it will be completely filled in 
30 minutes. The interval of interest is therefore 0 < t < 30. 

We obtain the relevant system of differential equations by applying the 
principle of “conservation of salt” to each tank: The rate of change of the amount 
of salt in a tank is equal to the rate at which salt enters the tank minus the rate 
at which salt leaves the tank. From Figure 4.1, it follows that 


dQ, _ Q, Qi] _ 6 6 
dt =5+6|%| 6 | #4] = 200 + 1072! + 30922 +> 

2 
dQ, 2 14 a 


Q; Q, 
dt =2|%] 4] 2] = specie 300 22" 


The initial value problem, to be solved on the interval 0 < ¢ < 30, consists 
of these differential equations together with initial conditions Q,(0) = 0, 
Q,(0) = 50. + 


The Calculus of Matrix Functions 


Systems of differential equations such as (1) and (2) can be rewritten as a single 
matrix equation, and techniques from matrix theory can be employed to find 
solutions of such systems. We now discuss some helpful background in the 
calculus of matrix functions. 

Throughout Chapter 4, we will be concerned with (m x n) matrices whose 
entries are real-valued functions of the real variable t. Such functions are called 
matrix-valued functions or, simply, matrix functions. For example, a (3 x 2) 
matrix function has the form 


44,0) ay2() 
A(t) = |4,(f) ap) (f)] . (3) 
43,(t) 439(t) 
In (3), the entries a;;(t) are real-valued functions defined on a common interval 
a<t<b. 
When a matrix function has a single column, such as the (3 x 1) matrix 
function 
y¥,() 
y= 1y.0!, 
y3(0) 
we usually refer to y(‘) as a vector-valued function or, simply, a vector func- 
tion. (In matrix theory, it is common practice to use boldface type to denote 


column vectors. Therefore, whenever we refer to a vector function, we will use 
boldface also.) 
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The Arithmetic of Matrix Functions 


For a fixed value of t, a matrix function is a constant matrix, and thus all the 
familiar rules of matrix arithmetic hold for matrix functions as well. Rather 
than stating general theorems giving detailed rules for the arithmetic of matrix 
functions, we simply illustrate the rules in Example 2. 


We consider (2 x 1) and (2 x 2) matrix functions for simplicity. All functions 
are assumed to be defined on some common interval, say a < t < b, and all 
equalities listed hold on that interval. 


a(t) = b(t) 
a,(t)| |b, (d) 


if and only ifa,() = b,( and a,(t) =b, (0). 


(b) Addition: 
a,(t) b, (t) 
+ = 
0] * boo 


(c) Scalar Multiplication: 


(a) Equality: 


a(t) +b, (t) 
a(t) + bo (t) 


a, . : ; (Oa, ol 


t = 
i . | [foa@ 


(d) Matrix Multiplication: 


ee ei ea = beter eee crn 


y(t) a>,(t)| |b] |ap,(0b, (0) +. a,(0b,(0) 


(e) Matrix Inversion: Let A(t) be a (2 x 2) matrix function, 


AW = ait) ayo (0) 
Ay,(t) Ag (t) 


Then A’! (¢) exists for all t such that det[A()] 4 0. 


Consider the (2 x 2) matrix function 


t 1 
A(t) = i Fe ; —-w <t<oO. 


Determine all values t such that A(f) is invertible, and find A7!(¢) for those 
values t. 


Solution: The matrix function A(¢) is invertible if and only if det[A()] 4 0. For 
this matrix, 


det[A(t)] = 427 — 4¢ = 4¢(¢ — 1)(t + 1). 


4.1 Introduction 217 


Therefore, A~!(¢) exists for all t except t = —1,0, 1. The inverse of the (2 x 2) 


matrix 
a b 
c ad 


is given by 


In our case, 


| =. | 
2 2 
—1 4-1) 
; t#£-1,0,1. + 
| = | " 


Poel a@ = 


a = 1 4° 1] 
~ Att? —1) |-4¢ ot | 


Limits and Derivatives of Matrix Functions 


The concept of the limit of a vector function is familiar from calculus. For 
example, let r(¢) denote the vector function 


r(t) =f (i+ gOj+hOk, 


where the three component functions f (¢), g(t), and /:(f) are defined in an open 
interval containing the point t = a. The limit of r(f) as t approaches a is 


lim r© = [im FO] 1+ [lim | 5+ [im ho] 
provided the limits of the three component functions exist. 
We take the same approach in defining limits of a matrix function. Let A(4) 


be an (m x 1) matrix function having component functions a; (t), all defined in 
an open interval containing the point ¢ = a. To say that 


lim A(t) = L 

toa 
means 

lima;@=1;,, lsism, 1s<j<n. 

For instance, if A(f) is a (2 x 2) matrix function, then 

lim A(t) = L 

ta 
if and only if 


lim A(t) = lim 
toa toa ay, (t) ay (t) 


be as Hien gy) Tim ait) al ales 


i i L, 1 
lim a>, (t) lim ay(0) 21 22 
If one or more of the component function limits do not exist, then the limit of 
the matrix function does not exist. For example, if 
fae 23 
Bit) = , |» then lim B(t) = : 
0 e t>2 0 & 


However, lim , ,, B(t) does not exist. 


t-0 
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As in single variable calculus, we say the matrix function A(f) is continuous 
at t =a if A(f) is defined in a neighborhood of t = a and if 


lim A(t) = A(a). (4) 


To define a derivative (an instantaneous rate of change), we are led to a 
limit of the form 


1 
A) = lim Act h) — A(t)]. 


For example, let A(t) bea (2 x 2) matrix function with differentiable component 
functions. Then 


1 
AW) = lim 7 Ae+ h) - AQ] 


lim a4,¢+h)—a,,(h) — 
h->0 h h->0 


a42(t + h) _ a1(h) 
h 


jon G20 tM) = Aa) 4 aaalt +h) — ana (h) 
h->0 h h->0 h 
= ay, (t) ajy(t) 

ay, (t) ay9(t)| 


As this special case suggests, the derivative of a matrix function is the matrix of 
derivatives of its component functions. In general, let A(t) be an (m x 1) matrix 
function 


Ay) Aydt) Ay, (0) 
A) = ani) Ay, (t) Fanlt) 
Ayn (t) Ayn2(t) an Ginn@®) 


where each of the component functions is differentiable on the interval (a, b). 
Then the derivative A’(t) exists and is given by 


ay) apt) + ai,® 
A®= aa) an2(t) Anlt) » wereb, (5) 
a (t) Qin? (¢) ue as (t) 


We refer to A(t) as a differentiable matrix function or, simply, a differentiable 
matrix. 


Representing Linear Systems in Matrix Terms 
We can express systems of linear differential equations in matrix terms. For 
example, recall the (3 x 3) system (1) 

V1 = P11 O91 + PpOrv2 + P1303 + 210 

V5 = Poy (V1 + P22 2 + Pr3b)y3 + B20) 

ys = P31 Oy, + P32 + p33(Oy3 + 2310), WAL sD, 


4.1 Introduction 219 


Define y(t), P(t), and g(t) as follows: 


yO Pu Pir Pi3) &@) 
yt) = | ¥.@)] , P(t)= | P23 Py) P23], gt) = | g.() 
y3@) P31(t) P32(t) p33(t) &3(0) 


Using these definitions, we can express the (3 x 3) system in matrix terms as 


y(t) = Py) +g. (6) 


The value of (6) is more than just shorthand. The notation also helps us under- 
stand the principles of solving systems of linear differential equations because 
it takes our eyes away from the details of individual equations and allows us to 
see the system as a single entity. We can view (6) as a single differential equation 
involving a matrix-valued dependent variable. 


Some Useful Formulas 


The fact that the derivative of a matrix function is simply the matrix of deriva- 
tives can be used to verify the following familiar-looking formulas. 
Let A(t) and B(t) be two differentiable (mm x n) matrix functions. Then 


[AM + BO! =A O +B. (7) 


Let A(t) be a differentiable (m x m) matrix function, and let f(t) be a differen- 
tiable scalar function. Then 


[FOAM =f'OAD +f OA'O. (8) 


Let A(t) be a differentiable (77 x m) matrix function, and let B(t) be a differen- 
tiable (n x p) matrix function. Then 


[AMBOY = A OBO + AMB'(O. (9) 


Formula (9) is the analog of the familiar product formula in calculus. Since 
the functions involved are matrix functions, however, it is imperative that the 
order of matrix multiplications be preserved. 


Antiderivatives of Matrix Functions 


Since the derivative of a matrix function reduces to the matrix of derivatives, 
it is not surprising that antiderivatives of matrix functions are found by an- 
tidifferentiating each component of the matrix function. That is, if A(t) is the 
(m x n) matrix function 


Ay) Ayn) yy) 


A) = an) Ay (t) Fanlt) 


’ 


ant (t) an2 (0) is ann (t) 


220 CHAPTER 4 First Order Linear Systems 


then the antiderivative of A(t) is the (m x n) matrix function 


fanoa fantoat far fantoat 
[Aoa= fenoat fentoat fentoat 


femat J enaloat ve fetta 
EXAMPLE 


4 Determine the antiderivative of 


ie ‘|| 
AQ® = 


Oo -il 


Solution: Since the antiderivative of a matrix function is the matrix of an- 


tiderivatives, 
gt fl . fig. Gigi et 72 
SO. et Gy eee) (0). 8 


[ao dt = 


As Example 4 illustrates, when we calculate the antiderivative of a ma- 
trix function, we need to allow for different arbitrary constants in each com- 
ponent function antidifferentiation. Therefore, the general antiderivative of a 
matrix function is a matrix of convenient antiderivatives plus an arbitrary con- 
stant matrix of comparable dimensions. 


2t 2 
eo +Cyy LF +Cy 


Cr —t+C)) 


EXERCISES 


Exercises 1-5: 


For the given matrix functions A(t), B(t), and ¢(t), make the indicated calculations 


A®=| | : Bw) = (t) = is 
Mie 2  2t+1]’ ~ 10 £42]? seed al 
1. 2A(t) — 3tB(t) 2. A(HB(t) — BHA 3. A(t)e(t) 
4. det[tA(] 5. det[BMA(O] 


Exercises 6-9: 
Determine all values ¢ such that A(t) is invertible and, for those t-values, find A7!(f). 
t+1 t 


t 2 
7.AQ = 
ae Pay 


sint —cost ee 
8. A) = 9AO=] 4 a 
ee 


6. A(t) = 


sint cost 
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Exercises 10-11: 
Find lim ,_,, A(@) or state that the limit does not exist. 
sint 


t ia 
10. A(t) = i 11. A(t) = 
3t 2 


Exercises 12-13: 
Find A’(t) and A” (t). For what values of t are the matrices A(t), A(t), and A” (t) defined? 


sint 3t 7 In |t| 
, 13. A(t) = a 


12. At) = 
® +2 5 V1l—-t e 


Exercises 14-15: 


Each of the systems of linear differential equations can be expressed in the form 
y’ = P(t)y + g(t). Determine P(t) and g(t). 


14. y, = ty, + 3y, + sect 15.y,=t'y,+(+)y, +t 
= (sinty, + ty, —5 y, =4y,4+0°'y, + 8t Int 


Exercises 16-22: 


Determine the general form of A(t) by constructing antiderivatives as needed and im- 
posing any given constraints. 


1 
16. a: ! 17.A4AQH=[1 ¢t e}], AO)=[-1 1 90] 


18. A’(t) = A(O) = ‘ 2 
O) O= |, _5 

2 
hh 
20. A") = |, 
é 


: sint 0 1 : 
21. A’(t) = A(0) = 0 ol’ A(0) = 
1 
2 


22. A" (t) = : J, , A(O)= | 


_—_—_—_— 
—= © 
oo 
ue _I 


Exercises 23-24: 
Calculate A(t) = i Bcs)ds. 


2s cos s 2 e 6s 
23. Bis) = 4 ; 24. Bis) = . 
5 (s+1) 3s cos2zs sin2zs 


25. Let A(t) be an (n x 1) matrix function. We use the notation A’(t) to mean the matrix 
function A(f)A(f). 


(a) Construct an explicit (2 x 2) differentiable matrix function to show that 
d_, d 
at ()] and 2A) 1401 


are generally not equal. 
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(b) What is the correct formula relating the derivative of A?(t) to the matrices A(t) 
and A’(t)? 

26. Construct an example of a (2 x 2) matrix function A(t) such that A?(f) is a constant 
matrix but A(f) is not a constant matrix. 


27. Let A(t) be an (n x n) matrix function that is both differentiable and invertible on 
some f-interval of interest. It can be shown that A7!(t) is likewise differentiable on 
this interval. Differentiate the matrix identity A~!()A(t) = I to obtain the following 
formula: 


a1) =-A'@MA'(HA' (0). 


[Hint: Recall the product rule, equation (9). Notice that the formula you derive is 
not the same as the power rule of single-variable calculus. ] 


tae t P 
~ 10° 2¢} 7 


Explicitly calculate both (d/dt) [A7!(f)] and —A7! (1)A'(t)A7! (0) for this special case to 
illustrate the formula derived in Exercise 27. 


Exercises 29-32: 


Consider the two-tank mixing apparatus shown in the figure. Each tank has a capacity 
of 500 gal and initially contains 100 gal of fresh water. At time ¢ = 0, the well-stirred 
mixing process begins with the specified input concentration and flow rates. 


28. Consider the matrix function 


Figure for Exercises 29-32 


(a) Determine the volume of solution in each tank as a function of time. 


(b) Determine the time interval of interest. (The process stops when a tank is full or 
empty.) 

(c) Let Q,(¢) and Q,(t) denote the amounts of salt (in pounds) in Tanks 1 and 2 at time t 
(in minutes). Derive the initial value problem with Q, and Q, as dependent variables 
describing the mixing process. 

29. 7, =r, =5 gal/min, r, =r, = 10 gal/min 

30. r, 


31.7, =5 gal/min, 7r;=0, 7, =17, =5 gal/min 


r,;=5gal/min, r, =6 gal/min, r, = 4 gal/min 


32. r, =5 gal/min, r,;=10 gal/min, r, =r, =5 gal/min 
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4.2 Existence and Uniqueness 


Section 4.1 introduced matrix and vector functions and showed how to deal 
with the calculus of such functions. We now discuss initial value problems 
involving systems of first order differential equations. Consider the initial value 
problem 
Vi = POV + Pi2Oy2 + + Pin On + 810 
Vo = Po OY, + P22 Oo + +++ + Pan Oy + B20 
(1) 
Yn =PiriOy, + Pia Oy2 Sirah + Pin Oy + 8,0); a<t< b, 


Vito) =, Voto) = 99 ve w= _,, 
where y?, y$,...,v2 are n constants specified at some point fy in the t-interval 
of interest, (a, b). The n” coefficient functions P10), Pit), ---»Pyn(D) and the n 
functions g, (t), g,(t),...,g,,(t) are given functions, defined ona <t <b. 
We can recast problem (1) in matrix form as 
y@=POyH+EO, ylto) =Yo, (2) 
where, fora <t <b, 
yO PuOM PeO ++ PinO 
4 t t t 
y(t) = yale) P(t) = Past) P22 (0) Pont) 
Vn) Pri) Pr) a Pi 
gi(t) vt 
£(t) ¥) 
30 en i oe ee 
En (t) y? 


The differential equation in (2) is referred to as a first order system of linear 
differential equations or, more simply, a first order linear system. If the 
(n x 1) vector function g(t) is the (n x 1) zero vector, then the system is called 
a first order homogeneous linear system; if g(t) is not identically zero on the 
interval of interest, the system is a first order nonhomogeneous linear system. 

We sometimes need to distinguish the differential equation in (2), where 
the dependent variable y() is a vector-valued function, from the differential 
equations considered in Chapters 1-3, where the dependent variable y(t) is a 
single real-valued function. We will refer to the differential equations studied 
in Chapters 1-3 as scalar differential equations. In particular, Chapters 2 and 
3 dealt with first order, second order, and nth order linear scalar differential 
equations. 


An Existence and Uniqueness Theorem 


What are the conditions needed to ensure that initial value problem (2) has 
a unique solution? A general theme emerged from the existence/uniqueness 
results of Chapters 2 and 3—namely, 
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eorem 4.1 


EXAMPLE 


4. 


If (a, b) denotes the interval of interest, then continuity of the coefficient 
functions of a linear differential equation, together with continuity of 
the nonhomogeneous term g(f), is sufficient to guarantee existence of a 
unique solution of the initial value problem on the entire interval (a, b). 


Theorem 4.1 continues this theme. The theory of linear differential equations— 
whether scalar equations or first order systems—has an underlying conceptual 
unity. Theorem 4.1 is an overarching result, including Theorems 2.1, 3.1, and 
3.5 as special cases. 


Consider the initial value problem 


y(t) =POyo) +g), Y(to) = Yo; 


where y(t), P(t), g(t), and yp are defined as in equation (2). Let the n 
components of P(t) and the nm components of g(t) be continuous on the 
interval (a, b), and let ty be in (a, b). Then the initial value problem has a 
unique solution that exists on the entire interval (a, b). 


Consider the initial value problem 


t 
/ = (sin20y, + ;————-y, + 4, 1)=2 
yy ( yy 2-4-8” y¥,(1) 


yy = Un |t+1py, te “y, +sect,  y,(1) =0. 
Determine the largest t-interval on which Theorem 4.1 guarantees the existence 
of a unique solution of this problem. 
Solution: The given problem can be rewritten as 


y (t) = Py) +g), a<t<b, 


Y(to) = Yo; 
where 
t 
, oa 
yo = beat P(t) = —2t-8 
y2) In|t+1| om 


(t) = ‘ tp=1 ale 
a= sect} ’ ai Yo= lol: 


According to Theorem 4.1, a unique solution is guaranteed to exist on the largest 
interval (a, b), containing the point ¢) = 1, in which the four components of P(t) 
and the two components of g(t) are continuous. 

The functions p,,(t) = sin 2t, p5.(f) = e and g,(t) = 4 are continuous for 
all t, —oo < t < o. The function 


t t 
P—2t-8 (t-4(t+2) 


Ph) = 
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has discontinuities at = —2 andt = 4. Similarly, p,,(0 = In |t + 1| is discontin- 
uous at t = —1, while g,(t) = sect has discontinuities at odd multiples of 2/2. 
Since 2/2 © 1.571, the largest interval containing ty) = 1 on which all six func- 
tions are continuous is —1 < tf < 2/2. Theorem 4.1 guarantees the existence of 
a unique solution on the interval —1 <t < 7/2. * 


Rewriting an nth Order Scalar Linear Equation 
as a First Order Linear System 


Theorem 4.1 is an overarching result because it is always possible to rewrite 

an nth order scalar linear differential equation as a system of n first order lin- 

ear differential equations. We introduce the technique with a simple example, 

rewriting a second order scalar linear differential equation as a system of two 

first order linear equations. Initial conditions can be transformed as well. 
Consider the scalar initial value problem 


y"” — ey’ + 3y = sin2z, y(0) = 2, y'(0) = 1. (3) 
Make the change of variables 
yO =O, yt) =y'O. (4) 
Define the vector function y(t) by 


v1 (t) 
j= F 
me P 4 


From (3) and (4), we have 


¥iO = O=nO 
y5() = y"® =e'y'O — 3y@ + sin2t = e'y,() — 3y,@ + sin 2t. 


Therefore, initial value problem (3) can be rewritten as 


yO] _ y2(0) Pomc: 
y,@)| ley,@ —3y,)+sin2e}? 7 ~ Ja’ 


This initial value problem has the form y’(t) = P()y(4) + g(t), y(O) = yo, where 


eio\ oo esl) 2° {| 2 
a ar ae 


In general, consider the mth order scalar linear differential equation 


9 + Py sOyr? +--+, Oy' + Poy = 20. (5) 
Make the change of variables 
yOH=90, wO=¥O, wO=VO, -  wO=I PO. 
Define = 
yO 
yo = P2"], 


Vy (t) 
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EXAMPLE 


2 


and calculate the components of y’(t) using equations (6) and (5). The result is 
a linear system, y’(t) = P(t)y(t) + g(0). [If there are initial conditions associated 
with differential equation (5), we can use (6) to express the initial conditions 
in the form y(ty) = Yo-] 


Rewrite the scalar initial value problem as a first order linear system, 


y” _ ty" +4 3ty’ alt Sy = aa y(0) _ 1, y’(0) — 3, y"(0) 7. 
Solution: Define y(t) using the change of variables (6): 
[ro] fro] 
yO = |wO| = [vO]. 
3) yo) 
Differentiating y(t), we obtain 


yO ya y(t) 
yO=|%@O] = }y"O] = ¥3(t) 
0] |y"O|  |2y3@ — 3ty,(0 —5y,0 +e“ 


Therefore, the initial value problem can be written as 


yi @O 0 1 Of ly, () 1 
yO) =] 0 O 1] ly@)/+] 0], yO=]3]. 4 
930) 25 23t PI! ly ew 7 


The ability to rewrite an nth order scalar equation as a first order linear 
system leads to an important conceptual unity for the theory of differential 
equations. As we present the theory of first order linear systems in this chapter, 
we will point out how the results being developed relate to analogous results 
from Chapters 2 and 3. 

What are the practical implications of this relationship? On one hand, the 
techniques we have seen in prior chapters for solving nth order scalar problems 
have not been rendered obsolete; they remain as relevant as ever. As we will see, 
if an initial value problem for a scalar differential equation can be solved using 
the techniques of Chapter 3, that process is usually easier than rewriting the 
equation as a first order system and then solving the resulting matrix problem. 

On the other hand, the ability to recast higher order scalar problems as first 
order systems is very useful, for example, in applying numerical algorithms to 
solve these problems. Consider, for instance, the initial value problem in Exam- 
ple 2. Although Theorem 3.5 assures us that the problem has a unique solution 
on —co <t < ov, we have no method to explicitly construct the solution; the 
third order nonhomogeneous differential equation, although linear, has vari- 
able coefficients. Therefore, we might choose to solve this problem numerically. 
As we will see in Section 4.9, Euler’s method (as well as other more accurate 


EXERCISES 
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numerical methods) can be extended to apply to initial value problems for first 
order systems. In fact, when we want to use a numerical method to solve a 
higher order scalar problem, the first step normally is to rewrite the scalar 
problem as a first order system. 


Exercises 1-4: 
Find the largest interval a < t < b such that a unique solution of the given initial value 
problem is guaranteed to exist. 
1. y, =t'y,+(tandy,, y,()=0 
yy = Un |t)y, +e'y,,  y2(3)=1 
2. y, =i + andy, +¢+1)* y,(0) =0 
y= —2)y, +4y, y2(0) =0 
3. ty, = (cosdy,+y.+1, 9,0) =0 
y, =2y,+4ty,+sect, y,(1)=2 
4. (¢4+ 2)y = 3ty,+5y., ¥,(1) =0 
@—2)y) = 2y, + 4ty,  y2(1) =2 
Exercises 5-6: 
Verify, for any values c, and c,, that the functions y, (tf) and y,(f) satisfy the given system 
of linear differential equations. 
5.9, =49, +92, yf) = ce" +c,€" 
yy =71+4, (0) =c,e* —cye* 
6. y, =), +9), ¥,OQ=c,e' cost+c,e' sint 
yy =v, ty, y(t) = —c,e' sint +c,e' cost 
Exercises 7-8: 
For each of the exercises, 


(a) Rewrite the equations from the given exercise in vector form as y’(t) = Ay(t), iden- 
tifying the constant matrix A. 


(b) Rewrite the solution of the equations in part (a) in vector form as y(t) = c,y,;(t) + 
CY>(t). 


7. Exercise 5 8. Exercise 6 


Exercises 9-10: 


Each exercise lists a candidate for the solution, y(t), of the equation y’ = Ay, where A 
is the given constant matrix. Verify that y(t) is indeed a solution for any choice of the 
constants c, and c,. Find values of c, and c, such that y(¢) solves the given initial value 
problem. [According to Theorem 4.1, you have found the unique solution of y’ = Ay, 


y(0) = yo.] 
1 
3t 
ies | 


-1 
-t 
fe | | 


4 
9. y’=Ay, y(O)= | ; , where A = 


—2 2t 
4 and y(t) = cye 


-1 
10. y’=Ay, y(0)= | gp wherea = 


2 d _ 5t 
1 and y(t) =cy,e 
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Exercises 11-14: 

As in Example 2, rewrite the scalar linear differential equation as a system of first order 
linear differential equations of the form y’ = P(t)y + g(t). Identify the matrix function 
P(t) and the vector function g(f). 

11. y’+ ry’ +4y =sint 12. (cost)y" — 3ty' + Vty=?+4+1 

13. e'y” +5y’ +r 'y' + (tanty = 1 14. 2y" + ty +e* =y" + (cost)y’ 

Exercises 15-17: 


Each initial value problem was obtained from an initial value problem for a higher order 
scalar differential equation. What is the corresponding scalar initial value problem? 


s.y'=| o Jly+]|, © cy=|) 
a> —3 2 y 2cos2t|’ y ~ 14 
y2 1 
16. y’= ¥3 , y(O) = |-2 
—2y, + 4y, +e” 3 
2 0 
, 3 
17. y’ = », yA)= 
M4 —1 
¥2 +y3 8in(y,) +93 2 


Exercises 18-21: 


Exercises 11-17 dealt with rewriting a single scalar equation as a first order system. 
Frequently, however, we need to convert systems of higher order equations into a sin- 
gle first order system. In each exercise, rewrite the given system of two second order 
equations as a system of four first order linear equations of the form y’ = P(t)y + g(t). 
In each exercise, use the following change of variables and identify P(t) and g(t): 


yi @ y() 
y(t) yt) 
y(t) = 2 = 
¥3(0) z(t) 
y4(t) z(t) 
18. Y= tt? +y'+z 19, y" = tly’ + 4y —tz +4 (sint)z’ +e” 
zg" = y' + Zz! + 2ty z" = y ze 52’ 
20. y" = 7y' + 4y — 824+ 62427 21. 15z + 9y' + 3y” = 12y — 62’ + 32° 
z” = 52’ + 2z- by’ + 3y — sint z+ 5y—z2" =2z-6y' +t 


4.3 Homogeneous Linear Systems 


Our previous discussions of linear differential equations began with homoge- 
nous equations. We use the same approach here. Consider the system of n first 
order homogeneous linear differential equations, 


Vi = Pu OY, +Pi2QOy2 +--+ + Pin On 


V2 = PaO, + P22 + +++ + Py OVn (1) 


Vn = Pri b)y1 + Provo pe FP ns a<t<b, 
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This first order homogeneous linear system can be written in matrix form 
as 


y' =P(by, a<t<b, (2) 
where 
yO Pu@) Pr) --- Pin® 
= yale) ena BO = Past) P22 (t) Pon) 
Yn (0) Pu® Prot) “1 Diy (¢) 


The Principle of Superposition 


Theorem 4.2 states a superposition principle for equation (2). 


Let y,(, yo@,-.--, y,@) be any r solutions of the homogeneous linear 
equation 


y' =Py, a<t<b. 


Then, for any r constants c,,C,...,¢,, the linear combination 


y) = cy, (0) + Cont) + --- +¢,¥,0) 


is also a solution on the t-interval a < t <b. 


e PROOF: _ The proof of Theorem 4.2 is conceptually the same as the proof 
of Theorem 3.2; we simply substitute the expression for y(¢) into differential 
equation (2), obtaining 
Y= C1y1 + Ca¥. +--+ +6,Y,) = Cry) +d +++ +69; (3) 
Since y; = Py; for 1 <i <n, we can rewrite (3) as 
y= cyPOy, + coPMOy, +--+: +¢,POy, = PO(cyy; + C2¥2 +--+: +0¢,Y,) = POY. 
e 


Fundamental Sets and the General Solution 


We are mainly concerned with Theorem 4.2 in the case r = n. In this context, 
we again introduce the concept of a fundamental set of solutions. 

Let {y,(, y2(0),..., y,(D} be a set of 1 solutions of the linear system (2). 
This set of solutions is called a fundamental set of solutions if every solution 
of (2) can be written as a linear combination of the form cy, (f) + czy (t) +--+ + 
c,y, (t). If fy,(, y.(), ..., y,®} is a fundamental set of solutions of y’ = P(t)y, 
then the expression 


y(t) = cy, (0) + Ca¥.) + --- +e, Y,0) 


is called the general solution. 


230 CHAPTER 4 First Order Linear Systems 


EXAMPLE 


1 


Consider the first order linear homogeneous system y’ = Ay, — 00 <t <0, 
where 


0 1 0 
A=|-6 5 0 
0 0 1 


You can verify by direct substitution that the vector functions 


2t 3t 


e e 0 
y,@) = |2e|, y>(t) = |3e*| , y3(f) = | 0 
0 0 e! 


are a solution of y’ = Ay. From Theorem 4.2, it follows that the linear combi- 
nation 
y(t) = cy, (t) + Co¥2(t) + 33, (0) (4) 


is also a solution for any choice of constants c,, C3, C3. Is (4) the general solution 
of y’ = Ay? We will show in Example 2 that the answer is “Yes.” Also, in Section 
4.4, we describe how to obtain the three solutions y, (4), y(t), and y3(4). * 


Two Important Identities 


We take note of a simple but important matrix identity known as the column 
form for matrix-vector multiplication. Let A be an (m x 1) matrix, and let x 
be an (n x 1) vector. We can represent A in column form as 


A=[A,,A),...,A,]. 


[In this column form representation, A,,A,,...,A,, denote the columns of A; 
each A, is an (m x 1) vector.] Let the vector x be given by 


Then the matrix-vector product Ax is equal to the linear combination 
Ax = x,A,; +x ,A,+---+%,A,. (5) 
For instance, consider the linear combination y(t) = cyy, (4) + coy.) +.¢393() 


appearing in equation (4) in Example 1. Using identity (5), we can rewrite this 
linear combination in the form y(t) = (f)c, where 


2t 3t 


e e 0 Cy 
vO =Ly,O.¥20,¥30] = |2e% 3e% O| and c= |c, 
0 0 e on 


Arelated identity involves matrix-matrix multiplication. Let B be an (m x n) 
matrix, and let C = [C,,C,,...,C,] be an (7 x r) matrix. Then, in column form, 
the matrix product BC can be written as 


BC = [BC,, BC,,..., BC,]. (6) 
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In other words [see (6)], the ith column of BC is the product of the matrix B 
and the ith column of C. 


The Wronskian 
Consider the initial value problem 
y=PQy, ylty)=¥o, a<t<b, (7) 


where the (1 x 1) matrix P(t) is continuous on (a, b) and where fg is in (a, b). Let 
{y,0.,y¥2@,---,y,,(0} be a fundamental set of solutions for y’ = P(t)y. There- 
fore, the general solution of y’ = P(Ay is 


y@) =cy,Q+oy,0+---+c¢,y,@. 
The unique solution of initial value problem (7) is found by imposing the initial 
condition 

C1¥1 Co) + C2¥2 (Eo) + ++ + CyY, Co) = Yo- 
Using (5), we can write this vector equation as 


Cy 
Cy 
LY, (to), Voto), «- 5 ¥, (t0)] « | = Yor (8a) 


Cy 


For brevity, let Y(t) = [y,(), yo), .--, y, (OI, and let c denote the (v x 1) vector 
of constants in equation (8a). Using this notation, we can write equation (8a) as 


W(tp)e = Yo. (8b) 


By Theorem 4.1, equation (8b) has a unique solution for every right-hand side 
Yo and choice of fy in (a, b). Therefore, det [¥(4)] 4 0 for all ¢ in (a, b). 

This discussion leads us once more to the definition of a Wronskian. 
Let {y,(), yo), ..., y,,(D} be a set of n solutions of y’ = P(f)y, and let W(t) = 
ly, y¥2@,.--. y,(D]. The Wronskian, W (2), is defined to be 


W(t) = det[W()]. 


We have seen that if the columns of Y(t) form a fundamental set of solutions, 
then W(t) 4 0 for all ¢ in (a, b). The converse is true as well and can be estab- 
lished with essentially the same arguments used in Section 3.11; see equations 
(4)-(6) in Section 3.11. Theorem 4.3 gives the resulting characterization of fun- 
damental sets. 


Let y,, yo, -.-., y, @ be m solutions of the homogeneous linear equa- 
tion 


y’ = Py, a<t<b, 


where P(t) is continuous on (a, b). Let W(t) denote the Wronskian of these 
solutions. Then {y, (4), y>(), ..., y,,(} is a fundamental set of solutions if 
and only if W(t) 4 0 on (a,b). 
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Consider the initial value problem 


y =Ay, yO)=y),  -—co<t<oo, 
where 
0 1 0 3 
A= ]-6 5 0], Yo= |7 
0 0 1 4 


From Example 1, we know that three solutions of the differential equation 
y =Ayare 


eZ! et 0) 
9) = |2e" |; y,(t) = | 3e*| , ¥,0 = |0 
0 0 e! 


(a) Show that {y, (4), y2(¢), y3(0} is a fundamental set of solutions. 
(b) Solve the initial value problem. 


Solution: 


(a) The Wronskian is 


eZ! et 0 
W(t) = |2e% 3e% 0| =e(3e% — 2e%) =e. 
0 0 e' 


Since the Wronskian is nonzero for all ¢, fy, (), y>(4), y3()} is a fundamental 
set of solutions on —oo < t < oo. 


(b) From part (a), the general solution is 


YO) =C1y, © + Cy. + C3932) = Ye, 


where 
e2! et 0 
W(t) = |2e7% 3e 0 
0 0 e 


Imposing the initial condition, y(0) = Y(0)e = yp, we obtain 


1 1 Of Je, 3 
2 & 0) ley) = 17 
0 0 1} {ec 4 


Therefore, c is given by 
3 -1 O| [3 

c= (0) 'y,=]-2 1 Of} |7/=]1 

0 oO 1] /4 
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The solution of the initial value problem is 


207! +e 
y(t) = Ve = | 4e7% + 3e7| . & 
4e’ 


Abel’s Theorem 


In Section 3.11, we stated Abel’s theorem and used it to establish an impor- 
tant dichotomy property for Wronskians formed from solutions of scalar linear 
homogeneous equations. We now present (without proof) a generalization of 
Abel’s theorem. This generalization, stated in Theorem 4.4, again implies that 
the Wronskian of a set of solutions either vanishes nowhere or vanishes every- 
where on the f-interval of interest. Theorem 4.4 shows, therefore, that we need 
only establish that the Wronskian is nonzero at some convenient point in order 
to demonstrate that a solution set is a fundamental set. 

Before stating Theorem 4.4, we need to define a new quantity. Let A be an 
(n xX n) matrix, 


41, Ay 7" Ay 

42, 42 42 
AS | : 

Qny Gy2 *°* Ann 


The trace of A, denoted by tr[A], is defined to be the sum of the diagonal 
elements of A, 


tr[A] = ay, +4) +433 ++ + Any 


For instance, the (3 x 3) matrix A in Examples 1 and 2, 


0 1 0 
A= |-6 5 O!, 
0 0 1 


has tr[A] = 6. For the matrix function P(t) in equation (2), 
tr1PO] = p10 + P22) +733) +---+ Pin. 


Having this preliminary definition, we are ready to state Abel’s theorem. 


Let {y, (1), yo), .... y,, (D} be a set of solutions of 
y’ = Py, a<t<b, 


and let W(t) be the Wronskian of these solutions. Then W(f) satisfies the 
scalar differential equation 


W(t) = tr[P®]W(). 


Moreover, if ty is any point ina <¢ <b, then 


‘ d 
WO =Wt err Ol*, gg ct <b. 
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Theorem 4.5 


As we see from equation (9), if W(t9) = 0, then the Wronskian vanishes 
identically on the t-interval of interest. On the other hand, if W(f,) 4 0, then 
the Wronskian is never zero in (a, b). 

In the special case where an th order linear scalar differential equation 
is recast as a first order linear system, the definition of the Wronskian and 
the conclusion of Abel’s theorem stated for systems reduce precisely to their 
counterparts in Chapter 3; see Exercise 35. 


Additional Observations 


We make some additional observations about the linear system y’ = P(t)y that 
parallel those made in Section 3.11 for scalar linear homogeneous equations. 
We leave the verification to the exercises. 


1. Fundamental sets always exist; see Exercise 36. 


2. Fundamental sets are linearly independent sets of functions; see Exer- 
cise 37. 


3. Fundamental sets are not unique. Fundamental sets are related as de- 
scribed by Theorem 4.5. 


Let {y, (¢), y>(t), .--, y,,(£)} be a fundamental set of solutions of 
y’ = Py, a<t<b, 


where the (n x 1) matrix function P(f) is continuous on the interval (a, b). 
Let 


V(t) = [y:0,y.0,--..y,0] 


denote the (nv x n) matrix function formed from the fundamental set. Let 
{¥,©, ¥(@),..-, ¥,,} be any other set of 1 solutions of the differential 
equation, and let 


UO) = [91 0.H0.---. 9,10] 


denote the (n x 2) matrix formed from this other set of solutions. Then, 


(a) There is a unique (n x m) constant matrix C such that 
WOH=VOC, a<t<b. 


(b) Moreover, {¥, (0), ¥2(0), ..., ¥,,(} is also a fundamental set of solutions 
if and only if the determinant of C is nonzero. 


Fundamental Matrices 


As we have seen, it is often convenient to introduce an (n x n) matrix function 


v0) = ly, O.y.0,--..y,0]. 


where W(t) is formed using a set of solutions as its columns. We refer to such 
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a matrix W(t) as a solution matrix. In addition, if the set of solutions forms a 
fundamental set of solutions, we call Y(t) a fundamental matrix of y’ = Py. 

Part (a) of Theorem 4.5 states that any solution matrix can be expressed as 
any given fundamental matrix multiplied on the right by an (n x 1) constant 
matrix C. Part (b) of Theorem 4.5 states that any other fundamental matrix can 
be expressed as the given fundamental matrix multiplied on the right by an 
invertible (n x n) constant matrix C. 


Exercises 1-6: 


(a) Rewrite the given system of linear homogeneous differential equations as a homo- 
geneous linear system of the form y’ = P(d)y. 


(b) Verify that the given function y(t) is a solution of y’ = P()y. 


1. y, =9y, -—4 2e* 2. y, =-3y, -2 ee 
i“ v4 Vo ; y(t) = 7 - v4 Y2 y(t) = 7 
ys = 15y, — 7y, 3e ys = 4y, +37, —2e' —e 

3. y,=y, +4 2e' cos 2t 
Mary 2 yO= a 
yy = —¥, +9, —e' sin 2t 

2 
v= —t + 3t 

+ na Ya , LS 0, (t) = 

y 
2 2 -2t+3 
Yo po! = 7-2 

5. y= Yo t+V3 e! 
¥ =—-67,-3y. +93,  yO= |-e' 
y3 = —8y, — 2y, + 4y3 2e! 

6. y, = 2y, +9. +93 2e' +e 
= +924+273, yO= |-e' +e 
¥3 = 9, +29, +93 ae ae 


Exercises 7-14: 


Determine whether the given functions form a fundamental set of solutions for the 
linear system. 


= t —t 
7.y = Ei ; y yQO= |r » Y(t) = e 


j 1 -l cos 2t sin 2t 
ll. y = Jy. yO= | | y2(t) = | | 


cos 2t + sin 2t sin 2t — 2 cos 2t 


-1 2 7 e! 7 e! 
0 ~] y, y,Q= 0 ’ y(t) = e7 


12. y’= 


| 
| 
10. v=| 
| 
| 
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1 -—2 1 e! 
13.y'=|0 -1 Illy, y,O=]0], 
0 0 0 0 


: 0 1 t 
14. y = ee y y@O= il? 


Exercises 15-23: 


e! 1 
y,() = e! » y¥30=/]1 
0 1 


tr 
y>(t) = [ira , O<t<c@ 


(a) Verify that the given functions are solutions of the homogeneous linear system. 


(b) Compute the Wronskian of the solution set. On the basis of this calculation, can 
you assert that the set of solutions forms a fundamental set? 


(c) If the given solutions form a fundamental set, state the general solution of the 
linear homogeneous system. Express the general solution as the product y(t) = 
W(t)c, where W(t) is a square matrix whose columns are the solutions forming the 
fundamental set and ¢ is a column vector of arbitrary constants. 


(d) If the solutions form a fundamental set, impose the given initial condition and find 
the unique solution of the initial value problem. 


, [9 -4 1 


16 i — y y 0 B 
i 15 —7 : ( y= 1 ; 
17 y’ — 0 : : 
: 4 3 y yl vs 1 : 
om 2 -1 : 2)? 


, [-3 -2 1 
3 y'=| 4 sly. w= | 5: 


; L =A a 
20. y = » sf h y(-l) = al: 


; 20%! ‘ 2e7 
YO= 308 |’ y2() = Se" 


6 2e¥ — 4e es 4e* + 2e 

j= : j= 

“ a et |” 6e* + 5e7 
(t) a eel. 

y _ =e ’ Y2 _ 6e7! 


és —5e~*' cos 3t 
ae e "(cos 3t — 3 sin3)| 


—5e~~ sin 3t 
t= 
20) e 7 (3. cos 3t + sin 3t) 


e! ent 
yO= | » y= & i 
1 
yO= i » ¥»O= ee 


a, ae?) 1-201 426? 5 —2 ee 
. = A = , t>O0; t 
Flap? ap ting? [YF 2 mi 2t 
oe i 7 1 
—2 0 0 3 e2! 
22. y’=| 0 1 41y, yO=] 4]; y@=|/01], yo@= 2e' cos2t| , 
0-1 1 2 0 —e' sin 2t 


0 
y3(0) = |2e' sin 2t 


e' cos 2t 
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—21 -10 2 3 5e! e! 
23. y'= 22. 11 -2/y, yO)=]|-10]/; y,@=|-1le’], y,m=|] 0 |, 
—-110 -50 11 —16 0 11e‘ 
e! 
y3() = —e" 
5e" 


Exercises 24-27: 
The given functions are solutions of the homogeneous linear system. 


(a) Compute the Wronskian of the solution set and verify that the solution set is a 
fundamental set of solutions. 


(b) Compute the trace of the coefficient matrix. 
(c) Verify Abel’s theorem by showing that, for the given point fy, 


Wt) = Wty) PON® 


, 6 5e" e! 
24.y = 7 6 y; y,@) = ia y,(t) = agi tp=—-1, -co<t<o 


9 562! eM 
25. y’ = b y yO= | » YOH= =| , b= 0, -coo<t<o 


1 ¢ -1 
26. y= | | y, t4£0; y,O= ei y2() | 
2d 2e! 0 et 
27.y'=/]1 1 2/y; y,O=]-e'],. yO=}]-e*]. y,30= Je“]. 
121 


28. The homogeneous linear system 


has a fundamental set of solutions whose Wronskian is constant, W(t) = 4, 
—oo <t < oo. What is the value a? 


Exercises 29-32: 
In each exercise, 
(a) Verify that the matrix W(t) is a fundamental matrix of the given linear system. 


(b) Determine a constant matrix C such that the given matrix W(t) can be represented 
as W(t) = VAC. 


(c) Use your knowledge of the matrix C and assertion (b) of Theorem 4.5 to determine 
whether W(t) is also a fundamental matrix or simply a solution matrix. 


eae 0 1 ve e et be sinht cosht 

= 1 0 ys ~ Jet -et]? ~ |cosht  sinht 
na 1 a : r ae 2e'-e' e'+3e7 
y 1 0 ¥ ~ Jel -e]? 2e' +e’ e'—3e7t 
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31. y’= ; i y, ¥O= i e vO = a 
0 -2\"’ OG 32-77 ||" —6e7 0 
1 1 1 e! e! 4e7! e+e" 4e% ef + de”! 
32.y'=|0 -1 Illy, WM=|0 —2e% e*|, WH=] —-2e% e% — ei 
0 0 2 0 O 3e 0 3e% 3e” 


Exercises 33-34: 


The matrix W(f) is a fundamental matrix of the given homogeneous linear system. Find 
a constant matrix C such that W(t) = W(f)C is a fundamental matrix satisfying Y(0) = J, 
where J is the (2 x 2) identity matrix. 


33. y’ 2 we a ie 34. y’ aes wo) a an 
ON ig) Se | eget “YHly _o/% POr|Q  _3,-2 


35. Consider the nth order scalar equation y" +p,_,(@y""? +--+» +p, Oy’ + po@y = 
0. For the special cases n = 2,n = 3, and n = 4, rewrite the scalar equation as a 
first order system y’ = Ay. Verify that Abel’s theorem, as stated in Theorem 4.4 for 
systems, has the same conclusion as does Abel’s theorem stated in Theorem 3.6 for 
scalar equations. 


36. Let e,,e,,...,e,, denote the columns of the (n x n) identity matrix J. Let P(t) be 
continuous on (a,b), and let ty be in (a, b). Let y,(, y,@, ..., y,,() denote the so- 
lutions of y; = P(t)y;, y(t) = e;,f =1,2,...,0. Show that {y, (4), y.@), ..., y, O} isa 
fundamental set of solutions. 


37. Let {y, (0), y.(...., y,(0} be a fundamental set of solutions of the linear system 
y’ = P(t)y, where the matrix function P(t) is continuous on a <t < b. Prove that 
{y, ©, y(t), ..., y,,®)} is a linearly independent set of functions on (a, b). [Hint: One 
approach is to rewrite the equationk,y,(t) + k,y,@ +---+k,y,@ =O0as V(Hk = 0, 
where W(t) = Ly, (), y.(). ..., y, O]. Now consider ¥ ()k = 0 at some arbitrary point 
ty in (a, b).] 


4.4 Constant Coefficient Homogeneous Systems; 
the Eigenvalue Problem 


Consider the first order homogeneous equation 
y =Ay, —00 <t<0oo, 


where y(f) is an (n x 1) vector function and A is an (n x 1) matrix of real-valued 
constants. The general solution of y’ = Ay has the form 


yt) = cy, @ + CxY>(t) ap th? eZy,, (t), (1) 


where {y, (¢), y>(t), ---, y,,(f)} is a fundamental set of solutions. We now address 
the problem of finding a fundamental set of solutions for y’ = Ay. 


The Eigenvalue Problem 


In Chapters 2 and 3, we found solutions of the linear homogeneous constant 
coefficient scalar equation by looking for solutions of the form y(t) = e”’. For 
the present case, y’ = Ay, we take a similar approach. This time, however, we 
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must find solutions that are vector functions. Therefore, we look for solutions 
of the form 


y(t) = ex, (2) 


where dis a constant (possibly complex) and x is an (n x 1) constant vector. To 
ensure that y(f) is a nonzero solution, we require that x be a nonzero vector. 

Substituting the trial form y(t) = ex into the left-hand side of y’ = Ay leads 
to 


y’ = (e"’x)’ = (e")’x = Ae™x = e™ (Ax). (3) 
Substituting y(t) = ex into the right-hand side of y’ = Ay yields 
Ay = Ace’x) = e”’ (Ax). (4) 
Equating expressions (3) and (4) gives 
e™ (Ax) =e! (Ax). 
Canceling the nonzero factor e“ and rearranging, we obtain 
Ax = Ax, x40. (5) 


Equation (5) is known as an eigenvalue problem and is important in mathe- 
matics, science, and engineering. The problem posed by equation (5) is that of 
finding constants i, called eigenvalues, and corresponding nonzero vectors x, 
called eigenvectors, such that Ax = Ax. 

The combination of an eigenvalue 4. and a corresponding eigenvector x is 
referred to as an eigenpair and denoted by (A, x). For every eigenpair (A, x) of 
the matrix A, the associated vector function 


y(t) =e"'x (6) 


is a solution of y’ = Ay. 

If x is an eigenvector of A corresponding to an eigenvalue A, then so is the 
vector ax, where a is any nonzero constant. Hence, if (A, x) is an eigenpair for 
A, then so is (A, ax), a #0. Eigenvectors are not unique. In view of equation 
(6), however, lack of uniqueness is not surprising. That is, if y(t) = ex is a 
solution of the homogeneous linear equation y’ = Ay, then so is y(t) = ay(t) 
(see Theorem 4.2). 


Consider the homogeneous first order system 
yp = ¥ + 2y2 
¥2 = 2y, + 2. 


We can rewrite this system of equations as y’ = Ay, where 


Let 


(continued) 
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(continued) 

(a) Use equation (5) to show that x, and x, are eigenvectors of A. Determine 
the corresponding eigenvalues 4, and 15. 

(b) Use equation (6) to determine two solutions, y, (t) and y,(¢), of y’ = Ay. 


(c) Calculate the Wronskian, and decide whether {y, (4), y,(4)} is a fundamental 
set of solutions. 


Solution: 


(a) Calculating Ax,, we find 


m= ILD Peo 


Therefore, (A,,x,) = (—1, x,) is an eigenpair of A. Similarly, calculating Ax,, 


we obtain 
te le = ee a ee 
A=" l'5. 4) la) lal 


Therefore, (A,, x,) = (3, x,) is a second eigenpair of A. 
(b) From part (a), we have eigenpairs (A,,x,) and (A,,x,). Using equation (6), 
we can form two solutions, y, (¢) = e*"’x, and y,(t) = e”’x,: 


7 1 e! 1 e* 
wee [Le] mse] -E 


(c) To determine whether these two solutions form a fundamental set of solu- 
tions, we calculate the Wronskian, W(t), of y, and y,. From part (b), our 
solution matrix W(t) is 


et et 
¥O =Lly,0, y.0] = -t | ; 


The Wronskian is 
W(t) = det[W()] = 2e”. 


Since the Wronskian is never zero, we know by Theorem 4.3 that 
{y,©., y,(O} is a fundamental set of solutions of y’ = Ay. The general so- 
lution is therefore 

-t 


e 
y(t) =c, +] #2 
—e e 


Finding Eigenpairs 


Example 1 suggests a procedure to find the general solution of y’ = Ay when 
Ais an (n x n) constant matrix. Each eigenpair (A, x) gives rise to a solution of 
the form y(t) = ex. The general solution is the linear combination 


y(t) = Cy, (t) + C72 (t) se sb Cy Vy (t), 
where {y,(f), yf), -.-, y,,} is a fundamental set. 
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Some obvious questions are 


1. Given an (n x m) constant matrix A, do there always exist eigenpairs 
(A, x)? Is it possible to find n different eigenpairs and thereby form n 
different solutions? Will these solutions form a fundamental set? 


2. How do we find these eigenpairs? 


The eigenvalue problem (5) consists of finding scalars 4 and nonzero vectors 
x such that Ax = ix or, equivalently, Ax — 14x = 0. We can rewrite the equation 
Ax — ix = Oas 


(A —AI)x = 0, x40, (7) 


where J denotes the (n x 1) identity matrix. 

To solve (7), we use a result from linear algebra stating that the matrix 
equation (A — AJ)x = 0 has a nonzero solution x if and only if the determinant 
of A — AJ is zero. Therefore, A is an eigenvalue of A if and only if det[A — AJ] = 0; 
that is, 


ay,—h’ 12 ue Ain 
a Ay, —iXz a 
21 22 2n 
= 0. (8) 
ayy ay2 net Any — A 


Evaluating this determinant (by a cofactor expansion, for instance) shows 
that (8) is a polynomial equation of the form 


p(a) = 0, (9) 


where p(A) is a polynomial of degree n in the variable 4. The polynomial p() 
is called the characteristic polynomial, and equation (8) is called the charac- 
teristic equation. The eigenvalues of A are, therefore, the roots of the charac- 
teristic equation. Since an nth degree polynomial has n zeros (counting multi- 
plicity), an (v x m) matrix A always has n eigenvalues. The eigenvalues may be 
zero or nonzero, real or complex, and some of them may be repeated (that is, 
they may have multiplicity greater than one). 

Since we are assuming the matrix A is real-valued, the coefficients of the 
characteristic polynomial are real numbers. Consequently, any complex roots 
of the characteristic equation occur in complex conjugate pairs. Thus, if 4 = 
a + if is an eigenvalue of A, so is’ = a — if. 

For each eigenvalue 1, we know the homogeneous system of equations 
(A — AI)x = 0 has a nontrivial solution. Therefore, an eigenvector is obtained 
by forming the homogeneous system (A — AJ)x = 0 and finding a nontrivial 
solution. 


(a) Find the eigenpairs of 


(b) Do the solutions of y’ = Ay created from these eigenpairs form a funda- 
mental set? 


(continued) 
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(continued) 
Solution: 
(a) We first find the eigenvalues of A by finding the roots of p(A) = 0: 


: rey 


pa) = det(A — AN) = 1 3 


(4-0-1420 
=A? -52+6= (A—3)(— 2). 
The matrix therefore has two real distinct eigenvalues, 4, = 3 and A, = 2. 
For each eigenvalue, we solve the homogeneous system of equations 


(A — AJ)x = 0 and choose a nontrivial solution to serve as the eigenvector. 
For 1, = 3, the system is (A — 3J)x = 0, or 


lel 


Because the coefficient matrix has a zero determinant, the homogeneous 
system (A — 3J)x = 0 has nontrivial solutions. One such nontrivial solution 


is 
2 
x; = : 
4 


We next obtain an eigenvector x, corresponding to A, =2 by solving 


ay ig 


A convenient nontrivial solution is 


1 
x= : 
ama | 
Eigenpairs of A are 


2 1 
A, =3,x,= i and A, =2,x,= | ; 


(b) Two solutions of y’ = Ay are 
2e3! eZ! 
yO= Pe and y,(t) = a : 


Forming the Wronskian, we obtain 


2e3! eZ! 


W(t) = 
(t) ot pt 


Since the Wronskian is nonzero everywhere, the solutions form a funda- 
mental set on (—00, 00). * 
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(a) Find the eigenpairs of the (3 x 3) matrix 


=f 3 
Aa le, a1 4 
4-4 0 


(b) Do the solutions of y’ = Ay created from these eigenpairs form a funda- 


mental set? 


Solution: 


(a) We 


find the eigenvalues by solving the characteristic equation 


p(a) = 0. To calculate the characteristic polynomial p() = det(A — Al), we 
use a cofactor expansion along the first row: 


i=) =f 3 

paj=|-1 -1-a 1 

4 =4 =} 
co Jilaele’. 7 glo == 
SEO es ght lg ool a =4 


= (1-A)QA> +444) + 7(A — 4) + 3(4A 4 8) 
=-143+164=-AA-4A4+4). 
The eigenvalues of A are A, = 0, 4, = 4, anda, = —4. (In this example, A; = 
0 is an eigenvalue. Although eigenvectors must be nonzero, eigenvalues 
can be zero. In fact [see equation (8)], 4 = 0 is an eigenvalue whenever 
det[A] = 0.) 
We now compute the eigenvectors. An eigenvector corresponding to 
4, = 0 is a nonzero solution of Ax = 0, 


1 -7 3] [x, 0 
=) st “4! |x) =] 10). (10) 

4-4 0| |x, 0 
In this case, unlike the situation in Example 2, we cannot find a solution 
by inspection. Instead, we solve system (10) using Gaussian elimination. 


Elementary row operations can be used to row reduce system (10) into the 
following equivalent system: 


“1 
1 0-3] 7 19 
0 1 $5] |x,| = |0 
0 o o| ls! 1? 


The solution of this system is x, = 5x3, x, = 5x3. For convenience, we set 
x3 = 2, obtaining the eigenvector 
1 
x,=/1 
2 


Similarly, an eigenvector corresponding to 1, = 4 is a nonzero solution of 
(continued) 
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(continued) 


(A— 41x =0, 
-3 -7 3) fx, 0 
—1 +5 1] |x| =o 
4 -4 -4| |x, 0 
Using Gaussian elimination, we find the equivalent system 
f oO 0 
0 1 Of |x| =o 
0 0 Of |x} {0 


Therefore, x; = x3, x, = 0. Choosing x; = 1 leads to the eigenvector 


1 
x, = |0 
1 
Lastly, we leave it as an exercise to show that 
2 
xX; = 1 
-1 
is an eigenvector corresponding to 1; = —4. 
Therefore, we have eigenpairs 
1 1 2 
A, =0, x,=]1]., A, =4, X, = 10], Az =—-4, X3= 1 
2 1 -1 
(b) Three solutions of y’ = Ay are 
1 et 22" 
yO=|1], yO=/0], y,0=| e* 
2 ott _ ent 


According to Abel’s theorem (Theorem 4.4), we can determine whether 
these solutions form a fundamental set by evaluating W(¢)) at some conve- 
nient choice of ty. Choosing ty = 0, we obtain 


11 2 
wo)=|1 0 1/=4. 
a. i 24 


Therefore, these three solutions form a fundamental set on the interval 


-—w<t<m. * 


Eigenpair computations, such as those of the previous two examples, have 
built-in checks available that should be exploited. In computing eigenvectors, 
the Gaussian elimination process that transforms the coefficient matrix A — AI 
to echelon form must produce at least one row of zeros. If that does not occur, 
you should realize you've made a mistake. Another check is simply to compute 
the product Ax and verify that it equals Ax. 


EXERCISES 
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Exercises 1-10: 


Rewrite the linear system as a matrix equation y’ = Ay, and compute the eigenvalues of 


the matrix A. 


ley, = Sy, + 3%, 2.9; = 39, + 2yp 
yo = —by, — 4 yn = —4y, — 3y, 
3.y¥, = M+ D2 4.y; = 2y, + ¥ 
Yo = 2y, + 2y, ¥ = 
5.9, = 2y2 6. y, = 47, — 2y, 
yy = —2y, ¥2 = Sy) — yy 
7. y¥, = 5 8. y/ Y2 — 3y3 
yy = y. + 393 ¥, = —5y, — 43 
3 = 2y, + 2y; ¥3 8y, + 7y3 
9.y, = -2y, + 3% + 3 10.y; = y, — Ty + 3y3 
yy = —8y, + 13y, + 5y5 ¥y = VY — V2 + Ys 
y3 = lly, — 17y. — 69; y3 = 47, -— 42 


Exercises 11-17: 


In each exercise, 4 is an eigenvalue of the given matrix A. Determine an eigenvector 
corresponding to A. 


oo 5 3 
11.A= , Az2 12,A= , Aze-l 
=4 4 aie a8 
; 1-7 23 
13. A= , ASS iAASia-t <f Uy Gendt 
-4 6 
4 -4 0 
a £ Ff i 4 
15.A=|-1 1 -1|, a=2 16.A4=|2 1 2], ass 
2 4 2 A 3 op 
+. 3 4 
IAS=I-8 13 5), aHo 
it. 17 6 


Exercises 18-23: 

For the given linear system y’ = Ay, 

(a) Compute the eigenpairs of the coefficient matrix A. 

(b) For each eigenpair found in part (a), form a solution of y’ = Ay. 


(c) Does the set of solutions found in part (b) form a fundamental set of solutions? 


/ 2 : —3 : 3 2 
18. y’ = E i y 19. y= i i y 20. y’' = Cs 5 | y 
21. y’= | 1 y 22. y'= E y 23. y'= Pe mi y 
1 0 0 1 3 4 
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Exercises 24—27: 


In each exercise, an eigenvalue A is given for the matrix A. 


(a) 
(b) 
(c) 
(d) 


24. 


26. 


28. 


29. 


30. 


31. 


32. 


Find an eigenvector corresponding to the given eigenvalue i. 
Find the other two eigenvalues of the matrix A. 
Find eigenvectors corresponding to the eigenvalues found in part (b). 


Do the three solutions of y’ = Ay formed from the eigenpairs make up a fundamental 
set of solutions? 


2 1 2 1 2 0 
A=|0 2 2], a=-2 25.A=!]-4 7 O], Aa=l 
0 4 0 00 1 
3 1 0 3 1 0 
A=/-6 -5 21, A=2 27.A=|-8 -6 2|/, »A=2 
-7 -8 4 -9 -9 4 
Consider the (2 x 2) matrix 


A= 


a b 

b d\’ 

where A has all real entries. Show that A has only real eigenvalues. [Hint: Calculate 
the characteristic polynomial, and use the quadratic formula.] The matrix A is a 
symmetric matrix since A = A’. The symbol A’ denotes the transpose of A, where 
A’ is obtained by interchanging the rows and columns of A. For example, 


x Uu 
if A= | 
yov 


Ak then A’ = 
v 


a b 
—b al’ 
where a and b are real numbers and b is nonzero. Show that the eigenvalues of A 
are complex. 


Consider the (2 x 2) matrix 


A= 


Let A be a (2 x 2) matrix with eigenvalues 4, and 4,, where A, #4,. Let x, and 
x, be corresponding eigenvectors. Show that {x,, x,} is a linearly independent set. 
[Hint: Suppose k,x, +k,x, = 0. Multiply this equation by A and obtain k,A,x, + 
k,A,x, = 0. Next, multiply k,x, +k,x, =0 by 4, and obtain k,A,x, +k,d,x, = 0. 
Argue that k, =k, = 0.] 

Let A bean (n x 1) matrix with eigenvalue 4 and eigenvector x. Let a be any constant. 
Use the definition, Ax = 4x, x 4 0, to show that 4 + a is an eigenvalue of the matrix 
A-+al and that aa is an eigenvalue of aA. Similarly, if A is invertible, show that 
i #0 and that 1/A is an eigenvalue of A7!. 


Let A be an (n x 1) matrix with eigenvalue 4 and eigenvector x. 
(a) Use the definition, Ax = 4x, x 4 0, to show that A? is an eigenvalue of A’. 
(b) Let A be a (2 x 2) matrix such that Ax = Ax, where A = —2 and 


Determine the vector A°x. [This is a special case of the general result: 1“ is an 
eigenvalue of A*.] 
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4.5 Real Eigenvalues and the Phase Plane 


Consider the linear system y’ = Ay, where A is an (n x 1) constant matrix. As we 
saw in the previous section, solutions of y’ = Ay can be found by determining 
eigenpairs of A. In particular, if (A, x) isan eigenpair, then y(t) = e”’x isa solution 
of y’ = Ay. 

In order to construct a fundamental set of solutions for y’ = Ay, we need 
to find a set of n solutions {y, (t), y>(t), ..., y,)} such that det[W()] 4 0, where 
W(t) is the (v x n) matrix 


YO =[y10.¥20,---. YO]. 


Since every eigenpair (4, x) leads to a solution y(t) = e“’x of y’ = Ay, the first 
step in finding a fundamental set of solutions is to calculate the eigenpairs of 
A. We then ask whether there are n solutions of the form y;(¢) = e*“x; such 
that det[ W(t) ] 4 0. As in Chapter 3, we first consider the case where A has real 
and distinct eigenvalues. Section 4.6 examines the case where A has complex 
eigenvalues, and then Section 4.7 considers the case of repeated eigenvalues. 

This section also introduces a geometric tool known as the phase plane, 
which allows us to visualize solutions of a two-dimensional constant coefficient 
system 


VY, = 419, + Ay2¥2 
Vo = Ay V1 + A7V>. 


Recognizing a Fundamental Set of Solutions 


Suppose that we are given an (n x n) constant coefficient system y’ = Ay and 
that we have found n eigenpairs (A,, X,), (Az, X>),---, (A, X,,) for the coefficient 
matrix A. Do the corresponding solutions y,(t) = ex, i =1,2,...,n forma 
fundamental set of solutions? One way to answer this question is to calculate 
the Wronskian, det[W(], where (4) = [y,(0,..., y,,(0]. However, in certain 
cases, we can answer the question without having to actually calculate the 
Wronskian. The basis for this assertion is Theorem 4.6. 


Consider the homogeneous linear system y’ = Ay, —00 < t < oo. Let the 
constant (n x n) matrix A have eigenpairs (A,,X,), (A9,X2), --+, Ags Xn)> 
where the eigenvectors are linearly independent. Then the set of solutions 


A,t A,t At 
{e""x,,€°2 Xy,...,e°" x} 


is a fundamental set of solutions. 


Theorem 4.6 follows because det[x,,x,,...,X,,] 4 0 if {x,,x,...,x,,} is a set of 
linearly independent (1 x 1) vectors and because det[W(0)] = det[x,,x5,...,X,,]. 

When A is an (n x 2) constant matrix that possesses a set of n linearly in- 
dependent eigenvectors, we say that A has a full set of eigenvectors. Theorem 
4.6 shows how to form a fundamental set of solutions for y’ = Ay when A has 


a full set of eigenvectors. When A fails to have a set of 1 linearly independent 
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EXAMPLE 


i 


eigenvectors, we say that A is defective. Section 4.7 discusses techniques for 
finding a fundamental set of solutions when A is defective. 

There are two cases where we can assert immediately that an (n x 1) con- 
stant matrix A has a full set of eigenvectors: 


(a) If A has n distinct eigenvalues, then A has a full set of eigenvectors. 
(b) If A is a symmetric real matrix, then A has a full set of eigenvectors. 


The conclusion in Case (a) follows from Theorem 4.6 and the fact that eigenvec- 
tors corresponding to distinct eigenvalues are linearly independent. The fact 
that distinct eigenvalues have linearly independent eigenvectors is proved in 
most linear algebra texts; a proof is not given here. However, Exercise 30 in 
Section 4.4 asks you to establish this fact when n = 2. The coefficient matrices 
in Examples 2 and 3 of Section 4.4 have distinct eigenvalues, and consequently 
each has a full set of eigenvectors. 

An (n x n) matrix A is symmetric if A’ = A, where A’ denotes the transpose 
of A. It can be shown that all the eigenvalues of a real symmetric matrix are real. 
In Exercise 28 of Section 4.4, you are asked to prove this when 1 = 2. It also 
can be shown that a real symmetric matrix always has a full set of eigenvectors; 
in Exercise 11, you are asked to prove this when n = 2. 


Solve the initial value problem 


y, =I, — 392, y,(0) =1 
Yo =, +5y, (0) =1. 


Solution: The coefficient matrix 


> 
II 


has eigenpairs 


-1 =3 
4, =4, x)= 1 and A,=2, x,= il" 


Since the eigenvalues are distinct, A has a full set of eigenvectors and the general 


solution is 
3 e* =3e" |) |e 
2 1 
+c,e = 3 
2 ett eZ! C5 


Imposing the initial condition, we have 


=F EI-E) « El-E) 


Therefore, the solution of the initial value problem is 


—e%t —3e2! 2 —2e% He 307! 
yt) = oft ptt 1] ~ | 204 — 22 


y)=c,e" 


—1 
1 


EXAMPLE 


2 


4.5 Real Eigenvalues and the Phase Plane 249 


Find the general solution of 
yj = 2y;- Y- V3 
¥2= V1 +292 -— 93 
V3 = V1 — V2 + 253. 


Solution: The coefficient matrix is 


2 -1 -1l 
A= |-1 2 -1 
-1 -1 2 


Since A is real and symmetric, we know that A has a full set of eigenvectors. 
The characteristic polynomial is 


p(a) = —A3 + 607 — 9A = —A(A — 3)”. 


The matrix A therefore has an eigenvalue 1, = 0 and repeated eigenvalues 
A, = Az = 3. One eigenpair is 


To find eigenvectors corresponding to the repeated eigenvalue 4 = 3, we solve 
the system (A — 3/)x = 0, 

=) =1 =f) Tx, 0 

=1 =1 =1| |x,| =/0 

=<! aa =i) las 0 


This system reduces to x, +x, +x; = 0, and hence 


xy —X7—X3 —1 —1 
x= |x,| = Xy =X 1] +x3 0 
x3 x3 0 1 


Therefore, two linearly independent eigenvectors corresponding to 4 = 3 are 


-1 = 
x,=| 1} and x,;=] 0 
0 1 
The general solution of the linear system y’ = Ay is 
Al =] =| 1 —e3! —et C} 
y(t) =c, |1] tose%¥ | 1] +e3e%} O] = ]1 e* 0 co|. + 
1 0 1 1 “O- 272) ie; 


The Phase Plane 


Given a scalar differential equation y’ = f(t, y), we can see how the solutions be- 
have by graphing them in the ty-plane. If explicit solutions are not available, we 
can construct a direction field in the ty-plane and use it to obtain approximate 
solution curves. 
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Now, consider a two-dimensional linear system y’ = P(t)y + g(t), 


V1 =P Ov, + PpOy2 + 2,0 
V5 = Pr OY, + Pry. + g2(0). 


To graph the solutions of this system, we would need three dimensions, since 
solutions would need to be plotted in (¢, y,,.)-space. There is, however, an 
alternative approach that is very useful for a two-dimensional autonomous 
system such as the constant coefficient system y’ = Ay, 


Vy = 44191 + ayo 

Vo = nV, + Az7V>. 
The alternative approach uses a graphical tool known as the phase plane. In 
the phase plane approach, we treat the independent variable t as a parameter 
and plot solutions in the (y,,y,)-plane. For any fixed value of ft, the solution is 
represented as a point (y,(t),y>(¢)) in the phase plane. As ¢t varies, the points 
(y,(¢),y>(¢)) trace out a curve in the phase plane. By plotting a collection of 
such curves, we gain graphical insight into the behavior of solutions. 


(1) 


Construct a phase plane plot for the system 


y, = 0.6y; + 0.8y, 


' (2) 
yy = 0.8y, — 0.6y>. 


Solution: For this system, the coefficient matrix is 


Aa i | 
0.8 —0.6 
The general solution is 
1 {2 _[{ 1 
y(t) =c,e | + C7€ |. : (3) 


Figure 4.2 displays a representative collection of phase plane solution curves. 
These curves correspond to a sampling of starting points (y,(0),y,(0)). The 
arrows on each curve indicate the direction in which the solution point moves 
as t increases. The origin is an equilibrium point. 


FIGURE 4.2 


Phase plane solution curves for the system in Example 3. The general 
solution (3) shows that, except when c, = 0, the points (y,(f), y,()) move 
away from the origin and are asymptotic to the line y, = $y,. 


o, 
“~ 
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We can infer the qualitative behavior of these phase plane solution curves 
from the general solution (3). For example, solutions originating on the line 


yy = —2y, remain on this line and move inward, toward the origin. This special 
case corresponds toc, = 0 in (3). [Whenc, = 0, it follows that y,(t) = c,e‘ and 
y,(t) = —2c,e-' = —2y,(t). The motion is inward, toward the origin, since e‘ 


decreases as t increases. | 

Solutions originating on the line y, = $Y move away from the origin along 
this line as t increases. Such solutions correspond to c, = 0 in (3). [In this 
special case, y,(t) = 2cye' and y,(t) =c,e' = 59, (0).] 

All other nonzero solutions correspond to cases in which both constants c, 
and c, are nonzero. Since e ‘ approaches zero and e’ grows as time increases, 
these solution curves move away from the origin and approach the line y, = sy 1 
as an asymptote. 

In Example 3, the general solution (3) gives us all the information necessary 
to understand the phase plane behavior of solutions of the linear system (2). 
One virtue of the phase plane, however, is that the situation can be reversed. In 
a manner analogous to that used with direction fields, we can obtain qualitative 
information without actually solving the differential equation. At any point in 
the phase plane, we know from calculus that the slope of a line tangent to the 
solution curve of system (1) passing through that point is 


dy, _ dy,/dt _ 42191 F A22V2 
dy, dy,/dt ayy, + y2¥2 


For system (2) in Example 3, we have 


dy, _ 491 — 3y2 
dy, 3y, + 4y2 


(4) 


Therefore, if we evaluate the right-hand side of (4) at a grid of phase plane sam- 
pling points and place small filaments with slopes equal to these values at the 
points, we can generate a qualitative picture of the flow of phase plane solution 
curves. We can also assign a direction to the filaments, indicating the instanta- 
neous direction in which the point (y, (4), y,(¢)) is moving along the phase plane 
curve. For example, at the point (y,,y,) = (1, 0), we find dy,/dy, = :. Therefore, 
the filament has slope : and is directed upward and to the right, since both 
dy, /dt and dy,/dt are positive at that point. At the point (0, 1), the filament has 
slope of —}. Moreover, since dy,/dt < 0 and dy, /dt > 0, the arrow on this fila- 
ment is directed downward and to the right. Repeating this calculation at each 
point on a phase plane grid, we obtain a phase plane direction field such as 
that shown in Figure 4.3. (A phase plane direction field is sometimes referred 
to as a vector field, since it attaches a vector to each point in the plane.) 
While there are a number of computer software packages that can gener- 
ate phase plane direction fields, we can obtain some rough qualitative infor- 
mation from equation (4) without making the extensive calculations required 
for a direction field. On the line 4y, — 3y, = 0, the numerator of (4) vanishes 
and the phase plane filaments are horizontal; they are directed to the right 
if the denominator 3y, + 4y, > 0 and directed to the left if 3y, + 4y, < 0. The 
filaments are vertical on the line 3y, + 4y, = 0, where the denominator of (4) 
vanishes. The arrows on these vertical filaments point upward if 4y, — 3y, > 0 
and downward if 4y, — 3y, < 0. In the phase plane sectors lying between these 
intersecting lines, we can evaluate the numerator and denominator of (4) and 
get a sense of the typical directed filament. Figure 4.4 illustrates these ideas. 
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FIGURE 4.3 


A phase plane direction field for the system (2) in Example 3. When a 
phase plane solution curve (¥, (4), y,(¢)) passes through a grid point, it is 
moving in the direction of the arrow attached to that grid point. 


FIGURE 4.4 


We can obtain rough qualitative information about the phase plane 
behavior of solutions of system (2) by dividing the phase plane into four 
sectors, using the two lines 3y, + 4y, = 0 and 4y, — 3y, = 0; see 
equation (4). 


EXERCISES 


Exercises 1-10: 
In each exercise, find the general solution of the homogeneous linear system and then 


solve the given initial value problem. 


lyi=-y1- ¥2, 9,00) =-2 2 y= Mt %, 910) =3 
yo = 6y, +472, y2(0) = 6 Y= —2y, — 292, y2(0) = —4 
,_ [s 2 1 - it 2 4 
3.y = p | y y= A 4.y= ; 3|% y(0) = Hl 
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i ; | y, y-bD= ;) 6. 1 =2y, + ¥2+2y3, (0) =4 
¥3= ¥3, ¥30)=—1 
3 1 1 1 _ 
7. y' 13 1 (0) 1 [For Exercise 7, the characteristic 
= 11 3 7 6 polynomial is p(A) = —(A — 5)(A — 2)*.] 
2-2 2 _ 
8.v'=-|12 2 2 0) = |5 [For Exercise 8, the characteristic 
oa 222 a 5 polynomial is p(4) = —A?(A — 6).] 
7 10 O —6 
9.y'=|-5 -8 Oly, yO)=| 4 
3 1 1 _8 
3 1 2 2 
10.y’'=|0 8 I5ly, yoO)=| 5 
0 -6 -11 _2 
b 


11. LetA= ; . be a (2 x 2) real symmetric matrix. In Exercise 28 of Section 4.4, it 


was shown that such a matrix has only real eigenvalues. We now show that A has 
a full set of eigenvectors. Note, by Exercise 30 of Section 4.4, that if A has distinct 
eigenvalues, then A has a full set of eigenvectors. Thus, the only case to consider is 
the case where A has repeated eigenvalues, 4, = A). 


(a) If A, =A,, show that a =c, b = 0, and therefore A = al. 


(b) Exhibit a pair of linearly independent eigenvectors in this case. 


12. Let A be an (n x n) real symmetric matrix. Show that eigenvectors belonging to 
distinct eigenvalues are orthogonal. That is, if Ax, = A,x, and Ax, = 4,x,, where 
2, # Ay, then x}x, = 0. [Hint: Consider the matrix product xj Ax,, and use the sym- 
metry of A to show that (A, — Ao )m Xs = 0. You will also need to recall that if the 
matrix product of R and S is defined, then (RS)? = S7R?.] 


Tank-Flushing Problems Consider the flow systems schematically shown in the figures 
for Exercises 13 and 14. In each case, a flushing out of the system is initiated at time 
t = 0. Fresh water is pumped into each tank, and well-stirred mixtures flow out. Each 
flow rate is equal tor gal/min, and we let Q,(¢) represent the amount of solute (in pounds) 
in the jth tank at time t. Each tank has fluid volume V, remaining constant. All tanks in 
the system have an identical flow environment. 


13. (a) Consider the two-tank flow system shown in the figure on the next page. Apply 
the “conservation of salt” principle to each tank, and derive the homogeneous linear 
equation for Q,(0), j = 1, 2. 


(b) The fact that the two tanks have identical capacity and experience the same 
environment reflects itself in the fact that the coefficient matrix is a (real) symmetric 
matrix. Determine the eigenvalues and corresponding eigenvectors of this matrix, 
and form the general solution of the homogeneous linear system. 


(c) Assume that the initial amounts of solute in Tanks 1 and 2 are Q,(0) = Q) and 
Q,(0) = 2Q), respectively, where Q) is a positive constant. Assume that 


r/V = 0.02sec~'. Determine the amount of flushing time required to reduce the 
amount of salt in each of the two tanks to 0.01Q, or less. 
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All flow rates = r. 


Figure for Exercise 13 


14. Consider the three-tank flow system shown in the figure. 


(a) As in Exercise 13, derive a homogeneous linear equation for Q,(¢), j = 1, 2, 3. 


(b) Determine the eigenvalues and eigenvectors of the coefficient matrix. You will 
find that one eigenvalue appears as a root of multiplicity two of the characteristic 
equation. You should, however, be able to find two linearly independent eigenvec- 
tors corresponding to this repeated eigenvalue. Form the general solution of the 
homogeneous linear system. 


(c) If the initial amounts of salt in the three tanks are Q,(0) = Q,, Q,(0) = 2Qp, 
and Q,(0) = 3Q,, respectively, determine the solution of the resulting initial value 
problem. (Your answer will involve the constants r/V and Q, as well as time tf.) 


Fresh 


All flow rates = r. 


Figure for Exercise 14 


15. (a) Let y(t) denote the solution of the autonomous linear system y’ = Ay, y(0) = yp. 


Show that y(t — f)) is the solution of the initial value problem y’ = Ay, y(fy) = Yo. 
(Recall Theorem 2.3 in Section 2.5.) 


(b) Let A be a constant (2 x 2) matrix. Suppose the solution of y’ = Ay, y(0) = yp is 
given by 
e'—2e"* 


t= 
yO 3e' +e" 


Let y(t) denote the solution of y’ = Ay, y(—1) = yp. Determine y(2). 
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16. Equilibrium Solutions Consider the linear system y’ = Ay, where 


2 1 
—-4 a 


(a) For what values of the constant a is y = 0 the only equilibrium solution? 


(b) For what values of w does more than one equilibrium solution exist? In this case, 
how many are there? Where do these values lie when plotted in the phase plane? 


17. Match each linear system with one of the phase plane direction fields. 


Pn ee ee eel ae 
= le 5 Y yy Sale Jal y 
a me aati le 3 
ee =a ay NY =a. hy 
J2 Y2 
A A 
WN SRE OOH ets IR a ie me dy) he ee ae ee ae | 
Re Re A a Se ee EE SRS NAT FF CLL DO Bee Pe 
Ny, Ah Se ee ER ee a ee SWRA YD PERS PA ee eee 
LG he ee ee a oe ae eee ie A DO oe ne 
a a oa i ee ce ae ie Se a a ede 
ie ek Se OG OO BS eee ae PORCH ee 
bade bad OS ee eee es eee ee S SQL eae ee oe we 
og eh ck a ee re x Pe ee 
Jets oe oe ++ >y t t t + ee pe ee Uy 
Kc t tytet 7 ! 
-2 +L5v-A +0527 051 1 fits! 4 2-5-4 =05- | 05-7 F 15-2 
ee ee ee ee BG ee PROD Gy SS eS eet 
eee ee ee SLL PLP PE by ey eee eee 
a a Co er vere Pt AFyEV\Vrnraate 
BO PPP eS SS SS Pie ge eo of Pay AS eS 
err eeve alban = SNS NAN Server ee ANDS PETA S® 
Biot AB Bok PP Se EAS BON Sve LHEE 4h 4 VANS 
PRLS PEWS S SSNS EP BEA AR ALLA WWW BRR 
Direction Field 1 Direction Field 2 
y2 y2 
A A 
SRUGRAEP TEE LAOS DES ee ee ee 
Sj SW RE a EE ee Sot! Pot EEE a at A PR ER iE 
Sse ke GAD Te Pe eo Pere ee re ae a ee ae ae 
ee NT aby re ae a ee ee ee a 5 a ae oe ae aed PPP LS PH 
Se ea ee ee Pa GaP pe ak oP a ae a Gt Po DY 
ee Me ee ce Pa Re Oe i a A a i Ue a) 2 a a a | 
Peri We ph ww eee H OSD FY Ee ELV 
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Figure for Exercise 17 


Exercises 18-21: 


In each exercise, the general solution of a (2 x 2) linear system y’ = Ay is given, along 
with an initial condition. Sketch the phase plane solution trajectory that satisfies the 
given initial condition. 
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of Pai. if. 
18. y(t) =cye z= +e il? y(0) = “4 
19. y(t) =c,e” ‘ +c,e' i (0) = . 
A y =Cy 1 2 1 ’ y —= ~) 
1 1 2 
ot t _ 
20. y(t) =cye 4 +e Hl » y(0)= A 
2 _f-1 3 
21. yO =c, + C,€7 | » y(0)= ; 


4.6 Complex Eigenvalues 


In this section, we study the differential equation y’ = Ay, where A is a real con- 
stant (1 x m) matrix possessing complex conjugate eigenvalues. As an example, 
consider the linear system 


The coefficient matrix 


has a pair of complex eigenvalues, 4, = 1+i and A, = 1 —i. To find an eigen- 
vector corresponding to A,, we seek a nontrivial solution of (A —A,J)x = 0. 


Therefore ees 
fo kel-E 


A nontrivial solution is given by 
1 
x, = : 
sae 


Similarly, an eigenvector corresponding to 1, = 1 —i is 


be 


For this matrix, the eigenvalues and eigenvectors occur in conjugate pairs, and 
this property is common to every real matrix with complex eigenvalues. If A is 
a real matrix, then 


or, equivalently, 


1. Complex eigenvalues always occur in conjugate pairs. 


2. If A is a complex eigenvalue with a corresponding eigenvector x, then x 
is an eigenvector for the eigenvalue i. 


Theorem 4.7 
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Therefore, if (A, x) is an eigenpair of a real matrix A, then so is (A, xX). Note the 
computational implications: Once an eigenvector x corresponding to a complex 
eigenvalue 4 has been determined, we need only form the complex conjugate 
x to obtain an eigenvector corresponding to i. 


The Real and Imaginary Parts of a Complex-Valued Solution 
Are Also Solutions 


For applications, we often want to convert the complex solutions of y’ = Ay 
that arise from complex eigenpairs into real-valued solutions. For example, the 


matrix 
1 1 
-1 1 


has eigenvalues 4, = 1 +i and, =A, = 1 —i and corresponding eigenvectors 


1 1 
x, = ; and x,=X,= '. 


Since the eigenvalues are distinct, we conclude that 


wrio.ysor= fe] | eet (1) 


is a fundamental set of solutions for y’ = Ay. How do we convert these two 
solutions into a fundamental set of real-valued solutions? 

As in Chapter 3, the key result is that both the real and the imaginary parts 
of a complex-valued solution are also solutions. 


A= 


Consider the differential equation y’ = Ay, —oo < t < oo, where A is an 
(n x n) real matrix. Let y(t) = u(t) + iv(t) be a complex-valued solution of 


this differential equation, where u(t) and v(t) are each real-valued (n x 1) 
vector functions representing the real and imaginary parts of y(d), respec- 
tively. Then u(t) and v(f) are each solutions of y’ = Ay, —oo < t < oo. 


© PROOF: Substitute y(t) = u(t) + iv(‘) into the left-hand side of the differ- 
ential equation y’ = Ay to obtain 
[uj +iv,(O] u(t) vio 


[(u(t) + iv, (OT) ur(t)| . | v4) 
: . +4 . 


[u(t) + iv(O)]' = =u(t)+iv/(t). (2) 


[u,,O + iv, Ol u,, (t) v,, (t) 
Substituting y(t) = u(¢) + iv(Z) into the right-hand side of the differential equa- 
tion y’ = Ay, we obtain 


A[u(t) + iv(t)] = Au(f) + Aliv(t)] = Au(d) + tAv(s). (3) 
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EXAMPLE 


1 


Two complex quantities are equal if and only if their corresponding real and 
imaginary parts are equal. Therefore, equating expressions (2) and (3), we see 
that 


u (t) = Au(t), v (t) = Av(t), -—0 <t<o. ®@ 


The following example illustrates the use of Theorem 4.7 to convert a set 
of complex-valued solutions into a set of real-valued solutions. 


Find a real-valued fundamental set of solutions of y’ = Ay, —oo < t < oo, where 


Solution: From equation (1), 


ree | 
vise (4) 


is a complex-valued solution of y’ = Ay. From Euler’s formula [see equation (9) 
in Section 3.5], 
eto — ete! — e' (cost +isint) =e! cost + ie’ sint. 


Therefore, we can write solution (4) as 


1 
y(t) = (e' cost + ie’ sin?) 
1 


_le’sint 
+1] , 
e' cost 
= u(t) + ivid). 


It follows from Theorem 4.7 that the two real functions 
e'sint 
and v(t) = 


e' cost 


e’ cost 


—e'sint 


e'cost 


u(t) = 


—e'sint 
are also solutions of the differential equation. (You can also verify this claim 
by direct substitution into the differential equation.) 

To show that they form a fundamental set of solutions on —oo < t < 00, we 
calculate the Wronskian and find 


e’cost e‘sint 


Wt) = = e*(cos’t + sin?#) = e* 4 0. 


—e'sint e'cost 


Therefore, the general solution of the differential equation is y(t) = c,u(t) + 
CyV(t): 
«) e' cost rn e' sint e'cost e‘sint||c,| , 
=Cc Cc = . 
2 ' |e! sint * le! cost —e'sint e'cost] |c, 


REMARK: According to Theorem 4.5 in Section 4.3, the two fundamental sets 
[the original set of complex-valued solutions (1) and the real-valued set con- 
structed in Example 1] are related via multiplication on the right by a constant 


EXAMPLE 


2 
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nonsingular matrix. We can illustrate Theorem 4.5 here by noting that 


1 -i 
e'cost e'sint gle ere | io a 
ee sint e'cos i ~ ee Pe 1 if? 
2 2 
where the constant matrix on the right-hand side is nonsingular since 

1 -i 

2 2 1 

i olor 

2 2 


Solve the initial value problem y’ = Ay, —o0 <t < ~, 


t oF 1 
A=|2 5 2), sm@—/4 
442 <5 0 


Solution: Since the characteristic polynomial is a cubic polynomial with real 
coefficients, there will be at least one real eigenvalue. Using a cofactor expan- 
sion along the first row, we obtain 
1-A’A 2 —2 
pa)=det(A-~aD=| 2 5-A -2 
4 12 -5-id 
—2 2 —2 
—2 
a5) 4 -5-A 
Sa = 9 4 3h 5); 
Computer software could certainly be used to determine the roots of p(A) = 0. 
In this particular case, however, we see by inspection that 4 = —1 is a root. 
Therefore, synthetic division and the quadratic formula yields 
90) ]==0.4 07 =2145)=]=0.4 DO =1=290=—1 +2, 


The eigenvalues are 4, = —1, Ay = 142i, Az =A, = 1-27. We now compute 
the eigenvectors. 
For 1, = —1, we solve (A — A,J)x, = (A+1)x, = 0, or 


2 2 -2] [x, 0 


5-2 2 F=3. 
=(1—-A) =2 
12 


4 12 


4 12 —4| |x, 0 


Using elementary row operations, we obtain an equivalent homogeneous sys- 
tem 


1 0 -!il x1 0 
Oo 1 x,| = |0 
0 0 0} |x, 0 


(continued) 
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(continued) 


A nontrivial solution is 


= 2 =2 ] Ix, 0 


4 12 =6=2:) |x, 0 


In this case, elementary row operations lead to an equivalent system 


(d 
1 0 -= 
2| [x, 0 
1 = 
& Hoes =e 
2 x3 0 
0 0 O 
A nontrivial solution is 
i 
x,=/1 
2 


Although we do not need it to solve the given initial value problem, we know 
an eigenvector x3; corresponding to the eigenvalue A, = A, = 1 — 27 is given by 


We now develop a real-valued fundamental set of solutions. One solution 
[corresponding to the eigenpair (A,,x,)] is 


1 e! 
y,Q=e'|0| =| 0 
1 e! 


Since y’ = Ay is a system of three first order equations, we know that a fun- 
damental set must consist of three solutions. To obtain the two other solu- 
tions needed, we take the complex-valued solution determined by the eigenpair 
(A>, X), 


i 
y(t) = elt +20" 1], 
2 


and decompose it into the form u(¢) + iv(t). [The other complex-valued solu- 
tion, determined by the eigenpair (3, x), decomposes into u(t) — iv(t), yielding 
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(essentially) the same pair of real-valued solutions.] Decomposing y(t), we ob- 
tain 
1 i 
y(t) = e479 11) = e!(cos2t+isin2¢) | 1 
2 2 
—e' sin 2t e' cos 2t 
= | e’cos2t | +i | e’sin2t 
2e' cos 2t 2e' sin 2t 
We complete the fundamental set by setting 


—e' sin 2t e' cos 2t 
y,(t)= | e’cos2¢ | and y;(t) = | e'sin2r 
2e' cos 2t 2e' sin 2t 


The general solution, y(t) = c,y;(¢) + c2y>(t) + ¢3y3(0), is therefore 


e! —e' sin 2t e' cos 2t 


yt) =c, | 0 | +c, | e’cos2t | +c, | e’ sin2r 
e 2e' cos 2t 2e' sin 2t 
e’ —e'sin2t e'cos2t] [c, ae 
=O ew eos2i ge sim2f| ic 
e' 2e'cos2t 2e'sin2t| |c3 


The fact that our three solutions form a fundamental set can be verified directly 
by noting that the Wronskian, evaluated at t = 0, is 


101 
w(0)=|0 1 0}/=-1¥0. 
120 


To solve the given initial value problem, we impose the initial condition in 
equation (5), finding 


1 0 1) fe, 1 
0 1 Ol |e} =|1 
1 2 Of |e; 0 
The solution is 
Cy —2 
Co| = 1|, 
C3 3 


and therefore the unique solution of the initial value problem is 


Ee —e' sin 2t e' cos 2t —2e' —e' sin 2t + 3e' cos 2t 


y@) = —2| 0 | +] e’cos2¢ | +3] e’sin2t | = e' cos 2t + 3e' sin 2t 
e! 2e' cos 2t 2e' sin 2t —2e' + 2e' cos 2t + 6e' sin 2t 


e 
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EXAMPLE 
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Phase Plane Trajectories 


The following example develops phase plane trajectories for a pair of (2 x 2) 
systems y’ = Ay, where A has complex eigenvalues. 


Sketch several phase plane trajectories for 


(a) yi = Y2 (b) yi = vy +42 
yo = —4y, Yo = V1, +92 


Note that the solution of system (b) is given in Example 1. 


Solution: 


(a) The coefficient matrix has eigenpairs (A,, x,) and (A, x), where 


1 1 
A, =2i, x, = A and i,=-—2i, x,= ‘| 
i —2i 


Thus, the general solution, expressed in terms of a real-valued fundamental 


set, is 
= cos 2t sin 2t 
TE 5 an 7 2cos2t} * 


Since the component functions cos 2¢ and sin 2t are periodic with period z, 
the trajectories are closed curves; as t increases by x units, the phase plane 
point returns to its original position; see Figure 4.5(a). The phase plane 
trajectories form a family of concentric ellipses centered at the equilibrium 
solution y = 0, and they are traversed in a clockwise manner. 


>I 


FIGURE 4.5 


(a) Phase plane trajectories for the system in part (a) of Example 3 are 
ellipses. These trajectories are traced in a clockwise manner. (b) Phase 
plane trajectories for the system in part (b) are spirals, traced in a 
clockwise manner. 


EXERCISES 
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To establish that the trajectories are ellipses, we rewrite the arbitrary 
constants asc, = Rcosa and c, = Rsina. With this, 


y,(t) = R(cosa cos 2¢ + sin sin 2t) = Rcos(2t — a) 
¥2(t) = —2R(cosa sin 2t — sina cos 2t) = —2Rsin(2t — a). 
Therefore, it follows that the phase plane points (y, (4), y, (0) lie on the ellipse 


Vig Wo. 
R?  4R? 


(b) From Example 1, the general solution in component form is 
y,@ =e'(c, cost +c, sint) 
y,(t) = e'(—c, sint +c, cos?). 
Setting c, = Rcosa and c, = Rsina as in part (a), we obtain 
y,(t) = Re’ cos(t — a) 
y,(t) = —Re‘ sin(t — a). 
Therefore, the phase plane points (y, (¢), y(2)) lie on the spiral 
yi ty; = Re". 


As t increases, the phase plane points spiral outward while moving clock- 
wise about the origin; see Figure 4.5(b). 


Exercises 1-10: 


Find the eigenvalues and eigenvectors of the given matrix A. 


21 0 9 0 1 3 2 
1,.A= 2,A= 3.A 4,.A= 
-1 | 1 | =2 3 —5 3 
-1 -0.5 0 
=) =2 3 1 
5.A= | 6.A= | 7.A=1/05 -1 0O 
) 1 —2 I 
0 0 2 
0 0 2 2 9 1 -4 -1 
8. A= |0 =) 9,A= 1 -1 3 10. A= }3 2 3 
0 —=3 -1 -1 -4 1 1 3 


Exercises 11-16: 


In each exercise, one or more eigenvalues and corresponding eigenvectors are given 
for a real matrix A. Determine a fundamental set of solutions for y’ = Ay, where the 
fundamental set consists entirely of real solutions. 


11. A is (2 x 2) with an eigenvalue 1 = 4 + 2i and corresponding eigenvector 


4 


x= a 
-1+4+i 


12. A is (2 x 2) with an eigenvalue 1 =i and corresponding eigenvector 


—2+41 
5 


x= 
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13. A is (2 x 2) with an eigenvalue \ = 27 and corresponding eigenvector 


-1l-i 
x= ‘ 
1 
14. A is (2 x 2) with an eigenvalue ) = 1 +i and corresponding eigenvector 


=1+2 


1 


x= 


15. A is (3 x 3) with a complex eigenvalue 1 = 2 + 3i and corresponding eigenvector 
—5+3i 
x= /34+37 |, 
2 
and a real eigenvalue 4 = 2 and corresponding eigenvector 


1 


16. Ais (4 x 4) and has two different complex eigenvalues: 4 = 1 + 5i with correspond- 
ing eigenvector 


cor... 


= 


Exercises 17-26: 


Solve the initial value problem. Eigenpairs of the coefficient matrices were determined 
in Exercises 1-10. 


17. y, = 29, + yy, (0)=4 18. [9 9 6 
V9 =-¥,+2y,, y,(0)=7 y= f | y, y(0)= 4 
19. 0 1 2 20. y,= 39, +2y,, 9,00) =-1 
y= L 3 m= A ¥5 =—5y, — 3¥2,  ¥,(0) = 1 
21. y, =—5y, — 2y,, (0) =0 22. 3 1 8 
Y= S+ Ya, ¥2(0)=-2 a ; 1 7 = A 
23. -1 -05 0 2 
y=|05 -1 Oly, yO=] 3 
0 oO 2 = 
24. y, = 0, y1 (0/2) = —-1 25. 2 2 9 12 
Vo = 3y. — 5y3, ¥2(0/2) = 1 y=| 1 -1 3/y, yO)=|] 2 


V3 = 2Vy — 3y3, ¥3(t/2) =2 =) 2h 4 4 
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26. 1 -4 -1 =I 
y=|3 2 3ly, yO=| 9 
1 1 3 4 


27. Let A be a real (2 x 2) matrix having 1 = a +if as a complex eigenvalue, with 8 
nonzero. Show that any eigenvector x corresponding to 4 must have at least one 
complex component. [Hint: Assume that x is a real vector and deduce a contradic- 
tion. ] 


Exercises 28-31: 


In each exercise, consider the initial value problem y’ = Ay, y(0) = y, for the given co- 
efficient matrix A. In each exercise, the matrix A contains a real parameter ju. 


(a) Determine all values of w for which A has distinct real eigenvalues and all values of 
u for which A has distinct complex eigenvalues. 


(b) For what values of w found in part (a) does \/y, e+ y(t)? — Oast — o for every 


initial vector yp? 
- —3 
M3 A= e 
1 wool 


32. Match the phase plane plot of the solution with the appropriate initial value problem 
given on the next page. (The arrows on the trajectories indicate how the solution 
point moves as ¢ increases.) 


1 3 
po —2 


be 
1 -3 


28. A= 


| 29. A= 


| 30. A= 


y2 y2 
A A 
(1, 0) (1, 0) 
~y > YI 
Plot 1 Plot 2 
y2 
y2 
fe A 
0.18 25 
0.16 " 
0.14 
0.12 ol: 
0.1 
0.08 1oL 
0.06 
0.04 5b 
0.02 
as | L L_»y L 111i ti 1 _y 
yy 1 
0.2 04 06 08 1 1.2 O05 115 2 2.5 3 3.54 45 
Plot 3 Plot 4 


Figure for Exercise 32 
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,_ [1 -05 _ fi ,_|o -1 ft 
@y=|) aE wo-|)] wy'=[( | wo |) 


, [| 0 2 _ {a ,_[-1 -05 ft 
(y= is 4 y. yO) = A (d) y= ie 4 J» y(0) = A 


Exercises 33-36: 


A complex solution of the differential equation y’ = Ay is given, where A is a real (2 x 2) 
matrix. Let y(t) denote any solution of y’ = Ay, where y(0) 4 0. As ¢ increases, how 
will the phase plane trajectory of the solution behave? Will the solution point (a) move 
around the origin on a circular orbit, (b) move around the origin on an elliptical orbit, 
(c) spiral inward toward the origin, or (d) spiral outward away from the origin? 


ae se (EL 
33. y(t) =e" A 34. y(t) =e 1" Hl 


_ -2it i _ ,(2-i)t i 
35. yi) =e 4 36. y(t) =e | i 


4.7 Repeated Eigenvalues 
In Section 3.4, we discussed the second order homogeneous scalar equation 
y" — 2ay' + a’y = 0. (4) 


Looking for solutions of the form y(t) = e“ led us to a characteristic polynomial 
with repeated roots, 


7 —2arA +07? = (4-24). 


One solution of equation (1) is y,(t) = e”. A second solution needed to form a 
fundamental set of solutions is y,(¢) = te’. 

In our present study of the homogeneous first order linear system 
y’ = Ay, an analogous situation arises when the constant coefficient matrix A 
has repeated eigenvalues. (We say that A has repeated eigenvalues whenever 
the characteristic equation, det[A — AJ] = 0, has repeated roots.) The problem 
of finding a fundamental set of solutions is more complicated when A has re- 
peated eigenvalues than in the repeated root scalar case. In some cases, such 
as when A is a real symmetric matrix, the presence of repeated eigenvalues 
presents no new difficulties. We now consider the other cases, where some new 
ideas are required. An example illustrates the complications that may arise 
from the presence of repeated eigenvalues. 


Complications from Repeated Eigenvalues 


If A has repeated eigenvalues, are there enough linearly independent eigenvec- 
tors to form a fundamental set of solutions for y’ = Ay? For an illustration of 
the complications that may arise from repeated eigenvalues, consider the linear 
system y’ = Ay, where 

A= ki p | (2) 
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The characteristic polynomial for A is 
p@) = (A-a)’. 


Thus, 4 = a is a repeated eigenvalue of A. 
If 6 = 0 in equation (2), then 


«fm eel 


are eigenvectors corresponding to the eigenvalue 1 =a. [In fact, the matrix 
A — al is the zero matrix, and thus any nonzero (2 x 1) vector is an eigenvector. ] 
By Abel’s theorem, the functions 


yoHes and 340) =c"=, (3) 


form a fundamental set of solutions for y’ = Ay. However, what happens if 
£ # 0 in equation (2)? In this event, as shown below, there is (essentially) only 
one eigenvector x,. Hence, we need a further analysis of y’ = Ay in order to find 
the second solution needed for a fundamental set of solutions. 

If B £0, the eigenvector equation (A — al)x = 0 is 


oll [el 


Since 6 # 0, it follows that x, = 0. Thus, every eigenvector corresponding to 


2 =a has the form 
xy Cc 1 
x= el |6 =e} | = eX. (4) 


We now have one member of a fundamental set of solutions, namely 


o et! 
y,@) =e"x, = el: 


How do we find a second solution, y,(f)? 


Finding a Second Solution When the Value £ in Matrix (2) 
Is Nonzero 


For the simple example (2), we can find a second solution y,(f) by sequentially 
solving the component equations. Let 


y(t) 
yos | | 
y(t) 
In component form, the differential equation y’ = Ay is 
yi, = ay, + By 
‘ ee (5) 
y2 = AY. 


We first solve the second equation, finding y,(t) = c,e*". Next, we substitute this 
expression for y,(t) into the first equation, obtaining 


yi = ay, + Boze”. 
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Solving this first order linear equation, we arrive aty,(t) = c,e“ +c,Bte”. There- 


fore, the general solution of y’ = Ay is 
y,() c,e"" C, Bte™ 
vi" _ = "2 4 | . 
yy) 0 Ce 


ce" +c,pte™ 


ee 


= cy, + cy,(0). 


As in the repeated-root scalar case, we see that the function te® enters into the 
second solution, 

0 

alll 


We also see, however, that the second solution is not simply of the form to; 
rather, it has the form y,(¢) = tev, + e“v,, where v, and v, are nonzero con- 
stant vectors. [Note that the vector we are calling v, is actually an eigenvector, 
since v, = Bx; see equation (4).] 

To verify, for this example, that {y, (4), y,(} is a fundamental set of solu- 
tions, let Y(t) = [y, (0, y,(H]. At t = 0, the Wronskian is nonzero since 


B 


t = te” 
y2(t) e 0 


0 
=I; 


1 
W (0) = det[(0)] = detly, (0), y.(0)] = 1 


0 


How do we find a second solution when we cannot solve the component equa- 
tions sequentially as we did in equation (5)? In the next subsection, we will 
use this example as a guide to develop a procedure for finding a second solu- 
tion of y’ = Ay in the case where A is a (2 x 2) constant matrix with a repeated 
eigenvalue. Later, we comment on the general case where A is an (n x 1) matrix. 


Finding a Fundamental Set of Solutions When an Eigenvalue 
Is Repeated 


Consider the differential equation y’ = Ay, —oo < t < oo, where A is a real con- 
stant (2 x 2) matrix and where the characteristic polynomial is p(A) = (A — a)”. 

If {x,, X,} is a set of two linearly independent eigenvectors corresponding 
to the repeated eigenvalue 4 = a, then 


yi@=e"x, and y,() =e"x, 


form a fundamental set of solutions of y’ = Ay. Suppose, however, that a set of 
two linearly independent eigenvectors corresponding to the eigenvalue 4 = a 
does not exist. In such a case, y,(t) = e“’x, is one solution. How do we find a 
second solution, y,(t)? 

Motivated by the previous example, we look for a second solution of the 
form 


y,(t) = te“v, +e“v, (6) 


EXAMPLE 


1 
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where v, and v, are nonzero constant (2 x 1) vectors to be determined. Substi- 
tuting this representation into the differential equation, we obtain 


(e“ + ate™)v, + ae“v, = A(te“v, +e"'V,). 
We can rewrite this equation as 
te“ (Av, — av,) +e" (Av, — av, —v,) = 90, —0 <t <0. (7) 


The set {te*’,e“’} is a linearly independent set of functions on any f-interval 
of interest. Therefore, if equation (7) is to hold, each of the constant matrix 
coefficients must vanish. We obtain, therefore, a pair of matrix equations that 
the nonzero vectors v, and v, must satisfy: 


(A—al)v, =90 


(A —al)v, =Vj. a 


The first of these equations is simply the eigenvector equation, so we take v, to 
be an eigenvector corresponding to 1 = a. Consider the second equation, 


(A —al)vy =Vj. (9) 


At first glance, equation (9) should give us cause for concern. The coefficient 
matrix A — a/ is singular (that is, noninvertible) since a is an eigenvalue of A. We 
recall that anonhomogeneous system of equations having a singular coefficient 
matrix, such as system (9), has either no solution or infinitely many solutions. 
In the present case, however, it can be shown that equation (9) always has 
infinitely many solutions. Selecting a particular solution of (9) determines v5; 
having v,, we can form a second solution, y,(¢). It can be shown that the pair of 
solutions obtained, {y, (4), y,(H}, is a fundamental set of solutions. The vector 
v, in equation (8) is called a generalized eigenvector of order 2. See Exercises 
34-37. 


Solve the initial value problem 


,_ {2 -1 este 
YS la ale aac 


Solution: The characteristic polynomial is 


2-r -1 


=17-644+9=(A- 3)’. 
! roe + ( ) 


p(a) = det[A — AI] = 


The coefficient matrix, therefore, has 4 = 3 as a repeated eigenvalue. The cor- 
responding eigenvector equation is (A — 3/)x = 0, or 


el b 


This equation reduces to x, + x, = 0, and hence the eigenvectors have the form 


el Tel*E 
x= — =X, ; x, #0. 
xy xX 1 


= | 
1 1 


(continued) 


270 


CHAPTER 4 First Order Linear Systems 


(continued) 


A convenient choice for an eigenvector is 


-1 
v,= : 
: 1 
Therefore, one solution of y’ = Ay is 


y,0 =e*v,. 


The eigenvalue A = 3 does not have two linearly independent eigenvectors, since 
every eigenvector is a nonzero multiple of v,. Therefore, we look for a second 
solution having the form y,(t) = te*v, + e*v,, where [see equation (9)] v, sat- 
isfies the equation (A — 3/)x = vy, or 


=f =i) le, =I 
ees 2 9 
This equation reduces to x, +x, = 1, and hence the solution is 
1—- x, —l 
BO un 


There are infinitely many choices for x,, but we only need one solution. Choos- 
ing x, = 0 for convenience, we obtain 


w-[}) 


Therefore, a second solution is y,(¢) = te“v, +e*v): 
1 fice 
Ol te! 


Computing the Wronskian of the two solutions, we find 


1 
0 


Vv) = +X2 


3t 


y2(t) = te* +e 


W(t) = 


These two solutions form a fundamental set, and the general solution is given 
by yt) = cy) +90: 
3 C; 
ex" 


yoO=c, et 


—te* + 3! 
te?! 


+C, = 


et te?! 


tet + et 


Imposing the initial condition, 


(tial 8 Cy 
aad a 2B) lel? 


leads to c; = —e~? and c, = 4e~°. The solution of the initial value problem is, 
therefore, 


2 
. 


—Ate3-) 4 563-1 
y(t) = 


Ate3¢-) _ 93-D 


EXAMPLE 


2 


4.7 Repeated Eigenvalues 271 


Algebraic Multiplicity and Geometric Multiplicity 


So far in this section, we have concentrated on the equation y’ = Ay in the 
case where A is a constant (2 x 2) matrix with a repeated eigenvalue. The case 
where A is an ( x 1) matrix with repeated eigenvalues is more complicated, 
and a comprehensive treatment is beyond the scope of our present discussion. 
We do, however, give some indications of the underlying ideas in the Exercises. 
In addition, some observations about the (n x 1) case can be made at this point. 

In looking for a fundamental set of solutions for y’ = Ay, there is more to 
consider than simply whether A has repeated eigenvalues. If an eigenvalue is 
repeated, the question then arises as to whether there exist enough linearly in- 
dependent eigenvectors. These considerations lead to the following definitions. 

Let a be an eigenvalue of an (n x n) matrix A. The algebraic multiplicity 
of a is the order of a as a root of the characteristic equation, p(A) = 0. If 


pa) = (A—a)'g(a), 


where q(A) is a polynomial of degree n — r and q(a) # 0, then a is an eigenvalue 
of algebraic multiplicity r. The geometric multiplicity of the eigenvalue a is the 
number of linearly independent eigenvectors that can be found corresponding 
to this eigenvalue. 

Since the characteristic polynomial has degree n, the algebraic multiplicity 
of a is an integer r, where 1 <r <n. Similarly, a set of (n x 1) vectors cannot 
be linearly independent unless the set contains n or fewer vectors. Thus, the 
geometric multiplicity of aw is an integer s, where 1 < s < n. As we note later in 
equation (10), the inequality s < r holds for every matrix A. 


In each of the following cases, determine the algebraic and geometric multi- 
plicity of the eigenvalue 1 = 2. 


2 10 2 10 2 0 0 
(a) A,;=|]0 2 1 (b) A,=]0 2 0 (c) Az=]0 2 0 
0 0 2 0 0 2 0 0 2 
Solution: In each case, the characteristic polynomial is p(A) = —(A — 2)°. 


Therefore, in each case, the eigenvalue 4 = 2 has algebraic multiplicity 3. 


(a) All solutions (see Exercise 13) of the eigenvector equation (A, — 2/)x = 0 
have the form 


a 1 
x= |0)] =a |0} =ax,. 
0 0 


Therefore, for the matrix A,, the geometric multiplicity of the eigenvalue 
A=2is 1. 


(b) All solutions of the eigenvector equation (A, — 2/)x = 0 have the following 
form (see Exercise 13): 


b 
x= |0 mat aat = bx, + cx), 
c 


— 


(continued) 
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(continued) 


where x, and x, are linearly independent. Therefore, for the matrix A,, the 
geometric multiplicity of the eigenvalue A = 2 is 2. 


(c) Finally, since the matrix A; — 2/ is the (3 x 3) zero matrix, every nonzero 
y; 3 
(3 x 1) vector is an eigenvector of A;. Therefore, for the matrix A;, the 
geometric multiplicity of A = 2 is 3. * 


If we want to solve the equation y’ = A,y in Example 2, we need to find 
two more solutions to form a fundamental set of solutions, as one solution is 
y, (0) = e”’x,. By contrast, if we want to solve y’ = A,y, we need find only one ad- 
ditional solution, as we know two linearly independent solutions, y, (¢) = ex, 
and y,(t) = e”x,. Finally, if we want to solve y’ = Ay, then (since every three- 
dimensional vector is an eigenvector of A,) we can select any three linearly 
independent vectors u, v, w and we are assured (by Theorem 4.6) that the 
solutions y, (t) = e”u, y,(t) = ev, and y,(¢) = e”’w form a fundamental set of 
solutions. 


Defective Matrices 


The following inequality is established in advanced texts: 


The geometric multiplicity The algebraic multiplicity (10) 
of an eigenvalue of an eigenvalue. 

In determining the structure of a fundamental set of solutions of y’ = Ay, the 
key question is “How does the geometric multiplicity of each eigenvalue relate 
to its algebraic multiplicity?” If the two multiplicities for a given eigenvalue A 
are equal, the corresponding solutions entering into the fundamental set will 
all be of the form ex (whether the eigenvalue is distinct or repeated). If the ge- 
ometric multiplicity of an eigenvalue is strictly less than its algebraic multiplic- 
ity, we have a “deficiency of eigenvectors” and solutions of a more complicated 
form become part of the fundamental set. 

A matrix that has at least one eigenvalue with a geometric multiplicity that 
is strictly less than its algebraic multiplicity cannot have a full set of eigenvec- 
tors; such a matrix is called defective. Thus, in Example 2, the matrices A, and 
A, are defective but the matrix A; has a full set of eigenvectors. 


Phase Plane Trajectories 


We examine the phase plane trajectories of the linear system y’ = Ay, where 
A is a real (2 x 2) constant matrix with repeated eigenvalues A, = A, =a, with 
aZ#z0. 

If A has a full set of eigenvectors, then it can be shown that A = a/; see 
Exercise 24. In this case, the general solution has the form 


_ at 1 at 0 
y(t) =cy\e 0 + ce il: (11) 


From (11), we obtain c,y,() = c,y>(t), and thus the phase plane solution points 
move on rays emanating from the origin. The motion is inward toward the 
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origin if w < 0 and outward from the origin if a > 0. Figure 4.6 illustrates the 
case where a < 0. 


(a)c, >0 
(a) C2 > 0 


(b) y, (b)c, <0 
C2 = 0 


(c)c; >0 
(c) a < 0 


FIGURE 4.6 


When A = a/, phase plane trajectories move along rays emanating from 
the origin. Here, where a < 0, motion is toward the origin. 


If A is defective, the general solution has the form 
y(t) =cye"v, + c,e™ (tv, + V9). 


In this case, as in equation (11), motion is toward the origin when a < 0 and 

away from the origin when a > 0. Unlike the situation illustrated in Figure 4.6, 

however, the solution points need not move along rays. Figure 4.7 shows the 

phase plane direction field for the linear system treated in Example 1. In this 

example, the general solution was found to be 

- -t+1 
t 


y(t) =c,e* +c,e* ; (12) 


As can be seen from Figure 4.7, all trajectories move outward from the origin. 
If c, = 0 in (12), the solution points move outward along the line y, = —y,. If 
c, # 0, then y,(t) + —y, (¢) for large values of t. 


y2 
A 
ee ee a a 
eee VERN ET EPPS 
ee ee ee 
wa RA A ee ew eg 
Cok ey eS ye we PRED 
6 SSE OE ae ee 
is. Sees sos dt ht erere 
jen aan ee SS ee en de a 
t t t + $$ 1 —-#—> JV) 
2-5-4 +05 4 SOS MS 22> 
CHKLIA PDD YY SD SOA SS 
PREC RAL LLNAR SR OS 
eee ee a a eo 
C8 A PB REE AE Re Re ny a SS oe 
PEED IALDTALNAST AN NS 
EV PAP ETDRAN AA SS SRS 
Pol Ah ke AHP ELLA RS AS 
FIGURE 4.7 


The phase plane direction field for Example 1. From the general solution in 
equation (12), we see that phase plane solution trajectories approach the 
line y, = —y, as ¢ increases. 
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EXERCISES 


Exercises 1-12: 


Consider the given initial value problem y’ = Ay, y(to) = Yo. 


(a) 


11. 


12. 


13. 


14, 


Find the eigenvalues and eigenvectors of the coefficient matrix A. 
Construct a fundamental set of solutions. 


Solve the initial value problem. 


Y= 2, +72, yO) =3 2.9, = Yo, ¥,(0) =0 
Vy = V5 y,(0) =—1 ¥2 = — 297, 92,0) =2 
’ —2 1 1 4, {1 -1 _ {1 
y-[3 Jp vo-[$] tel ap aml 
j 6 0 —2 6. y= y, y,A)=-1 

2 6 0 ¥p = —-¥, + 2y2, y20) =2 


2 1 0 1 10. 1 -1 O -3 
y=|0 2 Oly, yox=H!| 3 y=/1 3 Oly, y(O)=]-2 

0 1 —2 0 0 0 
y,= 0, y,(0) =4 


Yo = 5¥2- 3, y2(0) = 1 
¥3 = 47, +93, 93(0)=1 


-3 0 —36 0 
y=| 0 1 Ol} y, y(O)=}-1 
1 0 9 2 
Find the eigenvalues and eigenvectors of 
2 1 0 2 1 0 
(aj Aj=|0 2 1 (b)A,=|0 2 0 
0 0 2 0 0 2 


Consider the homogeneous linear system y’ = A,y, where A, is given in Exercise 13. 
(a) Write the three component differential equations of y’ = A,y, and solve these 
equations sequentially, finding first y,(¢), then y,(¢), and then y,(f). [For example, 
the third component equation is y; = 2y;. Therefore, y;(t) = ce”. 

(b) Rewrite the component solutions obtained in part (a) as a single matrix equation 
of the form y(t) = W(Hec, where W(t) is a (3 x 3) solution matrix and 


Show that W(t) is, in fact, a fundamental matrix. [Note that this observation is 
consistent with the fact that the component solutions obtained in part (a) form the 
general solution. ] 
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15. Repeat Exercise 14 for the homogeneous linear system y’ = A,y. 


16. The Scalar Repeated-Root Equation Revisited Consider the homogeneous scalar 
equation y” — 2wy’ + a?y = 0, where a is a real constant. Recall from Section 3.4 
that the general solution is y(t) = c,;e“ +c,te™. 


(a) Recast y” — 2ay’ + ay = 0 as a first order linear system z’ = Az. 


(b) Show that the (2 x 2) matrix A has eigenvalue a with algebraic multiplicity 2 
and geometric multiplicity 1. 


(c) Obtain the general solution of z' = Az. As a check, does z, (t) equal the general 
solution y(t) = c,e" +.c,te”? Is z,(t) equal to z} (1)? 
Exercises 17-23: 


For each matrix A, find the eigenvalues and eigenvectors. Give the geometric and alge- 
braic multiplicity of each eigenvalue. Does A have a full set of eigenvectors? 


5 0 0 5 0 0 5 0 1 
17,.A=]1 5 0 18.A=]1 5 0 19,.A=]0 5 0 
1 15 1 0°55 0 0 5 
2 0 0 0 
5 0 
1 2 0 0 
20.A=1/0 5 0O 21.A= 
0 0 3 0 
0 0 5 
0 0 1 3 
2 0 0 0 2 0 0 0 
0 2 0 0 0 2 0 0 
22. A= 23. A= 
0 0 2 0 0 02 0 
0 0 1 2 0 0 1 3 


24. Let A be a real (2 x 2) matrix having repeated eigenvalue 1, = A, = a and a full set 
of eigenvectors, x, and x,. Show that A = a/. [Hint: Let T = [x,, x,] be the invertible 
(2 x 2) matrix whose columns are the eigenvectors. Show that AT = aT.] 
Exercises 25-28: 


In each exercise, the general solution of the linear system y’ = Ay is given. Determine 
the coefficient matrix A. 


25. y,(t) =c,e"(1 + 20) + 4c,te“ 26. ae 
a : y=] 


y(t) = —c,te' +c,e"(1 — 22) ee 


—te' 
7 e(1—t) 
28. ee Oil 
y(t) =; 0 P| fe 


29. Match the linear system with one of the phase plane direction fields on the next 
page. 
(a) y, =), (b)_ , |2 0 
; y= y 
Y= 2y, — 0 2 
(©) = +92 (d)_, FF 0 | 
; = y 
y= 0 -05 


C5e 


e(14+a) 


eo! 


27. 
y(t) =Cy 
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y2 y2 

A 
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VA TERA AR KR Se 4 ew ewe He He Re he alle Lf PCOS 
AE oe ae ee Ae a et ae eae SRA Ay, ae a a 
SSR PD Rg oe ee ee Ss te & Le oe Se eS 
a a a A 4 ee ee ae AS Se SS Re RNG LPO OP ee 
se IR a at ee ara nh GE 0 fs ca 
a ee Ee ae ee eee Ne oe ee rs 
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Figure for Exercises 29 


Exercises 30-33: 


Consider the linear system y’ = Ay, where A is a real (2 x 2) constant matrix with re- 
peated eigenvalues. Use the given information to determine the matrix A. 


30. 


31. 


32. 


33. 


Phase plane solution trajectories have horizontal tangents on the line y, = 2y, and 
vertical tangents on the line y, = 0. The matrix A has a nonzero repeated eigenvalue 
anda,, =—1. 


All nonzero phase plane solution points move away from the origin on straight line 
paths as ¢ increases. In addition, a, = 3. 


Phase plane solution trajectories have horizontal tangents on the line y, = 0 and 
vertical tangents on the line y, = 2y,. All nonzero phase plane solution points move 
away from the origin as ¢ increases. In addition, a,, = —1. 


All phase plane solution points remain stationary as ¢t increases. 


Generalized Eigenvectors Let A be an (n x n) matrix. The ideas introduced in equa- 
tion (8) can be extended. Let v, 4 0 be an eigenvector of A corresponding to the eigen- 
value 4, and suppose we can generate the following “chain” of nonzero vectors: 


(A—ADv, =90 
(A—ADv, =v, 
(A — AD)v3 = V, (13) 


(A —ADv, =v 


r—1 
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In (13), the vector v; is called a generalized eigenvector of order j. Define 


jf 
y, (0) =e" (« tiv, te t+ ia") ; (14) 


Exercise 36 asks you to show, forr = 3 andk = 1, 2, 3, that y;(¢) is a solution of y’ = Ay. 
If A has algebraic multiplicity 7 and geometric multiplicity 1, then it can be shown that 
there is a chain (13) consisting of m different generalized eigenvectors and that these 
generalized eigenvectors are linearly independent (see Exercise 37). Thus, equation (14) 
defines a set of 7 linearly independent solutions of y’ = Ay—as many solutions as the 
multiplicity of the eigenvalue. (If 4 has geometric multiplicity 2 or larger, the situation 
is more complicated.) 


Exercises 34-35: 


Using equations (13) and (14), find a fundamental set of solutions for the linear sys- 
tem y’ = Ay. In each exercise, you are given an eigenvalue 4, where 4 has algebraic 
multiplicity 3 and geometric multiplicity 1 and an eigenvector v,. 


2 1 0 1 4 0 0 0 
34.A=/0 2 1], A=2, v,;=]|0 35.A=|2 4 O], A=4, vy, = ]0 
0 0 2 0 1 3 4 1 


36. Let v,, v,, and v, be a chain of nonzero vectors, as in equation (13). Show that the 
vector function y;(t) defined in equation (14) is a solution of y’ = Ay. 


37. Let v,, Vv, and v, be a chain of nonzero vectors, as in equation (13). Show that these 
vectors form a linearly independent set of vectors. [Hint: Begin with the dependence 
equation c,v, +C,V, +¢3V, = 0 and multiply both sides by A — 2/.] 


4.8 Nonhomogeneous Linear Systems 


We now address the problem of finding the general solution of a nonhomoge- 
neous first order linear system, 


y' =P(y+ a0), a<t<b. (1) 


In (1), y(t) is an ( x 1) vector function, P(t) is an (n x n) matrix function, and 
the nonhomogeneous term, g(t), is an (7 x 1) vector function. The component 
functions of P(t) and g(t) are assumed to be continuous ona <t <b. 


The Structure of the General Solution 


In analyzing the structure of the general solution of (1), we return once more 
to a theme that has permeated all our discussions of nonhomogeneous linear 
equations. If y, (t) and y,(t) represent any two solutions of y’ = P(Hy + g(t), we 
ask, “How do they differ?” 

To answer this question, we form the difference function, w(t) = y, (4) — 
y>(t). Differentiating w(t) yields 


/ 


w’ = (y, — y2) 
=yi-y) 
= [POy, +g] — (POY. +80) 
= P(t)(y; —y2) 
= P(t)w. 
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Theorem 4.8 


EXAMPLE 


1 


Thus, the difference between any two solutions of the nonhomogeneous linear 
equation is a solution of the homogeneous linear equation. This leads to the 
familiar decomposition 


The general solution of The general solution of A particular solution of 
the nonhomogeneous __ the homogeneous the nonhomogeneous 
linear system = linear system linear system 
y’ =PO®y+ y’ = Py y’ =P®y+ gi). 


As before, we refer to the general solution of the homogeneous system, 
y’ = P(t)y, as the complementary solution and denote it by y¢(t). A solution of 
the nonhomogeneous system that we have somehow found is called a particular 
solution and is denoted by yp(t). 

The following theorem, an analog of the superposition principle given in 
Theorem 3.4, holds for nonhomogeneous linear systems. We leave the proof as 
an exercise. 


Let u(t) be a solution of 
y =PHy+2,(0, a<t<b, 
and let v(t) be a solution of 


y’ = Pit)y+ g(0), a<t<b. 


Let a, and a, be any constants. Then the vector function yp(t) = a,u(t) + 
a,Vv(t) is a particular solution of 


y’ =POy+a,2,0 +4a,2.(0, a<t<b. 


The following example illustrates Theorem 4.8. 


Find the general solution of 


, fi 2 
or lor 4 _21 


et 
yr . —-w<t<o. 


Solution: We saw earlier (in Example 1 of Section 4.4) that the general solution 
of the homogeneous equation, 


Po 1 2 , 
y ap alee co <t<o, 
is 
got 3t at gt Cy 
Yc) =c, et +o} 4,) = gah pe Cy . 
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Having the complementary solution, y-(f), we turn our attention to the task 
of somehow finding a particular solution, yp(t), of the nonhomogeneous equa- 
tion. Note that the nonhomogeneous term, 


e2! 
gt = le a ; 


can be decomposed as follows: 
+t 


4 


Using the superposition principle in Theorem 4.8, we decompose the differen- 
tial equation and separately find particular solutions of 
(2) 
=2)||° 


j 1 2 1 : 1 2 
u= and v= 
2 ff 0 2 1 


Consider the first equation in (2). Remembering the method of undetermined 
coefficients, we look for a solution of the form up(t) = ea, where a is a con- 
stant (2 x 1) vector to be determined. Substituting u,(t) = e”’a into the first 
differential equation in (2) leads to 


di 
2e"a = 
2 


2t 


u+e v+t 


2 
(e"a) +e" 


1 
‘ —-~w <t<OM. 
; 


Canceling the common e”’ factor and rearranging terms, we see that a must 


satisfy the condition 
{ =2 1 -} 
a= ,or a= 
—2 1 0 _ 5 


Thus, a particular solution is 


2t 
up(t) =e"a= ad 
3 

To find a particular solution of the second equation in (2), we look for 
a solution having the form vp(t) = tb +c, where b and ¢ are constant (2 x 1) 
vectors to be determined. Substituting this guess into the differential equation 


leads to 
1 2 0 
b= ; i (th+c)+t 2 
or, after collecting like powers of f, 
1 2 0 1 2 
(L Je |-a}) + ([2 iJe-8) <0 —0 <t<o. 


Since the set of functions {f, 1} is linearly independent on any t-interval, this 
equation holds only if the coefficients of tf and 1 are O—that is, 


Pillel-Pl b idll-h} 


(continued) 
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(continued) 


The two matrix equations in (3) can be solved sequentially, yielding 


b= 


Applying Theorem 4.8, we have for a particular solution of the given differential 
equation 


yp(t) =u) + v(t) = 


The general solution is therefore 


et eo” =4e" decie 3 % 

yt) = Yc) : yp(t) =Cy -t C2 | 34 a 
= 2,2t 2 10 
3 3f 9 


Comparing Solution Methods 


In Chapter 3, the method of undetermined coefficients was seen to be an effec- 
tive way to find particular solutions when the differential equation had constant 
coefficients and when the nonhomogeneous term was of a certain form; see Ta- 
ble 3.1. Example 1 provides a simple illustration of how these ideas can be 
extended and applied to the constant coefficient linear system y’ = Ay + g(t) 
when the nonhomogeneous vector function g(t) has components of a certain 
form. The Exercises give additional illustrations. 

However, in contrast to the scalar problem, the complexity of the matrix 
problem makes the “educated guesswork” at the core of this method difficult 
to implement systematically. We shall not discuss the method of undetermined 
coefficients any further. 

The method of variation of parameters (considered in Sections 3.9 and 3.13 
for scalar linear equations) extends to linear systems. Therefore, we shall con- 
centrate on the method of variation of parameters. In Chapter 5, we show how 
Laplace transforms also can be used to solve constant coefficient nonhomoge- 
neous linear first order systems. 

As the first step in applying the method of variation of parameters to a 
nonhomogeneous system of differential equations, we revisit the concept of a 
fundamental matrix. 


Fundamental Matrices 


Section 4.3 introduced the concepts of a solution matrix and a fundamental 
matrix. A solution matrix, V(t), is an (n x n) matrix whose n columns are each 
solutions of the homogeneous linear first order system y’ = P(t)y, a <t <b. 


Theorem 4.9 
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Thus, if y,(@), y.@, ..., y,,@ are solutions of y’ = P(t)y, then 


YO =[y¥1O, ¥20,---.¥nO] 


is a solution matrix. In addition, if these solutions form a fundamental set of 
solutions, then the solution matrix (4) is called a fundamental matrix. 

When we introduced the concepts of a solution matrix and a fundamental 
matrix in Section 4.3, our primary focus was on the solutions {y,, y>,..., y,}- 
We used solution matrices and fundamental matrices as a way to organize 
solutions into an array. Initial conditions are conveniently imposed using such 
arrays. We also use solution matrices to define the Wronskian of the solution set. 

At this point, we begin a subtle but important shift of emphasis. We now 
view solution matrices and fundamental matrices as (v x m) matrix functions 
that are mathematical entities in their own right. In particular, solution ma- 
trices and fundamental matrices for y’ = P(t)y can themselves be viewed as 
solutions of the matrix differential equation v’ = P(t). Some important prop- 
erties of solution matrices and fundamental matrices are summarized in The- 
orem 4.9. 


Consider the homogeneous linear first order system 
y’ =Pi(hy, a<t<b, 
where y(f) is an (7 x 1) vector function and P(t) is an (n x n) coefficient 
matrix, continuous on (a, b). 
(a) Let W(t) be any solution matrix of y’ = P()y, a < t < b. Then W(t) 
satisfies the matrix differential equation 
WwW = PL), a<t<b. 
(b) Let Y) represent any given constant (n x m) matrix, and let t) be any 


fixed point in the interval a < t < b. Then there is a unique (n x n) 
matrix W(f) that solves the initial value problem 


WwW = POY, W(to) = Yo, a<t<b. 


Moreover, if the constant matrix Wy is invertible, then the matrix 
W(t) is a fundamental matrix of y’ = Py, a <t <b. 


(c) If W(t) is any fundamental matrix and W(t) is any solution matrix 
of y’ = P(t)y, a < t < b, then there exists an (n x n) constant matrix 
C such that 


wt) = VOC, a<t<b. 


Moreover, the matrix W(t) is also a fundamental matrix if and only 
if det[C] 4 0. 


© PROOF: 


(a) Express the solution matrix in column form as 


YO =[91 0. ¥20,---. YO]. 
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Recall, from Section 4.1, that W(t) = [y;@®, y5@, ..-, y,®I]. Therefore, 
WO=LlyiO.y20,.....¥,0] 
= [POY (0, POy2), ---, POY, ©] 
= Ply; 0. ¥2),---.- Yn, 0] 
=P(HW(t), a<t<b. 
(b) Let the constant matrix Wy be represented in terms of its columns as 
Wo = [W,, W,..., W,]. The initial value problem 
w= PINY, W(t) = VY, a<t<b 
is equivalent to the n separate initial value problems 
y; = Pity; Y(t) = WV, 1<j<n, a<t<b. 
By Theorem 4.1, each of these initial value problems has a unique solution. 
Hence, the solution matrix W(f) is also unique. Moreover, if VW, is invertible, 
then det[W (t))] 4 0. By Theorem 4.3, Y(t) is a fundamental matrix since the 
Wronskian, W(ty) = det[W(¢9)], is nonzero at ft. 
(c) This result is simply a restatement of Theorem 4.5. @ 


Example 2 illustrates several parts of Theorem 4.9. 


EXAMPLE 
D) Find the unique matrix solution of the initial value problem v’=AW, 


W(0) = Yo, —co < t < ov, where 


1 2 2 2 
A= , We 
24 tr <4 


Solution: We saw in Example 1 that the two vector functions 


e! et 
y,Q= = and y,(t)= oe 


form a fundamental set of solutions of y’ = Ay, —co <t < oo. Therefore, the 
(2 x 2) matrix function 
we 7 e! et 
aa (ee et et 


is a fundamental matrix for y’ = Ay. By part (a) of Theorem 4.9, the matrix 
W(t) satisfies the given differential equation, ¥’ = AV. However, V(t) does not 
satisfy the initial condition since 


~ Wo. 


Cie 1 1 
(0) = a 4 


By part (c) of Theorem 4.9, we can represent the desired solution, W(#), as 


W(t) = VNC, 
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where C is a constant nonsingular (2 x 2) matrix. Imposing the initial con- 
ditions, we see that C must satisfy the equation (0) = ¥(0)C = Wp. Solving for 


C, we find 
3 2). [ft 3 
1) =a De api 


The solution of the initial value problem is Y(t) = W(1)C, or 


iw = et e*| |] 3 eB 2e* 30 Fae" 
ae -et etl 12 —-1 a 


et aie 2e% —3e! _ et 
The Variation of Parameters Formula 


1 


C=[W(0))'W or C= 


2 
L 
2 


NI NIE 


2 
aie od 


Consider the nonhomogeneous initial value problem 
y =POy+s®, yllo)=Yo, a<t<b. (4) 


We assume that the (n x n) coefficient matrix P(t) and the (n x 1) vector func- 
tion g(t) are continuous on (a, b) and that fy is some point lying in this interval. 

The method of variation of parameters, as developed in Sections 3.9 and 
3.13, is based on an assumed knowledge of the complementary solution. For the 
linear system (4), the analogous assumption is a knowledge of a fundamental 
set of solutions of the homogeneous problem; that is, we assume we know a 
fundamental matrix, Y(t), where 


w’ = PY, a<t<b. (5) 


The complementary solution of (4) has the form y(t) = Y(f)e, where c is an 
arbitrary constant (7 x 1) vector. Therefore, we “vary the parameter” and look 
for a solution of the nonhomogeneous equation (4) of the form y(t) = Y(f)u(d), 
where u(t) is an unknown (n x 1) matrix function to be determined. Substitut- 
ing this representation into equation (4) leads to 


[YOu] = POL’ OuO] +s. (6) 
Differentiating the product on the left-hand side of (6), we obtain 
W'(Dud@ + Ou’) = POLY Ou®] + gO. (7) 


Using the fact that W’(f) = P(t) (0), we can reduce equation (7) to V(Nu'()) = 
g(t), or 
u(t) = YU ' Og. (8) 


[Note that (t), being a fundamental matrix, is invertible. ] 
We can solve for the unknown matrix function u(¢) in equation (8) by an- 
tidifferentiation: 


u(t) = Up +f Ww! (s)g(s)ds, (9) 
t 


0 


where u(¢)) = Up is an arbitrary constant (n x 1) vector. By including an arbi- 
trary vector uy in (9), we have found a representation y(f) = W(t)u(t) for the 
general solution of y' = P(t)y + g(t), namely 


t 
y(t) = V(uy + VO 7 w-!(s)g(s) ds. (10) 
to 
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3 


Note that equation (10) has the structure mentioned at the beginning of this 
section; that is, y(t) is the sum of the complementary solution, y(t) = Y(t)up, 
and a particular solution 


t 
yp(t) = W(t) / w-1(6)g(s) ds. 
ty 


(This particular solution is the one that vanishes at t = tg.) 
We can solve initial value problem (4) by imposing the initial condition in 
equation (10). Since y(to) = Y(t))Up, we have 
Up = UW! (ty) Yo. 
Thus, the solution of initial value problem (4) is 


t 
y(t) = V(DY"' (ty) ¥9 + vo | Ww! (s)g(s) ds. (11) 
to 


We refer to equation (11) as the variation of parameters formula for the so- 
lution of the initial value problem. 


Using variation of parameters, solve the initial value problem 


, fi 2 
ele 4 


In Example 1, the general solution of this differential was found using the 
method of undetermined coefficients. Verify that imposing the initial condi- 
tions on the general solution of Example 1 yields the same solution as variation 
of parameters. 


yt 


e2! 
5; 0) =0. 
Z| y(0) 


Solution: In Example 2, we found a fundamental matrix to be 


The inverse of this fundamental matrix is 
- 1 BP ~agl 
ee): = o) gost 3b |* 
By the variation of parameters formula (11), 
et et t 1 ee es e2s P 
t)h= = 
y(0) et et | 2 |e-35 o-38| |_25 > 
1} et ee] ft} e3% + 2se 
= 5 ee pit | is ds. 


go? —Dse-* 
Performing the integration and then the matrix-vector multiplication, we ob- 
tain 


yj=— : 12 
YO = Ty | 763 — 120% — 150 — 124 +20 (2) 


1 Je" — 6e74 + 15e~ + 24t — 16 


If we impose the initial condition y(t) = 0 on the general solution derived 
in Example 1, we obtain c, = 2 andc, = i and solution (12) again ensues. “ 


EXERCISES 
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Exercises 1-9: 


Method of Undetermined Coefficients Consider the initial value problem y’ = Ay + g(t), 


y(0) = yo. 
(a) Form the complementary solution. 
(b) Construct a particular solution by assuming the form suggested and solving for the 
undetermined constant vectors a, b, and c. 
(c) Form the general solution. 
(d) Impose the initial condition to obtain the solution of the initial value problem. 
igel Jleele ) ayy 
-y 1 2th] Yor] y|, Ty yO =a. 
2. y’ ae + i Try yp(t) 
Fle ol VP igle We= |) DeRe=a 
, 2 1 e” 0 F 
3.y = a a a}? %= gl Try yp(t) =e a 
; 0 1 e! 1 ; 
y= 1 ol¥t lal? YoRlpl ByyO =eatb. 
5. y’ oe : : T t)=ta+b 
“y= 1 0 y+ _4|? Yo = -4 ry yp(t) =ta+b. 
, 0 -il t 0 54 
6. y' = - 0 yt ol? Yo= FG Try yp(t) =e“a+itb+e. 
ed ees oe le Ol. Tey yt = eine k (eosnb 
v= ; = : = (sinf)a : 
y 4 3 y. 0 Yo 0 TY Yp cos 
1 1 O 2 0 
8 y=/0 -1 O;y+/]1], yo=|0]. Tryyp® =a. 
0 0 1 2 0 
1 1 0 1 1 
9.y=|0 1 O;y+]rtl, yo=]O]. Tryyp® =tat+b. 
00 1 0 2 
10. As an illustration of the difficulties that may arise in using the method of undeter- 


mined coefficients, consider 


€ 


+ 
7 0 


ia oo 
: lar 


(a) Determine the complementary solution. 
(b) Show that seeking a particular solution of the form yp(t) = e”a does not work. 


(c) Since amember of the fundamental set of solutions comprising the complemen- 
tary solution is a constant vector multiplied by e”, we might consider yp(t) = te“a 
to be a reasonable guess. Show that this guess does not work either. (We obtain the 
general solution in Exercise 15, using the method of variation of parameters.) 
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11. Consider the initial value problem 


fo. 
v= 2 0 


Suppose we know that 


y+.  ¥(5) =y0 


y@) = 


1+ sin 2t 
e' + cos 2t 
is the unique solution. Determine g(t) and yp. 


12. Consider the initial value problem 


i. tt. 
Yr 12 4 


Suppose we know that 


-1 


2 
y+g0), =| | 


t+a 
r+B 


is the unique solution. Find g(t) and the constants @ and £. 


yo) = 


13. Let P(t) be a (2 x 2) matrix with continuous entries. Consider the differential equa- 
tion y’ = P(t)y + g(t). Suppose we know the solution is y, (t) when g(t) = g, (¢) and 
y>(t) when g(t) = g,(t). Determine P(t) if 


t 


1 e 
and y,()= . ; Zt) = i 


—2 e 
80 = 0 and y;,(t) = cael? 


[Hint: Form the matrix equation [y}, y5] = POLy,. yo] + [g,@, 2 @1.] 


Exercises 14-21: 


Method of Variation of Parameters Use the method of variation of parameters to solve 
the given initial value problem. 


2t 
14. y, =—2y, + 5y, +1, y,(0) =3 15. y'= ; rf yt |: y(0) = A 
y= y,+2y,4+1, y,(0)=1 
: ; . ? 1 -l 0 1 
16. y, = yete, y,O)=F7 17. y' = L 1 yr i\° y(0) = | 
¥ = y2(0) = —4 
| Sa e! 2 
i i ke air hale P= ; 
19 v=| i y+|], wo- |") 
-1 0 1 1 
20. y’= f ? yt : » yO)= A 21. y'= = yt » y(t/2) = A 
0 1 1 0 2 0 0 0 


Equilibrium Solutions Consider the linear system y’ = Ay+b, where A is a constant 
(n x n) matrix and b is a constant (n x 1) vector. An equilibrium solution, y(t), is a 
constant solution of the differential equation. 


22. If the matrix A is invertible, show that y’ = Ay +b has a unique equilibrium so- 
lution. If the matrix A is not invertible, must the differential equation y’ = Ay +b 
possess an equilibrium solution? If an equilibrium solution does exist in this case, 
is it unique? 
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Exercises 23-27: 


In each exercise, determine all equilibrium solutions (if any). 


23. v=| : ef 24, v=| a yt = 
-1 -3 1 -1 1 -1 
1-1 5 1 1 0 2 
25. v=| i yt _ 26.y’=|0 -1 2]/y4+]3 
0 0 1 2 
1 0 0 —2 
27.y'=|0 1 lly+] 0 
0141 0 


Exercises 28-32: 


Consider the homogeneous linear system y’ = Ay. Recall that any associated fundamen- 
tal matrix satisfies the matrix differential equation ¥’ = AW. In each exercise, construct 
a fundamental matrix that solves the matrix initial value problem VW’ = AW, W(t)) = Wo. 


= 1 0 
28. VW = vw, Wwli= i i 
0 . i = 
29. w= vw, w( j= 
23a oft 
1 1 
30. w’ = vw, (0) = 
= | x 7 
= 1 0 
31. vw’ = wv, WO)= 
og 0 1 
4 i 1 0 
32.¥'=| | ¥(§)=(j 1 


Exercises 33-35: 


The flow system shown in the figure is activated at time ¢t = 0. Let Q(t) denote the 
amount of solute present in the ith tank at time t. For simplicity, we assume all the flow 
rates are a constant 10 gal/min. It follows that volume of solution in each tank remains 
constant; we assume the volume to be 1000 gal. 


Figure for Exercises 33-35 


(a) Derive a linear system of differential equations for Q(t) = 


Q,(t) 
Q,(t)| 
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(b) Solve the initial value problem defined by the given inflow concentrations and initial 
conditions. Also, determine lim, ,,,Q(¢). 


(c) In Exercises 33 and 34, the inflow concentrations are constant. Compute the equi- 
librium solution of the system in part (a). What is the physical significance of this 
equilibrium solution? 


(d) In Exercise 35, the system in part (a) is not autonomous. Graph Q,(t) and Q,(f). 
Determine the maximum amounts of solute in each tank. 


33. c, =0.5 lb/gal, c,=0, Q,(0) =Q,(0) =0 
34. c, =c, =0.5 Ib/gal, Q,(0)=201b, Q,(0)=0 
35. c, = 0.5e° 7" Ib/gal, c,=0, Q,(0)=0, O,(0) =201b 


36. Consider the RL network shown in the figure. Assume that the loop currents 7, and 
I, are zero until a voltage source V,(t), having the polarity shown, is turned on at 
time t = 0. Applying Kirchhoff's voltage law to each loop, we obtain the equations 


dl 
-Vs(t) +L, + Ry, + R30, —1,) =0 


tdi 
dl, 


R;U, —1,)+ RL, tha = 0. 


I 
LO 


L,=L,=05H, R,=R,=1kQ, and R,=2kaQ. 


(a) Formulate the initial value problem for the loop currents, | | , assuming that 


(b) Determine a fundamental matrix for the associated linear homogeneous system. 


(c) Use the method of variation of parameters to solve the initial value problem for 
the case where V,(t) = 1 fort > 0. 


Figure for Exercise 36-37 


—2t 


37. Solve the network of Exercise 36 if the source voltage is V(t) = 2e~ volts. 


Numerical Methods for Systems of Linear 
Differential Equations 


We introduced Euler's method in Section 2.10 as a simple numerical algorithm 
for approximating the solution of a first order scalar initial value problem, 


y=fty, y@=y% ax<t<b. (1) 


In this section, we begin by extending Euler’s method to the first order linear 
system 


y =POy+s), ya@=y, a<t<b. (2) 
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We also describe how the familiar fourth order Runge-Kutta method [see equa- 
tions (9a) and (9b) in Section 2.10] can be extended to the initial value problem 
(2). Later, in Chapter 7, we will discuss methods for systems of first order non- 
linear equations y’ = f(t, y). 

Recall the form of Euler’s method for a scalar equation. For initial value 
problem (1), we often partition the interval [a,b] into N subintervals, each 
having length h, where 


For a given step size h, we define grid points fg, f,,..., fy by the formula! 

th =ty + kh, O<k<N, where ft) =a. 
Note that a =ty <t,; <t, <...<ty =b and that t,,,; =4,.+h, O<k<N-1. 
The numerical solution of initial value problem (1) consists of the points 


(ty, ¥4),0<k <N, where the values y, are numerical approximations to the 
actual solution values y(t;). 


Euler’s Method Is a Finite Difference Method 


In Section 2.10, we developed Euler’s method from geometric considerations, 
using the direction field for y’ = f(t, y) as a starting point. We now present a 
different derivation, one that generalizes to systems of first order differential 
equations. 
Let y(t) be the solution of the initial value problem (1), and let h > 0 bea 
given step size. From calculus, we know that the derivative, y’(t), is defined by 
. YE+AD—¥O) _., 
0 ie ee 
Therefore, if y(t) is the solution of initial value problem (1) and if the step size 
h is small, we expect the following approximation to be good: 


h) —v(t 
EEN AYO xy =ftt.vO). " 


Evaluating approximation (3) at a grid point ¢ = ¢,, we obtain 
yt. th) © y(t.) + hf (t.9G,)), 0<k<N-1. 


Therefore, once we have an estimate y, of y(t,), this approximation leads us to 
an estimate y,,, of y(t,41): 


Vert =e thf ts Ve), GekeN='1, Vo = Mtg). (4) 
Equation (4) is Euler’s method applied to the scalar initial value problem 
Y=fGY), VE) =Yo- 


The approximation (3) is called a finite difference approximation to y’(f). 
Methods derived from finite difference approximations, such as Euler’s method, 


‘We assume a constant step size h in order to simplify the discussion. As noted in Section 2.10, 
many implementations of numerical methods use variable-step algorithms rather than a fixed- 
step algorithm. Such variable-step methods use error estimates to monitor errors as the algorithm 
proceeds; when errors exceed a prescribed upper level, the steplength is reduced, and when errors 
are below a prescribed lower level, the steplength is lengthened. 
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are known as finite difference methods. Finite difference methods can be 
generalized in a natural way to systems of first order differential equations. 


Extending Euler’s Method to First Order Linear Systems 


Consider the initial value problem 


y =P®y+gt), —-y(to) = Yo, a<t<b, (5) 


where the (n x 1) matrix function P(t) and the (n x 1) vector function g(t) are 
continuous on [a, b]. Euler’s method for initial value problem (5) begins with a 
generalization of the finite difference approximation (3). In particular, let y(‘) 
be the unique solution of initial value problem (5), where 


y,() 
y(t) = 
Vn) 
As we know from Section 4.1, 
. y¥,(t+ At) —y,() 
o.0)|. | are At 
y= = 
y¥,0) lim Salt + At) =, @) 
At+0 At 


y(t + At) —y,() 


= lim — 
At>0 At i 
y,(t + At) — y,, (0) 
2. fl 
= lim, Aly + AD — yO). 


As before, let h > 0 be a given step size, where hh = (b — a)/N, and let 
th = ty + kh, O<k<N, to =a. 


Since y'() = P(®y() + g(), we expect (for small /) that 


1 
zy +h)—y@O) ¥ POy® +g. 
Evaluating this approximation at the grid point t = t,, we obtain 


yt. +h) + yt) +hiP@yG,) + g(t)I- 


Therefore, once we have an estimate y, of y(t,), this approximation gives us an 
estimate y,,, of y(¢,,,). Define 


Vint =¥, t+hPaGy,. + st), O0<k<N-1, — yo=ylty). (6) 


Iteration (6) is Euler’s method for the initial value problem (5). 


EXAMPLE 


1 
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There are obvious mathematical questions about the algorithm (similar to 
those raised in Section 2.10 for the scalar problem) that need to be answered. 
These will be addressed in Chapter 7. 


Consider the two-tank mixing problem formulated in Section 4.1. The flow 
schematic is shown in Figure 4.8. The corresponding initial value problem is 


6 6 


d[Q,|_ |” 200+10r 300 | a, A Q,(0) 2) 
di Ee 2 14 le ge P="? | 6. a| — [50]: 


200 + 102 300 


(7) 


10 gal/min 12 gal/min 


Fresh water 


4 gal/min 8 gal/min 


FIGURE 4.8 


The two-tank mixing problem discussed in Example 1. 


In (7), Q, (4) and Q,(t) represent the amounts of salt (in pounds) in Tanks 1 
and 2, respectively, at time f (in minutes). Recall that salt solutions enter and 
leave Tank 1 at different rates, leading to the variable coefficient matrix in (7). 
At time t = 30 min, Tank 1 is filled to capacity and the flow stops. Use Euler’s 
method (6) to estimate Q,(t) and Q,(t) on this time interval; use a step size of 
h = 0.01. Plot Q,(¢) and Q,(4) as functions of t, and also plot the concentration 
of salt in each tank as a function of t. 


Solution: The first order system has the form 
Q=POQ+g, O<t< 30, 


where [see equation (7)] P(t) is a (2 x 2) matrix function and g is a (2 x 1) 
constant vector. Euler’s method, applied to this problem, is the iteration 


0 
Q,,, =O, +AIPt)Q,+g]1 O<k<N-1, = [59]: 


(continued) 
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(continued) 


where t, = kh,h = 30/N. In component form, the algorithm is 


Qh =Apth | Oi nO 5 


~ 200 + 104, 

2 O 14 
200+ 10%, ~!* 300 
where Q, 9 = 0,Q) 9 = 50. 

The vector Q; is an approximation to the exact solution, Q(), at time t = jh. 
Since hf = 0.01, the number of steps is N = 3000. 

Figure 4.9(a) shows the result of implementing Euler’s method with 


h = 0.01. Figure 4.9(b) displays the Euler’s method approximations to the con- 
centrations, 


(8) 


Q5 p41 =Q2, +h | 02,| ‘ 0<k<N-1, 


ei) = Qn @ met,2. 
Vn () 

As graphed in Figure 4.9, the answers seem reasonable. We expect the salt 
concentration in Tank 1 to increase, but not to exceed the maximum inflow 
concentration of 0.5 Ib/gal. Likewise, the 2 gal/min inflow from Tank 1 into 
Tank 2 mitigates the “flushing out” of Tank 2 that would otherwise occur. The 
concentration in Tank 2 therefore decreases somewhat slowly over the 30-min 
interval. 


Amount of salt 
S S 
o iv 
wn nn 


Salt concentration 
S 
i) 


S 
o 


0.05 


FIGURE 4.9 


The results of applying Euler’s method to the initial value problem in 
Example 1. 


0, 
“we 


Runge-Kutta Methods for Systems 


Euler’s method is a conceptually important but relatively crude numerical al- 
gorithm. In order to obtain a high level of accuracy, Euler’s method usually 


EXAMPLE 


2 
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demands a very small step size. And, of course, small steps require longer run- 
times as well as close attention to the accumulation of roundoff errors. One 
alternative described in Section 2.10, higher order Runge-Kutta methods, usu- 
ally provides more accuracy for a given step size / and is generally more efficient 
than Euler’s method. 

Recall the fourth order Runge-Kutta method described in Section 2.10. For 
the scalar initial value problem (1), this method has the form 


h 
Ve =e TF rau + 2K, + 2K, + Ky], (9) 


where 

K, =f (ty. Ye) 

K, =f( +h/2, 9, + (h/2)K,) 

K, =f (i +h/2, 9, + (h/2)K2) 

Ky — f (ty + h, YE + hK;). 
Just as Euler’s method can be extended to systems, most Runge-Kutta methods 
can be extended to systems without any loss of accuracy. In particular, consider 
the initial value problem 

y' =f y), — ¥@o) = Yo- (41) 

The extension of the Runge-Kutta method (9)-(10) takes the form 


(10) 


h 
Yeu =Ye + [Ki + 2K, + 2K; + Ky], (12) 


where 
K, =f, yx) 
K, = f(t, +h/2, y, + (2/2)K,) 
K, = f(t, +h/2, y, + (2/2)K,) 
K, =f +h, y, + hK,). 


(13) 


As a test case to illustrate how the Runge-Kutta philosophy can improve accu- 
racy, consider the initial value problem 


Y= M—-¥+ 3, y,C)=1 
yy =—V, $924 20, y,(0) =3. 


(a) Solve this initial value problem mathematically. 


(b) Solve this initial value problem numerically on the interval 0 < t < 2, using 
Euler’s method and the Runge-Kutta method (12). Use a constant step size 
ofh =0.1. 


(c) Tabulate the exact solution values and both sets of numerical approxima- 
tions att =0.5,t=1.0, t= 1.5, and t=2.0. Is the Runge-Kutta method 
more accurate than Euler’s method for this test case? 


(continued) 
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(continued) 
Solution: 


(a) The exact (mathematical) solution is 


eat e+ 44t43 
re 98| ta 424s |" 
(b) For this problem, we have 
V1 —-vo4+3 
fi,.yy= |! ~? ; 
—V¥, +42 + 2t 


We used MATLAB as a programming environment for this example. The 
MATLAB code that evaluates f(t, y) is shown in Figure 4.10. MATLAB codes 
implementing Euler’s method and the Runge-Kutta method are shown in 
Figures 4.11 and 4.12, respectively. 


function yp=f(t,y) 
yp=zeros (2,1); 

yp (1) =y (1) -y (2) +3; 

yp (2) =-y(1)+y(2)4+2*t; 


FIGURE 4.10 


The MATLAB function subprogram to evaluate f(t, y) in Example 2. 


% Set the initial conditions for the 


% initial value problem in Example 2 
t=0; 

y=[1,3]'; 

h=0.1; 


output=[t,y(1),y(2)]; 
% Execute Euler’s method 


% on the interval [0,2] 


output=[output;t,y(1),y(2)]; 
end 


FIGURE 4.11 


A MATLAB script that carries out Euler’s method for the initial value 
problem in Example 2. 
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Set the initial conditions for the 
initial value problem in Example 2 


output=[t,y(1),y(2)]; 


Execute the fourth-order Runge-Kutta method 
on the interval [0,2] 


ttemp=t; 

ytemp=y; 

k1l=f (ttemp, ytemp) ; 
ttemp=tth/2; 

ytemp=y+ (h/2) *k1; 

k2=f (ttemp, ytemp) ; 
ttemp=t+h/2; 

ytemp=y+ (h/2) *k2; 

k3=f (ttemp, ytemp) ; 
ttemp=t+h; 

ytemp=y+h*k3; 

k4=f (ttemp, ytemp) ; 

y=yt (h/6) * (k14+2*k2+2*k3+k4) ; 
t=t+h; 
output=[output;t,y(1),y(2)]; 


end 


FIGURE 4.12 


A Runge-Kutta code for the initial value problem in Example 2. 


(c) Table 4.1 compares the values. 


TABLE 4.1 


The results of Example 2. Here, Ve denotes Euler’s method estimates of y, (t), ie denotes the 

Runge-Kutta method estimates of y,(t), and a denotes the true value of y(t). Similar notation is 
used in the last three columns. Note that the Runge-Kutta estimates are more accurate than the 
Euler’s method estimates. 


t y§ yh Vi y5 yak y3 

0.5000 1.3558 1.2659 1.2659 4.3442 4.4841 4.4841 
4.0000 0.8541 0.3056 0.3055 7.0459 7.6944 7.6945 
4.5000 2.1535 4.4174 -4.4178 | 12.7535 15.1674 15.1678 
2.0000 | 11.7688 | -19.7978 | -19.7991 | 25.5688 | 33.7978 | 33.7991 
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Use the fourth order Runge-Kutta method (12) to estimate the solution of 
y"-2t’+y=e", yd)=1, y(d)=0, 1<t<2. 


Use a uniform step size of h = 0.01. 


Solution: The differential equation is scalar, second order, linear, and non- 
homogeneous, with variable coefficients. None of the analytic techniques de- 
scribed in Chapter 3 are applicable. In order to use the Runge-Kutta method 
(12), we have to reformulate the second order equation as a system of two first 
order equations: 


V4 = Po y,0)=1 
yy = —y, + 2ty, +e”, y,(1) = 0. 


We can use the Runge-Kutta code listed in Figure 4.12, changing the first three 
lines to read 


tai 
y=[1,0]'; 
h=0.01; 


We also have to change the for loop to read “for i=1:100” and modify the 
last two lines of the function m-file in Figure 4.10 to read 


yp (1) =y(2); 
yp (2) =-y(1)+2*t*y (2) +exp(t/2); 


After making these changes and executing the program, we obtain the results 
shown in Figure 4.13. 


U 
4 


4 
t)a 
y(t) 


FPnNnNwWKRUYDAN CO 
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1 1.21213141.51.61.71.81.9 2 


FIGURE 4.13 


The results of Example 3. The solid curve is the numerical estimate of the 
graph of y, (t) = y(0); the dashed curve is the estimate of the graph of 
yt) =y'(. 


o, 
“w 


EXERCISES 


4.9 Numerical Methods for Systems of Linear Differential Equations 297 


Exercises 1-5: 


In each exercise, assume that a numerical solution is desired on the interval 
ty <t <ty+T, using a uniform step size h. 


(a) As in equation (8), write the Euler’s method algorithm in explicit form for the given 
initial value problem. Specify the starting values ¢) and yo. 


(b) 


Give a formula for the kth t-value, t,. What is the range of the index k if we choose 
h=0.01? 


Use a calculator to carry out two steps of Euler’s method, finding y, and y,. Use a 
step size of h = 0.01 for the given initial value problem. Hand calculations such as 
these are used to check the coding of a numerical algorithm. 


(c) 


ny=|) Alye ll, yoo] O<t<1 
— = < <= 
y 2 3 y I? y |? 
2. y’ ; : alle (1) a 1<rt<1.5 
A = , =— ’ STS 
y 2+¢ a|* t 1 
3. y’ 7 “| (1 ‘i 1<t<4 
— = < < 
7 Sap ol" lel? * dae hg 
1041 0 0 
4.y=13 2 Tyt|2i, yeN=|0|, -1lst<0 
1 2 0 t 1 
= sint 0 0 
5y= y+ 2? y(1) = ol 1<t<6 
1-t 1 


Exercises 6-9: 
In each exercise, 


(a) As in Example 3, rewrite the given scalar initial value problem as an equivalent 
initial value problem for a first order system. 


(b) Write the Euler’s method algorithm, y;,,; = y, + A[P@,)y, + g(,)], in explicit form 
for the given problem. Specify the starting values ty and yo. 


(c) Using a calculator and a uniform step size of h = 0.01, carry out two steps of Euler’s 
method, finding y, and y,. What are the corresponding numerical approximations 
to the solution y(t) at times t = 0.01 and t = 0.02? 
6. y"+ y=, y(0)=1, y'(0)=0 
Ty’ +y+ty=2, y0)=1, yO)=1 


8. y"+2y+tyv=tt+1, yO)=1, y'O)=-1, y’"0)=0 


9, — [e! A +y=2e', y(0)=—-1, y(0)=1 


Exercises 10-18: 
For the problem in the exercise specified, 
(a) Write a program that carries out Euler’s method. Use a step size of h = 0.01. 


(b) Run your program on the interval given. 
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(c) Check your numerical solution by comparing the first two values, y, and y,, with 
the hand calculations. 


(d) Plot the components of the numerical solution on a common graph over the time 
interval of interest. 


10. Exercise 1 11. Exercise 2 12. Exercise 3 
13. Exercise 4 14. Exercise 5 15. Exercise 6 
16. Exercise 7 17. Exercise 8 18. Exercise 9 


Estimating the Numerical Error of Euler’s Method When solving problems, we should 
apply all available tests or checks before accepting an answer. In addition to the checks 
provided by common sense, the physics of the problem being modeled, and the mathe- 
matical theory of differential equations, there are additional checks available for testing 
the accuracy of numerical algorithms. We now describe such a test. 

Suppose we apply Euler's method to the initial value problem y’ = P(t)y + g(), 
Y(t) =Yo, a<t <b. We observed in Section 2.10 that the error in Euler’s method is 
reduced approximately in half when the step size h is halved (this result will be justified 
in Chapter 7). This approximate halving of the error leads to a process for estimating 
the error. In particular, let ¢* be a point in [a,b] and choose a step size h by defining 
h = (t* —to)/n, where n is a positive integer. Let y,, denote the Euler’s method estimate 
to y(t*) obtained using a step size h. Let y>,, denote the Euler’s method estimate to y(¢*) 
obtained using a step size of h/2. We anticipate, by halving the step size, that the error 
will be (approximately) halved as well: 


* = (t") — n 
y(t ) — Von oS. 


Some algebraic manipulation leads to the following estimate of the error, y(¢*) — Yp,,: 
y(t") — Yon © Yon — Yn: (14) 


Exercises 19-22: 


(a) Compute the error estimate (14) by using your Euler’s method program to solve the 
given initial value problem. In each case, let * = 1. Useh = 0.01 and h = 0.005. 


(b) Solve the initial value problem mathematically, and determine the exact solution at 
t=". 
(c) Compare the actual error, y(t*) —y>,, with the estimate of the error y,,, — y,,- 


[Note that estimate (14) is also applicable at any of the intermediate points 
0.01, 0.02,...,0.99.] 


19. y’—-y=t, yO)=2, yO)=-1 
20. y"+ 4y =3cost+3sint, y(0)=4, y(0)=5 


a.y=|° — o=|° a2.y=| | o=-|° 
= ly |e SS eS ae glee S| 4 


23. Draining a Two-Tank System Consider the flow system shown in the figure. Tank 1 
initially contains 40 lb of salt dissolved in 200 gal of water, while Tank 2 initially 
contains 40 lb of salt dissolved in 500 gal of water. At time t = 0, the draining process 
is initiated, with well-stirred mixtures flowing at the rates and directions shown. 
The volumes of fluid in each tank change with time. Note, in particular, that Tank 1 
empties in 20 min. Therefore, the flow processes shown in the figure cease to be 
valid after 20 min. (Tank 2 will still contain 100 gal of fluid after 20 min.) 


(a) Let Q,(¢) represent the amount of salt in tank j at time ¢, j = 1, 2. Formulate the 
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initial value problem for 


t 
QW = i , 


Q,(t) 
valid for 0 < t < 20 min. 


(b) Solve the initial value problem on the interval 0 < t < 19.9 min, using Euler’s 
method. Use a uniform step size with h = 0.01. 


(c) Plot the amounts of salt (in pounds) in each tank, Q, (¢) and Q,(t), on the same 
graph for 0 <¢ < 19.9 min. 


(d) On what positive t-interval does Theorem 4.1 guarantee a unique solution of 
the initial value problem formulated in (a)? Should we be on the alert for possible 
numerical problems as time ¢ increases to 20 min? Explain. 


5 gal/min 
30 salina | V> Ib/gal 
Figure for Exercise 23 


24. A Spring-Mass-Dashpot System with Variable Damping As we saw in Section 3.6, the 
differential equation modeling unforced damped motion of a mass suspended from 
a spring is my” + yy’ + ky = 0, where y(t) represents the downward displacement 
of the mass from its equilibrium position. Assume a mass m = 1 kg and a spring 
constant k = 4? N/m. Also assume the damping coefficient y is varying with time: 
y(t) = 2te“”” kg/sec. 
Assume, at time ¢t = 0, the mass is pulled down 20 cm and released. 


(a) Formulate the appropriate initial value problem for the second order scalar 
differential equation, and rewrite it as an equivalent initial value problem for a first 
order linear system. 


(b) Applying Euler’s method, numerically solve this problem on the interval 
0 <t < 10 min. Use a step size of h = 0.005. 


(c) Plot the numerical solution on the time interval 0 < ¢ < 10 min. Explain, in 
qualitative terms, the effect of the variable damping upon the solution. 


Exercises 25-27: 
Write a program that applies the Runge-Kutta algorithm (12) to the given problem. 
Run the program on the interval given, with a constant step size of h = 0.01. Plot the 
components of the solution. 
25. y,=—-y,ty2.+2, y,O0)=1, Osts2 

¥ = V1 — Ia) y2(0) =0 
26. y) =—-y, +92, y0)=1,  O<t<1 

y= y2 +0, y,(0) =0 


300 


CHAPTER 4 First Order Linear Systems 


>t 4 0 
27.y'=|, ,|y yM=],|. bses2 


28. Suppose the Runge-Kutta method (12) is applied to the initial value problem y’ = 
Ay, y(0) = yy, where A is a constant square matrix [thus, f(t, y) = Ay]. 


(a) Express each of the vectors K, in terms of h, A, and y,,j = 1,2, 3,4. 


(b) Show that the Runge-Kutta method, when applied to this initial value problem, 
can be unraveled to obtain 


vous (renaeg 4 


h? h3 ht 
a da a Y;- (15) 


(c) Use the differential equation y’ = Ay to express the nth derivative, y”(f), in 
terms of A and y(t). Express the Taylor series expansion 


(ee) h” 
yeth= > yO 
n=0 i 


in terms of h, A, and y(t). Compare the Taylor series with the right-hand side of (15), 
with ¢ = ¢, and y(t,) = y;. How well does (15) replicate the Taylor series? 
29. The exact solution of the initial value problem 


et/2 a ert/2 


, {O51 | ee 
yY=l, osl” y(0) = ‘ isgivenby y= 5 oe 


(a) Write a program that applies the Runge-Kutta method (12) to this problem. 


34/2 


(b) Run your program on the interval 0 < t < 1, using step size h = 0.01. 
(c) Run your program on the interval 0 < t < 1, using step size h = 0.005. 


(d) Let yj and ¥599 denote the numerical approximations to y(1) computed in parts 
(b) and (c), respectively. Compute the error vectors y(1) — yj99 and y(1) — Yr99. By 
roughly what fractional amount is the error reduced when the step size is halved? 


4.10 The Exponential Matrix and Diagonalization 


The solution of the scalar initial value problem y’ = ay, y(0) = yo is 


yt) =e%y 0° 
If A is a constant (n x n) matrix, the solution of y’ = Ay, y(0) = yg is 
y@) = PMyp, (1) 


where ®(f) is the fundamental matrix that reduces to the identity at t = 0. Is it 
possible to represent the solution (1) in the form 


y(t) = e“'y,? (2) 


There are two issues to be resolved. First, how do we give meaning to the expo- 
nential of a square matrix? Second, if we can give meaning to e’, is expression 
(2) the unique solution of y’ = Ay, y(0) = y,? In other words, is e“’ = ®(t)? 


The Exponential Matrix 


To see how we might define the exponential matrix e“’, assume for the present 
discussion that the solution y(t) of the initial value problem y’ = Ay, y(0) = yo 
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has the series expansion 
oo m 


t 
yo= >) oy” O. (3) 


m=0 ~ 
We can use the initial value problem itself to evaluate the vectors y“” (0): 
y(0) = yO) = yo 
y (0) = y'(0) = Ay(0) = Ayo 
y?@) = [Ay] =Ay'() =A’y@; therefore, y®(0) = A’yp. 


In general, we obtain y” (0) = Ay, and hence the series (3) becomes 


- ‘e m 3 2 e 3 
ODay Pp tA Se te agin Yo- (4) 
m= 


The partial sums of the series of matrix powers in equation (4) have the form 
S,@) = [1 +tA Oe a a 
RO = [I++ SA + FA + + TA |. 

It can be shown, for any constant (n x 1) matrix A, that 

lim S,() 

k->00 
exists for all values of t. We define the (n x 1) limit matrix to be the exponential 
matrix and denote it as e“”. Therefore, 


7” 
et — oe Sam. (5) 


It can be shown that the matrix exponential is differentiable and that its 
derivative can be calculated by differentiating the series (5) term by term. As- 
suming the validity of termwise differentiation, it follows that 

dia A 
—¢" = Ae, 6 
a (6) 


By (6), y(t) = ey, is a solution of y’ = Ay for any (n x 1) vector y. Using this 
fact, along with the observation that e“’ reduces to the identity when t = 0 and 
the fact that the solution of 


®'(t) = A®(t), ©(0) =I 


is unique, it follows that e = (2). 


Properties of the Exponential Matrix 


In view of the close correspondence of the series defining e“’ when A is a matrix 
and e“ when a is a scalar, it is not surprising that the exponential matrix and 
the scalar exponential function possess similar properties. For instance, 

eft edb — eA, tty) (7a) 
and 


ey = et. (7b) 
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While properties (7a) and (7b) resemble properties of the scalar exponential 
function, they also have interpretations in terms of differential equations. In 
particular, consider the initial value problem y’ = Ay, y(0) = yp. We can think 
of e“’ as a matrix that propagates solutions forward by t units in time; that is, 
multiplying the initial state y(0) = yy by e“’ moves the solution forward in time 
to y(t) = eyo. 

Taking this propagator viewpoint, property (7a) says either we can move 
the solution forward in one step or we can move it in stages. We can evolve 
the solution forward in one step from time ¢ = 0 to time t = t; +f, by forming 
y(t, +t,) = e4%*’y,. On the other hand, we can achieve the same result by first 
moving forward f, units in time using y(¢t,) = e““'y, and then moving forward 
an additional t, units by forming y(t, + ¢,) = e4”2y(t,) = e“2e“"'y,. In general, it 
can be shown (see Exercise 20) that 


y(t + At) =e4“’y@. (8) 


In a similar vein, suppose we are given y(t) = e“’y,. We can recover the initial 
state y, either by multiplying by the inverse matrix, obtaining y, = (e“")~'y(2), or 
by propagating the solution backwards f units in time by forming yy = e ““y(t). 


Use the series (5) to calculate the exponential matrix e for 
r 4, 0 
|) meee 
Solution: Since A is a diagonal matrix, 


m1 aT 0 
Av = : 
0 ar 


Therefore, the matrix series (5) becomes 


A, O r iG 0 
+3} 0 i 


CO om 
or) 7” i ;| > PAT 0 


Use the series (5) to calculate the exponential matrix e“’ for 


a 1 
0 Al” 


> 
II 
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Solution: It can be shown (see Exercise 21) that A” = 4" + ma’—'E, where 
E denotes the matrix 


0 1 
E= : 
0 0 
Therefore, 
= t" \.m cS ra m—-1 
oo. yin ys Gal jai 
Ay ine Ba | ee 
M1. t m 
m=0 0 > mar 
m=0 


Similar Matrices 


We say that an (n x 1) matrix A is similar to an (n x 1) matrix B if there exists 
an (n x n) invertible matrix T such that 
TAT =B. 
If A is similar to B, it follows that B is similar to A since T~'AT = B implies 
A=TBT! =(T7'!)"'!B(T"}). 
Therefore, it is appropriate to refer to the matrices A and B as a pair of similar 
matrices. The act of forming the matrix product T~'AT is often referred to as 


a similarity transformation. Among other things, the concept of similarity is 
important because 


(a) IfA and B are similar (n x n) matrices, then A and B have the same charac- 
teristic polynomial and, hence, the same eigenvalues (see Theorem 4.10). 


(b) IfA and Bare similar (n x n) matrices, then solutions of w’ = Bware related 
to solutions of y’ = Ay by the transformation y(t) = Twit). 


Let A and B be similar (n x n) matrices. Then A and B have the same 


characteristic polynomial. 


©@ PROOF: Since A and B are similar, there is an invertible (n x m) matrix T 
such that T-'AT = B. Let p (A) and p,(A) denote the characteristic polynomials 
of matrices A and B, respectively. Observe that 


p,(A) = det[B — Al] = det[T~'AT — aI] = det(T~'!AT — aT“'T] 
= det[T~'(A — AIT] = det[T']det[A — AT ]det[T] 
= pala). 
(To obtain the last equality, we used the fact that det [T~'] det [T] = det [J] = 1.) @ 
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Diagonalization 


Consider a similarity transformation of the form T~'AT = D, where the matrix 
D is a diagonal matrix, 


d, 0 0 0 

Oss. 0 

p=|0 0 dy 0 
0 0 0 d 


In such cases, we say that matrix A is similar to a diagonal matrix or that A 
is diagonalizable. Two questions arise with regard to diagonalization: 


1. When is it possible to diagonalize a square matrix A? 
2. Ifit is possible to diagonalize a given matrix A, how do we find the matrix 


T that accomplishes the diagonalization? 


Theorem 4.11 and its corollary address these two questions. 


Let A be an (n x n) matrix similar to a diagonal matrix D. Let T be an 
invertible matrix such that T~-'AT = D. Then the diagonal elements of 


matrix D are the eigenvalues of matrix A, and the columns of matrix T 
are corresponding eigenvectors of matrix A. 


e PROOF: It follows from Theorem 4.10 that matrices A and D have the same 
eigenvalues. The eigenvalues of diagonal matrix D, however, are its diagonal 
elements. Therefore, the diagonal elements of D are the eigenvalues of A. 

To finish the proof, let D be the diagonal matrix 


& 0 0. wa 0 
Ot; O ee 0 
Ba |O CO Be se), 
0 O O wa dy 
and let t,,t,,...,t, denote the n columns of the matrix T so that T = 
[t,;,t,,...,t,]. Because T~'AT = D, it follows that AT = TD: 
my & 0 0 
G: 2. O. ee O 
Alt stoyeres t)S [Gv toeecn tf | 8 As 0 (9) 


Corollary 


EXAMPLE 


3 
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The matrix product on the left-hand side of equation (9) can be rewritten as 
[At,, At,,..., At,,]. Similarly, the matrix product on the right-hand side of equa- 


tion (9) can be rewritten as [A;t,, Ajt,,...,A,,t,,]. Since matrix equality implies 
that corresponding columns are equal, we obtain 
At; = d,t,, j=1,2,...,n. (10) 


To complete the argument, note that invertibility of the matrix T implies that 
none of its columns can be the (n x 1) zero vector. Therefore, t; 40,1<j< 
n, and this fact, in conjunction with (10), shows that the columns of T are 
eigenvectors of A. @ 


A corollary of Theorem 4.11 characterizes diagonalizable matrices. 


An (nv x n) matrix A is diagonalizable if and only if it has a set of” linearly 


independent eigenvectors. 


From what we know already, matrices with distinct eigenvalues as well as 
real symmetric matrices and Hermitian matrices are diagonalizable. In general, 
A is diagonalizable if and only if A has a full set of eigenvectors. 


As noted, real symmetric matrices are diagonalizable. Let A be the matrix 
1 2 
2 1I- 


Find an invertible (2 x 2) matrix T such that T~'AT = D. 


Solution: We saw in Example 1 of Section 4.4 that eigenpairs of A are 


1 1 
A, = 3, «=| and ja,=-l, =| lf 


Therefore, a matrix T made from the eigenvectors will diagonalize A. So, let T 
be 


A direct calculation shows 


TOAT = 


i) NRIle 
NRIe Nl 


The Exponential Matrix Revisited 


We again consider the exponential matrix e”’, assuming now that A is an (n x n) 
diagonalizable matrix. Therefore, 


A=TDT"!, (11) 
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where D is the (n x n) diagonal matrix consisting of the eigenvalues of A and T 
is the (” x n) matrix formed from the corresponding eigenvectors; recall equa- 
tions (9) and (10). We now see that equation (11) simplifies the infinite series 
(5) defining e“’. 

Observe, by (11), that 


A? = (TDT™'!)(TDT™) = TD(T'T)DT"! = TD°T™'. 


In general, it can be shown that 


Dae wo ie 
Therefore, 
A 1" i 1 ie 1 Diq—1 
f m _ mpl __ m —-1 _ It 77>— 
e =e a? Die ies =T 5 Son) 2 =Te"T-!, (42a) 
m=0 m=0 m=0 
Since D is a diagonal matrix, it follows (as in Example 1) that 
a (0) ibd 0 
oo ym oO. ge 0 
S- —p"™=| . ae (12b) 
m! : : 
m=0 “ a 
0 0) ern! 
Using (12b) in (12a), we obtain 
we if 0 
0 et! 0 
v=T| . ee (12c) 
0 0 ern! 


Decoupling Transformations 


There is an alternative approach to solving y’ = Ay when A is diagonalizable. 
This alternative involves making an appropriate change of dependent variable 
that transforms y’ = Ay into a collection of decoupled scalar problems. This 
decoupled system can then be solved using the techniques of Chapters 2 and 3. 
Example 4 illustrates the ideas, and additional examples are considered in the 
Exercises. 


EXAMPLE 
4 Solve the initial value problem 


= y, + 2y, + 1, y,(0)=1 


13 
yy =2y, + Yt t, y,(0)=-1. -_ 


Solution: This problem has the form y’ = Ay + g(t), y(0) = yo, where 


cEy oll Ld 
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From Example 3, we know that A is diagonalizable. In particular, T~'AT = D, 


where 
ge = di pd 1 1 1 3 0 
T= ; T= P D= : 
2/1 -1 1 -1 0 -1 


Let us make the change of variable z(t) = T~y(#) or, equivalently, y(t) = Tz(0). 
Since y'(t) = Tz'(t), the equation y’ = Ay + g(t) transforms into 


Tz' = ATz+ g(t), 
or 
z'=T 'ATz+T 'g(t). 


The initial condition for the transformed system is z(0) = T ~ly(0) =T ~l¥o. 
Since T~-'AT = D, the original problem (13) has become z’ = Dz+T™'g(t), 
z(0) = Py, or 


/ fs oj. aft aft re oe ie 
2=lo 1172/4 —1} tel? 72h, —a} J 


In terms of components, this system has the form 


Zz, = 32 +(1+0)/2, 2,0) =0 
= —Z,+(-1)/2, Z,(0) = 1. 


(14) 


As can be seen, the system (14) is an uncoupled system of first order linear 
equations of the type studied in Chapter 2. The solutions are 


z(t) = (4e! — 3t — 4)/18 
Z(t) = (2—-1)/2. 
In terms of the original variables, y(t) = Tz(t), or 


‘ 1 1 ; { |4e% — 1274 14 
y(t) = 1-1 Zt) = 78 


Ae” 4. 6= 22 


o, 
“ 


A Warning 


Some properties of the scalar exponential function e“ generalize to the expo- 
nential matrix e“’; properties (7a) and (7b) are two such examples. There are 
limits, however, to the extent to which the scalar properties generalize to e“". If 


A and B are (n x 1) matrices, then it is generally the case that 
eAt Bt # eBt At and et Bt Z eAtBy (15) 


The reason the expected results do not materialize is that matrix multiplication 
is not commutative. That is, it is usually the case that 


AB £ BA. 
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EXERCISES 


Exercises 1-10: 
The given matrix A is diagonalizable. 
(a) Find T and D such that T~'AT = D. 


(b) Using (12c), determine the exponential matrix e*’. 


5 6 3 4 1 1 2 3 
1A= 2.A= 3,.A= 4,.A= 
3-4 —2 3 1 | 2 ; 
2 3 1 -2 2 O —2 2 
3 2 —2 1 1 1 0 3 
0 2 1 2 
9.A= 10. A= 
—2 4 —2 1 


Exercises 11-16: 


In each exercise, the coefficient matrix A of the given linear system has a full set of 

eigenvectors and is therefore diagonalizable. 

(a) As in Example 4, make the change of variables z(t) = T~!y(t), where T~!AT = D. 
Reformulate the given problem as a set of uncoupled problems. 


(b) Solve the uncoupled system in part (a) for z(t), and then form y(t) = Tz(t) to obtain 
the solution of the original problem. 


11. = =[6 -6 1 1 0 
v=|; i] wo=| 5 v=|; 2/¥t |, 
13. -4 6 2 0 
v=| 3 5/%* “ vo-|)) 
14. y, = 3y, + 27. +4 15. y, = —9y, — 5y2, y(0)=1 
a= Wy+4.+1 Y= 8+ 4, +1, »,(0)=0 
¥3= y3+2, 93(0)=0 
16. 3 2], 1 
es apree=[) 
17. Consider the differential equation y’ = 0 2% Example 2 shows that the corre- 
2t 2t 
sponding exponential matrix is e“! = i 2 . Suppose that y(1) = A . Use the 


propagator property (8) to determine y(4) and y(—1). 
18. Determine by inspection whether or not the matrix is diagonalizable. Give a reason 
that supports your conclusion. 
1 i Ghee 1 i 
ns | 


1 1 (b) A 
0 1 ote 4 
19. Let A be a constant (n x n) diagonalizable matrix. Use the representation (12c) 
to establish properties (7a) and (7b). That is, show that e“1e42 = e4%*2) and 
(ety =e, 


(a) A; = 


20. Use property (7a) to establish the propagator property (8). That is, show that 
y(t+ At) =e" y(o). 


0 0 
formula to show that A” =A" + mA™“'E. 


21. LetA= E | , and let E = k 4 . Use mathematical induction or the binomial 
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A 1 0 
22. Consider the differential equation y’ = Ay, whereA= {0 A 1}. Using the infinite 
001 


et! te*! 5t7eM 
sf Xi 
series (5), show thate“”= | 0 e” te” 
0 O et 


Exercises 23-24: 
In each exercise, 
(a) Does AB = BA? 


(b) Calculate the exponential matrices e”, e®’, and e@+®”. Does e“e?! = e4*8"? 


1 
=4|" 


Exercises 25-30: 


Second Order Linear Systems We consider systems of second order linear equations. 
Such systems arise, for instance, when Newton’s laws are used to model the motion 
of coupled spring-mass systems, such as those in Exercises 31-32. In each of Exercises 


1 
25-30, let A= F i Note that the eigenpairs of A are A, =3,x, = A and 


1 
A, =1,x,= |_| 


(a) Let T = [x,,x,] denote the matrix of eigenvectors that diagonalizes A. Make the 
change of variable z(t) = T~'y(), and reformulate the given problem as a set of 
uncoupled second order linear problems. 


2 -l 
-1 2 


23. A= 


(b) Solve the uncoupled problem for z(t), and then form y(t) = Tz(f) to solve the original 
problem. 

25. y"+Ay=0 

26. yj — 2, -— 2 =0, y,(0)=0, y,O)=1 
¥2- ¥1— 292 =0, y,(0)=0, y,(0)=-1 


1 gall! re 
ol” YO= Tol yO ly 


28. y’+y’+Ay=0 29. yi +4, + 2y, =0 
¥2 + 2y, +492 = 1 


27. y"+Ay= 


30. Ay” +4y =0 
Exercises 31-32: 


Consider the spring-mass system shown in the figure on the next page. The system can 
execute one-dimensional motion on the frictionless horizontal surface. The unperturbed 
and perturbed systems are labeled (a) and (b) respectively. 


31. (a) Show that an application of Newton’s second law of motion leads the second 
order system Mx” + Kx = 0, where 


m, O 0 k, —k, 0 x, (t) 
M=!0 m, O}], K=|-k, k,+k, -k,|, x(t) = |x,(t) 
0 O m, 0 -k, k, x(t) 
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32. 


33. 


34. 


35. 


36. 


ky ky 


ey m PWWWW§Y 72 MPUWVWWAs 3 
a = J 


—> x, (0) X(t) x(t) 


(b) ty RAW PPD V5 | 


Figure for Exercises 31-32 


(b) Letm, =m, =m, = mandk, =k, =k. Determine the eigenpairs of A= M7'K. 
(c) Obtain the general solution of x” + Ax = 0. 
Consider the second order linear system derived in part (a) of Exercise 31. 


(a) Show that the matrix K has an eigenvalue 4 = 0. Determine a corresponding 
eigenvector and denote it as vp. 


(b) Explain the physical significance of the eigenpair (0, vy). In particular, what 
motion does the system execute if the initial conditions are x(0) = 0, x'(0) = vy? 
[Hint: Look for a solution of the form x(t) =f (vp, where f(¢) is a scalar function 
to be determined.] Describe, in words, how the system is behaving. 


We know that similar matrices have the same eigenvalues (in fact, they have the 
same characteristic polynomial). There are many examples that show the converse 
is not true; that is, there are examples of matrices A and B that have the same 
characteristic polynomial but are not similar. Show that the following matrices A 
and B cannot be similar: 

1 0 

0 1° 


Drawing on the ideas involved in working Exercise 33, show that if an (n x n) real 
matrix A is similar to the (n x 1) identity J, then A = J. 


1 
3 


A= 


0 
| and B= 
1 


Give an example that shows that while similar matrices have the same eigenvalues, 
they may not have the same eigenvectors. 


Define matrices P(t) and Q(t) as follows: 


1 cost 


Pt)= F 0 | ; Q(t) =| P(s)ds. 


Show that P(t) and its derivative Q(t) do not commute. That is, P()Q(t) 4 Q(t)P(). 


REVIEW EXERCISES 


These review exercises provide you with an opportunity to test your understanding 
of the concepts and solution techniques developed in this chapter. The end-of-section 
exercises deal with the topics discussed in the section. These review exercises, however, 
require you to identify an appropriate solution technique before solving the problem. 


Exercises 1-22: 


In each exercise, determine the general solution. If initial conditions are given, solve the 
initial value problem. 
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PROJECTS 


Consider the configuration shown in Figure 4.14. The three identical springs of un- 
stretched length / are assumed to be weightless, and the two identical masses are as- 


FIGURE 4.14 


A coupled spring-mass system. (a) The equilibrium state. 
(b) The perturbed state. 


312 


CHAPTER 4 First Order Linear Systems 


sumed to slide on a frictionless surface. In the vertical direction, the surface exerts a 
normal force upon each mass equal and opposite to its weight. Therefore, we need only 
consider motion in the horizontal direction. 


Project 1: Derivation of the Equations of Motion 


Assume the system is set in motion at time t = 0 and there are no externally applied 
forces. Let x,() and x,(t) represent the respective horizontal displacements of the two 
masses from their equilibrium positions, measured positive to the right as shown. Show 
that the application of Newton’s second law of motion to each mass leads to the system 
of equations 

mx, = k(x,—x,) —kx, 

mx, = —k (x, —x,) —kx,, t>0. 
These equations can be rewritten as a second order linear system 


—2 1 


mx" =k 
1 —-2 


x, (t) 
X; t> 0, where x(t) = ; (1) 
X(t) 


In addition to the equations of motion (1), we specify the initial position and velocity of 
each mass by 


x(0) = Xo, x'(0) = Xo. (2) 


Project 2: Numerical Solution Using the Exponential Matrix 


The initial value problem defined by equation (1) and initial condition (2) can be solved 
by using the diagonalization techniques of Section 4.10 to transform the problem into 
two decoupled scalar problems. In this project, however, we will solve the problem by 
using the exponential matrix to propagate the solution forward in time. Our solution 
will be numerical in the sense that we will tabulate the solution at discrete times. 

The first task is to recast the problem as a first order system. Define 


Vip =X, Yo =X, ¥3=%2, Yq =X). 
With this, the initial value problem can be rewritten as 

y’ = Ay, y(0) = yo, (3) 
where A is a (4 x 4) constant matrix and yy is a (4 x 1) vector. 


1. Determine A and yp. 


2. Suppose we want to solve (3) on the interval 0 < t < T. Choose a time step At = T/N, 
where N is a positive integer. The solution of (3) can be tabulated in 0 < t < T at the 
time steps t= jAt,j =0,1,2,...,N, using the iteration 


yq)=e“yG_)), 7=1,2,...,N. (4) 


[The iteration (4) comes from the propagator property of the exponential matrix, 
y(t + At) = e4““‘y(); recall equation (8) in Section 4.10.] Assume m = 2 kg, k = 8 N/m, 
1=1m, T= 10sec, and At = 0.05 sec. For the initial conditions 


—0.25 , _ {0 
Xp) = 0.25 m, X= 0 m/sec, 
find y(¢;) using iteration (4), and plot the spring displacements at times fg, f,,..., Ly. 


Interpret your results physically, describing how the two masses are moving in the 
time interval 0 < t < T. [Software such as MATLAB has built-in exponential matrix 
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routines you can call to form e““’. Or you can simply solve the initial value problem 
&' = A®, &(0) =7 and use the fact that ®(At) = e4™.] 


3. Repeat part (2), but with the initial conditions 


0 / 
X= 0 m, X= 


Project 3: Resonant Behavior of a Coupled Spring-Mass System 


0.25 
0.25 


| m/sec. 


Consider the spring-mass system shown in Figure 4.15. The figure shows two springs of 
negligible weight. The springs have unstretched lengths /, and /, and have spring con- 
stants k, andk,. Masses m, and m, are attached, and the springs stretch appropriately to 
achieve the rest configuration shown. The amount of stretching done by each spring is 
determined by imposing conditions of static equilibrium on each mass. Since the sum 
of the vertical forces acting on each mass must vanish, we obtain k, Y, = m,g+k,Y, 
and m,g =k,Y,. Therefore, k,Y, = m,g +m,g, where g represents acceleration due to 
gravity. When the system is disturbed from its equilibrium state, both masses move 
vertically. Let y, (t) and y,(¢) represent the displacements of the masses from their equi- 
librium positions at time t, as shown in Figure 4.15. We assume the system is initially 
at rest and is set into motion by a force f(¢) = F sin at, applied vertically to the mass 771,; 
see Figure 4.15(c). 


ky I 
1,+Y, 
14+Y,+y) 
oe 
1)+Y,+ 
ky ls my > s In + Yo + yo(t) 
my > 
y I, +Y 
my = 
My 7 
Fi) 
(a) Unstretched (b) System at rest with (c) System disturbed 
springs masses attached from rest state 
FIGURE 4.15 


1. Show that Newton’s second law of motion leads to the following nonhomogeneous 
system of second order differential equations: 


my, = —k, +ky)y, +koyr 


5 
m7y5 = kay, —k,y, + Fsinat. (5) 

Since the system is initially at rest, the initial value problem is 
y” + Ay = bsinot, y(0) = 0, y (0) = 0. (6) 


Determine the constant matrix A and the constant vector b. 


2. Assume that m, =m, =m and that k, = 2k and k, =k. Denote the eigenpairs of 
the real symmetric matrix A by (A,,x,) and (A,,x,). Make the change of variable 
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z(t) = T~'y(t), where T = [x,, x,], and reformulate problem (6) as a pair of decoupled 
second order initial value problems. 


3. Determine the resonant frequencies of the pair of initial value problems derived in 
part (2). That is, for what values of w will at least one component of z(t) have an 
amplitude that grows linearly with time? 


4. Solve the initial value problem derived in part (2) in the case where m = 1 kg, k = 1 
N/m, /= 1m, F =0.1 N, and @ is equal to the largest of the values determined in 
part (3). Form y(t) = Tz(t) to obtain the solution of equation (6). Discuss the physical 
relevance of the solution. Is it physically meaningful for all t, 0 < t < 00? 


Project 4: A Control Problem in Charged Particle Ballistics 


Consider a particle, having mass m and electric charge g, moving in a magnetic field. 
The magnetic field is a vector field B. The motion of the particle in this magnetic field 
is most conveniently described in terms of vectors. 

Let i, j, and k represent unit vectors in the x, y, and z directions, respectively. The 
position of the particle is defined by the position vector, 


r(t) =x(O)i + yOj+zOk, 
and its velocity by the corresponding velocity vector, 
V(t) =v, Hit vi Oj + v, (Ok. 


Since v(t) = dr/dt, the velocity components are 


Vj=" 36 Cee Cae 
a , WS ae , VO= 72 : 


Figure 4.16 illustrates the problem. 


v(t) 


FIGURE 4.16 


A charged particle having mass m and electric charge g moves in the 
magnetic field B. Its motion is described by its position vector r(t) and 
velocity vector v(t). 
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If the weight of the charged particle is neglected, the only force acting on it is the 
Lorentz’ force (the force the magnetic field exerts on the moving charge). The Lorentz 
force, described using vector notation, is gv(t) x B. An application of Newton’s second 
law of motion leads to the vector equation 


d 
m it v(t) = qv(t) x B. (7) 


Suppose the charged particle is launched from the origin at time ¢ = 0 with initial 
velocity v(0) = vo. Is it possible to select vy so that the particle will be located at a desired 
location R at a specific later time t = t > 0? In other words, can we choose v(0) = vy so 
that r(t) = R? 


1. Let B = Bk and define w, = qB/m. The constant w, is a radian frequency known as 
the cyclotron frequency. Rewrite vector equation (7) in the form 


v =AV, v(0) = Vo. 
2. Solve the initial value problem, expressing the solution in the form v(t) = e“’Vo. 


3. Form rf) = f, v(s)ds and determine conditions under which we can choose vy such 
that r(r) = R= [5 v(s) ds. 


?Hendrik Lorentz (1853-1928) was professor of mathematical physics at Leiden University from 
1878 until 1912; he thereafter directed research at the Teyler Institute in Haarlem. Lorentz is 
noted for his studies of atomic structure and of the mathematical transformations (called Lorentz 
transformations) that form the basis of Einstein’s theory of special relativity. Along with his student 
Pieter Zeeman, Lorentz was awarded the Nobel Prize in 1902. 
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Introduction 


When you begin to study a new topic such as the Laplace transform, two ques- 
tions arise: “What is it?” and “Why is it important?” A scientist often uses 
Laplace’ transforms to solve a mathematical problem for the same reason that 
a motorist leaves a congested highway and travels a network of back roads to 
reach his or her destination. The most easily traveled path between two points 
is not always the most direct one. 

One of the important applications of Laplace transforms is solving con- 
stant coefficient linear differential equations that have discontinuous right- 
hand sides. In particular, many mechanical and electrical systems are driven 
by sources that switch on and off. Such systems are often modeled by an initial 
value problem of the form 


y+ay +by=e(t), yo) =, Lo) = Yo. 
'Pierre-Simon Laplace (1749-1827) was a French scientist renowned for his work in mathematics, 
celestial mechanics, probability theory, and physics. The Laplace transform, the Laplace proba- 


bility density function, and Laplace’s equation (arising in the study of potential theory) are some 
mathematical entities named in his honor. 
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where the right-hand side g(t) has discontinuities at those times when the 
source changes abruptly. Laplace transform techniques are a convenient tool 
for analyzing such initial value problems. 

The philosophy underlying the use of Laplace transforms is illustrated in 
Figure 5.1. We have a problem to solve—for example, determining the behav- 
ior of some mechanical or electrical system. Instead of attacking the problem 
directly, we transform (or map) the original problem into a new problem. This 
mapping is accomplished by means of the mathematical operation known as 
the Laplace transform. The original problem is often referred to as the time do- 
main problem since the independent variable for the original problem is usually 
time. The new problem, resulting from the Laplace transformation, is referred 
to as the transform domain problem. After obtaining this new transform domain 
problem, we solve it and then transform the solution back into the time domain 
by performing another mapping, known as the inverse Laplace transform. The 
inverse mapping thus gives us the solution of the original time domain problem, 
the problem of interest. 


Time domain Transform domain 


Original Laplace transform Transform 
domain 
problem 


problem of 
interest 


Solution 


Solution of 
Desired Inverse Laplace transform 
solution transform domain 
problem 


FIGURE 5.1 


The philosophy underlying the use of Laplace transforms. 


In order for the problem-solving approach diagrammed in Figure 5.1 to be 
attractive, the following three steps must be easier to implement than the direct 
solution approach: 


1. calculating the Laplace transform, 
2. solving the transformed problem, and 
3. calculating the inverse Laplace transform. 


For many of the problems we treat, this will be the case. Constant coefficient 
linear differential equations will be transformed into algebraic equations. The 
resulting transform domain problem typically entails solving a single linear 
algebraic equation or a system of linear algebraic equations. 

We will consider a variety of constant coefficient linear differential equa- 
tions (both scalar equations and systems) and show how these problems can be 
solved using Laplace transforms. We will also consider several problems, such 


EXAMPLE 
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as the parameter identification problem in the following example, that are not 
so straightforwardly solved using the techniques developed so far. 


Consider a vibrating mechanical system that exists in a “black box,” as in Fig- 
ure 5.2. Assume you are confident that the vibrating system can be modeled as 
the spring-mass-dashpot arrangement shown, but you do not have the internal 
access needed to directly measure the spring constant k, the mass m, or the 
damping constant y. You can only apply a force at the external access point 
and measure the resulting displacement. 


Applied force 
f(t) 


v 


FIGURE 5.2 


A cutaway schematic of a “black box” vibrating system. 


Mathematically (as we saw in Section 3.10), the mechanical system in Fig- 
ure 5.2 is described by the initial value problem, 


my'+yy +ky =f, t>0, y(0) = 0, y'(0) = 0. 


The system is at rest at time t = 0 when force f(t) is applied. The applied force 
f@ is known for t > 0; the displacement y(t) is monitored and is thus known 
for t > 0. The parameters m, y, and k, however, are unknown. 

Assuming we know the input-output relation [that is, f(t) and y()] for one 
given applied force and the corresponding measured displacement, we ask the 
following two questions: 


1. Is it possible to predict what the output will be if another input is applied 
to the system? In other words, if we apply a different external force, f (4), 
is it possible to predict the resulting displacement, ¥(t)? 

2. Is it possible to determine the constants m, y, and k from a knowledge 
of the single input-output history given by f (f) and y(t)? 


We will see in Section 5.4 that the use of Laplace transforms provides a relatively 


iM 


easy way to answer both questions. “ 
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EXAMPLE 


2 


The Laplace Transform 


The first use of Laplace transforms as an operational tool for solving constant 
coefficient linear differential equations is often attributed to the British physi- 
cist Oliver Heaviside.” As noted earlier, the Laplace transform maps a func- 
tion of t, say f(t), into a new function, F(s), of a new transform variable s. [In 
terms of notation, we generally use lowercase letters to designate time domain 
functions, such as f(t), and capital letters to denote corresponding transform 
domain functions, F(s).] 

Let f(t) be a function defined on the interval 0 < t < oo. The Laplace trans- 
form of f(t) is defined by the improper integral 


Lif} = F(s) = | fe dt, (4) 


provided the integral exists. As the notation of equation (1) indicates, we often 
denote F(s), the Laplace transform off (¢), by the symbol L{ f (f)}. The new trans- 
form variable s is assumed to be a real variable. (In more advanced treatments 
of the Laplace transform, the variable s is allowed to be a complex variable.) 

As we look at equation (1), the first issue to settle is that of identifying the 
properties f(t) must possess in order for its Laplace transform to exist—that 
is, in order for the improper integral in equation (1) to converge. Recall from 
calculus that the improper integral in (1) is defined by 


foe) T 
| Fj a= tim | fe-" dt, (2) 
0 TH Jo 


provided the limit exists. When the limit (2) exists, we say that the improper 
integral converges, and we define the improper integral to be this limit value. 
If the limit in (2) does not exist, we say that the improper integral diverges. 

Whether or not limit (2) exists depends on the nature of f(f) and on the 
value of the transform variable s; note that s plays the role of a parameter in 
the integral. In this section, we identify a large class of functions that possess 
Laplace transforms. It is important to realize, however, that not every function 
has a Laplace transform. The third function considered in Example 2 illustrates 
this fact. 


Find the Laplace transform, if it exists, of 


(a) f(t) =e" (b) f() =t (c) f(t) =e 


Solution: 


(a) Applying the definition, we see that 


lo) T 
Li{e“} = | ee dt = lim ge Ee gr. (3) 
0 


Too Jo 


? Oliver Heaviside (1850-1925) studied electricity and magnetism while employed as a telegrapher. 
He is remembered for his great simplification of Maxwell’s equations, his contributions to vector 
analysis, and his development of operational calculus. In 1902, Heaviside conjectured that a con- 
ducting layer exists in the atmosphere which allows radio waves to follow the curvature of Earth. 
This layer, now called the Heaviside layer, was detected in 1923. 
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provided the limit exists. Since 


T dL. sS=a 
| e Sat dt = 1— e 7 S-Or 
) ———., s#a, 
s—a 
the improper integral defined by the limit (3) exists if and only if s > a. 
Therefore, 
1 
F(s) = L{e“} = , S>a. (4) 
s—a 
(b) Similarly, 
oe) T 
Lit} = | te dt = lim | te~*dt, (5) 
0 Toxo Jo 


provided the limit exists. Since 


Tr? 
=, s=0 


r P 2 
| te “dt = 
0 —sT 


1 
= ss, 620, 
Ss Ss 


the improper integral defined by the limit (5) exists if and only if s > 0. 


Therefore, 
1 
F(s) = L{t} = — s>0. (6) 
Ss 


(c) Applying the definition gives 
2 oe 2 r 
Lie’ = ee “dt = lim et) dt, 
0 


T>~ Jo 
provided the limit exists. For any fixed value of s, however, the integrand, 
e‘’-) is greater than 1 whenever ft > s. Therefore, the limit does not ex- 
ist for any value s and the function f(t) =e" does not possess a Laplace 


o, 


transform. 


Piecewise Continuous Functions and 

Exponentially Bounded Functions 

We now identify a class of functions that possess Laplace transforms. If f(f) is 
a member of this class, then its Laplace transform exists for all s > a, where a 
is a constant that depends on the particular function f. 


We begin with two definitions. A function f(t) is called piecewise contin- 
uous on the interval 0 < ¢ < T if 


(a) There are at most finitely many points, 0 <t, <t, <---<ty <T,at which 
T 
f @) is not continuous, and 
(b) At any point of discontinuity, t;, the one-sided limits 


lim f@ and lim f(@ 
tot; t> fF 

both exist. (If a discontinuity occurs at an endpoint, 0 or 7, then only the 
interior one-sided limits need exist.) These discontinuities are called jump 
discontinuities. 
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Condition (b) says the only discontinuities allowed for a piecewise continuous 
function are jump discontinuities. Condition (a) says a function that is piece- 
wise continuous on the interval [0, 7] never has more than a finite number of 
jump discontinuities in [0, 7]. Note that the number of discontinuity points 
is a nondecreasing function of the interval length T; that is, if T, > T,, then 
Nr, = Nr. 

A function defined on 0 < t < o is called piecewise continuous on the 
interval 0 < ¢ < ov if it is piecewise continuous on 0 <¢t < T forall T > 0. 

An example of a function f(t) that is piecewise continuous on 
0 <t < wis the “square wave” shown in Figure 5.3, where 


1; 04fs 1; 
ro={o nee f¢+2) =f. 


Note that f(f) is a periodic function with period 2. Every discontinuity of f (4) 
is a jump discontinuity. While f(4) has infinitely many discontinuities in 
0 <t < o, the function never has more than a finite number of discontinu- 
ities in a finite interval 0 < t < T. 


{1,0<r<1 
|0,1<r<2 

f(t +2) =f 
To fo. fom 


f f(@) = 


| I I | | I 
a: — —— oe 
1 2 3 4 5 6 


FIGURE 5.3 


The function f(t) is called a “square wave.” It has infinitely many 
discontinuities in 0 < t < oo. They are all jump discontinuities, and there 
are never more than a finite number in any finite subinterval of 0 < t < oo. 
Therefore, f(t) is piecewise continuous on 0 < t < o0. 


Our next definition is concerned with measuring how fast |f(f)| grows as 
t > oo. A function f(t) defined on 0 < t < oo is called exponentially bounded 
on 0 <t < ow if there are constants M and a, with M > 0, such that 


If (| < Me™, 0<t<oo. 


Figure 5.4 illustrates the nature of this definition. A function f(t) is exponen- 
tially bounded if we can find constants M and a such that the graph of f(d) is 
contained in the region R, where R is bounded above by y = Me™ and below by 
y = —Me™. 

If a function f(t) is bounded on 0 <t < ~, then it is also exponentially 
bounded; that is, if |f(O| <_M,0<t < ow, then |f(t)| < Me“,0 <t < 0, with 
a=0. 


Existence of the Laplace Transform 


Theorem 5.1 establishes the existence of the Laplace transform for all functions 
that are piecewise continuous and exponentially bounded on 0 < t < oo. The 
proof is given in advanced texts. 
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y = Me 


y=f 


>t 


FIGURE 5.4 


The function f(t) is exponentially bounded because its graph is bounded 
above by y = Me and below by y = —Me”. Hence, |f (t)| < Me“, 0 <t <0. 


Let f (t) be piecewise continuous and exponentially bounded on 0 < t < 00, 
where |f (t)| < Me“, 0 < t < oo. Then the Laplace transform, 


F(s) = [ foc dt, 
0 


exists for all s > a. 


In this chapter, we restrict our attention to functions that are piecewise 
continuous and exponentially bounded on 0 < t < oo. The next theorem, stated 
without proof, gives some closure properties for this special class of functions, 
asserting that we can form linear combinations and products of functions in 
the class and that any new functions produced will also belong to the class (and 
thus have Laplace transforms). 


Theorem 5.2 . ; ; . 
Let f, (¢) and f,(¢) be piecewise continuous and exponentially bounded on 


0 <t < oo, where 
Ifi:Ol<Mye*" and |fp@| < Mae". 


(a) Let f() =c,f, + c,f,, where c, and c, are arbitrary constants. 
Then f(t) is also piecewise continuous and exponentially bounded 
on 0 <t <ow. In fact, |f(| < Me“, where M = |c,|M, + |c|M, and 
a = max {a,,a,}. Moreover, F(s) = L{f(} is given by 

F(s) = Lief, O + eof20} =e L{fhO} + oL{f,0} 
=c,F\(s) +c F,(s), S>a. 


(b) Let g(t) = f, Of,(. Then g(t) is also piecewise continuous and expo- 
nentially bounded on 0<t<oo. In fact, |g(t)| < Me”, where 
M=M,M, and a=a, +4). It follows that G(s) = L{g()} exists for 
s>a. 
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EXAMPLE 


3 


Since the Laplace transform satisfies the formula 


Lief O + eof O} =e, L{fhO}+ oL{fAO}, (7) 


we say that the Laplace transform is a linear transformation on the set of 
piecewise continuous, exponentially bounded functions. 


Determine whether the functions are exponentially bounded and piecewise 
continuous on 0 <t¢ < co: 


1, 02721, 
@fo={i one fir=fG-2) for se 2 
(b) g(t) = te’, 0<t<o 
(c) kt)=e, OK<t<co 


Solution: 


(a) The function f(t) is defined on 0 <t < o& as a periodic function having 
period 2. This function, whose graph was shown earlier in Figure 5.3, has 
jump discontinuities at the positive integers. As was noted in Figure 5.3, 
f(t) is piecewise continuous on 0 < t < oo. Since the function is bounded, 
it is also exponentially bounded; in fact, we have 


If@®| < Me", with M=1 and a=0O. 
We will calculate the Laplace transform of f(t) in Section 5.4 when we 
discuss Laplace transforms of periodic functions. 


(b) Since g(t) is continuous, it is certainly piecewise continuous on 
0 <t < oo. It remains to show that g(f) is exponentially bounded. Let a > 1, 
and consider the function 


g(t) =ge™ = te o, 0<t<o. 
It can be shown that 


1 
0290 = 


(@— De’ 0<t<o. 


This inequality implies that 


1 
0 <g@) < ———e", 0<t<a, 
(a — l)e 

and we conclude that g(t) is exponentially bounded on 0 < t < 00, with M = 
1/[(@ — le] anda =a > 1. 

(c) If k(t) were exponentially bounded, then there would be constants M and 
a such that e” < Me” for all nonnegative values ft. In turn, this inequality 
would imply 


et) < M, 0<t<oo. 


But, ast grows, the inequality has to fail eventually. Thus, k(t) = e’ isnot ex- 
ponentially bounded. The function is, however, piecewise continuous since 
it is continuous. “ 


Theorem 5.3 
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The Inverse Laplace Transform and Uniqueness 


Using the Laplace transform to solve problems involves three separate steps: 
(1) applying the transform to obtain a new transform domain problem, (2) solv- 
ing the new transform domain problem, and (3) applying the inverse transform 
that maps the transform domain solution back to the time domain, resulting 
in the solution of the problem of interest. 

In order to define the inverse mapping (that is, the inverse Laplace trans- 
form), we need to know that the Laplace transform operation, when applied to 
functions that are piecewise continuous and exponentially bounded, possesses 
an underlying uniqueness property. In particular, given a transform domain 
function F(s), we want unambiguously to identify a function f(t) that has F(s) 
as its transform. The following theorem, which we present without proof, ad- 
dresses the uniqueness question. 


Let f, (0) and f,() be piecewise continuous and exponentially bounded on 
0 <t < o. Let F,(s) and F,(s) represent their respective Laplace trans- 
forms. Suppose, for some constant a, that 


F (s) = F,(s), S>a@. 


Then f, (4) =f,(@ at all points t > 0 where both functions are continuous. 


This theorem gives about the best result we can hope for. As an illustration, 
consider the function f, (1) =e‘, t > 0. We saw in Example 2 that 


1 
Li{e“} = : Se a 
= 


Therefore, 


Lie} = F(s) = s>—-l. 


stl’ 
Suppose we create a new function f,(¢) by simply redefining f(t) to be zero at 
each of the positive integers: 


—t 


e, tnotan integer 
iO = 


. (8) 
0, tan integer. 


The graph of the function f,(¢) is shown in Figure 5.5. Observe, even though 
f,@® and f,(¢) are different functions, that 


E r 
| f, Qe" dt = | f(Qe~™ dt (9) 
0 0 


for every T > 0. Therefore, £{f,()} = C{f,O} = Fs), s > -1. 

As we see from equation (9), the improper integral defining the Laplace 
transform is insensitive to changes in the value of a function at a finite num- 
ber of points in 0 < t < T. This insensitivity, however, does not pose a serious 
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EXAMPLE 


4 


0.5 


FIGURE 5.5 


The graph of the function f,(4) defined by equation (8). Note that the graph 
of f,(0 is identical to the graph of f,(t) =e‘ except att = 0, 1,2,.... Even 
though the functions f, (4) and f,(¢) are different, their Laplace transforms 
are the same [see equation (9)]. 


practical problem since we are interested in physically relevant functions. For 
example, in defining the inverse Laplace transform of 


1 
F(s)= ; 
S—-a 


we will choose it to be the continuous function f (t) = e“, t > 0. 

Our approach to determining inverse Laplace transforms will be a tabu- 
lar one. In the next several sections, we will compute Laplace transforms of 
functions and build up a library of Laplace transform pairs, such as the pair 


f(t) =e", t>0 and F()=—, S>a. (10) 


Determining an inverse Laplace transform will essentially consist of a simple 
“table look-up” process. That is, we find the appropriate transform domain 
function F(s) in the table and then take the corresponding time domain func- 
tion f(t) in the table to be the inverse transform of F(s). The next example 
illustrates this approach. (In more advanced treatments, within the theory of 
complex variables, a more fundamental approach to computing inverse Laplace 
transforms is developed.) 

[Note: We will use the symbol £~!{ } to denote the operation of taking the 
inverse Laplace transform. | 


What is the inverse Laplace transform of 


2s 
2 


F(s)= . s> 1? 


That is, for what function f(t) do we have L{f(t)} = F(s) = 2s/(s* — 1)? 


EXERCISES 
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Solution: We first observe that the rational function F(s) has the following 
partial fraction expansion: 


2s 1 1 


aq  e=t  eea 


(The topic of partial fractions is reviewed in Section 5.3. For now you can 
verify this claim by simply recombining the right-hand side.) Since the Laplace 
transform is a linear transformation, the inverse Laplace transform is likewise 
a linear transformation. In particular, 


2s 1 1 1 1 
ime =f! =f 4 eget : 
{a4} (satsay} {a}+ s+1 


Recalling the Laplace transform pair listed earlier in equation (10), we obtain 


1 1 
me =e’ and £7! =e’, 
s—l stl 


2 
crf paz} mel tet =2eoshe, t>0. % 
‘S ——s 


Therefore, 


Exercises 1-12: 


As in Example 2, use the definition to find the Laplace transform for f (0), if it exists. In 
each exercise, the given function f(t) is defined on the interval 0 < t < oo. If the Laplace 
transform exists, give the domain of F(s). In Exercises 9-12, also sketch the graph 


of f(t). 


1.f@=1 2. ft) =e” 3. f() =e" 4.f(=t-5 
5. f(t) = te 6. f(t) =e" 7. f@)=(|t-1| 8. f@ = (¢t—2) 
0, O<t<l 0, 0<t<1l 
a fo=' ie Fmt - 
0, O<t<l 0, 0<t<l 
11.fM=<1, 1<t<2 12,.fM=<t-1, 1<t<2 
0, 2<t 0, 2<t 


13. Let 1 be a positive integer. Using integration by parts, establish the reduction for- 


mula 
t'e xn . 
pee dt =— + Ef ele® dt, s>0. 
Ss S 


14. Fors > 0 and a positive integer, evaluate the limits: 


(a) lim er: (b) lim t"e 
[Hint: Use LH6pital’s rule to establish limit (b).] 

15. (a) Use Exercises 13 and 14 to derive a reduction formula for the Laplace transform 
of ff =t", 


Lit") = “Le"}, s>0. (11) 
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(b) From Example 2, we have L{t} = 1/s”,s > 0. Use this fact, together with reduc- 
tion formula (11), to calculate Lit} fork = 2,3,...,5. 


(c) Formulate a conjecture as to the Laplace transform of f(t) = t’", where m is an 
arbitrary positive integer. 


Exercises 16-21: 

From a table of integrals, 

ay & Sin Bu — B cos Bu 
w+ B 

au COS Bu + Bsin Bu 
w+ Be ; 


je sin Budu =e 


iG cos Budu =e 


Use these integrals to find the Laplace transform of f (f), if it exists. If the Laplace trans- 
form exists, give the domain of F(s). 


16. f(t) = cosat 17. f@® = sinot 18. f(t) = cos[w(t — 2)] 
19. f(t) = sin[w(t — 2)] 20. f(t) =e” sint 21. f(t) =e” cos 4t 
Exercises 22-23: 

Use the linearity property (7) along with the transforms found in Example 2, 


1 1 
L{e“} = ——, s>a and L{t}=>5, s>0, 
s-a s 


to calculate the Laplace transform R(s) = £L{r(t)} of the given function r(t). For what 
values s does the Laplace transform exist? 


22. r(t) = 2e-™ + 6t 23. r(t) = 5e7" +t + 2e” 


Exercises 24-31: 


In each exercise, a function f(t) is given. In Exercises 28 and 29, the symbol [uv] de- 
notes the greatest integer function, [uu] =” when n <u <n+1, an integer, 
= 60892 9¢—1,.0; 1 Q)4055 


(a) Is f(t) continuous on 0 <t <oo, discontinuous but piecewise continuous on 
0 <t < ~, or neither? 


(b) Is f(t) exponentially bounded on 0 < t < oo? If so, determine values of M anda such 
that | f(t)| < Me“,0 <t < o. 


24. f(t) =tant 25.f(f)=e'sint 26. f()=t?e™ 27. f(t) = cosh 2r 
2. 
28. f(t) = [11 29.f0=[e"]] 30. m= - 7 ee ; 
e 
Exercises 32-35: 


Determine whether the given improper integral converges. If the integral converges, 
give its value. 


i | me Ot 
32. | 5 dt 33. | 5 dt 
o 1l+t o 1+t 


34. | e‘cos(e‘) dt 35. | te’ dt 
0 0 


Exercises 36-39: 
Suppose that L{f,(} = F,(s) and L{f,(} = F,(s), s > a. Use the fact that 


Loe, F\(s) + ¢,F,()} =¢, LF, (s)} tL {Fy(9)}, a<s 


5.2 
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to determine the inverse Laplace transform of the given function. Refer to the examples 
in this section and equation (11) in Exercise 15. 


3 2 1 
. = 7. F(s) = -—>S + —— 
36. Fs) = > 37. Fs) =- 5+ 5 
4s 2 2 2 1 1 
= .&-F — = 
2A S40 ge0 eon i se—-1 s—-1 s+4+l1 


38. F(s) = 
s 


Laplace Transform Pairs 


This section develops a library of Laplace transform pairs that we will use to 
solve problems. We begin by defining a function known as the unit step function 
or the Heaviside step function. 


The Unit Step Function 


The unit step function or Heaviside step function, h(t), is the piecewise 
continuous function defined by 


1, t>0 
h(t) = = 
© ‘ t <0. 


Figure 5.6 displays graphs of h(t) and its “shifted argument” counterpart, 
h(t—a),a>0. 


A 
h(t) 
>t 
A 
h(t- 
Al (t-@) 
——— ef 
Qa 


FIGURE 5.6 


The graphs of the unit step function, /(f), and 
the shifted step function, h(t — a). 


The Laplace transform of the unit step function, h(t), is given by 


oe) ioe) —st | 
Lith} -| hit)e “ at = as | eae a s>0. (da) 


In equation (1a), we use a common notation: 


fO|e = lim fO-f@. 
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For the shifted step function, (tf — a), we obtain the Laplace transform 


—st ) —sa 


ctht—ay) = | nt —aye de = | a ee 
e o S la s (1b) 


s>0O and a>0O. 


Note that the unit step function h(t) and the constant function f(t) = 1 are 
identical on 0 < t < ow. Therefore, they have the same Laplace transform, 
1 
L{l}=-, 
s 


s>0. (1c) 


Transforms of Polynomial, Exponential, 
and Trigonometric Functions 


In this subsection, we develop some common transform pairs, starting with 
the polynomial function f(t) = t”. Also see Exercise 15 in Section 5.1. 


The Laplace Transform of f(t) = t" For n= 1, we use integration by parts to 


obtain 
fore) t —st —st 
ci) = [teat = — - aa 
0 
In general, for any positive integer n, integration by parts yields 


oe 0° 
11 
4 # te lest dt. 
0 Ss JO 


You can use LHo6pital’s rule to show that lim, ,.,t"e *’ = 0, s > 0. Therefore, 
we obtain the following reduction formula for L{t"}: 


s>0. (2a) 


t"e—* 


ct) = | t'e “dt= — 
0 


L{t"} = ~ £0"), s>0. (2b) 


Applying reduction formula (2b) recursively, we find, for s > 0, 


2 2 3 3-2 
Liy=-Li}=5, LP }= LP? }=— 
S s Ss Ss 
and, in general, 
n! 
L{t"} = Tag n=1,2,3,..., s>0. (3) 
Ss 


The Laplace Transform of f(t) = e“' We saw in Section 5.1 that 


1 
L{e™"} = ——., s>a. (4) 


EXAMPLE 


1 
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The Laplace Transforms of f(t) = sin wt and f(t) = cos wt Using integration by 
parts twice yields 


lo) 
L{sin wt} -| e “ sinat dt 
0 


= . —s oe) 
e sinat we cosat wo fe. 
= 5 5 e ~ sinat dt 
Ss Ss 0 Ss 0 
2 
@ (60) a 
= 3 - 7Hsinat}, s>0. 
Ss s 


Solving for £{sin wt}, we find 


L{sin wt} = 


; s>0. 5a 
2 z (5a) 


Similarly, 
L{cos wt} : 
ot} = —=— >, 
s° + wo 


We know from Section 5.1 that the Laplace transform defines a linear 
transformation on the set of piecewise continuous and exponentially bounded 
functions; that is, if f(t) and g(t) are piecewise continuous and exponentially 
bounded, then 


s>0. (5b) 


Lief) +e.gO} =e L{fO} + cL{gO}. 


We can use this linearity property to extend our library of transforms. For 
example, combining linearity with the transform for £L{t”} listed in equation (3), 
we obtain the Laplace transform of any polynomial. The next example provides 
an illustration. 


Use the transform pairs developed above to find the Laplace transform of 
(a) p(t) = 28° + 5t — 3, t>0 (b) f () = 4 cos? 3t, t>0 
Solution: 
(a) Using linearity and equation (3), we have 
Lip@) = LF + 5¢-—3} = 20} 4520) -— 361} 
3! 1 1245s? — 35° 


1 
s? = 4 


s>0. 


Ss S 


(b) We have no transform pair directly involving cos” wt. However, we can use a 
trigonometric identity to rewrite f(t) = 4 cos? 3t as f (t) = 2 + 2 cos 6t. Using 
linearity and equation (5b) yields 


Lif (O} = 2L{1} + 2L{cos 61} 
1 s As? 472 


=2 His = 7 ; 
S s°+36  s(s* +36) 
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Two Shift Theorems 


The next two results, established in Theorem 5.4, are often referred to as the 
first and second shift theorems. Like the linearity property illustrated in Ex- 
ample 1, the shift theorems increase the number of functions for which we can 
easily find Laplace transforms. 


Theorem 5.4 
Let f (t) be piecewise continuous and exponentially bounded on 0 < t < 00, 


where |f (t)| < Me“, 0 < t < oo. Let F(s) = L{f(}, and let h(t) denote the 
unit step function. Then 


(a) L{e“f()} = F(s — a), s>ata 
(b) L{ f(t — a)h(t — w)} =e “F(s), a > 0, 


Since li(t — ~) = 0 when t < a (see Figure 5.6), 
ft—a)h(t —a) =0, t<a. 


The graph of f(t — a)h(t — «) looks just like the graph of f(t) except for the fact 
that it is shifted to the right and remains zero until t = a. Figure 5.7 provides 
an example. 


f(y) 


| >t 


f(t-a)h(t—a@) 


>t 


FIGURE 5.7 


The graphs of f (f) and f(t — a)h(t — a). Note that the graph of 
ft — a)h(t — a) looks like the graph of f(t) except that it is 
shifted w units to the right. 


e PROOF (of Theorem 5.4): 


(a) The following calculation establishes part (a): 


Lie“ f (t)} = | ef (He dt = i fe °™ dt = F(s — a), 
0 0 


s>at+da. 


EXAMPLE 


2 
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(b) To establish the second shift theorem, we begin with 
L{f(t — ah(t — @)} = i f(t — wh(t — ae" dt = ‘) f(it—ae™ dt. 
0 a 
Making the change of variable t = t — a, we have 


Lift — wht — a)} = [ te —aje “dt = | (oe dt 
« 0 


= ew f fire dt =e F(s), s>a.@ 
0 


Note that parts (a) and (b) of Theorem 5.4 possess a certain duality. Roughly 
speaking, multiplying a function by an exponential function in the time domain 
shifts the argument of its Laplace transform. Likewise, shifting the argument in 
the time domain leads to an exponential multiplicative factor in the transform 
domain. 


Find 


—5s —as 
(a) Llet*}— (b) Le“ cost} (c) £7 {! : (d) a . \ 
Ss Ss 


Solution: 
(a) By Theorem 5.4, multiplying f (t) by e* shifts the argument of its transform, 

F(s). That is, 

4! 
Key = Le) Se, ee? 
s—s—2 (s — 2) 

(b) As in part (a), 

sS-—a 
(s — a)? og 
(c) We know that L{t} = 1/s?,t > 0. By the second shift theorem, 

—5s 


Lie“ cos at} = L{cosot}|,., 4 = s>a@. 


= Li(t — 5)h(t —5)}. 


52 


Therefore, 


—5s 
cate 5)h(t 5={? oe 
Ss 


t—5, 5<t<o. 


The graph of this inverse transform is shown in Figure 5.8. 


(d) We know that C{sint} = 1/(s* + 1),t => 0. Using the second shift theorem 
yields 


= L{[sin(t — a)] h(t — a)}. 


s+] 


(continued) 
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(continued) 


Therefore, 
oes 0, 0<t 
Fema ee ~[sin¢—a)]ht—a)=2 | ein 
se+1 sin(t—a@), a<t<o. 

f 
A 

al f(t) = (t= 5)h(t—5) 

t 

5 10 
FIGURE 5.8 
The graph of f(t) = (t — 5)h(t — 5). ~ 


The Laplace Transform of Derivatives and Antiderivatives 


The utility of Laplace transforms as a tool to solve problems involving constant 
coefficient linear differential equations is due in large part to the transform 
pairs in the next theorem that relate the Laplace transform of derivatives and 
integrals of a function to the Laplace transform of the function itself. We will 
make extensive use of these results in Sections 5.4-5.7. 


(a) Let f(t) be continuous on 0 < t < ov, and let f’(f) exist as a piecewise 
continuous, exponentially bounded function on 0 <t < oo, where 
If’ (| < Me”, 0 <t < oo. Then 


Lif} = sL{fO} —f O) = sF(s) —f (0), s > max{a, 0}. 


(b) Let f’(t) be continuous on 0 < ft < ov, and let f’(#) exist as a piecewise 
continuous, exponentially bounded function on 0 <t < oo, where 
If" (| < Me“, 0 <t < oo. Then 


Lif" ®} =sL{f'} — f' (0) = s [sF(s) —f (0)] —f' (0) 
= s’F(s) — sf (0) — f’(0), s > max{a, 0}. 


(c) Let f(t) be piecewise continuous and exponentially bounded on 
0 <t < 0, where |f(d)| < Me”, 0 <t < oo. Then 


cf f furdu} = AF O) = ee) s > max{a, 0}. 
0 


S Ss 


e PROOF: The proof of part (a) is presented to illustrate the relevant ideas. 
By hypothesis, the function f(t) is continuous. We now show it is also exponen- 
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tially bounded, and thus f(t) has a Laplace transform. We have 


t t 
ifOl= ro+ [ radu <ifo1+| [ f Gide 


t 
= if O+ f Me™ du, 
0 


t>0. 
Therefore, for 0 < t < ~, 
M M 
If (O)| + ae -I< Ko = | e“, a>0 
IfOl < 4 |f()| + Mt, a=0 (6) 
M M 
if (0)| + —(1 —e”) < |f)|+ —, a<0. 
|a| |a| 


From these inequalities, we are able to conclude that L{f(} = F(s) exists for 
s > max{a, O}. 

To obtain (a), consider the interval 0 < ¢ < T for some arbitrary T > 0. Let 
t, <t, <-+-: <ty represent the points of discontinuity of f’(‘) on this interval. 
Then 


T t, 
| f' Qe dt = ‘i fe dt 
0 0 


ty ty Tr 
+/ fide det -+ | fioear+ | f'®e™ dt. 
ty ty-t ty 


Performing integration by parts on each of these integrals yields 


is 
| fe" dt = fe "|¢ + FOE" |2 +--+ FOE + FOE, 
0 1 N-1 N 


+S 


ty ty ty va 
| fen" dt + / fie dees i fen" dt + / foe a 
0 t, ty4 ty 


Since f(t) is continuous, the sum of the endpoint evaluations reduces to 
f (Te? — f (0). Similarly, the sum of integrals on the right-hand side can be 
expressed as a single integral from 0 to T. Therefore, we obtain 


oil T 
| f'e“tdt =f(Te" — f 0) +s | fe dt. 
0 0 


Now let T > oc, while assuming that s > max{a,0}. For these values of s, 
lim 7_,..f(T)e*? = Oandlim;.,,, fp fe dt = L{f (} = F(s). Therefore, the 
result follows. © 


Note that differentiation in the time domain corresponds, roughly speak- 
ing, to multiplication by s in the transform domain, while antidifferentiation 
in the time domain corresponds to division by s in the transform domain. 


Solving Initial Value Problems 


The next example, while quite simple, illustrates how we can use Laplace trans- 
forms to solve initial value problems. Following a review of the method of par- 
tial fractions in Section 5.3, we give a more detailed discussion. 
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EXAMPLE 


3 


Consider the initial value problem 
y—3y=g, y(0)=1, 
where g(t) is the step function given by 
0, O<t<2 
wo={e 2<t<o. 


Let Y(s) denote the Laplace transform of y(t), where y(f) is the unique solution 
of this initial value problem. Using Theorem 5.5, derive an equation for Y(s) 
and, taking the inverse Laplace transform, find y(t). 


Solution: The nonhomogeneous term g(t) can be represented as g(t) = 6h(t — 
2), where h(t — 2) denotes the shifted Heaviside step function. (See Figure 5.6.) 
Taking Laplace transforms of 


yO) -3yQ = 6h(t-2), Ox<t<~a, 
we have 
L{y'(O} — 3L{ yO} = 6L{hE — 2)}. 
Using part (a) of Theorem 5.5 to evaluate L{y‘(t)} and part (b) of Theorem 5.4 
to evaluate L{h(t — 2)}, we find 


6 
[sY(s) — y(0)] - 3¥(s) = ~ 


Solving for Y(s) and using the fact that y(0) = 1, we obtain 


1 6e*5 
Y(os)= : 3. 
(s) a ee) — 
Using a partial fraction expansion for the second term on the right-hand side 
gives 
1 2 2 
Y(s) = —. +e* —-), 3; 
(s) ar (5 =| s> 

Therefore, 


1 . il mi 
_ p-i -1 —2s = -1 —2s 
yH=L {a3} +26 fe =} 2£ {e }. 


Using the second shifting theorem, we see that y(t) = e* + 2h(t — 2)[e*~® — 1], 
t > 0, is the unique solution of the initial value problem. In particular, y(‘) is 
the piecewise-defined function 


4 e*, 0<t<2 
ve e 4 2e**— 1], 2<t< co, 


Note that y(t) is continuous at ¢ = 2, but it is not differentiable at t = 2. * 
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We have restricted our attention in Theorem 5.5 to transform relations for 
first and second derivatives, since these derivatives appear most frequently in 
applications. It should be clear that, with appropriate hypotheses, the argu- 
ments establishing Theorem 5.5 can be extended and we can obtain similar 
formulas for higher derivatives. In general, 


L{fOO} = s"F(s) — s"1f 0) —s"Ff'O) = + = sf PO fF"), 
w= ,.2, 3365 


The Laplace transform pairs and relations that we have developed so far are 
summarized in Table 5.1 at the end of this section. 

The importance of Theorem 5.5 cannot be overemphasized. As we have 
seen, derivatives and antiderivatives of a function f(f) transform into alge- 
braic expressions involving the function’s transform F(s). This is the key to 
the problem simplification achieved by working in the transform domain. Ex- 
ample 4, solving for the response of a simple RLC network, illustrates how 
Laplace transforms achieve such simplifications. The example further illus- 
trates the important role that partial fraction expansions play in the use of 
Laplace transforms. 


Changing Our Point of View 


Until now, we have carefully stated the values of s for which the improper 
integral 


Lio} = i f@e™ dt 


converges and thus defines the domain of the Laplace transform F(s). Each en- 
try in our table of transform pairs (Table 5.1 at the end of this section) includes 
the domain of F(s). 

It is important to understand and appreciate the underlying mathematical 
issues. However, when we begin to use Laplace transforms to actually solve 
initial value problems, we will no longer be so attentive to these details. Part of 
the reason for this change is that we will be “computing” the Laplace transform, 
Y(s), of the unknown solution, y(t). Since the solution, y(t), is unknown, we 
cannot easily determine the domain of its transform, Y(s). 

Instead, we are going to use the Laplace transform as an operational tool. 
We will simply assume that the unknown solution is a piecewise continuous 
and exponentially bounded function whose Laplace transform exists for s > a 
for some value a. After we formally execute the three steps—Laplace transfor- 
mation, solution of the transformed problem, and inverse Laplace transforma- 
tion—we will obtain what we can regard as a candidate for the solution of our 
initial value problem. If we can directly verify that the “candidate solution” 
obtained by the use of transforms is, in fact, the unique solution of the original 
problem of interest, then we are done. Example 4 illustrates these points and the 
three-step Laplace transform solution procedure, using it to analyze a network 
problem. 
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EXAMPLE 


4 


The series RLC network shown in Figure 5.9 is assumed to be initially quiescent; 
that is, the current and the charge on the capacitor are both zero for t < 0. At 
time t = 0, a voltage source v(t) = vy te, having the polarity shown, is turned 
on. Determine the current i(t) for t > 0. 


Sm 


- LOOT. 
i(t) 
+ 
v(t) ©) +) ==C 


FIGURE 5.9 


The RLC network analyzed in Example 4. 


Solution: Recall that the underlying principle for describing our problem math- 
ematically is Kirchhoff’s voltage law (see Section 3.10). As we traverse the net- 
work in a clockwise manner, the voltage rise through the source must equal 
the sum of the voltage drops through the resistor R, inductor L, and capac- 
itor C. The resulting equation, along with the accompanying supplementary 
conditions, is 


vy = Ri +E AO 4 a ime Wy=d, 720, 

or 
aD Xie) + an i(u) du = rv), i(0) =0 t>0 (7) 
dt LC ~ 73 mad 


When we considered this problem in Section 3.10, we differentiated equa- 
tion (7) to obtain a second order differential equation for the current i(f). 
Now, however, we will work directly with equation (7), which is an integro- 
differential equation for the unknown current, i(f). 

The first step is to compute the Laplace transform of both sides of equation 


This equation can be written as 


1] 1 
sI(s) — i(0) + A165) poe ZV). (8) 
Les 
Notice that the supplementary condition involving i(0) enters directly into the 
transformed equation (8). In our case, i(0) = 0. Since v(t) = ve ™; we have 


1 
V(s) =v, L{te™} = v,L{t} | = Vv, ——_-.. 
) 0 { } 0 Law Ste) 
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The transform domain problem is therefore entirely defined by the algebraic 
equation: 

1 [(s) vo 1 
LC s i L (s + a)? ; 


R 
sI(s) + Zio + (9) 


The second step is to solve transform domain problem (9). We find 


Ss 


ia (10) 
Y sta) (s+ Zs+ z) 
L LC 

The third step is to find the inverse Laplace transform of I(s). To accomplish 
this, we use a partial fraction expansion to decompose rational function (10) 
into a sum of terms, each of whose inverse Laplace transform is known. 

For an illustration of this third step with a specific case, suppose that J(s) 
in equation (10) is given by 


50s 
I(s) = — (11) 
(s + 1)*(s* + 4s + 13) 
Expression (11) has the partial fraction expansion 
6 5 6s + 13 
I(s) = 2 2 
st1 (s4+1) (+2)°+9 
(12) 
6 5 s+2 1 3 


stl (s+1)? (8 +2)? +9 =3(8 +2)? 49’ 


where we have used the fact that s? + 4s + 13 = (s + 2)? + 9. The algebraic ma- 
nipulations leading to the last expression in (12) were done in anticipation of 
the inverse Laplace transform computation. 

Applying the inverse Laplace transform to J(s) yields 


i(t) = L7'{I(s)} 


oe eee 1 \ 
= 6£ {i} 5c i a 


~oc-'f e+2 } va 3 } 
(s+2)?+9J 3 (s +2)? +9) - 


The required inverse transforms can be obtained from Table 5.1 at the end of 
this section. When these inverse transforms are used in equation (13), it follows 
that 


i(t) = 6e — 5te~’ — 6e~* cos 3t — le sin 3t, t>0. 


As a final check, one should verify that this expression for the network current 
is, in fact, the desired solution. “ 


The network current is plotted in Figure 5.10; its behavior seems reason- 
able. Since the source voltage is proportional to te~', one would expect the 
current to exhibit a transient behavior followed by an approach to zero as 
t> w. 
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FIGURE 5.10 


The network current found in Example 4 for the RLC network of Figure 
5.9. Since the source voltage is proportional to te~’, we expect the current 
to consist of an initial transient variation followed by an approach to zero 
as time increases. 


TABLE 5.1 


A Table of Laplace Transform Pairs 


Time Domain Function f(t), t > O Laplace Transform F(s) 
1, t>0 1 
1. h®H= ~ -, s>0O 
0, t<O S 
n! 
20 4": n=1,2,3,... aH? s>0O 
at 1 
3. e ; s>a 
S—a 
4. sinat ae s>0O 
Sota 
5. cosat = mE s>0 
Sota 
6. sinhat 2 —. S > |a| 
7. cosh at a s> la| 
8. e“f(t), with |f@®| < Me” F(s—a), s>ata 
(9)-(12) are four special cases of (8): 
1 
9. e“h(t) , sea 
S—a 
n!\ 
10. et", n=1,2,3,... , S>a 
(s —q)"t! 
11. e” sinwt iat 5, S>a 
(s-—a)° +a 
Ss _ 
12. e” cosat ( = 5, S>a 
(s-—a)° +a 
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TABLE 5.1 (continued) 


13. fit—a)h(t— a), 
with | f(O)| < Me” 


a> 0, 


(14) is a special case of (13): 


14. h(t—a), a>0 


15. f’(, with f() continuous 
and | f’(t)| < Me“ 


16. f"(0, with f’(@) continuous 
and |f"()| < Me” 


17. f™(@, with f-?( continuous 


and |‘ (¢)| < Me“ 


e “F(s), s>a 


s>0O 


sF(s) —f (0), 


s > max{a, 0} 
s°F(s) —sf(0) —f'), 


s > max{a, 0} 


s"F(s) = s”1f(0) ea 
a Ol FO), 


Ss > max{a, 0}, V3= 1,23) ses 
t 
: F 
18. [fa du, with [fo] = Me" ES) -6é taxtd, 0) 
0 Ss 
1, 1 
19. —(sin wt — wt cos wt) Rae POL s>0 
2w (s* + a) 
tte Ss 
20. te ea s>0O 
21. tf (t) —F'(s) 


Exercises 1-12: 

Use Table 5.1 to find £{f(} for the given function f(t) defined on the interval t > 0. 
1. f(t) = 30? +2t4+1 
4. f(t) =e* het — 1) 
7. f (®) = 2te*! 

10. f() =e” cos 3t 


2. f(t) = 2e' +5 

5. ft) = (t— 1)°A(t — 1) 

8. f(t) = sin 3t cos 3t 
11. f() =e*hit - 1) 


3. f( =1+4 sin3t 

6. f(t) = sin’ ot 

9. f(t) = 2th(t — 2) 
12. f(t) =e"? + 3t +5) 
Exercises 13-21: 
Use Table 5.1 to find LO'{F(s)} for the given F(s). 


15. Fs) = or 16. F(s) = <a 

17. F(s) = e*s 5 18, F(s) = a 
eS ee 20. F(s) = cues) 
21. F(s) = Resa) 


S 
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Exercises 22-33: 


Combinations of Shifted Heaviside Step Functions Exercises 22-33 deal with combina- 
tions of Heaviside step functions. As the two examples below show, we can use combi- 
nations of shifted Heaviside step functions to represent pulses. 


t 


1 » 2 4 
(a) f(t) = h(@- 1) -ht - 3) (b) f(t) = @- DIAG - 1) -h@-2)] 


In each exercise, graph the function f(t) for 0 < t < oo, and use Table 5.1 to find the 
Laplace transform of f(t). 


22. ff) =hit -— 1) + h(t — 3) 23. f() = sin(t — 2m)h(t — 27) 
24. f(t) =t[hct — 1) — h(t — 3)] 25. f(t) =h(t) — hit — 3) 
26. f(t) = 3[h(t — 1) —h(t - 4] 27. f) = (2 —n[hct — 1) —het - 3)] 


28. f(t) = |2 —¢t[h(t — 1) —ht — 3)] 

29. f(t) = [At — 1) —het — 2)] — [ht — 2) — ht — 3)] 

30. h(2—-24) 31. eh —2) 

32. h(tt-—1)+h(4-1) 33. h(t — 2) —h(3—-ft) 


Exercises 34-37: 


In each exercise, the graph of f(t) is given. Represent f(t) using a combination of Heav- 
iside step functions, and use Table 5.1 to calculate the Laplace transform of f (f). 


34. f 35. f 


An Introduction to the Method of Partial Fractions We will present areview of the method 
of partial fractions in Section 5.3. By way of introduction, however, we consider here a 
special case of the method and use it to solve some initial value problems, as in Examples 
3 and 4. Suppose F(s) = 1/Q(s), where Q(s) = (s —1r,)(s —1r,)---(s —1,,) and where the 
roots 1,1 ,..., r, are real and distinct. In this case, there are constants A,,A,,...,A 


n 
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such that 
1 A, A, A, 
F(s) = = + ape sete ; (14) 
(S—1r,)(S—1,)---(S—1T,) S-T, ST ST, 
One way to determine the constants A,,A,,...,A,, is to recombine the right-hand side 


into a single rational function and equate the resulting numerator to 1. 


Exercises 38-41: 


Using a partial fraction expansion, find L7'{F(s)}. In Exercise 40, compare your answer 
with (6) in Table 5.1. 


12 


. Fs) = ———_—_ . F(s) = 
el la CCE, a = eo) 
24e~>5 10e~* 
40. F(s) = 41. F(s) = ———__—_ 
(s) 9 (s) s*—5s+6 


Exercises 42-45: 


As in Examples 3 and 4, use Laplace transform techniques to solve the initial value 
problem. 


0, 0<t<il 

42. y'+4y=e), y0)=2, gH =412, 1<t<3 

0, 3<t<@ 

; 0, 0<t<4 
43.y —-y=g(), vVO)=1, gH =4 x, 

e, 4<t<aw 


44, y"—4y =e", y(0)=0, y'(0)=0 
45. y” — 2y'- 8y=e', y(0)=0, y'(O)=1 


46. Let f(t) be piecewise continuous and exponentially bounded on the interval 
0 <t < o, and let F(s) denote the Laplace transform of f (t). It is shown in advanced 
calculus? that it is possible to differentiate under the integral sign with respect to 
the parameter s. That is, 


d d “ —st _ or eh —st 

as F(s) = =f e “f(t) dt = | a [fe “f()] dt. 
(a) Use this result to show that L{tf()} = —F'(s). 
(b) Use the result of part (a) to establish formula (20) in Table 5.1. 


Exercises 47-48: 


Obtain the Laplace transform of the given function in terms of L{f(t)} = F(s). For Ex- 
ercise 48, note that f) f(A) da = fo f(a) da— fo f(A) da. 


a 


t a t 2 
47. | | fle)do da 48. | fUai, ive that i f0) di =3 
0 0 2 0 
49. Consider the functions f and g defined on 0 < t < 00, 
f®=h®HhB—-t) and git)=hit)—hit—3). 


(a) Are the two functions identical? 
(b) Determine F(s) = L{f(t)} and G(s) = L{ gH}. Is F(s) = G(s)? 


3 David V. Widder, Advanced Calculus, 2nd ed. (Englewood Cliffs, NJ: Prentice Hall, 1961). 
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5.3 The Method of Partial Fractions 


When we solve a problem in the transform domain, the solution is often a 
rational function of s; this was the case in Examples 3 and 4 of Section 5.2. The 
function F(s) is called a rational function if it has the form 
N(s) 
F(s) = Do’ (1) 
where N(s) and D(s) are polynomials. 

In order to find £L!{F(s)}, we proceed as in Examples 3 and 4 of Section 5.2, 
using the method of partial fractions to decompose the rational function (1) 
into a sum of simpler expressions whose inverse transform can be recognized 
from a table of transform pairs. 

The method of partial fractions is usually studied in calculus when an- 
tiderivatives of rational functions are computed. Refer back to your calculus 
text for a comprehensive discussion of the technique. The goal of this section 
is simply to review the underlying ideas. 


Using the Method of Partial Fractions 


The starting point for the method of partial fractions is a rational function in 
which the degree of the numerator polynomial is strictly less than the degree of 
the denominator polynomial. The rational functions we will encounter in the 
transform domain will have this form. 

Let F(s) = N(s)/D(s), where N(s) and D(s) are polynomials having real co- 
efficients and where the degree of N(s) is less than the degree of D(s). The form 
of the partial fraction expansion is totally determined by the factorization of 
the denominator polynomial, D(s). Table 5.2 lists the possible factors of the de- 
nominator polynomial. For each of the factors in the left-hand column, we need 
to include the terms in the right-hand column in the partial fraction expansion. 
The complete partial fraction expansion is the sum of the contributions from 
all of the denominator factors. This expansion contains constants that must 
subsequently be determined. 

Since the denominator polynomial, D(s), has real coefficients, any complex 
zeros will occur in complex conjugate pairs. Therefore, irreducible quadratic 
factors (which correspond to complex conjugate pairs of zeros) will have the 
forms listed in Table 5.2. Cases 3 and 4 are special versions of cases 5 and 6 that 
correspond to a = 0. Since the numerator polynomial also has real coefficients, 
the constants in the partial fraction expansion will likewise be real valued. 
These constants, denoted by capital letters on the right-hand side of Table 5.2, 
must be determined. 

When looking for the inverse transform of a term that arises in case 5 or 
6, we usually rewrite the term. By completing the square, we can rewrite an 
irreducible quadratic factor of the form s? + 2as + B, B? > a” as 


(s? + 2as + a) + (Bp? =") = (s +a)” ar, 


—at 


This form is associated with the Laplace transforms of e~™ sin wt ande™ cos af; 


see the transform pairs (11) and (12) in Table 5.1. 


EXAMPLE 


1 
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TABLE 5.2 


Denominator Polynomial Factors and Their Corresponding Terms 
in the Partial Fraction Expansion 


Denominator Factor Partial Fraction Expansion Term 


1. Simple real root 
A 
S—-—aQa 
S-—a 
2. Repeated real root 
= n A, Ant A, 
(s — a) (s a)" af ( yy Se 
S—a = 
3. Irreducible quadratic factor 
2 2 Bs+C 
Ss +o 5) a: 5) 
Ss o+a@ 
4. Repeated irreducible 
quadratic factor 
Bs+cC By js+C B,s+cC 
2 2\n n n n-1 n-1 1 1 
(s° +a") @+o)” | C40)" Paar 
5. Irreducible quadratic factor 
Bs+C 
s? + 20s + B?, Boo? : S ; 
s+ 2as+B 
6. Repeated irreducible 
quadratic factor 
B Cc B Cc 
(s? + 20s +B)", p? >a” oe ae 
(s° + 2as + B”) s° +2as + B 


Find £7! {F(s)}, where 


44 


Cg 


F(s)= 


Solution: The function F(s) is a rational function in which the degree of nu- 
merator N(s) = s? + 4 is less than that of denominator D(s) = s* — s”. The de- 
nominator factors into 


D(s) = s7(s? — 1) =s?(s — 1)(6 + DL. 


Therefore, the denominator has s = 0 as a repeated real root and s = +1 as 
simple real roots. According to Table 5.2, F(s) has a partial fraction expansion 
of the form 


2 
si +4 A, A, B C 
F = — 5 
) gt = 5? a ge eg Tg 


(2) 


where the four constants A,,A,,B, and C must be determined. 
One way to evaluate the unknown constants is to recombine the right-hand 
side of (2), obtaining 
+4 (A, +B+O)s° + (A, +B-O)s?-A,s—A, 


. (3) 
gag? f—< 


(continued) 
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(continued) 


Since the two expressions in (3) must be equal, the two numerator polynomials 
must be identical. We therefore obtain four equations for the four unknown 
constants: 


Ay +B+C=0 
A,+B-C= 
=A, = 
= 2 
This system is easily solved, and we obtain A, =0,A,=~—4,B=3, and 
C= —3. Thus, we have the partial fraction expansion 
4,3 3 
F = 4 
(s) 2 + a eS (4) 


From Table 5.1 in the previous section, 


3 pre, oat. 4 ees Oe 
curoy=-act{ibe3er{ 2b serf 2} 
t>0 


= —4t + 3e' — 3e = —4t +5 sinhz, 


Alternative Approaches for Determining the Constants 
in a Partial Fraction Expansion 
We now consider two alternative approaches for determining the constants 
in a partial fraction expansion. We explain the first approach below by re- 
working the expansion in Example 1. We explain the second approach later, in 
Example 2. 
Consider equation (2) in Example 1, 
s* 44 Ay Ay. -# c 
2 = 2 + + : 
s“(s — 1)(s + 1) S S s—-1 s+l 


If we multiply both sides by (s — 1) and cancel common factors, we obtain 


2 
so +4 (s — 1) (s — 1) (s — 1) 
=A +A +B+C : (5) 
ee 1) a oe Ys (s+ 1) 
We now determine B by setting s = 1 on both sides of expression (5), finding 
_ st t4 _2 
~ s2(s +1) ay ~ 2 


Similarly, multiplying both sides by (s + 1) leads to 


2 
4 1 1 1 
+4 46+) 4 Gt, 6+) 


= +C, 
(6 =1) s? s (s—1) 


and we find 


EXAMPLE 


2 


5.3. The Method of Partial Fractions 347 


So far, we have determined the constants B and C in the expansion 


s+4 A, A, B C 


st-s* sg? 5 s—-1 stl 


We next multiply both sides by s”, obtaining 


2 2 2 
si +4 Ss S 
=A,+A B— +C—. 6 
ae eed Sal (6) 
We now evaluate the constant A, by setting s = 0: 
2 
4 
Aa ae 
s*—1 eg 


To determine A,, we differentiate both sides of equation (6), finding 


=10s st = 2s 57426 
(7-1? 1 = 1 + 1? 
Setting s = 0 leads to A, = 0. In this way, we once more obtain expansion (4) 
for F(s). 


Find £-'{F(s)}, where 
_ sea 1 
(5? +45 4+.4)(s? 4+ 2545) 


F(s) 


Solution: Since the degree of the numerator is less than the degree of the de- 
nominator, we proceed with the partial fraction expansion. The first quadratic 
factor in the denominator can be factored as s* + 4s + 4 = (s +2)”. The sec- 
ond quadratic factor, s* +2s +5, is irreducible. Therefore, the partial fraction 
expansion of F(s) has the form 


ee | _ Ar At Bs+C 
(s+2)?s7+2s+5) (s+2)? st2. s*?42545° 


We can certainly recombine the right-hand side of (7), obtaining four equations 
for the four unknown constants. However, as an alternative strategy, we first 
determine A, and A, as explained above and then use another approach to 
determine B and C. Multiplying equation (7) by (s + 2)*, we obtain A): 


(7) 


sts—1 j 
ron) = ie 
s°+2s+5]_, 5 
Next, we find A;: 
4.28 ets) _ st +12s+7 13 
' ds |s?+2s+5||_, (7 +2545)?] 25 


Using these values in (7), we have 
epee] _ t # es Bs+C 
(s+2)2(67+2s4+5) (s+2)? s+2. 5*425457 


(8) 


(continued) 
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(continued) 


We now determine the constants B and C by selecting two convenient values 
of s and evaluating (8) at these values. Setting s = 0 in (8) leads to 


a ae ere es 
20° «+20 «#4350 ° 5’ 5° 
Similarly, setting s = —1 in (8) gives 
1 1 13 -B+% 13 
— " B = = - 
475 25° 4 ia 25 
Therefore, the partial fraction expansion is 
4 
a oe ee 


‘ 9 
(s+2? s+2 (¢+1)?+4 ia 


From Table 5.1, 


me 5 ep and £7! 25 = 13-2 t>0 
(s +2)? 5 s+2 25 Ct * _ 


To obtain the inverse transform of the third expression on the right-hand side 
of (9), we use formulas 11 and 12 of Table 5.1. To apply these formulas, we first 
rewrite the term: 

ses +i sisti+% 13 s+i 7 2 


= = + : 
GAi~t4a Gairsed “Beri ea 506417 44 


From formulas 11 and 12, we conclude that 


pe xs+s = Bef s+1 ha den{ 2 } 
(s+1)?+4f 25 (s+1)°+4J 50 (+1)? +4 


_ 13 ,-t T o-t of 
= 55€ cos2i+ ze sin2t, t>0. 


Combining these results, we obtain the final answer: 


7 +s—-1 
—p! So+S 
oe \Cesesroeeess 


1,,-2t  13,,-2¢ 4 13-1 T pains ‘% 
= ,le~ —5,6€ " +52¢ cos2i+ ge sin2z, t>0. 4 
EXAMPLE 
c} Use Laplace transforms to solve the initial value problem 
y+ 4y = 4t+8, y(0) = 4, y'(0) = —-1. 


Solution: Let y(t) denote the solution, and let Y(s) = L{y(}. Taking Laplace 
transforms of both sides of y” + 4y = 4t + 8, we obtain 


4 8 
Lfy"} + 4L{y} = ate (10) 


From Theorem 5.5, 


L{y"} = s?¥(s) — sy(0) —y'(0), 
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and therefore 


4 8 
#Y(s)—4s+1+4Y@)= 3+ -. (11) 
RY 


Note that both initial conditions enter into equation (11). The solution of the 

problem in the transform domain is 

4s? —s? 48544 
s*(s? +4) 


Ys) = 


’ 


which has partial fraction expansion 
2s 2 
S44 44 
We obtain the solution of the original initial value problem by taking the inverse 
Laplace transform, 


1 1 s 2 
-e'fa}ae hoe Ga }-© (2) 
yt) {a}+ ial Zua ae 


=t+2+2cos2t— sin2t, t>0. % 


1 2 
Y(s) = a Se 
S S 


Exercises 1-8: 


Give the form of the partial fraction expansion for the given rational function F(s). You 
need not evaluate the constants in the expansion. However, if the denominator of F(s) 
contains irreducible quadratic factors of the form s? + 2as + ”, 6” > a, complete the 
square and rewrite this factor in the form (s + ay +o’. 


2s +3 si +3s+1 
1. F(s) = —————_,, 2. F(s) = ——__ 
(s — 1)(s — 2)? (s) (s — 1)3(s — 2)? 
stl s°+5s—3 
3. F(s) = 33 4. F(s) = ——____— 
s*(s* + 2s + 10) (s* + 16)(s — 2) 
sa si-1 
5: F(s) =a a. 6. F(s) = SF and AD 
(s° — 9) (s° + 1)°(s +4) 
2 4 2 _ 
7. Fs) = So+s+2 8. F(s) s'+5s°+2s—9 


(P4854 1G? 46s 413) ~ (52 485 +17)°(8 — 2) 
Exercises 9-17: 


Find the inverse Laplace transform. 


2 4s4+5 
9. F(s) = —~ 10. F(s) = ———~ 11. F(s) = 
(s) 523 (s) Ga (s) 20 
2s —3 3s+7 4s? +541 
12. Fo) = = 13. F(s) = ——__— = 
O22 ea Sa re er EO ag 
38° +548 s? +6548 0 
15. F(s) = ~~" 16. F(s) = ~— . =a 
BU Pa ds = Fy ast 4 16 FSS aa 


Exercises 18-29: 

Use the Laplace transform to solve the initial value problem. 

18. y' + 2y = 26sin3t, y(0) =3 19. y'— 3y = 13 cos2t, y(0) = 1 
20. y+ 2y =4t, y(0) =3 21. y'-—3y=e*, yO) =1 
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22. y+ 3y'+2y=6e", y(0)=1, y(0)=2 

23. y" + 4y = 8, y(0)=2, y'(0)=6 24. y’+4y =cos2t, y(0)=1, y(0)=1 
25. y"+4y=sin2¢, y(0) =1, y'(0)=0 

26. y”—2y'+y=e”, y(0)=0, y'(0)=0 

27. y"+2y'+y=e", v(0)=0, yVO)=1 

6, O<t<az 


28. y+ %W=e20), vO=1, Y¥O)=3, goH= 
0, w<t<o 


t, O<t<2 


29. y” = g(t), y(0)=1, y(0)=0, t)= 
y +y=et), yO) y (0) g(t) i. bee ae 


Exercises 30-32: 


Consider the initial value problem y” + ay’ + By = 0, y(0) = yo, y'(0) = yp. The Laplace 
transform of the solution, Y(s) = L{y(H}, is given. Determine the constants a, B, Vo, 
and yo. 

2s—1 


Ss 
. Y — =. ae 1. = 32. Y(s) = ———_—__— 
30. Y(s) ee 31. Y(s) 2a (s+ 1)" 


5.4 Laplace Transforms of Periodic Functions 
and System Transfer Functions 


In many applications, the nonhomogeneous term in a linear differential equa- 
tion is a periodic function. We now derive a formula for the Laplace transform 
of such periodic functions. 


Let f (t) be a piecewise continuous periodic function defined on 0 < t < 00, 
where f (¢) has period T. Then 


T 
| e “f (t) dt 


Lif) = 


e@ PROOF: Since f(t) is piecewise continuous, it is bounded on the interval 
0 <t < T. Since the function is also periodic, it follows that f(t) is bounded on 
0 <t < o. Therefore, by Theorem 5.1, its Laplace transform exists for s > 0. 
Computing the transform, we find 


ee) a (n+1)T 
F(s) = L{fO} = | fe“ dt = » / f(e™ dt. (1) 
0 n=0 nT 


[In the last step of equation (1), we have decomposed the improper integral 
into a sum of integrals over the constituent periods. ] Consider a representative 


integral in (1), 
(n+1)T 
| f(@e™ dt, 
nT 


EXAMPLE 


5.4 Laplace Transforms of Periodic Functions and System Transfer Functions 


where n is an arbitrary but fixed integer. Making the change of variables 


t =t—nT yields 


(n+1)T T T 
/ fe dt = | f(tt+ nTye St") dr = aad f(rje** dt, 
n 0 0 


T 


where the last equality follows from the periodicity of f. Thus, equation (1) 


reduces to 


fone) T T oo 
F(s) = Daa f(t)e** dt= ff f (t)e7* ar| ye 
n=0 7 0 n=0 


Sinces > 0, it follows that 0 < e~* 


(2) is a convergent geometric series, 


1 


ioe) ioe) 
p ee — ) ey _ , 

ise 
n=0 n=0 


and Theorem 5.6 follows. @ 


1 


Let T be a positive constant, and consider the square wave 


iOS ft+TN =f, f= 0, 


Laplace transform of f(t). 


f 
h fe { OSes 72 
0, T2<1<T 
f@+T)=f(t), 120 
1¢———9 ~—_ — 
| I i | 
i | | | 


Lal 5 
2 s12 oF 


FIGURE 5.11 


periodic with period T and is piecewise continuous on 0 < t < oo. 


Solution: By Theorem 5.6, 


T T/2 
| e f(t) dt | edt 
0 _ Jo 


LifO}= : s>0. 
{f@} —_s loet 
Evaluating this last integral, we find 
(1 _ e-ST/2) 5-1 1 
L{f@} = = .% 
{fO} inet s(1 fest?) 


T < 1. Therefore, the infinite series in equation 


The graph of f(t) is shown in Figure 5.11. Use Theorem 5.6 to determine the 


The graph of the square wave f (t) treated in Example 1. Note that f(d) is 
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EXAMPLE 
Dy Find the inverse transform of 


—s 


1 e 
F(s) = = -— ————.,, 0. 
(s) sd se) SS 


Solution: Applying the inverse transform operation yields 


1 mee fie it e° 7 4 e° 
as tz} f (sqces fo tae 


Expanding the factor (1 — e-*)~' as a geometric series and applying the inverse 
operation termwise to the convergent series, we obtain 


a e = poet Sute tet tee 4. l 
s(1l—e Ss 


S 
=o fo hac e* fot SS he fecad 
Ss Ss S 
=h(t—1)+h(t-—2)+h(t—3)+---. 


The function g(t) =h(t—1)+h(t—2)+h(t—3)+--- has the staircase-like 
graph shown in Figure 5.12(a). Thus, the inverse transform of F(s) is the saw- 
tooth wave function f(t) = t — g(t) whose graph is shown in Figure 5.12(b). 
[Note: For any fixed value of ¢, g(t) = h(t — 1) + h(t — 2) + h(t — 3) +--+ is actu- 
ally a finite sum, since h(t — a) = 0 when t <a. For instance, if tf = 2.5, then 


g(2.5) =2.] 
& | 
2b — f 
| 

IP — 1 

ware 
ee ere t 

1 2 3 1 2 3 

(a) (b) 
FIGURE 5.12 


(a) The graph of g(t) = h(t — 1) + h(t — 2) + h(t — 3) + --- resembles a 
staircase. (b) The inverse transform of F(s) in Example 2 is f(t) = t — g(t); 
this graph is often called a sawtooth wave. 


o 


Solution of Parameter Identification Problems and 
the System Transfer Function 
Example 1 of Section 5.1 posed the problem of studying a “black box” that 


housed a spring-mass-dashpot mechanical system (see Figure 5.2). Two specific 
questions are 


1. If we subject the initially quiescent system to a known force f (f), starting 
at t = 0, and measure the subsequent displacement y(t) fort > 0, can we 
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use our measurements to predict what the displacement 7(‘) would be 
if a different force f(t) were applied? 


2. Can we use our knowledge of the input-output relation [that is, our 
knowledge of f (f) and y(t)] to determine the mass m, the spring constant 
k, and the damping coefficient y of the unknown mechanical system? 


The relevant mathematical problem is 
my" +yy' + ky =f, t>0 
y(0)=0, =y'(0) = 0. 
We now use Laplace transforms to provide affirmative answers to these two 
questions. 


Taking Laplace transforms of both sides of equation (3) and noting the zero 
initial conditions, we have 


ms’Y(s) + ysY(s) + kY(s) = F(s), 


(3) 


or 


¥@Q= | Pigs (4) 


ms* +ys+ -| 
Although the computations in (4) are simple, the result is important. In the 
time domain, we obtain the output y(t) from the input f (4) by solving an initial 
value problem. In the transform domain, however, we obtain the output Y(s) 
from the input F(s) by multiplying F(s) by the function 


P(s) = (5) 


ms? +ystk 
Note that the function ®(s) in (5) depends only on the mechanical system; it 
is sometimes referred to as the system transfer function. If we know ®(s), 
we can use multiplication to determine the output Y(s) arising from a given 
input F(s). Conversely, if we know some input-output pair F(s) and Y(s), we 
can determine the system transfer function ®(s) by forming the quotient 


Y() 
D(s) = ——. 
(s) Fo) 
The role of the system transfer function is shown schematically in Figure 5.13. 
Time domain Transform domain 
fO iupae F(s) 


Solve the 
initial value problem 


Form the product 
(s) F(s) 


where ® is the system 
transfer function 


my” + yy’ +ky = f(t) 
y(0) = 0, y’(0) = 0 


y(t) Output Y(s) 


FIGURE 5.13 


There are two ways to analyze the mechanical spring-mass-dashpot 
system. In the time domain, solve the initial value problem given by 
equation (3). In the transform domain, form the product of the system 
transfer function ®(s) and the input F(s), as in equation (4). 
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EXAMPLE 


3 


Example 3 illustrates how these transform domain ideas can be used to 
answer the two questions posed above. 


Suppose we know that the response of an initially quiescent mechanical system 
to an applied force can be modeled as the solution of the spring-mass-dashpot 
initial value problem 


my" +yy+y=f), t>0 
y(0) = 0, y'(0) = 0. 
Assume, for a known applied force f(t), we can measure the resulting displace- 
ment y(t) for t > 0. We are, however, unable to directly determine the parame- 
ters m, y, andk. 
In particular, suppose when we apply a unit step force f(t) = h(t), the dis- 
placement is 


_ 1,-t 1_-—t .: 1 
y(t) =— se cost— ze sint+35, t>0. 
Use this information to 


(a) Predict the displacement should the force f (t) =e 


(b) Determine the parameters m, y, and k. 


,t > 0 be applied. 


Solution: To solve the problem, we first compute Laplace transforms of 


the applied force f(t) =h(t) and the ensuing response y(t) = je cost — 


se! sint + 5. We obtain 
1 
Fos — 
s 


1 sti a ee ee 1 
2H 141 241741 2s s@ 4 2842) 
In the transform domain, Y(s) = ®(s)F(s), where ®(s) is the system transfer 
function. Therefore, the system transfer function is given by 
Y(s) 1 
®(s) = = . (6) 
©) F(s) 5* +2542 


Once we know the system transfer function, we can readily predict the output 
corresponding to any input. 


Y(s) = 


(a) Suppose the applied force is f(t) =e-*'. The Laplace transform of the ap- 
plied force is F(s) = 1/(s + 2). We can find the transform of the displace- 
ment from the relationship Y(s) = ®(s)F(s): 


: 1 1 1 

¥0=|5 =a 
so+2s+2}]s+2 (s*°+2s+2)(s+2) 
1 1 1 s+1 1 1 


= 5 + 5 
2620 BGhI7 41 26217441 
The corresponding time domain output is thus 


Ht) = L'MY(s)} = se 7 — $e‘ cost + Se‘ sint, t>0. 
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(b) The problem posed in question (b) can be solved by comparing the transfer 


function 
&(s) = a 
So +2s+2 
with the previously determined form of the transfer function in equation (5), 
@D(s) = ee 
ms’ +yst+k 


Comparing coefficients, we conclude that 


m=1, y=2, k=2.% 


In the preceding discussion, we assumed that the mechanical system was 
initially at rest and an applied force then activated the system at time ¢ = 0. If 
the initial conditions are nonzero but known, the same general approach can 
be used. These ideas are developed in the Exercises. 


EXERCISES 


Exercises 1-8: 


Find the Laplace transform of the periodic function whose graph is shown. 


1 2. 
A A 
— : re 39 
I I I 
; «a | rot ot tt 
| | | i ee | | 
ot es 
L L [eg pop oj | 1  »; 
2 4 6 i294 5 
; oe 4 
| | | 
oa = 
3.» 4. 
A A 
— = | > 
Ib | eS | 
l l l | | 1 t 
2 4 a iis es 67s 
| | 
3¢—— ———_! 
y 6. Y 


| | 
12 3 4 5 6 12 3 4 5 6 
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Exercises 9-12: 
Sketch the graph of f (4), state the period of f(t), and find L{ f(t}. 
9. f(t) = |sin 21| 


10. f= 


11. f@=e"', O<t<1, f¢+D=fO 
12. f@) =1-e", 0<t<2, f(t+2=fO 


13. Let a be a positive constant. As in Example 2, show that 


sint, O<t<1d, 


0, na<t<2n, 


f(t+2n)=f@O 


c'{—*_} =h(t—a)+h(t—2a)+h(t-—3a)+--:. 


Sketch the graph of g(t) =h(t—a)+h(t—2a)+h(t—3a)4+--- fora=1 and 
0<?t<5. 


Exercises 14-15: 


In each exercise, use linearity of the inverse transformation and Exercise 13 to find 
fO= LO'F(s)} for the given transform F(s). Sketch the graph of f(t) for 0 <t <5 in 
Exercise 14 and 0 < t < 10 in Exercise 15. 
s—l1 e° res 
zy _e-5) 15. F(s) = = = a 
Ss s(1 —e7) s s(l1-—e*) 
16. As in Example 2, find f() = £7'{F(s)} for F(s) = 1/2s? — (1/s*)[e**/(1 +e*)]. 
Sketch the graph of f(4) for 0 < t < 12. 


14. F(s) = 


Exercises 17-19: 


One-Dimensional Motion with Drag and Periodic Thrust Assume a body of mass m moves 
along a horizontal surface in a straight line with velocity v(t). The body is subject to a fric- 
tional force proportional to velocity and is propelled forward with a periodic propulsive 
force f (t). Applying Newton’s second law, we obtain the following initial value problem: 


mv +kv =f (0, t>0, v(0) =v. 


Assume that m = 1 kg, k = 1 kg/s, and vy = 1 m/s. 


(a) Use Laplace transform methods to determine v(t) for the propulsive force f (t), where 
f (t) is given in newtons. 


(b) Plot v(t) for 0 < t < 10 [this time interval spans the first five periods of f(¢)]. In 
Exercise 17, explain why v(f) is constant on the interval 0 < ¢t < 1. 


1, O<t<l, 

17. ro={5 fakes, ft+2)=f@ 
0, O<rK<il, 

is ro={) ee) f¢+2)=fO 


19. f@ =t/2, O<t<2, f(t+2)=f@O 
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20. 


21. 


22. 


An object having mass 7 is initially at rest on a frictionless horizontal surface. At 
time t = 0, a periodic force is applied horizontally to the object, causing it to move 
in the positive x-direction. The force, in newtons, is given by 


fo: O<t<T/2, 
fO i T/2<t<T, ft+T)=fO 
The initial value problem for the horizontal position, x(t), of the object is mx" (t) = 
f(@),x(0) = 0, x’(0) = 0. 
(a) Use Laplace transforms to determine the velocity, v(t) = x’(t), and the position, 
x(t), of the object. 


(b) Let m= 1 kg, fy = 1 N, and T = 1 s. What are the velocity v and position x of 
the object at t = 1.25 s? 


A lake containing 50 million gal of fresh water has a stream flowing through it. 
Water enters the lake at a constant rate of 5 million gal/day and leaves at the same 
rate. At some initial time, an upstream manufacturer begins to discharge pollutants 
into the feeder stream. Each day, during the hours from 8 a.m. to 8 pm., the stream 
has a pollutant concentration of 1 mg/gal (10~° kg/gal); at other times, the stream 
feeds in fresh water. Assume that a well-stirred mixture leaves the lake and that the 
manufacturer operates seven days per week. 


(a) Let t = 0 denote the instant that pollutants first enter the lake. Let g(t) denote 
the amount of pollutant (in kilograms) present in the lake at time ¢ (in days). Use 
a “conservation of pollutant” principle (rate of change = rate in — rate out) to 
formulate the initial value problem satisfied by q(t). 


(b) Apply Laplace transforms to the problem formulated in (a) and determine 
Qs) = L{q}. 

(c) Determine q(t) = LO {Q(s)}, using the ideas of Example 2. In particular, what is 
q(t) for 1 < t < 2, the second day of manfacturing? 


Consider the RL and RC networks shown, with the associated equations for the 
current i(f). 


R R 
AVAVAY, WAVAY, 
L(t) Lit) 
e(t) (~) (>) | L e(t) (~) é +¢ 
Ri+Li'=e(t), i) =0 Ri+ z foi (A)dd = e(t) 


Figure for Exercise 22 
Assume that the network element values are R = 1 kQ, L= 1H, C= 1yF and 
that e(f), given in volts, is 


0, 0<t<05, _ 
c= {t O5<tel, e(t+ 1) =e(t). 


The associated units of current and time are milliamperes and milliseconds, respec- 
tively. 

(a) Determine i(t) for the RL network. 

(b) Determine i(t) for the RC network. 


Transfer Function Problems Consider the initial value problem 


ay" + by'+ cy=f(), 0<t<o 


7 
y0)=0, (0) =0, (7) 
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where a, b, andc are constants and f(t) is a known function. We can view problem (7) as 
defining a linear system, as shown schematically in the figure, where f (4) isa known input 
and the corresponding solution y(t) is the output. As we have seen, Laplace transforms 
of the input and output functions satisfy the multiplicative relation, Y(s) = ®(s)F(s), 
where ©(s) is the system transfer function. 


Input Output 


f(t) Linear y(t) 
: system . 


Figure for Exercises 23-26 


23. Show that the term “linear system” is appropriate. In particular, show that if an 
input f, () produces an output y, (¢) and an input f,(¢) produces an output y, (2), then 
the input f(t) = c,f,() +c,f,(@ produces the output y(t) = c,y,@) +. c,¥,(0). [Hint: 
Use the superposition principle discussed in Section 3.7.] 


24. Suppose that the transfer function for linear system (7) is ®(s) = 1/(2s? + 5s + 2). 
(a) What are the constants a, b, and c? 
(b) If f(t) =e, determine F(s), Y(s), and y(d). 


25. Suppose an input f(t) = t, when applied to linear system (7), produces the output 
y(t) = 2(e' — 1) + te + 1), t = 0. What is the system transfer function, ®(s)? 


26. Suppose an input f(t) = t, when applied to linear system (7), produces the output 
y(t) = 2(e' — 1) + 4(e + 1), t = 0. What will be the output if a Heaviside unit step 
input f(t) = h(t) is applied to the system? 

Exercises 27-31: 

For the linear system defined by the given initial value problem, 

(a) Determine the system transfer function, ®(s). 

(b) Determine the Laplace transform of the output, Y(s), corresponding to the specified 
input, f(d). 

27. y’+4y =f, y(0)=0, y)=0; f@=?? 

1, 0<t<i, 


ah Legee ft+2=fO 


29. y" + 4y'+4y=fO, yO) =0, ¥O=0; FH=24, O<t<1, f€+1=fO 
30. y”—4y=f@, yO)=0, y'(0)=0, y"0)=0; f®=e'+t 

31. y" + 4y' =f, y()=0, y'(0)=0, y"0)=0; f@ =cos2r 

Exercises 32-33: 


We now allow the initial values to be nonzero. Consider the initial value problem 


28. y+ y¥ +y=fO, yO) =0, y'(0) =0; fo=| 


y" + by’ + cy =f, 0<t<oo 
y(0) = Vo, y'(0) = yo. 


The input function, f(‘), and the Laplace transform of the output function, Y(s), are 
given. Determine the constants b, c, yp, and yo. 

32. f(t) =h(t), the Heaviside unit step function; Y(s) = (s? + 2s + 1)/(s? + 3s? + 2s) 
33. fO =e: Vos) = (8° +54 D/L6t Is? +4] 
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5.5 Solving Systems of Differential Equations 


EXAMPLE 


1 


In this section, we extend the definition of the Laplace transform to matrix- 
valued functions and take note of some simple consequences of the extension. 
We then see how to use Laplace transforms to solve problems involving systems 
of differential equations. 


Laplace Transforms of Matrix-Valued Functions 


As we saw in Section 4.1, the integral of a matrix-valued function is simply the 
matrix of integrals. Similarly, the Laplace transform of a matrix-valued function 
is the matrix of Laplace transforms. Consider the vector-valued function 


y(t) 


y2(t) 


yt) = , (1) 


Vy (t) 


where each of the component functions is piecewise continuous and exponen- 
tially bounded on 0 < t < oo. The Laplace transform, L{ y(H}, is 


Ly} = i: y(te * dt 


ih y, Qe“ dt 
0 


Vy (t) ae Y, (s) (2) 
65 —st 
_ | voit) est dt — | y2 (te dt — ¥2{8) = Y(s). 
0 : : : 
ynlt) Xa) 


| y, (De * dt 
0 


We will use uppercase bold letters to denote the Laplace transform of a vector- 
valued function. 

Similarly, the Laplace transform of an (m x ) matrix-valued function is the 
(m x n) matrix consisting of the Laplace transforms of the component func- 
tions. In general, if each component function of a matrix-valued function is 
Laplace transformable, we say that the matrix function itself is Laplace trans- 
formable. 


Compute L{ y(t)}, where 


(continued) 
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(continued) 


Solution: Using Table 5.1, we have 


Lit} s 
Y(s) = | L{-1}] = = ; s>l. 
Lie") i 
s—l1 


Note that the domain of Y(s) is the intersection of the domains of the compo- 


2 


nent functions. 


Some Useful Matrix Formulas 


The following results can be established by taking the Laplace transform of 
each component function and then reassembling the components into a single 
expression. 


1. Let A be a constant (n x n) matrix, and let y(t) be an (n x p) Laplace 
transformable matrix function. Then 
L{Ay(t)} = AL{y(t)} = AY(s). (3) 


2. If each component function satisfies the appropriate hypotheses of The- 
orem 5.5, then 


L{y'(} = s¥(s) — y(0) 
Lly"(O} = s?¥(s) — sy(0) — y'(0) 


; / (4) 
L {[ yu) au = -Y(s). 
0 Ss 
Solution of the Initial Value Problem 
for a Nonhomogeneous System 
Consider the initial value problem 
y =Ay+g), ¢t>0, y(0)=ypo, (5) 


where y(t) is the (1 x 1) vector of unknowns and A is a real-valued (n x n) 
constant matrix. We also assume the nonhomogeneous term, 


81) 


t 
gi) = ae ) 


’ 


Ent) 


is a Laplace transformable vector function. 
Using formulas (3) and (4), we can take the Laplace transform of system (5) 
and work directly with the matrices rather than dealing with the component 


EXAMPLE 


2 
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equations. We obtain 
sY¥(s) — y(0) = AY(s) + G(s), 
or 
(sI — A)¥(s) = yp + G(s), 


where G(s) = L{ g(t)}. The solution of the transform domain problem is there- 
fore 


Y(s) = (sI — A) 'lyp + G(s)]. (6) 


To compute the desired time domain solution, y(t) = L'LY(s)}, we compute 
the inverse Laplace transform of each component of Y(s). [Note that (sJ — A)! 
does not exist when s is an eigenvalue of A.] 


Solve the initial value problem 


y' =Ay+g(t), O<t<o, y(0)=ypo, 


1 2 a ge ie 
2 1 ’ g(t) = 21 > Yo = as) . 


(We computed the general solution of this nonhomogeneous linear first order 
system earlier, in Example 1 of Section 4.8.) 


where 


A= 


Solution: Taking Laplace transforms and using equations (3) and (4), we ob- 
tain [as in equation (6)] 


Y(s) = (sI — A) '[yp + Gis)], 
where 
1 


G(s) = 


Note that 


ome’ = 1 “1 2 
phe = 2 ee} —Weeeiie-=a)|| 2 saa 


Therefore, the transform domain solution is 


igo s* = 6s" + 057 =45 4.8 
Y= 1 ie 2 g=2| s?(s + 1)(s — 2)(s — 3) . 
G+HG=—3) | 2 #51 ore —2s* + 857 — 8s* + 6s —4 

s° s(s + 1)(8 — 2)(6 — 3) 


(continued) 
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(continued) 


To obtain the time domain solution, we need to determine the inverse Laplace 
transform of each component of Y(s). Using a partial fraction expansion, we 
write Y,(s) and Y,(s) as 


s'—6s°+9s*-4s+8 41 81 71 #211 11 


a he eaay ae Cc 55g 362 OG8 
rae eos Meee a 21 101 71 21 ie 

s*(s + 1)(s — 2)(s — 3) 357 9s 3s4+1 35-2 95-3 
Therefore, 

yO =L'Y(s)} = f¢— $+ Jet — 4% — fe® 

yz(t) = L7'{Y,(s)} = —30 + BQ — fe% — Se%—de*, > 0. 


We can regroup these terms into the following matrix solution: 


4 a Z i i 
3 9 = 3 9 

yoO=rt}] j)+] fre” ; +e7 ; a if) t20 (7) 
=3 7 = =5 3 


As a check, you can compare solution (7) with the general solution obtained in 
Section 4.8, Example 1. What values of c, and c, are needed in Example 1 of 


2 


Section 4.8 in order to replicate solution (7)? 


The System Transfer Function 


The preceding discussion indicates that we can identify a system transfer func- 
tion for a linear constant coefficient system. Consider, in particular, the trans- 
form domain solution given by equation (6), 


Y(s) = (sI — A) "yp + G(s)]. 


The vector yy + G(s) is the sum of the initial condition and the transformed non- 
homogeneous term; this sum represents the system input. The system output, 
Y(s), is obtained by premultiplying the input by the square matrix (sJ — A)~!. 
Therefore, the matrix (sJ — A)! is the system transfer function (also called the 
system transfer matrix). Note that the system transfer matrix for y’ = Ay + g(t) 
depends only on the coefficient matrix A. 

We now show that the system transfer matrix, (sJ — A)"!, is actually the 
Laplace transform of the exponential matrix, e'4. To see why, consider the ma- 
trix initial value problem 


®' = Ao, (0) = /, (8) 


where A is a constant (n x 1) matrix and J is the (nv x n) identity matrix. As we 
saw in Section 4.10, the solution of initial value problem (8) is 


do) =e". 
However, when we take the Laplace transform of equation (8), we obtain 
sL{®} —I = AL{O}. 
Solving for L{®}, we find L{®} = (sJ — A)~!. But, since ®(f) = e, we are led to 
Lie} = (sI— A). 
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This equation is an elegant generalization of the familiar formula 


Casa, 


A Network Example 


Laplace transforms provide a convenient tool for analyzing networks having a 
more complicated structure than the single loop or single node networks we 
have studied thus far. As an example, consider the two-loop network shown 
in Figure 5.14. We assume that the network is initially quiescent; that is, both 
loop currents are zero at time t = 0, and the capacitor has no initial charge. At 
time t = 0, the voltage source v(f) is turned on. 


L Ro 
TOO AA, 


ii(t) in(t) 


v(t) © ( \r 


2 


FIGURE 5.14 


A two-loop network. The loop currents, i,(¢) and i,(t), are found by solving 
the linear system (9). 


The mathematical description of this network’s behavior is obtained by 
applying Kirchhoff's voltage law to each loop: 
di . : 
sh Ri, —Ryb 


vo=L dt 


1 t 
(2 RiLoR i SRS 2 f in(d) da (9) 
0 


i,(0) = 7,(0) = 0. 
Taking the Laplace transform in equation (9), we obtain 
V(s) =sLI,(s) + Ril, (s) — RL (s) 
1 
0 = RyLy(s) — Ry (8) + Roly(s) + GIs). 


This system can be written in matrix form as 


I,(s) 
I,(s) 


V(s) 
0 


: (10) 


R, +sL —R, | 


1 
—R R R — 
1 it a7 


where V(s) is the Laplace transform of the known voltage v(t). Note that equa- 
tion (10) incorporates the initial conditions i,(0) = i,(0) = 0. We obtain the 
transform domain solution 


I,(s) 
I,(s) 


1 
_ sV(s) Ry, +R, + Cs 


~ a R 
(Ri + Ris? + (RR, + =) st ra R, 
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As a convenient particular case, we'll assume the following network element 
values: 


R,=R,=1kQ2, L=05H, C=05uF. 


Likewise, we assume that the input voltage is v(t) = h(t), where h(t) is the unit 
step function; in other words, a 1-volt DC voltage source is switched on at time 
t = 0. Given these values, the transform domain solutions in (10) become 


Fes 1) 1 stl 1 
1) = 5 = 2 — 2 
s(s°+2s+2) §$ (s+1)°+1 (s+1)°4+1 
1 1 
I,(s) = 


SHist2 Chie +1 
Therefore, the resulting time domain network loop currents are 


i,(t) = 1—e “[cost — sint] 
; 2 (11) 
i,(t) =e sint, t> 0, 


where the units of current and time are milliamperes and milliseconds, respec- 
tively. 

The loop currents behave qualitatively as one would expect. In particular, as 
t — oo, the current in Loop 1 approaches a constant unit value and the current 
in Loop 2 tends to zero. In the limit, the inductor voltage tends to zero and 
the unit current produces a voltage drop across resistor R, equal to the source 
voltage of 1 volt. In Loop 2, the capacitor voltage, 


1 t t 
=| i>(A) d=2f e sind dA = 1—e ‘(sint + cosa), 
0 0 


tends to unity as t > oo. In this loop, the voltage across resistor R, tends to 
zero; the buildup of charge and accompanying voltage drop across the capacitor 
ultimately balance the voltage across resistor R,. Graphs of the loop currents, 
i, (t) and i,(f), are displayed in Figure 5.15. 


FIGURE 5.15 


Graphs of the time domain loop currents given in equation (11). 


EXERCISES 
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Exercises 1-5: 


Compute the Laplace transform of the given matrix-valued function y(f). 


cost e ‘cos 2t 4 1 -1 2t 
lyt=| t 2yH=5] 0 "YO= 19 ol lng—2) 
te! t+e' 
1 hit—1)sin(t—1) 0] [ 1 
t = 
4. yo) -| a | da = | et} i | 
0 oo 


Exercises 6-8: 


Compute the inverse Laplace transform of the given matrix function Y(s). 


1 1 
s {1-1 Ss 
7. Y¥(s) =e” 
2 0 2 1 
6. Y(s) = | =—-——— 7 
s°+25+4+2 so+1 
1 
es 


e* -1 2) 7 Lt} 
8. Y(is)=|] 2 O31 | Lfe%} 
1 -—2 I1/s} |L{sint} 
Exercises 9-20: 
Use Laplace transforms to solve the given initial value problem. 


gafe|" o=[) ire hy. 


0 (0) = |° 
> y = lo 


weal = ee 
Slee cole VO], 


Ac 1 4 (0) 2 

> Weak ieee 
ja. ef 1 4 0 i 3 

y a —1 1 yr 30! } y( )= 0 

: 6 3 5 ; : 

15. y = f | y, y= El {Hint: Make the change of variable t = t — 1.] 
esate —3 -2 (0) = 1 0) 0 

“y= 4 3 yY, YY= ol’ y =l4 
jx aie 1 -l n t (0) 0 0) 0 

ee Nh eile a) PEP ole ee lp 
.y’=|) lyt 7], y=], y=? 

Ne gly | ee ee Oe |, 
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6 S) 0 2 

19. y’=|-7 -6 Oly, yo)=|-4 

0 0 -2 -1 
1 0 0 e! 0 
20.y'=|0 -1 1ly+] 11. yo=|o 
0 0 2 —2t 0 


21. The Laplace transform was applied to the initial value problem y’ = Ay, y(0) = yo, 


where y(t) = i _ , A is a (2 x 2) constant matrix, and y, = i‘ a] . The following 
2 2.0 
transform domain solution was obtained: 
1 s—2 —1 y 
Ll y()} = ¥(s) = ~——. oa 
so—9s+18] 4 s—7} |x 


(a) What are the eigenvalues of the coefficient matrix A? 
(b) What is the coefficient matrix A? 
22. A System Cascade Consider the linear system defined as follows: 


y, =Ay,+2(). y,(0)=0 
y, =Ay,+y,(, ~—-y,(0) = 9, 


where y, (¢), y,(¢), and g(t) are (2 x 1) vector functions and A is a (2 x 2) constant 
matrix. A schematic of the system is shown in the figure. It consists of two identical 
stages connected in cascade. The input g(t) is applied to the first stage, producing 
an output y, (ft). This output is then used as input to the second stage, producing 
an output y,(t). We can view this cascade connection as forming an overall linear 
system determined by input g(t) and output y,(¢). Let Y,(s), ¥,(s), and G(s) denote 
the Laplace transforms of y, (4), y,(¢), and g(t), respectively. 


Overall linear system 


Input | 
g(t) | 
. , 
| 
} 
| 


Figure for Exercise 22 


(a) Show that Y, (s) and G(s) are related by an equation of the form Y, (s) = Q(s)G(s), 
where Q(s) is a (2 x 2) matrix transfer function for the cascade system. How is Q(s) 
related to the coefficient matrix A? 


1 = i sil 
i. a). BO= | II: 


Determine Q(s) and y(t), t > 0. 
Exercises 23-24: 


System Identification We consider a system analog of the parameter identification 
problem studied in Section 5.4. Assume that a linear system can be modeled by the 
initial value problem y’ = Ay + g(d), y(0) = yo. 


(b) Suppose 


> 
ll 
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Assume we can select the input g(t) and the initial state y) and can measure the 
output y(t), but we have no direct way of measuring the coefficient matrix A. The task 
is to determine A by exciting the system with an appropriate selection of inputs and/or 
initial states and measuring the corresponding outputs. Exercises 23-24 treat particular 
two-dimensional cases. 

In each exercise, use the given input-output information to determine the coef- 
ficient matrix A. One approach is to use Laplace transforms. Let Y(s) and G(s) repre- 
sent the Laplace transforms of y(t) and g(t), respectively. Then we know that 
Y(s) = (sI — A) "'[y, + G(s)]. Form (2 x 2) matrices 


[Y¥,(s), ¥,(s)]_ and [y1,9 + G,(S), Yoo + G2(9)], 


using the transformed information as columns. We can obtain an equation relating these 
two (2 x 2) matrices and use this equation to determine A. 


3t 
23. When g(t) = 0 and yy = i , the observed output is y(t) = e . When g(t) = 0 and 
e 


—2t 3t 
3e “ — 3e 


Yo= BE the observed output is y(t) = be — 3e* 


| Determine coefficient ma- 


trix A. 
0 i te~2! 2 
24. When g(t) = 0 and yy = il’ the observed output is y() = |""_,,|. When g(t) = 0 
e 
and yy = A , the observed output is y(t) = A . Determine the coefficient matrix A. 


25. For the network shown, initially both loop currents are zero and no charge is present 
on the capacitor. At time ¢ = 0, both voltage sources are turned on. An application 
of Kirchhoff'’s voltage law, equating the algebraic sum of the voltage drops in a 
clockwise traversal of each loop to zero, leads to the system of equations 


4 
—vjO+Ri, FL i ERG =)=0. F4Oj=0 


1 t 
Rei +z | i,(0) dA + R3i, +v,(t) = 0, i,(0) = 0. 
0 


(a) Apply the Laplace transform to this system of equations. Solve the transformed 
system of equations for the (2 x 1) vector of transformed loop currents, 


I,(s) 

L(s)| 
(b) For simplicity, letR, = R, =R,=1kQ,L=1H,andC =1 pF letv,(@) =v, = 
te‘ volts. Solve for the currents, i, (f) and i,(f),t > 0 (the units being milliamperes). 


(a 
+ 
v(t) 


Figure for Exercise 25 
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EXAMPLE 


ad 


When we use Laplace transforms, we often need to find the inverse transform 
of a product, 


L7'{ F(s)G(s)}. 


For example, we have seen that the Laplace transform of a system output is 
the product of the system transfer function and the Laplace transform of the 
system input. To obtain the time domain output, we must determine the inverse 
Laplace transform of this product. It is clear from the integral definition of the 
Laplace transform that the inverse transform of a product of transforms is not 
the product of the inverse transforms. What, then, is it? 

This section introduces a mathematical operation known as convolution. 
The convolution operation, denoted by the symbol «, starts with two functions 
f @ and g(t) defined on 0 < t < o& and creates a new functionf * g, also defined 
on 0 < t < oo. After we define the convolution operation, we will state the con- 
volution theorem; this theorem shows that the Laplace transform of the newly 
created function f « g is, in fact, the product of the Laplace transforms of the 
two original functions. Thus, by the convolution theorem, 


L'{ F(s)G(s)} = (fF * 20), 


where L{f(t)} = F(s) and L{ g()} = G(s). 

Although the terminology is new, convolution is an operation we have al- 
ready encountered several times in our study of linear constant coefficient dif- 
ferential equations. 


The Convolution Integral 


Let f(t) and g(t) be two functions defined on 0 < t < co. The convolution of 
f(@ and g(t), denoted f « g, is the function defined by 


t 
(f*g0 = | f(t —A)gQ) da, 0<t< oo, (1) 


provided the integral exists. It can be shown that integral (1) exists whenever 
f(@ and g(t) are piecewise continuous on 0 <t < oo. Moreover, the function 
(f *g)(t) is piecewise continuous and exponentially bounded on 0 < t < w if 
both f (f) and g(t) possess these properties. 

As equation (1) indicates, we use the notation (f * g)(f) to denote the newly 
created function of t. When we want to designate the convolution of specific 
functions such as f(t) = e‘ and g(t) = sin 2t, we may simply write 


e' x sin 2t. 


Calculate the convolution f * g, where f(t) = t and g(t) =e“. 


Solution: According to definition (1), 


t t t 
txe t= | (t-—Aje* di = | e*dr— | mae he 
0 0 0 


EXAMPLE 
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Evaluating these integrals, we find 


t 
0 


ree St e*| le *( Xr D]oattet-1. eo 


The next example illustrates convolution from a geometric point of view. 


Calculate the convolution f « g, where 


0, O<t<2 

fO= A eee (=<1, 2<t<3 
10; derecs, il , aula 

0, 3<t<o. 


Solution: The piecewise definition of these two functions provides an oppor- 
tunity to illustrate the graphical aspects of the convolution operation, 


t 
(fxg) = | f(t — g(a) da. 


The functions in the integrand, f(A) and g(A), are shown in Figure 5.16(a) on 
the next page. Forming f(t — A) reverses the orientation of the right triangle 
and translates (or slides) the triangle so that the intersection point of its hy- 
potenuse with the A-axis occurs at A = t [see Figure 5.16(b)]. As t increases, we 
can envision this triangle as translating to the right and passing through the 
region 2 < A < 3, where g(a) # 0 [see Figures 5.16(c) and 5.16(d)]. At each value 
of t, the integrand is nonzero only in the overlap region of the right triangle 
[the graph of f(t — 4)] and the rectangle [the graph of g(A)]. For ¢ in the interval 
(2, 4), the value (f « g)(t) is equal to the area of the overlap region. Therefore, 
the convolution integral i f(t —A)g(A) di can be evaluated graphically, as is 
shown in Figures 5.16(b) through 5.16(e). We find 


0, 0<t<2 
1a —2)’, 22723 


(f*g)0) = 
5(4-t(t-2), 3<t<4 


0, 4<t<o. 


The graph of the resulting function, (f « g)(t), is given in Figure 5.16(f). “ 


Algebraic Properties of the Convolution Operation 


Let f, g, and k be three scalar functions defined on 0 < t < oo, and let c, andc, 
represent arbitrary constants. It can be shown that 


fxeeyg tok) =c,(f xg) +o(f *k) (2a) 
fxg=erxf (2b) 
(f xg)*k=f *(g*k). (2c) 


The distributive property, equation (2a), says that the convolution of a function 
f with a linear combination of functions equals the linear combination of the 
convolutions. Property (2b) asserts that the convolution operation is commu- 
tative; that is, the order in which we choose the two functions doesn’t matter 
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f(A) g(a) 


> 


[fa-Agayar =0 
“0 


f(t-A) g(a) 
—_ 


eee 
a Ee ee ee 
- 


ot 
i f(t—A)g(A) dA = area of shaded triangle 
0 aa! 2 
= 5 —2) 


(c)2<t<3 


t 
[ fa-agayaa = 0 
“0 


IP —_—_ 


! 

I 

I 

| 

2 4 t 
(e)4<t<o 


FIGURE 5.16 


~ 
Nees 
- 


(b)O0<t<2 


ot 
/ f(t—A)g(A) dA = area of shaded trapezoid 
7 = 1(44-)¢-2) 


2 t 4 
(d)3<t<4 


A graphical interpretation of the calculation (f « g)(t), where f(t) and g(t) 
are the functions shown in (a); the details are given in Example 2. A graph 
of the function (f « g)(t) is shown in (f). Note that (f « g)(t) is continuous 
even though f (f) and g(t) have jump discontinuities. 


(see Exercise 1). The associative property, equation (2c), says the convolution 
of three functions can be done in any order. Therefore, parentheses are unnec- 
essary in (2c), and we can simply write f *« g *k. 


Some Remarks about Convolution 


While we have defined the convolution integral only for scalar functions f(t) 
and g(t), it should be clear that the definition can be extended to compatibly 
dimensioned matrix-valued functions. For example, if f(t) is an (m x n) matrix 
function and g(t) is an (n x p) matrix function, then (f * g)(¢) is the (m x p) 
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matrix function defined by 


t 
(f* gO = j f(t — A)g(a) da, Q=t< ox, (3) 
0 


Note that we have encountered the convolution integral in previous chapters 
even though we did not use the term “convolution” there. For example: 


1. In Chapter 2, we saw that the solution of the initial value problem 
y' = ay + g(t), y(0) = yo is given by 


t 
y(t) =e yy + | ee) da. 
0 


The integral term is a convolution integral; therefore, we can interpret 
the solution as 


y(t) = eyo +e™ * g(t). (4a) 


2. In the discussion of first order constant coefficient linear systems in 
Section 4.8, we developed the variation of parameters formula for the 
solution of the initial value problem 


y =Ay+git), y(0) = yp. 


The solution can be represented as 


t 
y(t) = &@y, + | b(t — g(a) da, 


where ®(f) is the fundamental matrix that reduces to the identity matrix 
at t = 0. Therefore, 


Y@) = P)yo + PC * 8). (4b) 


In Section 4.10, we saw that ®(t) = e“. Therefore, we can also write the 
solution as 


y(t) =e4y, +e4 xg. 


The Convolution Theorem 


Equations (4a) and (4b) show two instances where the solution of an initial 
value problem can be related to convolution of functions in the time domain. 
Theorem 5.7 (the convolution theorem) establishes the connection between 
convolution of functions in the time domain and multiplication of Laplace 
transforms in the transform domain. 


Let f(t) and g(t) be piecewise continuous and exponentially bounded 
functions defined on 0 < t < oo. Let F(s) and G(s) denote their respective 
Laplace transforms. Then (f * g)(¢) is a Laplace transformable function, 


and its Laplace transform equals the product of F(s) and G(s); that is, 
L{f *g} = F(s)G(s). (5) 
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e@ PROOF: We first show that f « g is Laplace transformable. Then we estab- 
lish the result in equation (5). 

The function f *g is actually continuous on 0 < f < oo whenever f(t) and 
g(t) are piecewise continuous on 0 < t < oo. Thus (see Theorem 5.1), to show 
thatf * g is Laplace transformable, we need only show thatf * g is exponentially 
bounded on 0 < t < oo. From our hypotheses, we know that |f())| < M,e*" and 
|g(t)| < M,e*2". Therefore, 


t t 
l(f *g)O| = if f(t —A)g(A) da < | Ife — NgA)| da 


a,t — 
: M,M,te’’," a, =a, 
< [ Me" Mae" db _ ott gat 
0 M,M,——_.,_ 4, #4), 
az — a, 


and it follows that f * g is exponentially bounded. 
To complete the argument, we need to establish relation (5). From the def- 
inition, 


(oe) t 
Li(f*gO}= | | | f(t —A)g(A) dale a 
0 0 
ao (6) 
= | | f(t—AgWe™ da dt, 
0 0 


where we view the integral in (6) as a double integral over the portion of the 
At-plane shown in Figure 5.17. 


i At-plane ped “4 uv-plane 
Region of integration Region of integration 
v=t-A 
u=2X 
> > Uu 
FIGURE 5.17 


The regions of integration for the double integrals in equations (6) and (7). 


We now introduce the change of variables u = 4, v = t — 4. The boundary 
lines A = Oand A = ¢ transform into the lines u = 0 and v = 0, respectively. Note 
that the Jacobian determinant of this transformation is equal to 1. Therefore, 
we can rewrite the integral in equation (6) as 


Lif xg}= | . | vf v)gues“™ dudv 
0 0 


= (fro av) ([ ewe au) = F(s)G(s). @ 
0 0 


(7) 


EXAMPLE 


3 


EXAMPLE 


4 
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As noted earlier, Theorem 5.7 can be used to find £7! {F(s)G(s)}: 


t 
L"{ F(s)G(s)} -{ f(t—A)gQ) da. (8) 


Use equation (8) to find 


aera} 
eth)” 


Solution: Applying equation (8), F(s) = 1/s?, and G(s) = 1/(s + 1), we have 


1 
ane baoet{ahect{ . ba teeta eter at, 
s*(s +1) Ss Ss+1 


(Recall that the convolution t * e~‘ was computed earlier, in Example 1.) 


Multiple Convolutions 


In some applications, such as a cascade connection of linear systems, the 
solution of the problem of interest is a multiple convolution. Suppose 
f,0.6£@,..-,f,@ are Laplace transformable functions with Laplace trans- 
forms F',(s), F,(s),..., F,,(s), respectively. From a repeated application of the 
convolution theorem, it follows that 


Lif, «fo*---*f,,} = Fy (s)F2(s)--- F,,(s). 


Our next example treats such an application. 


Consider the serial connection of n identical tanks shown in Figure 5.18. Each 
tank contains V gallons of fresh water. At time ¢t = 0, a solution having a con- 
centration of c pounds of salt per gallon flows into Tank 1 at a rate of r gallons 
per minute, and the well-stirred mixture flows out of Tank 1 and into Tank 2 
at the same rate. The well-stirred mixture in Tank 2, in turn, flows into Tank 3 
at the same rate. This behavior is replicated throughout the cascade. Since the 
inflow and outflow rates are the same for each tank, the volume of fluid in each 
tank remains constant and equal to V. Determine the outflow concentration, 
c,,(t), of Tank n as a function of time. 


FIGURE 5.18 


The n-tank cascade described in Example 4. 


Solution: As in Section 2.3, we apply the “conservation of salt” principle to 
each tank. Let Q,(t),j = 1,2,..., represent the amount of salt (in pounds) in 


(continued) 
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(continued) 
the jth tank at time ¢ (in minutes). The following system of initial value problems 


models this process: 


Q, = re—rZt, Q,(0) =0 


Q1, 2 
Oat tha Q(0)=0, jf=2,3,...,n. 


The solutions of these differential equations can be obtained recursively. We 
use a convolution representation for each of the solutions. From equation (4a), 


Q,() = e IV yx 


te ‘f 7 
Q(t) =e OF # O10), j= 2,3,...,. 


Therefore, the outflow concentration of the nth tank can be represented as the 
following multiple convolution: 


1 
c¢,0) = pen® 
1 4, r 
— Ta (/V)t ok P21 
1 : ’ 
_ oo ‘ we - 72,210) =e 


n—1 functions 


———_ Ss] 
1 : r i r ; 
a enV Tg 1Vt y T oC ge os ge  e-OIVN np 10 
V V V 


n functions 


————. os 
=c oh EW TIVN eH OIVN gs. ee IV 5 1, 
V 
By the convolution theorem, 


Lic, (t)} =e (=) fe few] " £00} 


eae 
V 


=e(7) ( ij s 


We can recover c,,(t) by taking the inverse transform. From equations (10) and 
(18) in Table 5.1, 


=i ft = [ -1 1 _ wy 
L {sro} = d f(u) du and £ (s+ = n— Dr , 
V 


Therefore, 


r\n t yw"! 
= pi —(r/V)u 
o,(0 =0 (=) | ae pio du. 
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We can simplify this integral by making the change of variable w = (r/V)u, 
obtaining 


c ny n—1,—w d 
c,(t) = ap | we Ww. (9) 
This final expression can be evaluated for modestly large n using integration- 
by-parts or using computer software. Figure 5.19 shows a plot of normalized 
concentration c,,/c vs. rt/V for nm = 3 and n = 10. As we would expect, both 
normalized concentrations approach a horizontal asymptote of unity. As time 
evolves, the concentration in all tanks in the cascade builds up to the inflow con- 
centration, c. Figure 5.19 shows, as one would expect, that the concentration 
in the last tank of the three-tank cascade builds up to this limiting value more 
rapidly than does the concentration of the last tank in the ten-tank cascade. 


oo 
Q 


>| 
>| 


FIGURE 5.19 


Graphs of c,,/c vs. rt/V for n = 3 andn = 10. 
[See equation (9) in Example 4.] 


o, 
“ww 


EXERCISES 


1. Show that f*g=g*f. That is, show that A ft—NgQA) da = foget —o)f(o)do. 
[Hint: Use the change of integration variable o =t— A. This exercise shows that 
the convolution operation is commutative. ] 


Exercises 2-7: 


For the given functions f (¢) and g(t) defined on 0 < t < 00, compute f * g in two different 
ways: 


(a) by directly evaluating the integral 

(b) by computing £7! {F(s)G(s)}, where F(s) = L{f ()} and G(s) = Lig} 
2.fO=s =h) 3.70=4 eO=r 
4.f®)=e', gth=e” 5.fH=t, gt) =sint 
6. f(t) =sint, g(t) = cost 7.f0O=t, geO=h® —-he- 1) 
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Exercises 8-9: 


In each exercise, use Laplace transforms to compute the convolution. 


hit) e! h(t) 
8. Px y, where P(t) = — and y(t) = 


e! 
t 
9. tx 
cost 


Exercises 10-12: 
Compute and graph f «g. 
10. fO =h®, gO =th® — hit —2)] 
11. f) =g@) =hit— 1) —ht - 2) 
12. f® =h -—h(t—- 1), g@ =ht — 1) - 2h(t - 2) 
Exercises 13-15: 
Compute the given multiple convolution. (Convolution operations, particularly multiple 
convolutions, have important applications in probability theory—for example, in com- 
puting the probability density function for a sum of independent random variables.*) 
13. txtx*t 14, h(t) xe xe! 15. txe' xe! 
n functions 
af a ne 8 : 

16. Suppose it is known that h(t) * h(t) « --- * h(t) = Ct®. Determine the constant C and 

the positive integer n. 


n functions 


aN 
17. Suppose it is known that e! «e™' «---*e' = Ct*e”. Determine the constants C and 


a and the positive integer n. 


Exercises 18-26: 


The following equations are called integral equations because the unknown dependent 
variable appears within an integral. When the equation also contains derivatives of 
the dependent variable, it is referred to as an integro-differential equation. In each 
exercise, the given equation is defined for t > 0. Use Laplace transforms to obtain the 
solution. 


t t 
18. | sin(t — A)y(A) da =? 19. Pet = | cos(t — A)y(A) da 
0 0 
t 
20. y(t) — i, e*y(A) dA =t 
0 
t 
21. i y(t — A)y(A) da = 617. Is the solution y(t) unique? If not, find all possible solutions. 
0 


22. txy() = -e) 23. Bef ye-ne di =1, y(0)=0 
0 


1 
24. y’ =h(t)*y, yO) = A 


25. y"+hxy=0, yO)=1, yv0)=0 
26. y’-h()*xy=0, yO)=0, y(O)=1 


4Walter C. Giffin, Transform Techniques for Probability Modeling (New York: Academic Press, 1975). 
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Exercises 27-28: 


Solve the given initial value problem. 


ad t 
27. tet, y(0) = 1 28. y-y=f (t —A)e* da, y(0) = —-1 
0 


5.7 The Delta Function and Impulse Response 


We often need to determine the behavior of a linear system that is suddenly 
subjected to an input of short duration and large amplitude. In an electrical 
network, such an input might be a large applied voltage spike. In a mechanical 
system, the input might be a very sharp applied force. 

System excitations of this sort cause a system response that approximates 
what is known as the impulse response of the linear system. In this section, we 
discuss the concept of an impulse response and show that it is equal to the 
inverse Laplace transform of the system transfer function. 


An Example of Impulse Response 


To introduce the idea of impulse response, we begin with a mass-spring-dashpot 
system. An example of the “short duration/large amplitude” scenario we want 
to examine is the following initial value problem: 


my’ +yy +tky=p,0, t>0 


' (1a) 
y0)=0, y(0)=0. 
In (1a), we assume that ¢ is a small positive parameter and that 
1 
—-, O<t<e 
pt) = 4 & (Lb) 


0, otherwise. 


Since ¢ is small, the applied force p, is a pulse of short duration and large 
amplitude; Figure 5.20 shows the graph of a typical pulse. Note that the applied 
force p, has “unit strength” in the sense that the area under the graph in Figure 
5.20 is equal to 1 for any choice of ¢.° By choosing ¢ smaller and smaller, we can 
use the pulse p, to model applied forces having larger and larger amplitudes 
over shorter and shorter periods. Therefore, it is natural to ask the question 


What happens to the system behavior as we make the applied force 
progressively “sharper” and “stronger”? 


In other words, what happens to the solution of initial value problem (1a) as 


we let e > 0? 
It can be shown that the solution of initial value problem (1a) is 


t 
y,() = it $(t — Vp, (ad) da, (2a) 


>In physics, the linear impulse produced by a constant force is the product of the force times the 
duration of its application. Therefore, the applied force p, has a linear impulse of unity for all e. 
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FIGURE 5.20 


The function p,(f) is a pulse; see equation (1b). 
Note that [%\p,()dt = 1. 


where, if the system is underdamped, 


2 
e YPM sin ia _ st 
m m 
eO= (2b) 
k y? 
m 4m? 


We use the subscript ¢ in equation (2a) to denote the fact that the solution 
y,(t) depends on the parameter e. For ¢t > e, we see from equation (2a) that 


1 é 
y= = f o¢-Adr, tre. (3) 
0 


Since #(¢t) is continuous for all t, we can use the mean value theorem for inte- 
grals in equation (3), obtaining 


y¥.) = ot — &), (4) 


where & is some value in the interval 0 < 4 < «. As is typical with mean value 
theorems, the value & is known to be sandwiched between 0 and « but is other- 
wise unknown. Because of this sandwiching, € must approach zero as ¢ > 0*. 
Since ¢ is continuous, 


lim y,@) = ¢(. 
e>0 


Therefore, as we make ¢ progressively smaller (that is, as we make the applied 
force both shorter in duration and correspondingly larger in amplitude), the 
system response approaches ¢(t), where ¢(f) is the function given in equation 
(2b). This limiting response is called the impulse response of the linear system. 

Figure 5.21 shows the impulse response ¢(¢) of an underdamped spring- 
mass-dashpot system with parameters m = 1, y = 2, and k = 5. For these pa- 
rameters, the function ¢(f) is given by 


¢(t) = 0.5e~ sin 2t. (5) 
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From a heuristic point of view, ¢(t) represents the response of the mechani- 
cal system to an impulsive force—a force having essentially zero duration and 
infinite amplitude, but unit area. 


—0.1 F 


FIGURE 5.21 


The impulse response function ¢(f) in equation (5). 


The Delta Function 


From the point of view of applications, it would be nice to have a function 4$(f) 
that we could use to model an impulsive force. That is, we would like to be able 
to write 


t 
lim y,(f) = lim | p(t —A)p,(A) da 
20° e>0 Jo 


t 
a b(t — A)d(A) da (6) 
0 


=o. 


The role of the function 5(A) in (6) would be to evaluate the integrand at 1 = 0. 
It is important to appreciate, however, that we cannot simply obtain 6(A) asa 
limit of p,(A) as e > 0*; that is, we cannot interchange the operations of limit 
and integration in the first line of (6) because (see Figure 5.20) 


& 20 
li A= 
sot Pel ) i A=0. 


The delta function, denoted by 4(f), is actually given precise mathematical 
meaning as a “generalized function” within a branch of mathematics known as 
the theory of distributions. For our purposes, we will define the delta function, 
5(t), by the limit 


b b 
| fese-tat= lim | fp, (t — to) dt, (7a) 
a e>0 a 


whenever f(t) is a function defined and continuous on [a,b]. That is, 5(¢) has 
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EXAMPLE 


at 


the property that 


b 
/ f (D)3(t — ty) dt = i ei? (7b) 


0, otherwise. 


REMARK: The delta function is sometimes referred to as the Dirac delta func- 
tion.° Our definition of the delta function in equation (7a) follows directly from 
our original definition of the pulse function, p,. We therefore obtain the value 
f(a) when ty) = a and 0 when f, = b. Other references use a pulse function that 
is an even function (having value 1/e¢ in the interval —e/2 < t < ¢/2) as the basis 
for their definition. In that case, the values in (7b) obtained when fy = a and 
ty = b will differ from ours. The reader should always check the definition used 
by the reference being consulted. 


The Laplace Transform of the Delta Function 


Equation (7b) can be used as the basis for defining the Laplace transform of 
5(t). We obtain 


L{S(t — to)} -| e"8t—t))dt =e, t= 0. (8) 
0 


As a special case, when f) = 0, we have 


Lis} = 1. 


The Delta Function as a Formal Modeling Tool 


It is important to be aware that the delta function is different from the usual 
functions encountered in calculus. Nevertheless, in many applications people 
have found it convenient to ignore this distinction; the delta function is often 
viewed and formally treated as an ordinary function, usually modeling an im- 
pulsive input. The solution of the problem of interest typically is given as a 
convolution integral involving the delta function, and so the answer obtained 
makes physical sense and can be interpreted as the system response to an ide- 
alized impulsive input. The following example illustrates such a formal use of 
the delta function. 


A body of mass ™ is at the origin at time t = 0, moving in the positive x-direction 
with velocity vg. Assume that a frictional force, proportional to the velocity 
with proportionality constant k, acts to retard the motion. At a time fy > 0, an 
impulsive force of strength Fy acts on the moving body in the direction of the 
motion. Find the velocity and position of the body as a function of time f. 


®Paul Adrien Maurice Dirac (1902-1984) was an English mathematical physicist who held the Lu- 
casian Professorship of Mathematics at Cambridge University from 1932 until 1969. After retiring, 
he moved to Florida, where he continued his research. Dirac is known for his many contributions to 
quantum theory, particularly the unification theories of quantum mechanics and special relativity. 
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Solution: We can use the delta function to formally model the impulsive force 
as 


FeG=H), t20, 


Given this model of the impulsive force, Newton's laws of motion lead to the 
following initial value problem: 


mv' +kv = F)d(t — to), t>0 


v(0O) = Vo. (9) 


Once we know v(), the position of the body is given by 
t 
x(t) = | v(a) da. (10) 
0 


We will use Laplace transforms to solve the problem. Let 
Vis) =L{v} and X(s) = L{x(d)}. 
Noting equation (8), we have for the Laplace transform of equation (9) 


m[sV(s) — Vo] + kV(s) = Foe *. 


Therefore, 
_  V% Fy ¢@€ 0 
V(s)= E+ 7 E ; 
SP Sp 
WL m 
and hence 
F 
vit) =v ee me ne =f), +126. (11) 


We can find position x(t) by computing the antiderivative of velocity v(t), as in 
equation (10). Alternatively, we can use the fact that 


X(s)= 0) 
Ss 


to obtain 


m1 
X(S) = Voz ; i +—e "0 k 
S+ — Se 
m 


Taking inverse transforms, we find 


bit act 
20 = voy [1 — etm] ~ = [1 —e HM )| ht), %t20.% (12) 


The solid curves in Figure 5.22 are graphs of velocity and position of the 
body for the parameter values 


m=5kg, k=0.5kg/s, vo=20m/s, Fy=500N, t)=3s. (13) 
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FIGURE 5.22 


The results from Example 1. (a) The graph of velocity, v(t), as given in 
equation (11). The discontinuity is the result of an impulsive force applied 
at t = 3. (b) The graph of position, x(f), as given in equation (12). 


As the graph illustrates, application of the impulsive force creates a jump dis- 
continuity in the velocity. This jump is the idealization of the very rapid velocity 
transition that would occur if the applied force were a very narrow pulse of in- 
tegrated strength 500 newton-seconds. 

The dotted curves in Figure 5.23 show the velocity and position that would 
result from a force of 5000 N being applied during the interval 3 < t < 3.1 sec. 


FIGURE 5.23 


The graphs of (a) velocity and (b) position for the problems described by 
equations (9) and (14). Equation (9) models the idealized problem, using 
the delta function. Equation (14) models the problem using a large (but 
finite) pulse applied over a t-interval of small (but nonzero) duration. As 
you can see, the graphs are qualitatively similar. 
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In other words, the dotted curves arise from solving the initial value problem 


mv' +kv = Fop,(t — to), t>0 


14 
v(0) = Vo, (44) 


with ¢ = 0.1 sec and all other parameter values as given by (13). The com- 
parison of these graphs illustrates the “idealizing nature” of using the delta 
function in modeling applications. [The solution of problem (14) is outlined in 
the Exercises. ] 


The Impulse Response and the System Transfer Function 


The formal use of the delta function as an impulsive source leads to the fact 
that the impulse response and the system transfer function form a Laplace 
transform pair. For example, consider the initial value problem 


d"y d"'y d"*y dy 

eee ae gee Oeeace eee = b(t 
a, dt” +4ay,_-1 dt’! + ay_2 dt"-2 + +a, dt + agy ( ) (15) 
y®) 0) = 0, y"-) (0) = 0, ae y'(0) = 0, y(0) = 0, 


where we use the delta function to model an impulsive nonhomogeneous term. 
The solution of (15) is the impulse response of an nth order linear system. 
Taking Laplace transforms of (15) and using equation (8), we find 


n—2 


(a,8" + 4,8" | + 4,28"? +++» Fays +a) ¥(s) = 1, 


and therefore 
1 


n n—1 n 
a,S +4@,_1S + 4,_5S 


Y(s)= = (16) 


Hes ayS+a9 


The right-hand side of equation (16) is the Laplace transform of the impulse 
response and is equal to the system transfer function. 


1. Evaluate 
3 1 
ia) | (1 te)s(t — 2)dt (b) / (+ea(t— 2) dt 
0 —2 
d(t +2) 
2 2 2 
(c) / i 5(t) dt (d) / (7 +1) [8 —1)| dt 
=f 1€ =3 
8(t — 3) 


2. Let f() be a function defined and continuous on 0 < t < oo. Determine 
t 
a= fi f(t —a)8(a) da. 
0 


3. Determine a value of the constant f, such that ic sin’ [x(t — ty)]6(¢ — 3) dt = 3. 
4. If ig t"5(t — 2) dt = 8, what is the exponent n? 


5. Sketch the graph of the function f(t) defined by f(t) = a 6(A— 1) da,0<t <o.Can 
the graph obtained be characterized in terms of a Heaviside step function? 


384 


CHAPTER 5 Laplace Transforms 


6. Sketch the graph of the function g(t) that is defined by g(t) = i { 5(o — 1)do di, 


0<t<o. 

7. Sketch the graph of the function k(t) = Jo [SQ —1)—6( —2)]da,0<t < oo. Can 
the graph be characterized in terms of a Heaviside step function or Heaviside step 
functions? 


8. The graph of the function g(t) = i; e"'8(t — to) dt, 0 < t < co is shown. Determine the 
constants a and fy. 


Figure for Exercise 8 


Exercises 9-11: 
In each exercise, a function g(t) is given. 


(a) Solve the initial value problem y’ — y = g(t), y(0) = 0, using the techniques devel- 
oped in Chapter 2. 


(b) Use Laplace transforms to determine the transfer function ¢(f), 
¢' —¢= S50), ~(0) = 0. 


(c) Evaluate the convolution integral ¢ « g = ie o(t — A)g(A) da, and compare the result- 
ing function with the solution obtained in part (a). 


9. g(t) =hit) 10. g(t) =e' 11. gi) =t 
Exercises 12-20: 


Solve the given initial value problem, in which inputs of large amplitude and short 
duration have been idealized as delta functions. Graph the solution that you obtain on 
the indicated interval. (In Exercises 19 and 20, plot the two components of the solution 
on the same graph.) 


12. y+ y=246(t-1), y0)=0, 0<t<6 

13. y+ y=d(t-1)—5(¢—2), yO) =0, 0<t<6 

14. y” = 5(@-— 1)—5(¢—3), yO) =0, y(0)=0, 0<1<6 
15. y+ 4n’y = 2nd(t— 2), y(0)=0, y'(0)=0, 0<t<6 
16. y" —2y =6@¢-1), yO)=1, VO)=0, 0<t<2 

17. y’ + 2y'+2y =6(t-1), y(0)=0, y'(0)=0, 0<t<6 
18. y’+2y'+y=d(t—2), yO) =0, y(O)=1, 0<tr<6 


aly} _ jt 1) jn _ H y,(0)| _ {0 
19. i 7 = I 1 ; + d6(t— 1) ol: y5(0) ila 3 0<t<2 
d ly, 2 1! |x, 0 y, (0) 0 
2 be: Sar — — — = 
abl dbl+lt-->ld: frol= bl: o<+22 
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PROJECTS 


Project 1: Periodic Pinging of a Spring-Mass System 


In Chapter 3, we considered the response of a spring-mass system to a periodic applied 
force. In particular, we saw that the solution of the initial value problem 


y" + wy =F cosayt, y(0) =0, y'(0) =0 


has an envelope that grows linearly with time when w, = w). When w, 4 @,, on the other 
hand, the solution envelope remains bounded with time. 

Suppose that, instead of applying a continuous force, we ping the spring-mass sys- 
tem periodically. In other words, we apply a force of very short duration at equally 
spaced time intervals. Can we achieve an analogous resonant growth in the solution 
envelope if the time interval between pings is properly chosen? 

Consider the initial value problem 


y"+aiy =F) 8¢-mT), (0) =0, "0 = 0, 


m=1 


where we use the delta function to model applied pings of short duration. The positive 
constant T represents the time interval between successive pings. 


1. Solve the initial value problem using Laplace transforms. Assume that formal ma- 
nipulations, such as interchanging the order of inverse Laplace transformation and 
infinite summation, are valid. 


2. Consider the case where the time interval is T = 27/w,. In this case, the interval 
between pings equals the resonant period of the vibrating system. Discuss the qual- 
itative behavior of the solution. Does the solution envelope exhibit some form of 
resonant growth? As a specific case, assume w, = 2m and F = 27. Plot the solution 
over the time interval 0 < t < 10. 


3. Now consider the case where T = 1/w . (This interval between pings is half the reso- 
nant period.) Again, assume that w) = 27 and F = 27. Plot the solution over the time 
interval 0 < t < 10. Does the solution envelope remain bounded or grow with time? 
Provide a physical rationale for the observed behavior of the solution. 


Project 2: Curing Sick Fish 


Assume that the tropical fish in a 100-gal aquarium have contracted an ailment and 
that a soluble medication must be administered to combat the illness. The medicine is 
packaged in 800-mg doses, and one dose is to be administered daily. Assume that the 
following facts are known: 


(i) A “well-stirred” approximation is valid; that is, the medicine dissolves and 
disperses itself throughout the tank very rapidly. 


(ii) The medicine loses potency at a rate proportional to the amount of medicine 
present. In fact, the half-life of the medicine (the time span over which the 
potency is reduced to one-half its initial strength) is one day. 

(iii) In order to effectively combat the illness, the concentration of medicine in the 


tank must be maintained at a level greater than or equal to 5 mg per gallon 
for a period of 7 days. 
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Let q(t) denote the amount of potent medicine (in milligrams) in the tank at time 
t (in days). Assume that the illness is detected at time tf = 0 and that the first dose of 
medicine is administered at time ¢t = 1. If N doses are administered on consecutive days, 
the problem to be solved is 


N 
q(t) +kq(t) = 800$°s¢@—n), —_q(0) = 0. 


n=1 


Because of the well-stirred assumption, we can use the delta function to model the 
administration of each dose. Moreover, the concentration is c(t) = q(t)/100 mg/gal. 


1. Determine the constant k and solve the initial value problem using Laplace trans- 
forms. 


2. Determine the minimum number of doses needed to effectively combat the ailment. 


3. What would happen if we continued to administer the medicine (that is, if N became 
arbitrarily large)? Would the maximum amount of medicine in the tank continue to 
grow, or would q(t) undergo an initial transient phase and then settle into a periodic, 
steady-state behavior as time increased? 


4. Suppose we define 


N 


any = f 4dr. N =1,2,3,.... 
N-1 


Thus, G(N) is the average amount of medicine present in the tank during the Nth 
day. Show, from the differential equation itself, that if g(t) does settle into a periodic 
behavior as time increases, then 


a 800 
es a 


Project 3: Locating a Transmission Line Fault 


Laplace transformation is an operational tool that can be used to map a given problem 
into a simpler “transformed problem.” We have seen how problems involving ordinary 
differential equations can be transformed into problems involving simpler algebraic 
equations. We now consider a problem where Laplace transforms can be used to trans- 
form a problem involving partial differential equations into a simpler problem involving 
ordinary differential equations. The steps outlined in Figure 5.1 remain the same; we 
first solve this simpler problem and then use the inverse Laplace transform to find the 
desired solution. 

The problem considered is a simple application of the idea of echo location. Know- 
ing how fast sound travels in air, we can determine the distance to a reflection point 
by measuring the time separation between when a sound is emitted and when its echo 
is heard. This basic idea can be used to determine where a transmission line fault or 
disruption is located. 

A transmission line is an example of a distributed network. A transmission line is 
unlike the networks considered earlier in that the voltage and current are functions of 
both space and time. Consider Figure 5.24, where the transmission line is represented 
by two parallel cables. The variable x measures distance along the line, with a voltage 
source or generator positioned at x = 0 and the fault (assumed to be an open circuit) 
located at x = 1. We assume that the location of the fault is unknown; our goal is to locate 
it by sending a short pulse down the line and measuring the two-way transit time—the 
time it takes for the pulse reflected by the fault to return to the source. 

As shown in Figure 5.24, we represent the voltage across the line and the current 
along the line at position x and time t by v(x, 71) and i(x,t), respectively. The voltage 
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R, i(x, £) 
2 —> 
kk ———<—<&[{[—[—i — — ——> 
+ 
e9(t) (~) v(x, t) 
___» = = 
x=0 + c= 
FIGURE 5.24 


A transmission line network. A voltage generator is connected at x = 0, and 
an open circuit is assumed to exist at the unknown fault location, x = 1. 


generator is assumed to have an internal resistance R,. Figure 5.25 depicts a snapshot 
of a differential transmission line segment taken at some time ¢. As the figure indicates, 
the transmission line itself is characterized by a series inductance L per unit length anda 
shunt capacitance C per unit length. To determine how the transmission line voltage and 
current behave as functions of space and time, we apply Kirchhoff’s voltage and current 
laws to this differential segment of line. The voltage drop across the inductance is 


di(x,t 
L i(x, t) de 
at 
while the current flow through the capacitance is 
a t 
C aie) dx. 
at 
I(x, ft) £2 i(x + dx, t) 
e arin e 
+ Ldx | + 
v(x, t) “| v(x + dx, t) 
: x : dx 
FIGURE 5.25 


Differential transmission line segment equivalent circuit. 


If we apply Kirchhoff’s voltage law to the circuit in Figure 5.25, we obtain 


v(x) — EOP de — vet dx) = 0. 
Similarly, applying Kirchhoff’s current law leads to 
t 
i(x, t) — eu d de —i(x+dx,t) =0. 


ot 
If we divide by dx and let dx — 0, we obtain a pair of partial differential equations 


av(x, t) ae 01(x, t) 


ox ot 
; (1) 
di(x, t) - CV® t) 
ax at 


We assume that the transmission line is quiescent for t < 0. That is, we assume 


i(x, 0) = 0, v(x, 0) = 0, O<x<l. (2) 
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At time ¢ = 0, the voltage generator is turned on, emitting a signal e,(¢), t > 0. Applying 
Kirchhoff’s voltage law at the generator leads to 


e,(t)—i0,t)R,-v0,)=0, t>0. (3) 


Lastly, the assumption that an open circuit exists at fault location x = / leads us to the 
constraint 


i(l,t) =0, t>0. (4) 


Equations (1)-(4) constitute the mathematical problem of interest. We are free to 
select the generator voltage é,(t). Our goal is to determine a formula for v(0, t),¢ > 0. As 
we will see, this formula contains / as a parameter. Since v(0, t) is a quantity that can be 
measured, we will use a voltage measurement to determine the distance / to the fault. 
Once the location of the fault is known, appropriate repairs can be made. 

Since 0 < t < o is the time interval of interest, we can define the Laplace trans- 
forms: 


V(ix,s)= ) v(x, He dt, I(x,s) = i: i(x, the “dt. (5) 
0 0 
In (5), the variable x is treated as a parameter. 


1. Apply the Laplace transform (5) to both sides of equations (1)-(4). Assume that the 
order of operations can be interchanged. For example, 


[ ae ) oat = e Lf vex, nea = as 
0 Ox Ox 0 Ox 


Show that an application of the Laplace transform leads to the following transformed 
problem: 


VO9) res - 
ox 

B18) _ _ seve, 3) ie 
Ox 

E,(s) — (0, s)R, = V(O, s) (6c) 

I(l,s) =0, ” 


where E,(s) denotes the Laplace transform of e, (t). 

Note that problem (6) is, in fact, simpler. The only differentiation performed 
in (6) is with respect to the spatial variable x. If we view the transform variable s 
as a parameter, then equations (6a)-(6b) are essentially a linear system of ordinary 
differential equations. A problem involving partial differential equations has been 
transformed into one that de facto involves only ordinary differential equations. Note 
that problem (6) is not an initial value problem. It is a two-point boundary value 
problem; the spatial domain is 0 < x < /, and the supplementary conditions (6c)-(6d) 
are prescribed at the two endpoints. 

2. Obtain the general solution of equations (6a)-(6b), viewed as a linear system of or- 
dinary differential equations. Note that since transform variable s is being viewed 
as a parameter, the two arbitrary constants appearing in the general solution will 
generally be functions of s. 

The quantity ./Z/C has the dimensions of resistance; it is called the character- 
istic impedance of the transmission line and is often denoted by the symbol Zp. 
Assume that R, = Z). When this condition holds, the voltage generator is said to be 
“matched to the transmission line.” Impose constraints (6c)—(6d) and show that 


E 
V(0,s) = a [1 persenee)] (7) 
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3. Determine v(0, t), t > 0 by computing the inverse Laplace transform of (7). The prod- 
uct 1/LC has the dimensions of time. Assume that the generator voltage e, (¢) is a very 
short pulse, say 


wa f® O<r<01 
CNS 0, Ol<t<a, 


and that l./LC = 5. Graph v(0, t) as a function of time t for t > 0. 

Explain the physical significance of the two terms comprising v(0, t). Suppose, 
for example, we know the properties of the transmission line; specifically, suppose 
we know L and C and, therefore, VEC. Explain how your solution can be used to 
determine the unknown distance /. 
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Introduction 
In this chapter, we consider systems of nonlinear differential equations 


v4 = fiG.¥1.02 + Vn) 


5, = f,(t as 
2 a Y19o Vn) (1) 


SME Voica Nes a<t<b. 
To formulate an initial value problem, we specify 1 initial conditions 
W=ip BWEVH <x Bie, (2) 


where ty is some point belonging to the interval a < t < b. The special case of 
n = 1 reduces to the scalar nonlinear problem y’ = f(t, y), y(to) = yo, treated in 
Chapter 2. 
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The Vector Form for a Nonlinear System 


We can express the nonlinear system (1) in a compact fashion using vector 
notation. In particular, define the vector functions 


y(t) iG IVa tae¥y) yn 
(t) (Sey eee . 
y(t) = oe fi, y) = |2O™ 2 my yo = - 
yb) LCP Yost) y? 


With this notation, we can write the initial value problem as 
y(t) =f, y(), a<t<b 


(3) 
Y(to) =Yo- 


The linear systems considered in Chapter 4 correspond to a special case of 
equation (3) where f(t, y) = Ay + gid). 


Autonomous Systems 


An important special case occurs when none of the n functions appearing on 
the right-hand side of system (1) is an explicit function of the independent 
variable t. In this case, system (1) has the form 


yi = fi Var +++ Vn) 


me Lee (4) 


VT AN icoua ss 


System (4) is called an autonomous system. In the autonomous case, initial 
value problems have the form 


y’ = fy) 


(5) 
Y(t) = Yo- 


An important feature of solutions of autonomous systems is the nature 
of their dependence on the independent variable ¢ and the initial value tf). In 
Section 2.5, we argued that the solution of a scalar autonomous equation is a 
function of the time difference t — ty; what matters is the value of time t measured 
relative to the starting time ft). The same basic argument can be applied to the 
autonomous system (5), showing that solutions are functions of the difference 
variable t — to. 


Two-Species Population Models 


Modeling the interaction of different species of organisms is important in bio- 
logical and ecological studies. Consider two species coexisting in some confined 
environment, say a lake or an island. In some cases, the two species may in- 
teract benignly with each other except for the fact that they both compete for 
the same limited food supply. In other cases, one species may act as a predator 
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and depend on the second species (the prey) as its food supply. Not surpris- 
ingly, these two models are referred to as the competing species model and the 
predator-prey model, respectively. 

The ideas underlying the Verhulst population model discussed in Section 
2.8 can be extended to describe two-species interactions. We now have two 
dependent variables, the populations P,(¢) and P,(¢), and their interaction is 
often modeled by the autonomous nonlinear system 


, =r, —a,P, — B,P>)P, 


rp (6) 
P, =17,(1 — BP, — a,P)P>, 


where the constants r,, 7, a,, and aw, are positive. The relative birth rates per 
unit population are r,(1 —a,P, — B,P,) andr,(1 — £,P, — a,P,), respectively. 

The nonlinear terms having £, and £, as coefficients are the interaction 
terms that couple population dynamics. When £, and £, are positive, an in- 
crease in either population decreases the relative birth rate of both populations, 
since any population increase puts additional stress on the available resources 
needed by both. If 8, and 8, are both zero in equation (6), then the two popula- 
tions evolve independently of each other; in fact, the two differential equations 
uncouple, and each population satisfies a separate logistic equation of the type 
discussed in Section 2.8. 

We will treat the predator-prey model in Section 6.7. For now, we leave it 
as an exercise for you to decide how the competing species model (6) should 
be modified if one population, say P,, is a population of predators that depends 
on the second population, P,, for its food supply. 


The Pendulum 


Some problems, such as the motion of the pendulum in Figure 6.1, give rise 
to second order scalar nonlinear differential equations. Such equations can be 
recast as first order nonlinear systems and studied as such; this will be our 
approach in the present chapter. 


Pivot O 


2 + 
\ | Weight 
\ 
, | mg 


FIGURE 6.1 


The pendulum. 


Consider the pendulum shown in Figure 6.1. A mass 7 is attached to the 
end of a rigid rod of length /. We neglect the weight of the rod and assume the 
pivot is frictionless. Because of the constraining action of the rod, the (assumed 


394 


CHAPTER 6 Nonlinear Systems 


planar) motion of the pendulum mass occurs on the circumference of a circle 
of radius / centered at the pivot. 

The equation of motion for the pendulum can be obtained by equating the 
sum of the moments about pivot O to the product of the pendulum’s moment 
of inertia and angular acceleration. The resulting formula, 


SS Mo = loa, 


can be viewed as a rotational analog of Newton’s second law of motion, F = ma. 
The moment of inertia of the pendulum about pivot O is ml”. With the 
counterclockwise direction taken as positive, the moment sum is 


S°Mo = —megl sind, 


while the angular acceleration is a = 0". Therefore, we obtain —mg/ sin@ = 
2A" 
ml*6", or 


. sind = 0. (7) 


6” + 
To study pendulum motion, we typically specify pendulum position and angu- 
lar velocity at some initial time, say t = 0. Nonlinear differential equation (7), 
together with the initial conditions 6(0) = 6, 6’(0) = 0), forms the initial value 
problem of interest. 
We can recast this initial value problem as an initial value problem for a 
first order nonlinear system by using the ideas introduced in Section 4.2 for 
linear problems. In particular, let y,() = 6@, y.@) = 6'(0), and 


yO 
youl. |. 
y(t) 
Under this change of variables, we have 
y= =%, ond. y=?" = —§ sing = —® siny,. 


l l 
Therefore, equation (7) can be rewritten as the first order nonlinear system 
Vi =N2 
Vo = -§ siny,. 


Note that this first order system is autonomous. In vector form, the associated 
initial value problem is 


y=fty), yO)=ypo, 


where 


¥2 6 
f(y) = g , Yo= : 


—=sin 
] Mal 
Being able to rewrite an initial value problem for a higher order scalar 
differential equation as an initial value problem for a first order system has 
several important consequences. For example, in Theorem 6.1 we give the ba- 
sic existence-uniqueness theory for first order nonlinear systems; this theory 


Theorem 6.1 
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generalizes the scalar results of Section 2.5 in much the same way as Theorem 
4.1 generalized the scalar results of Section 2.1 to linear systems. Since systems 
of higher order nonlinear differential equations can be recast as first order 
nonlinear systems, Theorem 6.1 will accommodate initial value problems for 
these scalar higher order equations as well. 

In many cases, it is not possible to explicitly solve a nonlinear differential 
equation, and numerical methods are needed to obtain quantitative informa- 
tion about the solutions. Chapter 7 discusses the development of numerical 
algorithms, building on the ideas introduced in Section 2.10 and Section 4.9. 


Existence and Uniqueness 


Consider the initial value problem 


y =f@y), —y@o) =o, (8) 
where 
¥1 0) HEV Veins hy) 
yt) = P2) and fey) = [22% (9) 
y, (0) Flt d1.9o edi 


Because there are 1 dependent variables, we consider initial value problem (8) 
in the (n + 1)-dimensional open rectangular region R defined by the inequalities 


a<t<b, a, <y,<B,, @<¥2<f, ..-, & <V, < B,- (10) 


Assume the initial condition point (f, yj) lies in the region R. Theorem 6.1 
asserts that continuity of the 7 component functions of f(t, y) in equation (9), 
along with continuity of the n? partial derivatives 


OF GV Van) AGI Var Mn) OF GV Ya + nd 

ayy > IV 
Df. 91V20+++¥n) Of V20- + Vn) re GigE Vis Voee045 Vy) 

ay, , a> j , OV (11) 
fnG ran) BAG Ira In) nts V1 Yar ++ Mn) 

ayy a> IV 


is sufficient to ensure the existence of a unique solution of the initial value 
problem on some interval c < t < d containing fy. As in the scalar case, how- 
ever, Theorem 6.1 gives no insight into the size of the interval c < t < d. 


Consider the initial value problem 


y =f y), Y(to) = Yo; 
where the initial value point (tp, yg) lies in the region R defined by the 


inequalities in (10). Let f(¢, y) and the partial derivatives in (11) be con- 
tinuous in R. Then the initial value problem has a unique solution y(t) 
that exists on some f-interval (c, d) containing fp. 
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EXAMPLE 


1 


The following example illustrates the application of Theorem 6.1 to a pen- 
dulum problem similar to the one shown in Figure 6.1. 


Consider the following initial value problem for a forced pendulum: 
ml” + mg sin = Fy sinwt 
(12) 
6(0) = 0, 6'(0) = 0. 


This equation describes a sinusoidal tangential force, having amplitude Fy and 
radian frequency w, applied to the pendulum. At time ¢ = 0, the pendulum is in 
the vertically downward position with no initial angular velocity. What can we 
conclude from Theorem 6.1 about solutions of (12)? 


Solution: In order to apply Theorem 6.1, we write the second order differential 
equation as a first order system. Let y,(t) = 6(4), y.() = 6’(0), and 


_ y(t) 
y(t) , 


We obtain the first order system y’ = f(t, y), where 


y(t) 


2 


f(t, y) = F 
=e siny,; + a sinwt 


l l 


According to Theorem 6.1, we need to examine continuity of the functions 


: Fo... 
fiG.¥1.¥2) =z and fall. 21.92) = —F siny, +S sinot 


and the four partial derivatives 


df, (t,.91,¥2) =0 df, (t,¥1,¥2) if 
ay dy, 
dfn (t, ¥1,¥2) _ S cosy dfa(t, ¥1,V2) Zi 
ayy i 7 dV> 


The functions f, and f,, along with the four partial derivatives, are continuous 
for all values (¢,,,¥2) in ty-space. Therefore, applying Theorem 6.1, we can 
take R to be any open three-dimensional rectangular region in ty-space that 
contains the initial condition point (to, y,) = (0, 0, 0). Theorem 6.1 concludes 
that a unique solution of the initial value problem (12) exists on some t-interval 
containing t= 0. 


Example 1 not only illustrates the application of the existence-uniqueness 
theorem but also highlights its shortcomings. The theorem concludes that there 
is some f-interval of existence-uniqueness but, unlike the linear system case, 
gives no insight into how large this interval might be. On the one hand, a the- 
orem such as Theorem 6.1 that deals with a very general class of nonlinear 
systems cannot be expected to do more; it cannot give precise results for par- 
ticular cases. As shown in Chapter 2, nonlinear initial value problems can have 
solutions exhibiting a wide variety of behavior. On the other hand, our everyday 
experience with pendulums suggests that the particular initial value problem 
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considered in Example 1 should have a unique solution on an arbitrarily large 
t-interval; that is, we don’t expect such a mechanical system to behave catas- 
trophically. 

For initial value problems involving nonlinear systems, there are virtually 
no techniques for finding explicit or implicit representations of solutions; we 
must look for other ways to understand the behavior of these solutions. Our 
attention, therefore, will be focused in two directions: on determining qualita- 
tive information by graphical means and on obtaining quantitative information 
from numerical methods. 


Exercises 1-9: 
In each exercise, 
(a) Rewrite the given nth order scalar initial value problem as y’ = f(t, y), y(fo) = Yo, by 
defining y, (0) =v), v0 =v, ....9,0 =y"" 2 and 
WO 
(t) 
y= |” 7 


y,0 
(b) Compute the n’ partial derivatives df,(t,y,,... P/N AE = Ly pa agtts 


(c) For the system obtained in part (a), determine where in (v + 1)-dimensional t y-space 
the hypotheses of Theorem 6.1 are not satisfied. In other words, at what points 
(t,¥1,---,¥,), if any, does at least one component function f;(t,y,,...,y,,) and/or 
at least one partial derivative function df;(t,y,,... Vn)/09,, tf =1,...,0 fail to be 
continuous? What is the largest open rectangular region R where the hypotheses of 
Theorem 6.1 hold? 


ley’ +H/+2y=0, yO=H1, y'(0)=2 

2.y"+ey=In|t|, y(i-D=0, y(-b=-1 

3. y’+ty=siny’, y(0)=0, y(0)=1 

4.9" + (y) ty = tan¢/2), yl) =1, 0) =-2 

5. ty" + ee =e", y(2)=2, y'Q)=1 

6.y"+0y"=sint, y=0, yW=1, y")=-1 

Ty" ty ty =0, y-I)=0, y-)=1, y"-l=0 

8. y" + cos(ty’) = t(y")’, yO) =1, yO) =1, yO) =-2 
Py 2/3 ; ii 

Ces mn y(0) =0, yO) =2, y"(0)=2 


Exercises 10-13: 


In each exercise, an initial value problem for a first order nonlinear system is given. 
Rewrite the problem as an equivalent initial value problem for a higher order nonlinear 


scalar differential equation. 
d y2 yQ) _ 1 
* [Ly] [+1 


yy 
of '|=| , ; 
dt |y, tcos’(y,) — 3y, +t 
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11. 


12. 


13. 


14, 


15. 


dad Vip y2 y1 (0) Z 0 
dt |y, y, tan(y,) +e y,(0) 1 
d yy i) yy(-)) —1 
at Yr) = ¥3 ; ’ yo(-1)) = 2 
¥3 ViY2 +93 y3(-)) 4 
Pas 2) yi) 1 
a \2| = ¥3 e We) = 15 
Y3 Vyov3 +0? y3() 3 
Consider the initial value problem 


3Y1¥2 


d P = wes 
dt |y, 


y0)] _ fo 

y,(0)} 0} 
For the given autonomous system, the two functions f,(y,,¥.) = ay) : +93 and 
f2(1.¥2) = 3y,y> are continuous functions for all (y,,y,). 


(a) Show by direct substitution that 


o 0, —oo <t <c, (<0 
t= t= 
a (t—c)4, c<t<ow, Y2 


is a solution of this initial value problem on —oo < t < oo for any positive constant c. 


(b) Since c is an arbitrary positive constant, the solution of the given initial value 
problem is clearly not unique. Does this example contradict Theorem 6.1? Explain 
your answer. 


Consider the initial value problem y’ + y? =t,y(0) = yo, y(0) =y. Can Laplace 
transforms be used to solve this initial value problem? Explain your answer. 


Exercises 16-17: 


Give an example of a two-dimensional nonlinear first order system for which the hy- 
potheses of Theorem 6.1 are not satisfied at precisely the specified points in ty,y,-space. 


16. 
17. 


18. 


The points satisfying 1+¢+y,+3y,=0 
The points (t, y,,y,) = (1,nz, 2),n =0, +1, +2,... 


Nonlinear Spring-Mass Systems Hooke’s law assumes the restoring force exerted 
by a spring under tension or compression is proportional to the displacement (the 
distance stretched or foreshortened). This assumption cannot be valid for large 
displacements since there are limits to the amount a spring can be stretched or 
compressed. Suppose we assume that the restoring force F p(x) is related to spring 
displacement x by 


F(x) = a tan (=) : 


In this model, the restoring force has vertical asymptotes at x = +6; the value 6 
represents the maximum amount the spring can be stretched or compressed. Con- 
sider the figure, illustrating a mass m attached to such a spring. Assume that the 
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mass moves on a frictionless horizontal surface and that the spring has unstretched 
length /. Newton’s second law of motion leads to the nonlinear differential equation 


2k6 1X 
op —})=0. 13 
mx" + = tan ($) 0 (13) 


Mass 
}¢— ] —> je—1 + x(t) >| 


(a) Unstretched state (b) Spring stretched 
a distance x(t) 


Nonlinear 
spring 


Figure for Exercise 18 


(a) Consider tan(7zx/26) as a function of x defined on —6 < x < 6. Expand this func- 
tion ina Maclaurin series. Show that if we assume |x /26| is small and approximate 
tan(x/265) by the first nonvanishing term in this series, we obtain the linear differ- 
ential equation found previously when we assumed Hooke’s law to be valid. 


(b) Show that if the first two nonvanishing terms of the Maclaurin expansion are 
retained, we obtain the differential equation 


"tklxts(Z) x] =0 (14) 
MX x 3 25 x =U. 
Equation (14) is often used to model the onset of nonlinear effects and is referred 
to as modeling a spring-mass system with cubic nonlinearity. 


(c) Rewrite differential equations (13) and (14) as equivalent first order systems. 


(d) For each nonlinear system obtained in part (c), determine the points, if any, 
where the hypotheses of Theorem 6.1 are not satisfied. 


19. Chemical Reactions Nonlinear systems often arise when chemical reactions are 
modeled. One example is described in the reaction diagram in the figure. In the 
reaction shown, substance A interacts reversibly with enzyme E to form complex 
C. Complex C, in turn, decomposes irreversibly into the reaction product B and the 
original enzyme E. The reaction rates k,, ki, and k, (assumed to be constant) are 
shown in the figure. With lowercase symbols used to designate concentrations, the 
governing differential equations are 


. = —k,ae+k\c 

ab =k,c 

dt 2 

d (15) 
c 

a k,ae —(k, +k,)e 

= = —k,ae + (ki +k,)e. 


Typical initial conditions are a(0) = ay, b(0) = 0, c(0) = 0, e(0) = eg. 


k 
A+E , 
ky 
gt. 


1 


ky 
C C—>B+E 


Figure for Exercise 19 
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(a) Show that the differential equations (15) imply that d[c(t) + e(]/dt = 0, which 
implies that c(t) + e(t) = c(0) + e(0) = ey. 

(b) Use the observation made in part (a) to eliminate e(¢) in (15) and obtain a two- 
dimensional nonlinear system for the dependent variables a(t) and c(f). 


(c) For the two-dimensional system obtained in part (b), at what points in tac-space 
are the hypotheses of Theorem 6.1 satisfied? 


6.2 Equilibrium Solutions and Direction Fields 


EXAMPLE 


1 


In this section, we extend the concepts of direction fields and equilibrium solu- 
tions to systems of autonomous equations. This extension provides a large-scale 
overview of the qualitative behavior of solutions of autonomous systems. 


Equilibrium Solutions 
Consider a system of n autonomous differential equations 
V1 = fi O1.025 +++ In) 
: : 
V2 = fo(V1. 25 +++ Mn) 


Vn = ba V20 +++ In) 
or, in vector terms, 
y =f). (1) 


Let y, be a constant (m x 1) vector such that f(y,) = 0. The constant vector- 
valued function y(t) = y,, —oo <t < oo is called an equilibrium solution of 
the autonomous system (1). 


Find the equilibrium solutions for the pendulum equation 
Vi =N2 


— 
y2=—7 siny,. 


Solution: In vector form, the equation is y’ = f(y), where 


y1 y2 

y= and f(y) = a 2 (2) 
Y2 = ia siny, 

From (2), the equation f(y) = O requires y, = Oandy, =mz,m=0,+1,+2,.... 
Therefore, the equilibrium solutions are 


) MIT 0 
Yn ~ 0 ’ m=V, 


These constant solutions of the pendulum equation have a simple physical 
interpretation. Recall that y, = @ andy, = 6’ (see Figure 6.1). Thus, for an even 
value of m, the pendulum is at rest (since it has zero angular velocity) and is 
positioned so that it hangs downward. For an odd value of m, the pendulum is 
also at rest, but it is positioned in the vertically upward position. 


— 


D sssciiacs 
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Find the equilibrium solutions of the competing species model 
PP’, =r, —a,P, — B,P>)P, 
P, =r, (1 — BP, —a,P,)P). 


Solution: Setting both right-hand sides simultaneously equal to zero leads to 
four equilibrium solutions. One of the equilibrium solutions is the trivial one, 
Gi) P,=P,=0, or PO =0. 


[This equilibrium solution corresponds to the absence of both species from the 
colony. ] 
Two additional equilibrium solutions are 


0 
1 
Gi) P,} =0, P;,=—, or PP=]|1 
(e%) —. 
2 
| 
(iii) P}=—-,  P) =0, or PY? = fo 
1 
0 


[Equilibrium solutions (ii) and (iii) correspond to the absence of one species. 
The remaining species has the equilibrium value of the corresponding scalar 
logistic equation (see Section 2.8).] 

If neither P, nor P, is zero, we obtain a fourth equilibrium solution, 


a, — By 
(iv) P, = a, — By yy B see po = aa, — By By 
a1, — B, By aa, — B, By a, — B, 


aa, — Bi By 
In (iv), we tacitly assume that a,a, — 6,8, 4 0. Since populations are nonneg- 
ative quantities, equilibrium solution (iv) is physically meaningful only if the 
constants a, a, ,, and f, are such that each component of PY) is positive. In 
that case, equilibrium solution (iv) corresponds to a state where both popula- 
tions are present and coexist at constant levels within the colony. 


Two-Dimensional Autonomous Systems and the Phase Plane 
We now consider a special case—the two-dimensional autonomous system 


yi} = fiO1¥2) 
Vo = fr, 92). 


The qualitative behavior of solutions of system (3) can be described and stud- 
ied graphically. Solution trajectories are plotted in a two-dimensional setting 
known as the phase plane. 

The phase plane was introduced in Section 4.5 for studying linear homo- 
geneous constant coefficient systems. In Example 3, we review the main ideas. 
As noted in Section 4.5, it is natural to graph solutions of a scalar equation 
y' = f(t, y) in the two-dimensional ty-plane. However, graphing solution curves 
y(t) of system (3) requires three-dimensional ty,y,-space. As an alternative, we 


(3) 
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can view the solution components y,(¢) and y,(¢) as defining a parameterized 
curve in the y,y,-plane, or phase plane. 


Consider the initial value problem 


y,(0) = 1, y2(0) = 0. 


In matrix terms, this autonomous initial value problem has the form y’ = Ay, 


y(0) = yo, where 
a 4a = d : (4) 
= ‘ = . an => 5 
y ¥, | Yo 0 
The solution of initial value problem (4) is 
y,@) e ‘cos 6t 16) 
yt)| |e“ sinér| 
Figure 6.2(a) shows the solution graphed in three-dimensional ty,y,-space. The 
graph evolves in a “shrinking” helical or screwlike manner as time increases. 
The two-dimensional phase-plane representation is found by graphing the 
parameterized curve defined by (5). Figure 6.2(b) shows the graph of (5) for 
0 <t <3. The phase-plane graph is a spiral; it is simply the projection of the 
three-dimensional “helical” trajectory of Figure 6.2(a) on the two-dimen- 


sional y,y,-plane. As time increases, the solution point spirals counterclock- 
wise inward toward the phase-plane origin (0, 0). 


y2 


) 


aes 


l 
y1 
(a 
FIGURE 6.2 
(a) The solution of equation (4), graphed in ty,y,-space. (b) The solution of 
equation (4) projected onto the y,y,-plane. The arrows show how the 
phase-plane trajectory is traversed as time increases. Graph (b) 


corresponds to what an observer would see standing behind the plane 
t = 0 in graph (a) and looking in the direction of increasing f. 


0, 
“~ 
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Using the Phase Plane to Gather Qualitative Information 
about Solutions 


In studying the geometric aspects of two-dimensional systems, it is often de- 
sirable to change the notation. In particular, we can drop the subscripts and 
denote the dependent variables as x(t) and y(t). With this change of notation, 
the general nonlinear autonomous two-dimensional system has the form 
x' = f(x,y) 
y = g(x,y). 
The phase plane is now simply the xy-plane. 

As illustrated by Figure 6.2(b), we can think of the solution components 
x(t) and y(t) as defining the coordinates of a point, (x(t), y(), that is moving 
in the phase plane; we refer to this point as the solution point. [For equilib- 
rium solutions, the components x(f) and y(t) are constant for all t. Therefore, 
the solution point corresponding to an equilibrium solution is often called an 
equilibrium point.] The plane curve traced out by a solution point is called a 
solution curve. The question we now address is “What qualitative information 
can we obtain about the motion of a solution point without actually solving the 
system of differential equations?” 

As we know from vector calculus, the vector v(t) given by 


vit) =xOit+y Oj (7) 


is tangent to the solution curve at the point (x(t), y(f)) (see Figure 6.3). In par- 
ticular, if we think of the solution point (x(f), y(t)) as moving along the solution 
curve, then v(t) is the velocity vector and points in the direction of instanta- 
neous motion at time f. 


(6) 


> xX 


FIGURE 6.3 


The solution point (x(t), y(t)) lies on a solution curve of system (6). The 
velocity vector v(t) = x'(t)i+ y’(Hj is tangent to the solution curve at 
(x(t), y(t)) and points in the direction the solution point is moving. 


Suppose we select an arbitrary point in the phase plane, say (x,y). Assume 
that a solution curve passes through this point at some time ¢ = 7; that is, 


(X,9) = (x(£), 9(2)). 
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At the point (x, ¥), the velocity vector is given by 
vax (ity Oj 
=f (%, vit 2(X, Vj. 
As illustrated in Figure 6.3, the vector V is tangent to the solution curve at (x, 7) 
and points in the direction of motion. Therefore, by simply evaluating the two 
right-hand sides of system (6) at a point (X, V) in the phase plane, we can deduce 
the direction of motion of the solution point at the instant it passes through 


(x,V). In particular, we see from (8) that the slope m of the line tangent to the 
solution curve at (X,¥) is given by 
g(x,y) 
m = === 
f(X,¥) 
[If f(x, ¥) = 0 but g(x, V7) # 0, then the solution curve has a vertical tangent at 


the point (x, ¥). If the numerator and denominator both vanish, then (X, y) is 
an equilibrium point. ] 


(8) 


Pay e 0. (9) 


Consider the autonomous system 


x'= 5 (1—2x-3y)% 

yf = 4g (l= 5%= Wy) 9. 
Let («(), y(t)) denote a solution curve in the phase plane. Determine the velocity 
vector when the solution curve passes through the given point (x, y). 


(a) (x,y) =(2,2)  (b) @ y) = (5, 3) 


Solution: This system is the competing species autonomous system discussed 
in Example 2, with the dependent variables renamed and specific values as- 
signed to the constants. 


(a) Since f(2, 2) = —1 and g(2, 2) = — 5, the velocity vector at the point (2, 2) is 
v=—-i- 5j. 
[At the instant a solution point passes through (2, 2), it is moving downward 


and to the left. The slope of the line tangent to the phase-plane trajectory 
at (2, 2) is $.] 


(b) At this point, f G, 3) = 0 and a5, 3) = —x. Therefore, the velocity vector 


= 1s 
v= — )- 
[At the instant a solution point passes through G. 3), it is moving vertically 
downward.]| “ 


Phase-Plane Direction Fields 


Using equations (8) and (9), we can determine the tangent to a solution curve 
at a point (x, ¥) in the phase plane. As in Example 4, we can also determine 
the instantaneous direction of motion of the solution point when it passes 
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through (x, ). We can use this information to deduce the qualitative behavior 
of solutions. 

A phase-plane direction field is constructed by first choosing a suitably 
dense grid of sampling points in the phase plane. At each grid point, we draw a 
small arrow, directed along the velocity vector at the grid point. In this way, we 
generate a qualitative picture of how the solution point moves as time increases. 
Figure 6.4 shows a direction field for the competing species system treated in 
Example 4. In Figure 6.4, every arrow is drawn with the same length; this is 
the construction referred to as a direction field. When the arrows at each phase- 
plane point are drawn so that their lengths are proportional to the speed at 
that point, the construction is referred to as a vector field. Since a vector field 
contains more information, giving both magnitude and direction of velocity, it 
might seem that such constructions would always be more desirable. However, 
vector fields sometimes lead to information overload because the vector field 
graphs may have intersecting arrows and be visually confusing. 


A 
SEE a EA RR PER OCRPAL EAS 2 OAS AS OS OOS 
eh BAB DS Be a RR a aa ee ae aR aa gs a a a a aa gt 
FDEP EPS AE OAS OB PSP SMES SP eS SS 
a a ae A a eC me a a a a a a i a 
RE a A a EO a a a a 1 a a 
ZOE RE LE ERAR ALAS LEAS A ASE SAME SS Hee 
Co a a a a ee Se a 2 ce a a 
dep OLEH PB A OAS AE HBS CUM SRS SS eS 
Po Ra EES FE PPS FAB UR PE BOE EE a a aP 
Oe ae eT SO a OS A a 
Dee: he ape Ra geal We RPG ee ena Re ee oat - 
LP db ESAS Se Se SS Ser eS “= as 
Ra Raa ae a ae re ee m= - 
Cb Oh DS BOA Be Bae ee at a eee me 
PALER GD C#¢ Oe #@ eA KM Se wee SS SR SS SS SS eS Se 
IS@ RS URAL ROE eS eee er ee ee ee ee ee 
it i I YO I a ce a ao 
ids ae ee ae 
ee ee ee 
i A 
{SE aw ott ee Bue ee ae ae ce ae ae ee ede ee ee a a 
i a i ce i a 
POPS a Re we Sl Pe 
PLU a Be Be eee oa at 
OO RR a EP 
OSs BORA a Se 2 SS SA 
PoP Ae oa RR BB Ri: 
PO as eee Sy Sets cat eri ae A) ae oes SE, 
BBS Se Sone. ae Sa EB ea Sw ARE ae Ae 
Se eee 
+ ‘@- + 1 >x 
-0.5 0.5 1 
-0.5 + 


FIGURE 6.4 


A portion of the direction field for the autonomous system discussed in 
Example 4. The arrow at a grid point (x, y) indicates the direction of 
motion of the solution point as it moves along a solution curve passing 
through (%, 7). 


Figure 6.4 provides a good overview of the qualitative behavior of solutions 
of the autonomous system discussed in Example 4. Recall that the variables x 
and y correspond to the two populations P, and P,. On the coordinate axes, 
one or the other population is zero and the direction field arrows point toward 
the single-species equilibrium points, (2,0) and (0, 3). Therefore, in the case 
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where only one population is present in the colony, population tends toward the 
appropriate nonzero equilibrium value, x = 2 ory = 3, as time increases. In the 
general case, where both populations are initially nonzero, the direction field 
graphed in Figure 6.4 suggests that the populations tend toward the equilibrium 


point (1, 1) as time evolves. 


Putting the Pieces Together 


There are computer packages available that generate detailed direction fields 
such as the one shown in Figure 6.4. However, it is often possible to combine, 
by hand, the ideas discussed in this section and develop a less detailed phase- 
plane picture that nevertheless displays the essential features of the system’s 
behavior. For an illustration, consider the competing species model discussed 
in Example 4, 


(10) 


First note that 


fxy) = 3 (1—de—dy)a 


vanishes on the phase-plane lines x = 0 and x + y = 2. Likewise, 


g(x,y) = 4 (1- 4x - dy)y 


vanishes on the lines y = 0 and x + 2y = 3. Such phase-plane curves, where one 
of the right-side functions vanishes, are called nullclines. Equilibrium points 
can occur only at a place where two nullclines intersect (although not every 
intersection point leads to an equilibrium point). For autonomous system (10), 
there are four equilibrium points: 

(0, 0), (2,0), (0,3), and (1,1). 

The nullclines and equilibrium points for system (10) are shown in Fig- 
ure 6.5(a). The nullclines divide the first quadrant of the phase plane into re- 
gions where the functions f and g are either positive or negative. Figure 6.5(b) 
shows the four phase-plane regions defined by the nullclines of system (10) and 
the corresponding algebraic signs of f and g. From equation (8), we can see that 
the signs of f and g determine the orientation of the direction field arrows. In 
region 1, for instance, f > 0 and g > 0. Therefore, all the direction field arrows 
in region 1 point upward and to the right. 

Figure 6.6 shows, in schematic form, the general orientation of direction 
field arrows in each of the four open regions. It also shows the orientation of the 
direction field arrows on the nullclines; these arrows are either horizontal (if 
f #0and g = 0) or vertical (iff = 0 andg # 0). The information in Figure 6.6 is 
sufficient to deduce the general qualitative behavior of phase-plane trajectories. 
For example, if x and y are both initially nonzero, then solutions will tend 
toward the equilibrium state x = y = 1 as time increases. 

While quite useful, a rough graph such as the one in Figure 6.6 may not be 
detailed enough to yield a good qualitative picture of the phase-plane trajecto- 
ries. The next example illustrates this point. 


EXAMPLE 


5 
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(b) 
FIGURE 6.5 


(a) The lines denote the nullclines for system (10). (b) The nullclines divide 
the direction field of Figure 6.4 into regions where arrows all have the 
same general orientation. 


>< 


FIGURE 6.6 


Along a nullcline, the arrows are either vertical or horizontal. In an open 
region bounded by nullclines, the single arrow indicates the general 
orientation of the solution curves in that region. This figure suggests that 
any solution curve starting in one of the open regions will move toward the 
equilibrium point (1, 1). 


Consider the pendulum equation treated in Example 1, where g/l = 1: 
x=y 


y' =—sinx. 


(a) Sketch the nullclines, as in Figure 6.5(a), marking the equilibrium points 
with a heavy dot. Then, as in Figure 6.6, add arrows to indicate the flow of 
solution curves. Does this sketch have enough detail to predict the qualita- 
tive nature of phase-plane trajectories? 


(continued) 
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(continued) 


(b) Using a computer, sketch a portion of the direction field for —8 < x < 8 
and —6 < y < 6. Using your sketch, describe the two different types of phase- 
plane trajectories and give a physical interpretation for each type. 
(Recall that x denotes angular displacement from the pendulum’s 
downward-hanging equilibrium position and y denotes angular velocity.) 


Solution: 


(a) The nullclines consist of the x-axis and the infinite set of vertical lines 
x=mn,m=0,+1,+2,....A portion of the phase plane is shown in Figure 
6.7. This figure also shows the direction field arrows on the nullclines as 
well as the general “sense of direction” arrows within the vertical phase- 
plane strips. The arrows are vertical on the nullcline y = 0 (the x-axis) and 
are horizontal on the nullclines x = mz,m = 0, +1, +2,.... For gaining a 
good qualitative picture of the phase-plane trajectories, however, this level 
of description is inadequate. 


y 
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A sketch showing the main features of the direction field for the pendulum 
equation in Example 5. Note that we cannot tell from this sketch whether a 
solution curve passing through the point (1, 1) will continue down until it 
is below the x-axis or whether it will remain above the x-axis. 


For example, consider a solution curve passing through the point (1, 1). 
As we see from Figure 6.7, the solution point is moving downward and to 
the right when it passes through (1, 1). But is the curve falling fast enough 
that it will cross the x-axis and continue to move down but now to the 
left? Or is its rate of descent slowing enough that it will intersect the line 
x =z in the upper half of the phase plane and then move up and to the 
right? We need a more detailed direction field in order to give a reasonable 
assessment. 


(b) Figure 6.8 presents a more detailed direction field plot. This plot indicates 
that there are two basic types of trajectories. Near the x-axis, there appear 
to be closed phase-plane trajectories; as time increases, the solution point 
seems to make clockwise orbits around these closed curves. Far from the 
x-axis, the trajectories no longer appear to be closed curves. Rather, they 
appear to be undulating curves that are basically horizontally oriented and 
that tend to become flatter as distance from the x-axis increases. 
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FIGURE 6.8 


A portion of the direction field for the pendulum equation in Example 5. 
Some phase-plane trajectories appear to be closed curves, centered at 
equilibrium points on the x-axis. Other trajectories appear to be 
undulating curves where the solution point moves basically in one 
direction (to the right above the x-axis and to the left below the x-axis). The 
typical closed trajectory corresponds to a pendulum swinging back and 
forth, motion in which the pendulum never reaches the vertically upward 
position. The undulating trajectories correspond to a pendulum that 
continues to rotate in one direction (counterclockwise if y = 6’ is positive, 
clockwise if y = 0’ is negative). 


o, 
¢ 


We can understand Figure 6.8 in terms of its physical interpretation. Recall 
that x = 6 represents the angular displacement of the pendulum from its down- 
ward hanging equilibrium position and y = 6’ represents the instantaneous an- 
gular velocity of the pendulum. The closed orbits close to the x-axis therefore 
correspond to motion in which the pendulum swings back and forth. For ex- 
ample, consider a closed trajectory centered at the equilibrium point (0, 0). On 
such a trajectory, the maximum excursion of x = @ from zero is less than z. 
This maximum displacement is reached when the trajectory intersects the x- 
axis—that is, when angular velocity y is zero. In such a motion, the pendulum 
never reaches the vertically upward position. It swings up to some maximum 
angular displacement less than z and then swings back the same amount in the 
other direction. The continual orbiting of the solution point around a closed 
trajectory corresponds to this continual back-and-forth swing of the pendulum. 

The horizontally configured undulating trajectories correspond to motion 
in which the pendulum continually rotates about its pivot. In the upper half- 
plane, y = 6’ is positive and the pendulum is always rotating in the counter. 
clockwise direction. In the lower half-plane, y = 6’ is negative and the pendu- 
lum is always rotating in the clockwise direction. Since y = 0’ is never zero, the 
pendulum never stops and consequently never changes direction. 
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The pendulum is an example of a conservative system (that is, a system 
in which energy is conserved). For such systems, and for a more general two- 
dimensional class of autonomous systems known as Hamiltonian systems, we 
can derive equations for the phase-plane trajectories. We consider such systems 
in the next section. 


EXERCISES 


Exercises 1-10: 


Find all equilibrium points of the autonomous system. 


1. x’ = —-x+xy 2. x’ =y(x4+ 3) 
y=y—xy ¥ =@-D&-2) 
3. x°=(«—-2)(y +1) 4.x’ =xy-yt+x-1 
vax 4x43 yl = xy —2y 
5. x! =x? — 2xy 6. x’ =y? — xy 
y! = 3xy-y? yl = 2xy +x? 
7.x =x +y-8 8. x) =x? 4 2y? —3 
yaxr-y y = 2x? +y" —3 
9.x =y-1 10. x =7-1 
y =xy +x? y =z—-2xz+yz 
zZ =2y—yz z=-(1-x-y) 


Exercises 11-15: 


Rewrite the given scalar differential equation as a first order system, and find all equi- 
librium points of the resulting system. 


11. y’+y+y?=0 12. y’+e&y'+sin’ry = 1 
2 - 
13. y+ tal 14, y"”— y"+2siny=1 
y 
4-y° 
15. y= (y+ . = 
2+(y" 


Exercises 16-19: 
Use the information provided to determine the unspecified constants. 
16. The system 
x =xtaxy+B 
y =yvy—3xyt+6 
has equilibrium points at (x, y) = (0, 0) and (2, 1). Is (—2, —2) also an equilibrium 
point? 
17. The system 
x’ =ax+ pry+2 
y=yx+sy-1 


has equilibrium points at (x, y) = (1, 1) and (2, 0). 


18. 


19. 


20. 


21. 


22. 


23. 
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Consider the system 
x’=x+ay 
y =x+ By ty". 
The slopes of the phase-plane trajectories passing through the points (x, y) = (2, 1) 
and (1, —1) are 1 and 0, respectively. 
Consider the system 
x’ =ax?+ pyt1 
yaxtyyty’. 
The slopes of the phase-plane trajectories passing through the points (x, y) = (1, 1) 


and (1,—1) are 0 and 4, respectively. The phase-plane trajectory passing through 
the point (x, y) = (0, —1) has a vertical tangent. 


Consider the system 

x =x+y? —xy" 

y' a ¥% ty, 
The slope of the phase-plane trajectory passing through the point (x, y) = (1, 2) is 
4. Determine the exponent n. 


The scalar differential equation y” — y’ + 2y? =a, when rewritten as a first order 
system, results in a system having an equilibrium point at (x,y) = (2, 0). Determine 
the constant a. 


For the given system, compute the velocity vector v(t) = x'(H\i+y'(Hj at the point 

(x,y) = (2, 3). 

(a) x’ = —x +xy (b) x’ = yx + 3) (c) «= @=-2)(y+) 
y=y—xy y =(«—-1)(y-2) y =x -— 443 

Let A be a (2 x 2) constant matrix, and let (A, u) be an eigenpair for A. Assume that 

Ais real, 1 £4 0, and 


Consider the phase plane for the autonomous linear system y’ = Ay. We can define 
a phase-plane line through the origin by the parametric equations x = tu, y = TU), 
—oo < Tt < oo. Let P be any point on this line, say P = (t)t,, tu.) for some t) # 0. 
(a) Show that at the point P, x’ = tyAu, and y’ = t)Auy. 

(b) How is the velocity vector v(t) = x'(t)i+ y'(Hj at point P oriented relative to the 
line? 


Exercises 24-27: 


In each exercise, a matrix A is given. For each matrix, the vectors 


eel) aes 


are eigenvectors of A. As discussed in Exercise 23, these eigenvectors are associated with 
the phase-plane lines y = x and y = —x. Solution points of y’ = Ay originating on these 
two lines remain on these lines as time evolves. Match the given matrix A to one of the 
four direction fields shown (on the next page) for y’ = Ay. 


24.A= 


=9 1 
25.A= 
1 4 


| 26. A= 


-4 6 
27. A= 
| 
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28. Suppose that the nonlinear second order equation y" + f(y) =0 is recast as an 
31. y’+2sin’y=1 


Direction Field D 


30. y’ + yd —y’) =0 


Figure for Exercises 24-27 


autonomous first order system. Show that the nullclines for the resulting system 


are the horizontal line y = 0 and vertical lines of the form x =a, where a is a 
root of f(y) = 0. For each such root, what is the nature of the phase-plane point 


(x,y) = (@, 0)? 


Exercises 29-31 
arrow in each open region that suggests the direction in which a solution point is 


(c) As in Figure 6.6, sketch direction field arrows on the nullclines. Also, sketch an 
moving when it is in that region. 


(a) Rewrite the given second order equation as an equivalent first order system. 
(b) Graph the nullclines of the autonomous system and locate all equilibrium points. 


29. y’+ y+y=0 


Direction Field C 
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Exercises 32-36: 


In each exercise, 


(a) Graph the nullclines of the autonomous system and locate all equilibrium points. 


(b) As in Figure 6.6, sketch direction field arrows on the nullclines. Also, sketch an 
arrow in each open region that suggests the direction in which a solution point is 
moving when it is in that region. 


32. x’ =3x-—y-2 33. x’ =-x-y+2 34. x’ = (2x —y —2)(4-x-y) 
yax-y yox-y y= x-2y 

35. x’ = (2x —y — 6)(x —y) 36.x/=x7?+y-1 
er y= x? tyt1 


6.3 Conservative Systems 


A mathematical model of a physical system often neglects effects such as fric- 
tion or electrical resistance if they are small enough. We have already en- 
countered several of these idealized mathematical models in our discussion 
of spring-mass systems, buoyant bodies, and pendulums. 

As a consequence of such assumptions, these idealized models obey what 
is usually called a conservation law. In particular, a conservation law means 
that a quantity, such as energy, remains constant. For example, consider an 
idealized pendulum. On its upswing, as the bob elevates and simultaneously 
slows down, energy is converted from kinetic energy to potential energy. On the 
downswing, potential energy is, in turn, transformed back into kinetic energy. 
We will show, for this idealized pendulum model, that total pendulum energy 
(the sum of kinetic and potential energy) remains constant in time. Thus, total 
pendulum energy is a conserved quantity in the idealized pendulum model. 

In general, consider a second order scalar differential equation 


y=ftyy), 


and let y(t) be a solution of this differential equation. If there is a function of two 
variables H(u,v) such that H(y(t), y'(t)) remains constant in time, then we call 
H a conserved quantity and say that the differential equation y" = f(t, y, v’) 
possesses a conservation law. We use the same terms to describe the general 
case of an n-dimensional system with solution components y, (£), y(t), .--.V,@ 
for which some function H(y, (4), y,(0), ...,y,,() remains constant. 

In this section, we are interested in the following questions: 


1. Given a mathematical model, how can we determine (from the structure 
of the differential equation itself) whether or not it satisfies a conserva- 
tion law? 

2. If the model does possess a conserved quantity, how can we explicitly 
describe this quantity and use its mathematical description to better 
understand the system’s dynamics? 
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An Important Class of Second Order Scalar Equations 
Consider the differential equation 
y" + f(y) = 9. (4) 


Such differential equations often arise when we apply Newton’s laws to a body 
in one-dimensional motion. In such applications, y” corresponds to accelera- 
tion and the term —f (y) corresponds to the applied force per unit mass. In fact, 
three of the mathematical models we have discussed—the undamped mass- 
spring system, the buoyant body, and the pendulum—all have the structure of 
equation (1). 

We now show that equation (1) possesses a conservation law. To see why, 
and to obtain a description of this law, we first multiply the equation by y’, 
obtaining 


y'y" + f(y)y’ = 0. (2) 


Consider the terms in (2). Recalling the chain rule of calculus, we see that the 
first term on the left-hand side can be written as 


! ” _d ee 2 
y¥oy'O = 5 [0'0"]. (3) 


If F(y) denotes an antiderivative of f(y), the chain rule allows us to express the 
second term in (2) as 


d 
foO)y'O = ep F(y(t)). (4) 
Using (3) and (4), we can rewrite (2) in the form 
d 
5G [200 + FO@)] = 0. (5) 
Therefore, 
59)” + F(y®) = C. (6) 


Equation (6) is the underlying conservation law. For instance, if y(t) represents 
displacement, then the term dy'(t)? is kinetic energy per unit mass. The other 
term, F(y(t)), is potential energy per unit mass (measured relative to some 
reference value that depends on the particular antiderivative F chosen). The 
constant C can be interpreted as the (constant) total energy per unit mass. 


Phase-Plane Interpretation 

Differential equation (1) can be recast as the first order autonomous system 
x=y 
y = f(x), 


where x and y now play the roles of y(t) and y’(t), respectively. Thus, the con- 
servation law (6) takes the form 


5(y)? + F(x) =C. (7) 


The family of curves obtained by graphing this equation for different values of 
C is a set of phase-plane trajectories describing the motion. The next example 
develops these ideas for the pendulum. 


EXAMPLE 


1 
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Consider the pendulum equation (recall Example 5, Section 6.2) 
x= y 
y' = —sinx. 
From (7), the corresponding conservation law is 
xy —cosx=C. 


If we revert to the original variables, 9 and 6’, and use E to denote the constant 
energy of the system, the conservation law has the form! 


5(0')? —cos@ =E. (8) 


The term —cosé@ represents the potential energy of the pendulum bob, mea- 
sured relative to a zero reference at the horizontal position. Equation (8) is 
graphed in Figure 6.9 for various energy levels. The direction of solution point 
motion on these trajectories is indicated with arrows. (The direction field ar- 
rows in Figure 6.8 of Section 6.2 are tangent to these phase-plane trajectories.) 
The entire phase plane is simply a periodic repetition of the portion shown; 
every 2x increment in x = 6 brings the pendulum back to the same physical 
configuration. 

To understand Figure 6.9, observe from equation (8) that the equilibrium 
point (9, 6’) = (0, 0) (with the bob at rest hanging vertically downward) corre- 
sponds to the energy level E = —1. Ina similar fashion, the equilibrium points 
(9, 0’) = (a, 0) and (6, 6’) = (—z, 0) (with the bob at rest and positioned verti- 
cally upward) correspond to the energy level E = 1. 

The energy value E = 1 is a delineating, or “separating,” value. Phase-plane 
trajectories for —1 < E < 1 are the closed curves in Figure 6.9 centered at (0, 0). 
These trajectories correspond to motion in which the pendulum continuously 
swings back and forth; it does not have enough energy to reach the vertical up- 
ward position. The pendulum swings upward to some 6,,,, < 2, Stops, and then 
swings downward, achieving the same maximum elevation on its backswing. 
The two closed curves, labeled (b) and (c) in Figure 6.9, correspond to energy 
levels E = —5 and E = $. The maximum angular displacements achieved by the 
pendulum in these two cases are |O,,;| = 2/3 and |@nax| = 27/3, respectively. 
These values correspond to the 6-axis intercepts of the curves. 

Energy levels E > 1 correspond to motion in which the system possesses 
enough energy to permit the pendulum to reach the vertical upward position 
and continue to rotate. Since energy is conserved in this idealized model, the 
pendulum continues to rotate forever. For each energy level greater than 1, two 
trajectories are possible. These are not closed trajectories, since total angu- 
lar displacement increases or decreases monotonically. The trajectories in the 
upper half-plane (where 6’ > 0) correspond to counterclockwise pendulum ro- 
tation, while the counterpart trajectories in the lower half-plane (where 6’ < 0) 
represent clockwise pendulum rotation. The eight such trajectories shown in 
Figure 6.9 correspond to F = 2,E=3,E=4,andE=5. 


(continued) 


Tn Section 2.9, Exercise 22, we derived this conservation law in a different way. A change of inde- 
pendent variable was used to transform 6” + (g/l) sin@ = 0 into a first order separable differential 
equation. The implicit solution of this equation yielded the conservation law (8). 
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(continued) 


6’ 
6 (a)E=-1 
(b) E =-1/2 
(c) E = 1/2 
(d)E=1 
(e)E=2 
(f)E=3 
4 
(g)E=4 (h) 
(h) E=5 
(g) 
(f) 
(e) 
(d) 
& o> 4 
27 7 7 27 
(d) 
(e) 
(f) 
(g) 
(h) 
-4 
FIGURE 6.9 


Some of the phase-plane trajectories for the pendulum equation discussed 
in Example 1. These curves are graphs of equation (8) for various energy 
levels E. 


The two trajectories corresponding to E = 1 appear to connect the equilib- 
rium points (—z, 0) and (z, 0). These trajectories are called separatrices; they 
separate the closed trajectory curves from the open ones. On the upper sep- 
aratrix, the solution point approaches the equilibrium point (z, 0) as t > oo. 
The pendulum swings upward in the counterclockwise direction, slowing down 
as it approaches the vertical upward position. The pendulum bob approaches 
this inverted position in the limit as t > oo. On the lower separatrix, the solu- 
tion point approaches the equilibrium point (—z, 0) as t > ov. In this case, the 
pendulum swings upward in the clockwise direction, again slowing down and 
approaching the inverted position in the limit as t > oo. * 


Hamiltonian Systems 


We now discuss a class of autonomous first order systems, called Hamiltonian 
systems, that always satisfy a conservation law. We restrict our attention to 
two-dimensional systems; the Exercises show how the underlying principle 
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can be extended to higher dimensional systems. Hamiltonian systems include 
the second order scalar equation (1) as a special case. 

As a first step, recall the following chain rule from calculus. Assume that 
a function H(x, y), viewed as a function of two independent variables x and y, 
is continuous and has continuous first and second partial derivatives (it will 
be apparent later why continuous second partial derivatives are required). We 
now form a composition, replacing the variables x and y with differentiable 
functions of t; we refer to these two functions as x(t) and y(t). The resulting 
composite function, 


A(x(t),v@), 
is a differentiable function of t, and its derivative can be found by the chain 
rule: 
dH (x(t), y(t)) dx 4 dH (x(t), y() dy 

Ox dt ay dt’ 


d 
it A(x(t),v@) = (9) 


Consider now the two-dimensional autonomous system 


x(t) = fx, »O) 


, (10) 
VO = gx(t), vO). 


System (10) is called a Hamiltonian system’ if there exists a function of two 
variables H(x, y) that is continuous, with continuous first and second partial 
derivatives, and such that 


OH (x,y) 


9 —g(x, y) 

: (11) 
dH (x,y) Feng 

ayo ae 


The function H (x, y) is called the Hamiltonian function (or simply the Hamil- 
tonian) of the system. 

If system (10) is a Hamiltonian system, then the composition H (x(t), y(f)) 
is a conserved quantity of the system. To see why, note that 
dA (x(t), y(t) dx(t) 4 dA (x(t), y(t) dy) 

ax dt ay dt 

=[-g(). yO) IF @O. yO) + [FEO, vO) gaeO. vO) 
= 0. 


d 
At A(x(t),y@)) = 


It follows, therefore, that 
A(x(t), vy) =C. 


Two important questions about Hamiltonian systems are “How can we de- 
termine whether a given autonomous system is a Hamiltonian system?” and 


? Sir William Rowan Hamilton (1805-1865) was an Irish mathematician noted for his contributions 
to optics and dynamics and for the development of the theory of quaternions. Shortly before his 
death, he was elected the first foreign member of the United States National Academy of Sciences. 
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EXAMPLE 


2 


“If a system is known to be a Hamiltonian system, how do we determine the 
conserved quantity H?” We will address both of these questions after the next 
example, which shows that the second order scalar equation (1), when recast 
as an autonomous first order system, is a Hamiltonian system. 


If the second order scalar equation y” + v(y) = 0 is rewritten as a first order 
system, we obtain the autonomous system 

v=y 
y = -v(x). 
Show that this system is a Hamiltonian system with H(x, y) = xy + V(x), where 
V(x) is any antiderivative of v(x). 
Solution: With the notation of (10) and (11), f(, vy) =y and g(x, y) = —v(x). 
Calculating the partial derivatives of H(x, y) = dy? + V(x), we find 


dH(x,y) _ dV(x) 


a a v(x) = —g(x, y) 
aH (x, 
et =v =f). 

ly 


0, 


Thus, from equation (11), the system is a Hamiltonian system. “ 


Recognizing a Hamiltonian System 


The following discussion about identifying Hamiltonian systems and construct- 
ing Hamiltonians closely parallels the discussion in Section 2.7 about identify- 
ing exact differential equations and constructing solutions of exact equations. 

In particular, suppose H(x, y) is a Hamiltonian for system (10). Then, from 
equation (11), 


dH (x, dH(x, . 
“oy y) = —g(x,y) and wey) ¥) =f (x,y). (12) 
x oy 


From calculus, if the second partial derivatives of H(x, y) exist and are contin- 
uous, then the second mixed partial derivatives are equal; that is, 


VPH(x,y) 0° H(x,y) 


axdy dyox 


Therefore, if system (10) is a Hamiltonian system, it necessarily follows that 


f(x,y) ag(x, y) 
ax ay 


The following theorem, stated without proof, asserts that this condition is both 
necessary and sufficient. 


EXAMPLE 


3 
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Consider the two-dimensional autonomous system 
x = f(x,y) 
y = g(x,y). 


Assume that f (x, y) and g(x, y) are continuous in the xy-plane. Assume as 
well that the partial derivatives 


af af 
ax’ ay 


exist and are continuous in the xy-plane. Then the system is a Hamiltonian 
system if and only if 


Of (x.y) ag(x, y) 
ax ay 


(13) 


for all (x, y). 


Constructing Hamiltonians 


Once a system is known to be a Hamiltonian system, we can construct the 
Hamiltonian function by the same process of anti-partial-differentiation we 
used to solve exact differential equations in Section 2.7. We illustrate the ideas 
in the next example by constructing a Hamiltonian function for a Hamiltonian 
system. 


Consider the autonomous system 
x’ = y* + cosx 


y =2x+1+ysinx. 


(a) Use Theorem 6.2 to show that this system is a Hamiltonian system. 
(b) Find a Hamiltonian function for the system. 


Solution: 


(a) Calculating the partial derivatives required by test (13), we find 


a 

—=-sinx and 38 = sinx. 

ox oy 

Since df /dx = —dg/dy, we know the system is a Hamiltonian system. 


(b) Since the given system is a Hamiltonian system, there must be a function 
A(x, y) such that 


H 
eee) = —g(x,y) = —2x —1-—ysinx 

dH (x,y) (14) 
re = f (x,y) =y* + cosx. 


(continued) 
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(continued) 


Choose one of these equations, say the first, and compute an anti-partial- 
derivative, obtaining 


H(x,y) = —x” —x +ycosx + q(y), (15) 


where q(y) is an arbitrary differentiable function of y. [Note: Since the vari- 
able y is held fixed when partial differentiation is performed with respect 
to x, we must allow for this arbitrary function of y when reversing the op- 
eration.] From equations (14) and (15), we find 


dH (x, d 
a) =y + cosx = cosx + ag) 
oy dy 
Therefore, 
dqty) _ Fe 
dy ; 


and q(y) = y°/3 + C. We can drop the additive arbitrary constant and obtain 
a Hamiltonian 
3 
H(,y) = —2? —2+yoos+ 7. (16) 
Figure 6.10 shows some phase-plane trajectories [that is, graphs of 
H(x,¥) = C] for a few representative values of the constant C. 


FIGURE 6.10 


Some phase-plane trajectories for the autonomous system in Example 3. 
These curves are level curves of the Hamiltonian (16). “ 


EXERCISES 
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Exercises 1-6: 


In each exercise, 


(a) As in Example 1, derive a conservation law for the given autonomous equation 
x” + u(x) = 0. (Your answer should contain an arbitrary constant and therefore de- 
fine a one-parameter family of conserved quantities.) 


(b) Rewrite the given autonomous equation as a first order system of the form 


x’ = f(x,y) 
y’ = g(x,y) 


by setting y(t) = x'(t). The phase plane is then the xy-plane. Express the family of 
conserved quantities found in (a) in terms of x and y. Determine the equation of the 
particular conserved quantity whose graph passes through the phase-plane point 
(x,y) = (1, 1). 

(c) Plot the phase-plane graph of the conserved quantity found in part (b), using a com- 
puter if necessary. Determine the velocity vector v = f (x, y)i+ g(x, y)j at the phase- 
plane point (1, 1). Add this vector to your graph with the initial point of the vector 
at (1, 1). What is the geometric relation of this velocity vector to the graph? What 
information does the velocity vector give about the direction in which the solution 
point traverses the graph as time increases? 


(d) For the solution whose phase-plane trajectory passes through (1, 1), determine 
whether the solution x(t) is bounded. If the solution is bounded, use the phase- 
plane plot to estimate the maximum value attained by |x(d)|. 


1. x” +4x =0 2.x"-x=1 3. x" +27 =0 


4. x" —x8 =n sin(rx) 5. x” +27 =0 6. x" 4+ 5=0 
1+x 


Exercises 7-8: 


The conservation law for an autonomous second order scalar differential equation hav- 
ing the form x” +f (x) = Ois given (where y corresponds to x’). Determine the differential 
equation. 


7. y° +x* cosx =C 8. ye* =C 


9. Consider the differential equation x” + x +x? = 0. It has the same structure as the 
equation used to model the cubically nonlinear spring. 


(a) Rewrite the differential equation as a first order system. On the xy-phase plane, 
sketch the nullclines and locate any equilibrium point(s). Place direction field ar- 
rows on the nullclines, indicating the direction in which the solution point traverses 
the nullclines. 


(b) Compute the velocity vector v=xi+yj at the four phase-plane points 
(x,y) = (£1, +1). Locate these points, and draw the velocity vectors on your phase- 
plane sketch. Use this information, together with the information obtained in part 
(a), to draw a rough sketch of some phase-plane solution trajectories. Indicate the 
direction in which the solution point moves on these trajectories. 


(c) Determine the conservation law satisfied by solutions of the given differential 
equation. Determine the equation of the conserved quantity whose graph passes 
through the phase-plane point (x,y) = (1,1). Plot the graph of this equation on 
your phase plane, using computational software as appropriate. Does the graph 
pass through the other three points, (—1, 1), (-1, —1), and (1, —1), as well? Is the 
sketch made in part (b) consistent with this graph of the conserved quantity? 
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10. Each figure shows a phase-plane graph of a conserved quantity for the autonomous 
differential equation x” + ax = 0, where a is a real constant. 
(a) Determine the value of the constant aw in each case. What is the equation whose 
phase-plane graph is shown? 


(b) Indicate the direction in which the solution point travels along these phase- 
plane curves as time increases. 


A A 
3F y 
ae | 14 E fff 
- —3 -2 Lik ] 2 3 | | ! Liyy 
a3). 
(a) (b) (c) 


Figure for Exercise 10 


In (b), the asymptotes are y = -Ex. 


11. Consider the autonomous third order scalar equation y” + f(y’) = 0, where f is a 
continuous function. Does this differential equation have a conservation law? If so, 
obtain the equation of the family of conserved quantities. 


12. Consider the equation mx” + kx = 0. We saw in Chapter 3 that this equation models 
the vibrations of a spring-mass system. The conserved quantity sm(x')? + Thx? =E 
is the (constant) total energy of the system. The first term, 5m(x')? , is the kinetic 
energy, while the second term, Lkx?, is the elastic potential energy. Suppose that 
damping is now added to the system. The differential equation mx” + yx’ +kx =0 
now models the motion (with y a positive constant). Define E(t) = sm(x')? + 5 kx’. 


(a) Show, in the case of damping, that E(t) is no longer constant. Show, rather, that 
dE(t)/dt < 0. 


(b) Discuss the physical relevance of the observation made in part (a). 
Exercises 13-20: 
For the given system, 
(a) Use Theorem 6.2 to show that the system is a Hamiltonian system. 
(b) Find a Hamiltonian function for the system. 


(c) Use computational software to graph the phase-plane trajectory passing through 
(1, 1). Also, indicate the direction of motion for the solution point. 


13. x = 2x 14, x! = 2xy 15. x =x-x°41 

yy = —2y y=-y yl = —y + 2xy + 4x 
16. x’ = —8y 17. x’ = 2ycosx 18. x’ =2y—x+4+3 

y = 2x y = y sinx y’ = yt 4x3 — 2x 
19. x’ = —2y 20. x’ = xe” 


y! = 3x? y’ = —2x — ye” 
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Exercises 21-26: 


Use Theorem 6.2 to decide whether the given system is a Hamiltonian system. If it is, 
find a Hamiltonian function for the system. 


21. x = x7 +3 sin(2x + 3y) 22. x =e" 4+y' 
y’ = —3x?y — 2 sin(2x + 3y) y =e — 33 

23. x’ = —sin(2xy) — x 24. x! = —3x? + xe” 
y' =sin(2xy) +y y' = 6xy + 3x —e” 

25. x)= y 26. x’ = x+2y 
y=ax—x y =x -2x+y 


Exercises 27-30: 


Let f (uw) and g(u) be defined and continuously differentiable on the interval —oco < u < cv, 
and let F(u) and G(u) be antiderivatives for f (uw) and g(u), respectively. In each exercise, 
use Theorem 6.2 to show that the given system is Hamiltonian. Determine a Hamiltonian 
function for the system, expressed in terms of F and/or G. 


27. x'= fi) 28. x' = f(y) + 2y 
y! = g(x) yl = g(x) + 6x 
29. x’ = 3f(y) — 2xy 30. x’ = f(x —y)+2y 
y=gx)ty tl y= f-y) 
31. A Generalized Hamiltonian System Consider the two-dimensional autonomous sys- 
tem 
x’ = f(x,y) 
y = g(x,y). 
Suppose there exist two functions K(x, y) and u(x, y) satisfying 
PREY = (x, y)g0e,9) 
A — wt. 0f 9) 


Does the given autonomous system have a conserved quantity? If so, what is the 
conserved quantity? 


32. Higher-Dimensional Autonomous Systems The ideas underlying Hamiltonian sys- 
tems extend to higher-dimensional systems. For example, consider the three- 
dimensional autonomous system 

«=f O92) 
y= g(x,y, 2) (17) 
z= hik,9:2) 
(a) Use the chain rule to show that autonomous system (17) has a conserved quan- 
tity if there exists a function H(x, y, z) for which 
) a a 
— H(x,y, af%y.2+ — Hx, y, dex, y,2) + — Hx, y, ah, y, 2) =0. 
ax ay 0z 
(b) Show that H(x, y,z) = cos?(x) + ye* is a conserved quantity for the system 
x’ = ye* 
y’ = ycosxsinx 


z’ =cosxsinx. 
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6.4 Stability 


Differential equations can model different physical behavior at different equi- 
librium points. For instance, consider the pendulum. The equilibrium points 
are (6, 6’) = (mz, 0), where m is an integer. Equilibrium points with m an even 
integer correspond to the pendulum bob hanging vertically downward, while 
equilibrium points for m an odd integer correspond to the pendulum bob rest- 
ing in the inverted position. Suppose a pendulum bob, initially in an equi- 
librium state, is subjected to a slight perturbation; in other words, it is given 
a slight displacement and/or a very small angular velocity. If the pendulum 
is initially hanging downward, we expect the perturbation to remain small— 
the bob will swing back and forth, making small excursions from the vertical. 
If the pendulum is initially in the inverted position, however, we expect dra- 
matic changes. The pendulum bob, displaced from its precarious equilibrium 
state, will fall, ultimately making large departures from its initial equilibrium 
position. 

In everyday language, we might describe the pendulum’s downward rest 
position as a “stable” configuration and the inverted rest position as an “un- 
stable” configuration. Mathematicians have taken these everyday terms and 
given them precise definitions consistent with our intuitive notion of stable 
and unstable. In this section, we present and discuss these mathematical def- 
initions. The next section introduces the technique of linearization, which, in 
many cases, enables us to study and characterize equilibrium point stability by 
analyzing a simpler associated linear system. 

The pendulum example illustrates the question of primary concern: If per- 
turbed slightly from an equilibrium state, will a system exhibit a markedly 
different behavior? In the case of mechanical systems, instability often means 
vibrations that grow in amplitude, leading to possible system failure. 


Stable and Unstable Equilibrium Points 
Consider the autonomous system 
V4 = AO 20+ In) 
Vo = fpV1,925 +++ In) 


Yn = fa Vi V20 ++ Inds 


which we write in vector form as 
y’ = fy). (4) 
Assume that the constant vector function 
Vie 
yo=y,= 
Vne 


is an equilibrium solution of the system; that is, f(y,) = 0. 
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In order to define precisely what it means for the equilibrium point y, to be 
stable or unstable, we need to be able to compute the distance between points 
in n-dimensional space. Let u and v denote two points in n-dimensional space, 


Uy Vy 

u v 

2 2 
u=]|. and v=|. 
u v 


We define the norm of u, denoted by ||ul|, by 


jul = fod td te $02, 


The distance between u and v, denoted by ||u — v||, is the size (the norm) of the 
difference u — v: 


ju — v|| = Ve = V4)? + (Uy — V9)? He + Uy, —V,). (2) 


Now, let y, be an equilibrium point of the autonomous system y’ = f(y). We say 
that the equilibrium point y, is stable if 


Given any « > 0, there exists a corresponding 6 > 0 such that every 
solution satisfying ||y(0) — y,|| < 6 also satisfies |/y(t) — y,|| < ¢ for all 
t>0. 


If an equilibrium point of y’ = f(y) is not stable, it is called unstable. 


Interpreting Stability in the Phase Plane 


When n = 2, we can use the phase plane to give a graphical interpretation of 
stability. Consider the autonomous system 


C= 77) 
y’ = g(x,y) 


having equilibrium solution 


We have adopted the notation 


vig x(t) ae oe f(x,y) 
y(t) x 


so that we can speak of the phase plane as the xy-plane. 

We can identify y, as the point in the phase plane having coordinates (x,, y,). 
The set of all phase-plane points y satisfying |ly — y, || < 7 is the set of all points 
lying within a circle of radius r centered at (x,, y,). 

Consider now the definition of stability. It involves two circles centered at 
(x,,¥,), one of radius ¢ and the other of radius 6 (see Figure 6.11). The stability 
criterion requires that all solutions lying within the circle of radius 6 at the 
initial time t = 0 remain within the circle of radius « for all subsequent time. 
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EXAMPLE 


1 


I 
> 


(a) (b) 
FIGURE 6.11. 


Two examples of behavior near a stable equilibrium point. In each case, 
y(t) = (x(t), y(t) represents a typical solution trajectory near an 
equilibrium point of the autonomous system y’ = f(y). (a) When the initial 
point y(0) is sufficiently close to y,, the solution trajectory is a closed curve 
surrounding y,. (b) When y(0) is sufficiently close to y,, the solution 
trajectory spirals in toward y,. 


This situation must hold for all possible choices of ¢ > 0; whenever we are given 
an ¢ > 0, we must be able to find a corresponding 6 > 0 that “works.” The real 
test of the definition occurs as we consider smaller and smaller ¢ > 0. Can we 
continue to find corresponding values 6 > 0 that work? If so, the equilibrium 
point is stable; if not, it is unstable. 

For higher order systems, the same geometrical ideas hold. However, in- 
stead of circles in the phase plane, we must consider n-dimensional spheres. 
We illustrate the concept of stability with two examples involving autonomous 
linear systems for which explicit general solutions are known. 


Consider the two-dimensional autonomous linear system y’ = Ay, where 


ael = 3 
= ak (3) 


Show that y, = 0 is the only equilibrium point, and determine whether it is 
stable or unstable. 


Solution: In this case, f(y) = Ay. The matrix A is invertible, and therefore solv- 
ing Ay = 0 leads to a single equilibrium point, y, = 0. 

To determine the stability properties of this equilibrium point, we apply 
the stability definition directly to the general solution of this first order linear 
system. Using the methods of Chapter 4, we find the general solution is 


1 ce '+c,e% 
+c, | = Pegs ails (4) 


y(t) =cye" ; : 
cye ' — ce 


EXAMPLE 


2 
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In order to apply the definition of stability, we need to relate the following 
two quantities: 


1. the distance ||y(0) — y,||, between the initial point and the equilibrium 
point, and 


2. the distance ||y(¢) — y,||, between y(t) and y, fort > 0. 


Since y, = 0, it follows from (4) that 


yO) — yell = yO = yey +9)? + (ey — 03) = 23 +3). 


Similarly, for t > 0, 


ly@ —yell = lyOll = Veet pms OP eee see 


= 2Cie* + che") = 23 + che" )e# 


(5) 


< 23 +c3)e 7 = 20 +c5)e* 
= llyO)lle". 
Now consider the definition of stability where some value « > 0 is given. We 


need to determine a corresponding value 5 > 0 such that 


If y(t) is a solution of y’ = Ay and if ||y(0)|| < 6, then |ly()|| < « for all 
t> 0. 


By (5), we know that 
llyOll < lly@)\le~ < |ly(O)|), t>0. 


Therefore, we can guarantee that |ly(t)|| < « by taking 5 < e. This shows the 
equilibrium point y, = 0 is a stable equilibrium point of the system y’ = Ay. “ 


Consider the two-dimensional autonomous linear system y’ = Ay, where 


ae 6 

| er ee (6) 

Show that y, = 0 is the only equilibrium point, and determine whether it is 
stable or unstable. 


Solution: Asin Example 1, f(y) = Ay, and we see that the matrix A is invertible. 
Therefore, solving Ay = 0 leads to a single equilibrium point, y, = 0. 
The general solution of y’ = Ay is 


1 
—3t 
+ C5e = 


In Example 1, the coefficient matrix had two negative eigenvalues. In this ex- 
ample, however, the coefficient matrix has a positive eigenvalue, 4 = 1. Since 


y(t) =cy,e (7) 


3t 


ce +ceje* | 


t = 
= —cye' +c 7e 


(continued) 
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(continued) 


lim, ...e’ = ©, we anticipate that any solution (7) with c, 4 0 will become 
unboundedly large in norm as ¢ increases. Therefore, we anticipate that y, = 0 
is an unstable equilibrium point of this system. 

To prove that y, = 0 is an unstable equilibrium point, we show that, for 
some ¢ > 0, there is no 6 that works. That is, for every 5 > 0, there is at least 
one solution y(¢) that originates in the circle of radius 5 but that eventually gets 


outside the circle of radius ¢. In particular, solutions given by (7) with c, = 0 
and c, #0 have the form 


1 
y(t) =c,e 1 ‘ t>0. 


Moreover, 


lly(O)|| = V2|c,| and lly@I| = V2Icyle’. 


This particular family of solutions has phase-plane trajectories that lie on the 
line y = —x (see Figure 6.12 and Exercise 23 in Section 6.2). Since |ly(¢)|| = 
J2 lc,le’, the solution moves away from the origin along this line, growing in 
norm as ft increases. No matter what value 5 > 0 we take, we can always choose 
|c,| 4 0 but sufficiently small that y(0) is within the circle of radius 5. But, as 
long as |c,| 4 0, the solution y(t) eventually exits the circle of radius e. Therefore, 
y, = 0 is an unstable equilibrium point of the autonomous system y’ = Ay. 
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FIGURE 6.12 


The direction field for the system in Example 2. The arrows indicate the 


direction the solution point moves as time increases. eo 


In Examples 1 and 2, it was relatively straightforward to determine the 
stability properties of the equilibrium point y, = 0 because we had an explicit 
representation of the general solution. The obvious question is “How do we 
analyze the stability properties of equilibrium points of nonlinear problems, 
such as the pendulum and competing species problems, when explicit solutions 
are not attainable?” We address this issue in the next section. 


EXAMPLE 
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Asymptotic Stability 


Example 1 has an interesting aspect. The equilibrium point y, = 0 not only 
is stable but also has the feature that all solutions approach it in the limit as 
t > oo. This additional feature, wherein all solutions originating sufficiently 
close to a stable equilibrium point actually approach the equilibrium point as 
t > oo, is important enough to warrant its own definition. 

Let y, be an equilibrium point of the autonomous system y’ = f(y). We say 
that y, is an asymptotically stable equilibrium point if 


(a) it is a stable equilibrium point and 
(b) there exists a 5) > 0 such that lim,,,, y(t) = y, for all solutions initially 
satisfying ||y(0) — y,|| < 59. 


Roughly speaking, all solutions starting close enough to a stable equilibrium 
point remain close to it for all subsequent time. All solutions starting sufficiently 
close to an asymptotically stable equilibrium point not only remain close to it 
for all subsequent time but, in fact, approach it in the limit as tf > oo. Note that 
asymptotic stability implies stability. However, as the next example shows, an 
equilibrium point can be stable but not asymptotically stable. 


Consider the two-dimensional autonomous linear system y’ = Ay, where 


mel 


Show that y, = 0 is the only equilibrium point, and determine whether it is 
asymptotically stable. 


Solution: As in Examples 1 and 2, f(y) = Ay, where the matrix A is invertible. 


Therefore, solving Ay = 0 leads to a single equilibrium point, y, = 0. 
Eigenpairs of the matrix A are 


-i 


1 _ 1 
A, =1, w=(] and Ay =A, = -1, w=) = | | 
1 


Using the ideas of Section 4.6, we find a real-valued general solution of this 


system to be 
cost sint 
ya =c, ; + Cy : (8) 
—sint cost 


It follows from (8) that 


lly@ — y.l] = lyOll = Ve cost +c, sin t+ (—c, sint +c, cos i 


=yeft+e;=llyOl, 120. 


Therefore, the distance of a solution from the phase-plane origin remains con- 
stant in time—the phase-plane trajectories are circles centered at the origin. 


(9) 


(continued) 


430 


CHAPTER 6 Nonlinear Systems 


Theorem 6.3 


(continued) 


Thus, the equilibrium point y, = 0 is stable (given ¢ > 0, we simply take 6 = «). 
The equilibrium point is not asymptotically stable, however. In particular, no 


2, 


nonzero solution approaches the equilibrium point as tf > oo. “ 


Stability Characteristics of y’ = Ay 


The three examples previously considered illustrate the following general sta- 
bility result, which we present without proof. 


Let A be a real invertible (2 x 2) matrix. Then the autonomous linear 
system y’ = Ay has a unique equilibrium point y, = 0. This equilibrium 
point is 


(a) asymptotically stable if all eigenvalues of A have negative real parts. 
(In other words, the eigenvalues can be real and negative, or they can 
be a complex conjugate pair with negative real parts.) 


(b) stable but not asymptotically stable if the eigenvalues of A are purely 
imaginary. 


(c) unstable if at least one eigenvalue of A has a positive real part. (In other 
words, the eigenvalues can be real with at least one being positive, or 
they can be a complex conjugate pair with positive real parts.) 


Equilibrium points are sometimes characterized as being isolated or not 
isolated. A phase-plane equilibrium point is called an isolated point if it is the 
center of some small disk whose interior contains no other equilibrium points. 
The equilibrium point in Theorem 6.3 (as in all the examples in this section) is 
the only equilibrium point. It is, therefore, an isolated equilibrium point. 

We also note, with respect to Theorem 6.3, that the assumption that A is 
invertible implies det(A) 4 0. Therefore, 4 = 0 is not an eigenvalue of A. How- 
ever, if A is not invertible, then y, = 0 is not the only equilibrium point (nor is 
it isolated). For example, suppose 


Hb 
ca cB 


with a and £ not both zero. Thus, det(A) = 0, but A is not the zero matrix. One 
can show (see Exercise 33) that every point on the phase-plane line ax + By = 0 
is an equilibrium point. 

Theorem 6.3 applies equally well whether the (2 x 2) matrix A has dis- 
tinct or repeated eigenvalues. Recall that if A has a repeated (real) eigenvalue 
4, = 4, =A, then solutions involving the function te”’, as well as e”’, are pos- 
sible. If 4 < 0, however, we know from calculus that te“ is bounded for t > 0 
and that lim,_,,. te’’ = 0. It follows that y, = 0 will always be an asymptotically 
stable equilibrium point when A < 0. 
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In the higher-dimensional case, stability characterization is somewhat 
more complicated. If A is a real invertible (7 x 1) matrix, then the unique equi- 
librium point y, = 0 of y’ = Ay is asymptotically stable if all eigenvalues of A 
have negative real parts. The equilibrium point is unstable if at least one eigen- 
value of A has a positive real part. For n > 4, repeated complex conjugate pairs 
of purely imaginary eigenvalues, say 4 = +iw, are possible. In this case, solu- 
tions of the form t cos wt and tsinwt are possible when the matrix A does not 
have n linearly independent eigenvectors; in that event, y, = 0 is an unstable 
equilibrium point. 


1. Assume that a two-dimensional autonomous system has an isolated equilibrium 
point at the origin and that the phase-plane solution curves consist of the family of 
concentric ellipses x*/4 +y? =C,C > 0. 


(a) Apply the definition to show that the origin is a stable equilibrium point. In 
particular, given an ¢ > 0, determine a corresponding 6 > 0 so that all solutions 
starting within a circle of radius 5 centered at the origin stay within the circle of 
radius ¢ centered at the origin for allt > 0. (The 6 you determine should be expressed 
in terms of ¢.) 

(b) Is the origin an asymptotically stable equilibrium point? Explain. 

2. Assume that a two-dimensional autonomous system has an isolated equilibrium 
point at the origin and that the phase-plane solution curves consist of the family of 
hyperbolas —x? + y* = C, C > 0. Is the equilibrium point stable or unstable? Explain. 

3. Consider the differential equation x” + yx’ +x = 0, where y is a real constant. 

(a) Rewrite the given scalar equation as a first order system, defining y = x’. 
(b) Determine the values of y for which the system is (i) asymptotically stable, (ii) 
stable but not asymptotically stable, (iii) unstable. 


Exercises 4—15: 


Each exercise lists a linear system y’ = Ay, where A is a real constant invertible (2 x 2) 
matrix. Use Theorem 6.3 to determine whether the equilibrium point y, = 0 is asymp- 
totically stable, stable but not asymptotically stable, or unstable. 


, [-3 -2 , [5 -14 ae (ee 
4.y= y 5.y= y 6. y = y 


4 3 3. -8 2 0 
1 4 
7. =| )° 8. x’ =—7x —3y 9. x’ = 9x + 5y 
y= 5x+y y' = —7Tx — 3y 
10. x’ = —3x — 5y 11. x’ = 9x — 4y 12. x’ = —13x — 8y 
y' =2x-y y= 15x-—7y y = 15x+4+ 9y 
13. x’ = 3x —2y 14. x’ = x — 5y 15. x’ = —3x + 3y 
y’ = 5x — 3y y=x-3y y=x—S5y 


Exercises 16-23: 
Each exercise lists the general solution of a linear system of the form 
x = aX +a, 


/ 5 
VY =4y1X + gy, 
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where 41,4) — 41,4, # 0. Determine whether the equilibrium point y, = 0 is asymptot- 
ically stable, stable but not asymptotically stable, or unstable. 


16. x =c,e +c,e* 17. x =c,e" +c,e* 18. x=cye* +c,e™ 
y =ce* + 2c,e* y =c,e" + 2c,e* y=ce* +2c,e% 
19. x =cy,e' cos 2t +c, sin 2t 20. x =c, cos 2t+c, sin 2t 
y = —c,e' sin 2t + c,e' cos 2t y =—c, sin 2t+c, cos 2t 
21. x =c,e" cos 2t + c,e sin 2t 22, x =c,e-* +c,e* 
y = —c,e"" sin 2t + c,e-™ cos 2t y=c,e" —c,e* 


23. x=cye*+c,e* 


yoee 7 —c,e™ 

24. Consider the nonhomogeneous linear system y’ = Ay + gp, where A is a real invert- 
ible (2 x 2) matrix and g, is a real (2 x 1) constant vector. 
(a) Determine the unique equilibrium point, y,, of this system. 
(b) Show how Theorem 6.3 can be used to determine the stability properties of this 
equilibrium point. [Hint: Adopt the change of dependent variable z(t) = y(t) — y,.] 


Exercises 25-28: 


Locate the unique equilibrium point of the given nonhomogeneous system, and deter- 
mine the stability properties of this equilibrium point. Is it asymptotically stable, stable 
but not asymptotically stable, or unstable? 


ie 4 A 
25. y = 1 je 26. x = y+2 
y= —x+l1 
27. =| : y+ [ 28. x =—-x+y+1 
af EG 2 


y =—10x+ 5y+2 
Exercises 29-32: 
Higher Dimensional Systems In each exercise, locate all equilibrium points for the given 
autonomous system. Determine whether the equilibrium point or points are asymptot- 
ically stable, stable but not asymptotically stable, or unstable. 


d yy i st O} jy 2 
29. y' = 2y, +y2 +93 30. a P2| = 0 -1 2] Jy,| + |0 
Vy = Vy +92 + 2y3 V3 0 O -1} jy; 3 


¥3 = 91 + 2y. +93 


yy —-3 -5 0 O} ly, 
aa 8 Y> _ 2 -1 0 0} |v, 
dt |y, 0 O O-— 2} Jy, 
¥4 0 0 -2 of |y, 
32. y,=y.-1 
¥2= 9, +2 
¥3=-¥3+1 
Y= Ys 


33. Let A bea real (2 x 2) matrix. Assume that A has eigenvalues 4, and 2,, and consider 
the linear homogeneous system y’ = Ay. 
(a) Prove that if, and A, are both nonzero, then y, = 0 is an isolated equilibrium 
point. 
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(b) Suppose that eigenvalue A, 4 0 but that 4, = 0 with corresponding eigenvector 


. Show that all points on the phase-plane line ax + By = 0 are equilibrium 


points. (In this case, y, = 0 is not an isolated equilibrium point.) 


34. Consider the linear system 


where a is a real constant. 


(a) What information can be obtained about the eigenvalues of the coefficient ma- 
trix simply by examining its structure? 


(b) For what value(s) of the constant a is the equilibrium point y, = 0 an isolated 
equilibrium point? For what value(s) of the constant a is the equilibrium point 
y, = 0 not isolated? 


(c) In the case where y, = 0 is not an isolated equilibrium point, what is the equa- 
tion of the phase-plane line of equilibrium points? 


(d) Is it possible in this example for y, = 0 to be an isolated equilibrium point that 
is stable but not asymptotically stable? Explain. 


(e) For what values of the constant a, if any, is the equilibrium point y, = 0 an 
isolated asymptotically stable equilibrium point? For what values of the constant 
a, if any, is the equilibrium point y, = 0 an unstable equilibrium point? 


a 
35. LetA = i 


49, 42 


| be a real (2 x 2) matrix. Assume that 


J-(. 2)8-20 


and that the origin is not an isolated equilibrium point of the system y’ = Ay. De- 
termine the constants a,,,a,,, and a,,. 


A 


6.5 Linearization and the Local Picture 


We now consider nonlinear autonomous systems and a technique, known as 
linearization, for investigating the stability properties of such systems. The sta- 
bility results cited in Theorem 6.3 for the linear system y’ = Ay will be useful 
for the nonlinear equations treated in this section. In Section 6.6, we will ex- 
amine the phase-plane geometry of the linear two-dimensional system y’ = Ay 
in more detail. 


Nonlinear Systems 


Although we are going to focus on the case n = 2, the ideas are applicable to 
general n-dimensional autonomous systems. Let 


aad 
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be an equilibrium solution of y’ = f(y). In component form, y’ = f(y) is given 
by 


w= Fe) 


) (1) 
vy = g(x,y). 


For a nonlinear system such as (1), it is usually impossible to obtain explicit 
solutions. In the absence of explicit solutions, we look for approximations or 
simplifications that provide qualitative insight into the stability properties of 
the equilibrium point y,. 


Linearization 


From the definition, we know that the issue of equilibrium point stability is 
ultimately determined by the behavior of solutions very close to the equilib- 
rium point. If any nearby solutions diverge from the equilibrium point, it is an 
unstable equilibrium point. If all nearby solutions can be suitably confined, the 
equilibrium point is stable (and perhaps asymptotically stable). 

To address the issue of equilibrium point stability, we begin with the obser- 
vation that if the point (x, y) is near the equilibrium point (x,, y,), then the first 
few terms of the Taylor series expansions of f(x, y) and g(x, y) will yield good 
approximations to their values near the equilibrium point: 


a ’ e of e? e 
f(x,y) =f Gery,) + Pade x,) + Heat y pitee: 
(2) 
) Xe 0 eve 
e(x,y) = 20.9) + BE ede cy gj ee (gg i one. 
x oy 


We make the following observations: 


1. Since (x,, y,) is an equilibrium point, f(x,, v,.) = g(x,,y.) = 0. Thus, the 
first term on the right-hand side of each equation in (2) vanishes. 


2. The error made in truncating the series [retaining only the linear terms 
shown on the right-hand sides of (2)] can usually be bounded by a mul- 
tiple of lly —y, |? = @ —x,)" + (y —y,)’. 


If the Taylor expansion (2) is used in differential equation (1), we can write the 
system in matrix form as 


Of (XV) Of Kes ¥e) 


w=) ™ | yey) + (3) 
ye Vago.) OB Gry) fr 
ox oy 


Note that the (2 x 2) coefficient matrix in (3) is a constant matrix since the 
partial derivatives are evaluated at the equilibrium point. [In vector calculus, 
the matrix of first order partial derivatives in (3) is called the Jacobian matrix 
of f(y).] 

Linearization is based on the following two ideas: 


EXAMPLE 


1 
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1. Since y, is a constant vector, the term y’(t) on the left-hand side of (3) 
can be replaced by [y(t) — y,]’. 

2. If we consider solutions close enough to the equilibrium point for the 
purpose of determining its stability characteristics, the higher order 
terms in (3) are typically small relative to the linear term, y(t) — y,. We 
will neglect these higher order terms. 


Introduce a new dependent variable, z(t) = y(t) — y,. Retaining only the linear 
term in (3) leads to the corresponding linearized system, 


Af (X..¥.) Of (Xe Ve) 


Hee. © %  la@ (4) 
Ag(X..Ve) IB(Xp.Ve) , 
ox oy 


Note that equation (4) is a homogeneous constant coefficient linear system and 
that z = 0 is an equilibrium point of the linear system. The stability properties 
of z = 0 are easy to analyze since we can explicitly find the general solution of 
equation (4); these properties are summarized in Theorem 6.3. 

The underlying premise of linearization is that the stability properties of 
z = 0 for the linear system (4) should be the same as the stability properties of 
y = y, for the original nonlinear system (1). We illustrate linearization in the 
next example. Then we address the question “When does linearization work?” 


Develop the linearized-system approximation for each of the equilibrium points 
of the nonlinear autonomous system 


Also, determine the stability characteristics of the linearized system in each 
case. 


Solution: This is the competing species model considered in Example 4 of 
Section 6.2. Recall that this system has four equilibrium solutions, 


a _ |9 y? = . yo = 2 y = | 
e 0 2 e 3 ? e 0 ? e 1 


The Jacobian matrix is given by 


af (x,y) af (x,y) 


ax ay | |2—2*- a —4% _ 
~ 1 i. 1 
dg(x,y) dg(x,¥) ady Ta dm Vy 
Ox oy 


The Jacobian matrix (5) must be evaluated at each of the equilibrium points in 
order to obtain the coefficient matrix of the appropriate linearized system. At 


(continued) 


436 CHAPTER 6 Nonlinear Systems 


(continued) 


the equilibrium point (0, 0), the coefficient matrix is 
11 1 1 1 
3 3% — 4y ~ 4% z 0 


1 11 1 
12” 4 2% — 39 0 


& 

ll 

< 

ll 

o 
Bie 


The linearized system is therefore 


0 


Nl 


1 
0 | 
[Observe, for this case, that z(t) = y(t) — ys? = y(t).] Since the eigenvalues of the 
coefficient matrix (A = 5 and j= i) are positive, we conclude from Theorem 
6.3 that z=0 is an unstable equilibrium solution of the linearized system. 


Therefore, we anticipate that y‘” will also be an unstable equilibrium point of 
the nonlinear system. 


The remaining three equilibrium points can be analyzed in the same man- 
ner. The results for all four equilibrium points are summarized in Table 6.1. 


TABLE 6.1 


Linearized Eigenvalues Stability 
System of the Properties of 
Equilibrium Coefficient Coefficient the Linearized 
Point z(t) Matrix Matrix System 
x(t) 7 0 11 
(0, 0) | : | 74 Unstable 
4 
x(t) 3 0 
(0, >) 3 | ° | : -; Unstable 
yO - 5 —i —; 
1 1 
(2,0) i "| | i : - . 5 Unstable 
12 
ay E - i ae == 13 —5+/13 | Asymptotically 
yO-1 wt ad 24 24 stable 


The stability properties obtained by studying the linearized systems in Table 
6.1 are consistent with the phase-plane direction field portrait of Figure 6.4 in 
Section 6.2. The three equilibria designated as unstable in Table 6.1 are the 
ones that appear to have direction field arrows pointing away from them in 
Figure 6.4. The fourth equilibrium point, designated as asymptotically stable 
in Table 6.1, appears to have all trajectories moving toward it in Figure 6.4. 
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When Does Linearization Work? 


We restrict our attention to the two-dimensional autonomous system y’ = f(y). 
Let y, be an equilibrium solution, 
Xe 
ye = : 
ée 


We'll proceed as before by introducing a new dependent variable that shifts 
the equilibrium point to 0 and by rewriting y’ = f(y) in a form that explicitly 
exhibits the linearized part. 

Let z(t) = y(t) — y,, and let A denote the Jacobian matrix evaluated at y,, 


If %erVe) Af (er Ve) 


- Ox oy (6) 
IZ(X_1 Vo) IE (Xp1 Ve) 
ox oy 


The system y’ = f(y) can be rewritten (without any approximation) as 
z(t) =fZO+y,) =Az@) + [fZO + y,) — Az]. (7) 
Define g(z(f)) = f(z(t) + y,) — Az(). With this, equation (7) becomes 
z'(t) = Az) + g(z@). (8) 


Written in this form, we see that g(z(‘)) represents a nonlinear perturbation of 
the linearized system z’(t) = Az(t). The linearization approximation amounts 
to discarding the nonlinear term, g(z(f)). 

If the behavior of the linearized system z’ = Az is going to be qualitatively 
similar to that of the nonlinear system (8) near the equilibrium point z = 0, 
it seems clear that g(z) must be suitably “small” near z = 0. In other words, 
the linear part of (8), Az, must control the basic behavior of solutions near the 
equilibrium point. We will now describe such a class of nonlinear systems. 

A two-dimensional autonomous system y’ = f(y) is called an almost linear 
system at an equilibrium point y, if 


(a) f(y) is a continuous vector-valued function whose component functions 
possess continuous partial derivatives in an open region of the phase plane 
containing the equilibrium point, y,. 


(b) The matrix 


Of (X.,Ve) Of (Xe, Ve) 


_ ox ay 
I8(Xe1Vo) IG Xe, Ve) 
ox ay 


is invertible. 
(c) The perturbation function g(z) = f(z + y,) — Az is such that 


on (SI _ 
Izi>0  ||zIl 


(9) 
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Theorem 6.4 


REMARKS: 


1. The perturbation function g(z) = f(z + y,) — Az inherits the continuity 
and differentiability properties assumed for f. Thus, g(z) is continuous 
with continuous partial derivatives in an open region of the z-plane con- 
taining the origin, z = 0. 

2. Limit (9) establishes how “small” the nonlinear perturbation must be 
near the equilibrium point; the norm of the perturbation must tend to 
zero faster than ||z|| as z approaches the origin. 


3. Since matrix A is invertible, z = 0 is the only equilibrium point of the 
linearized problem z’ = Az. It is also clear that g(0) = 0 [since fy,) = 0]. 
Therefore, z=0 is an equilibrium point of the nonlinear system 
z’ = Az+ g(z). In addition, it can be shown that the assumptions made 
in (a)—(c) imply that z = 0 is an isolated equilibrium point of z’ = Az + 
g(z). Therefore, y = y, is an isolated equilibrium point of the original 
system, y’ = f(y). 


Let y’ = f(y) be a two-dimensional autonomous system that is almost 
linear at an equilibrium point y = y,. Let z’ = Az be the corresponding 
linearized system. 


(a) Ifz = 0 is an asymptotically stable equilibrium point of z' = Az, then 
y =y, is an asymptotically stable equilibrium point of y’ = f(y). 


(b) If z = 0 is an unstable equilibrium point of z’ = Az, then y = y, is an 
unstable equilibrium point of y’ = f(y). 

(c) Ifz = Oisa stable (but not asymptotically stable) equilibrium point of 
z' = Az, then no conclusions can be drawn about the stability prop- 
erties of equilibrium point y = y,. 


The proof of Theorem 6.4 can be found in more advanced treatments of dif- 
ferential equations, such as Coddington and Levinson.*? However, the assertions 
made in Theorem 6.4 should strike you as reasonable. When the linearized sys- 
tem is asymptotically stable, both eigenvalues of the coefficient matrix A have 
negative real parts. We know, therefore, that the norm of the solution of the 
linearized system, ||z(¢)||, is exponentially decreasing to zero. If the nonlinear 
perturbation is sufficiently weak, we might expect this qualitative behavior to 
persist in the nonlinear system (8). 

Similarly, if the linearized system is unstable, at least one of the two eigen- 
values of A has a positive real part. The linearized system, therefore, has some 
solutions that grow exponentially in norm. In this case, we might expect insta- 
bility to persist when the nonlinear perturbation g is sufficiently weak. Finally, 
if the linearized system is stable but not asymptotically stable, then the eigen- 
values of A form a purely imaginary complex conjugate pair. In this case, the 
linearized system is sitting on the fence between stability and instability. It is 


3Earl A. Coddington and Norman Levinson, Theory of Ordinary Differential Equations (Malabar, 
FL: R. E. Krieger, 1984). 
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possible for the nonlinear perturbation (however small) to tip the balance either 
way—causing the nonlinear system to be stable or causing it to be unstable. 
Example 3, found later in this section, illustrates this last point [and thereby 
proves condition (c) of Theorem 6.4]. 


Consider again the nonlinear system discussed in Example 1, 
(10) 


Use Theorem 6.4 to determine the stability properties of equilibrium point (1, 1) 
for the nonlinear system (10). 


Solution: We begin by making the change of dependent variable z(t) =y(t)—y,: 
ZO =x0-1 and z,H0=y(t)-1. 
With this change of variables, we can rewrite system (10) as 


1 1 1 7,2 
; 4 4 — qq] +2422) 
Z= ; Z+ M2 (11) 
1 
~“2 ~6 = a5 (S129 +225) 


We also know (see Table 6.1) that the linearized system 


has an asymptotically stable equilibrium point at z = 0. 

Theorem 6.4 asserts that z = 0 will be an asymptotically stable equilibrium 
point of nonlinear system (11) (and therefore y, is an asymptotically stable 
equilibrium point of the original system) if we can show that the system is 
almost linear at the equilibrium point y,. Note that the first two conditions of 
the definition are clearly satisfied. So, to apply Theorem 6.4, all we need to do 
is establish the limit (9): 


Ig@l gy as yz) 0, 
All 
where [see equation (11)] 
—4F(zq +2422) 
g(Z) = 


—H (e422 + 223) 


In order to calculate the quotient ||g(z)||/||z||, it is convenient to introduce polar 
coordinates z; = rcos@ and z, = rsin@. Under this change of variables, we see 
that ||z|| =r and 
2 
Yr 9 a 
_ Zoos 6 + sin@ cos @) 
gZ=|] , 

. 

~ 79 Sine cos 6 + 2sin’6) 
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(continued) 


Thus, 
Ig@Zll_— Iig@I 


|Z. r 


1 2 1 . 
= r| (- joe + sind cos 0) + (-;560ine cos@+2 sin’) 


1 : 1 a5 
er (4040) + (50+) = 


Since the right-hand side of this inequality vanishes as r > 0, limit (9) is veri- 
fied and we conclude that the nonlinear system is almost linear at equilibrium 
point (1, 1). By Theorem 6.4, this equilibrium point is an asymptotically stable 


1% 


equilibrium point of the given nonlinear system. 


Polar Coordinates as Dependent Variables 


Polar coordinates are often useful in studying the stability properties of two- 
dimensional systems. Define new dependent variables r(t) and 6(t) by means of 
the relations 


Z(t) = r(t) cos[@(0)], Z(t) = r(t) sin[6(t)] (12a) 


t 
r= Vui@+3go, — tan[a@] = a (12b) 
1 


We can transform system (8), z’(t) = Az(t) + g(z(t)), into a new system of dif 
ferential equations in these polar variables. 

The motivation for this transformation is the fact that stability properties 
of the equilibrium point y = y, (or, equivalently, z= 0) depend on how the 
distance of the solution point z(t) from the origin varies with time. The radial 
variable, r(t) = ||z(1)||, is this distance. 

Let the Jacobian matrix A be represented as 


a a 
Wee 11 " 

47, 42 
Then, substituting (12a) into z’(t) = Az(t) + g(z(f)), we obtain the matrix equa- 
tion 


cos@é —rsin@| |r’ a4; >| |rcosé g,(rcosé,rsin@) 
be rcosé | A = be | ; sin | = cos 6, ae = ie 
The desired system of differential equations for the polar variables is obtained 
by multiplying both sides of (13) by 
cos? —rsiné] cos 0 sind 
le rcosé | = Le sing r! mal 


We illustrate the use of the polar coordinates transformation in the next ex- 
ample. [As previously noted, this example establishes condition (c) of Theo- 
rem 6.4. ] 


EXAMPLE 


3 
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Consider the nonlinear autonomous system 
x! = y+ax(x? +y7) 


(14) 
yl =-x+ay(x* +y’), 


where a is a constant. This system has y, = 0 as an equilibrium point for any 
choice of the parameter a. 

Although y, = 0 is a stable equilibrium point of the linearized system, it 
is not asymptotically stable. We will show that if a = 1, y, = 0 is an unstable 
equilibrium point of the nonlinear system, whereas if a = —1, y, = 0 is a stable 
equilibrium point of the nonlinear system. 

Set z(t) = y(t) —y, = y(, and note that the system can be written as 


z' = Az+ g(z), where 

0 1 2 oy? cos 6 

Ae . #02. een (15) 
-1 0 ay(x* +y*) sind 


The eigenvalues of matrix A are ti, and we know from Example 3 in Section 
6.4 that the associated linearized system is stable but not asymptotically stable 
at z = 0. Note that the nonlinear system is almost linear at 0. In particular, it 
follows from (15) that the quotient, 

Ig@ll _ Iig@il _ lor? 


|Z r 


vanishes as r > 0. 

When polar coordinate variables r(t) and @(f) are introduced as in (12), 
it follows (see Exercise 27) that equation (14) transforms into the following 
simple decoupled system of equations for the new dependent variables: 


r'=ar 
Gia (16) 


Both of these equations are easy to solve; the differential equation for the radial 
variable r(t) is a first order separable differential equation. The differential 
equation for the angular variable 6(t) can be solved by antidifferentiation. Initial 
conditions for the original system (14) of the form 


x(0) _ [Xo 
v0)! |v 


transform to corresponding initial conditions for system (16): 


MOST = x) +99 


6(0) = tan~! (22) 
Xo 


We are interested in the case where ry 4 0. The solution of the transformed 
system (16) is 


r(t) = A(t) = —t + 6. (17) 


fo 
J 1 — 2rjat 


(continued) 
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(continued) 


Consider the two cases a = 1 and a = —1. For the case a = 1, r(t) becomes 
unbounded as t approaches 5ro ? Therefore, since all nonzero solutions even- 
tually move unboundedly far from the equilibrium point, z = 0, the origin is an 
unstable equilibrium point of the nonlinear system. Therefore, the linearized 
system is stable (but not asymptotically stable), and the nonlinear system is 
unstable at the origin. 


If « = —1, however, we see from (17) that 
O0<r(t)<rg and lim r(t) = 0. (18) 


In this case, the origin is an asymptotically stable equilibrium point of the non- 
linear system. The linearized system is stable (but not asymptotically stable), 
and the nonlinear system is asymptotically stable at y = 0. 

Therefore, we have established assertion (c) of Theorem 6.4: If the lin- 
earized system is stable (but not asymptotically stable), nothing can be inferred 
about the stability properties of the nonlinear system. 

In both cases, as time increases and the radial variable changes, the angular 
variable decreases at a constant rate. The solution point is moving clockwise 
around the origin with unit angular velocity. Solution point behaviors corre- 
sponding to the two cases, a = +1, are illustrated in Figure 6.13. 


(a) (b) 


FIGURE 6.13 


(a) The phase-plane plot of the solution z(t) in Example 3 with a = 1, 

ry = 0.2, 6) = 2/4, and 0 <t < 12. For this case, z = 0 is an unstable 
equilibrium point for the nonlinear system (16); the solution point moves 
away from z = 0 as ¢ increases. (b) The phase-plane plot of the solution z(t) 


in Example 3 with a = —1 and 0 < t < 30. In this case, z = 0 is an 
asymptotically stable equilibrium point for the nonlinear system (16); the 
solution point moves toward z = 0 as tf increases. “ 


The Pendulum Revisited 


As a final example, we consider the stability properties of the pendulum in the 
context of the ideas developed earlier in this chapter. Recall that, with g = /, the 
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pendulum is described by the nonlinear system 


xv=y 
j . (19) 
y' = —sinx. 


There are basically two equilibrium configurations, 


= |e) and x= [5]: 


The first corresponds to the pendulum resting in the vertically downward posi- 
tion, and the second corresponds to the pendulum resting in an inverted posi- 
tion. It can be shown (Exercise 11) that system (19) is an almost linear system 
at both equilibrium points; thus, we can apply Theorem 6.4. 

At the equilibrium point (0, 0), the coefficient matrix of the linearized sys- 


tem is 
0 1 
A= : 


The eigenvalues of this matrix are +i, and thus the linearized system is stable 
but not asymptotically stable at (0,0). Therefore, Theorem 6.4 provides no 
information about stability of the pendulum equation at (0, 0). 

At (zr, 0), the coefficient matrix of the linearized system is 


0 1 
1 O}- 
The eigenvalues of this matrix are +1, and so the linearized system is unstable 
(since one of the eigenvalues is positive). Therefore, Theorem 6.4 tells us that 
(x, 0) is an unstable equilibrium point for the pendulum equation. 

There is another way of deducing stability information. In Section 6.3, 


we saw that the pendulum leads to a conservative system, and we derived an 
explicit formula, 


A= 


iy? —cosx=E, (20) 


for a pendulum trajectory having energy per unit mass equal to E [see equa- 
tion (8) in Section 6.3]. Figure 6.14(a) is identical to Figure 6.9 of Section 6.3, 
showing representative trajectories obtained by graphing equation (20) for var- 
ious values of E, E > —1. As the value of the constant E decreases toward the 
equilibrium point value of E = —1, the corresponding phase-plane trajectories 
form a nested family of “ellipse-like” closed curves. The uniqueness property of 
solutions prevents these closed curves from intersecting. We expect, therefore, 
that the origin is a stable equilibrium point of the nonlinear system. 

A mathematical argument verifying that (0, 0) is a stable equilibrium point 
can be developed along the following lines. Given any ¢ > 0, construct a circle 
of radius ¢ centered at the origin. For a value of energy E sufficiently close to 
—1, we can find a closed trajectory lying entirely within this circle. Let this value 
of energy be E,. Now we choose 6 > 0 sufficiently small that a circle of radius 6 
lies within this closed trajectory. This choice of 6 will work as far as satisfying 
the stability definition is concerned—all solutions originating within the circle 
of radius 6 will remain within the closed trajectory of energy E, since solutions 
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6F (a)E=-1 

(b) E=-1/2 

(c) E = 1/2 

(d)E=1 

(e)k=2 

(f)E=3 

(g)E=4 (h) 
(h) E=5 


(b) Equilibrium point (0,0) (c) Equilibrium point (7, 0) 


FIGURE 6.14 


(a) Some of the phase-plane trajectories for the pendulum equation (19). 
Note that the separatrices approach the unstable equilibrium point (z, 0). 
(b) Any trajectory originating within the circle of radius 6 must stay within 
the trajectory having energy E, and must therefore remain within the 
circle of radius ¢. (c) Every small circle centered at (zr, 0) has at least one 
trajectory that eventually exits the circle. 


cannot intersect. Consequently, the trajectories will remain within the circle of 
radius e. Figure 6.14(b) illustrates these ideas. 

These geometrical ideas also provide another way of seeing that (7, 0) is 
an unstable equilibrium point of the nonlinear system. In particular [see Fig- 
ure 6.14(c)], any circle of radius 5 > 0 centered at (zr, 0) must contain portions of 
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the separatrices and portions of some of the other trajectories that correspond 
to large-scale motions of the pendulum. Solution points originating on the lat- 
ter trajectories eventually exit any small circle of radius ¢ centered at (z, 0). 
Therefore, the definition fails, and the equilibrium point (z, 0) is unstable. 


Exercises 1-9: 


In each exercise, the given system is an almost linear system at each of its equilibrium 
points. 


(a) 


Find the (real) equilibrium points of the given system. 


(b) As in Example 2, find the corresponding linearized system z’ = Az at each equilib- 


(c) 


10. 


11. 


rium point. 


What, if anything, can be inferred about the stability properties of the equilibrium 
point(s) by using Theorem 6.4? 


x= x? 4+y? — 32 2.x = 2x7 4+9y°-9 3.x =1-2 
yay yan vox ty—-2 
x= x-y-1 5. x’ = (x — 2)(y— 3) 6.x/=(«-y)(y+1) 
y=x-y +1 y = («+ 2y)(y — 1) y = (x + 2)(y — 4) 
2x’ = (x— 2y)(y +4) 8. x’ =xy-1 9x0 =y-x 

y= 2x-y y= (+ 4y)@- 1) =a 5 


Perform a stability analysis of the competing species model at the equilibrium point 
(0, 0): 


Specifically, repeat the analysis of Example 2 to determine the stability properties 
of the nonlinear system at this point. 


Consider the system encountered in the study of pendulum motion, 
v=y 
y =-—sinx, 


at its equilibrium points (0, 0) and (z, 0). 
(a) Let z,; =x,z, =y. Show that the system becomes 


: | 0 i 0 
Z= Z+ ‘ . 
-1 0 2; — SINZ, 


(b) Let z, =x —2,z, =y. Show that the system becomes 


; i 0 
z= Z— . : 
1 0 2, — Sinz, 


(c) Show that the system is almost linear at both equilibrium points. [Hint: One 
approach is to use Taylor’s theorem and polar coordinates. ] 
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Exercises 12-20: 


Each exercise lists a nonlinear system z’ = Az + g(z), where A is a constant (2 x 2) in- 
vertible matrix and g(z) is a (2 x 1) vector function. In each of the exercises, z = 0 is an 
equilibrium point of the nonlinear system. 


(a) Identify A and g(z). 
(b) Calculate ||g(z)||. 


(c) Is lim jy 49 llg@)|I/llzl| = 0? Is z’ = Az + g(z) an almost linear system at z = 0? 


(d) Ifthe system is almost linear, use Theorem 6.4 to choose one of the three statements: 


12. 


14, 


16. 


18. 


20. 


21. 


22. 


(i) z=Ois an asymptotically stable equilibrium point. 
(ii) z= 0 is an unstable equilibrium point. 
(iii) No conclusion can be drawn by using Theorem 6.4. 


z, = 92, -44, +23 13. 2, = 52, — 142, +22, 

Z = 15z, — 7z, 25 = 3z, — 82, +23 +23 

2, = 32, +2, +2742 15. g = 2, $3 +z, 008 (+3 
2 = 22) —2z,4+(+2)'" Zo = 2, — 52, +2, 008 yz +2 
zi = —2z, +22, +242, cosz, 17. z, = 22,43 

Uy = 2, — 3% +24z, sinz, Zp = — 22, +242) 

zi = —3z, — 52 + eA 19. z, = 92, +52) +2125 

Z = 22, -2+ ze-Vaitd t= Tey — 3a. +24 

Z, = 2z, + 2z, 

z= —5z, — 22, +23 

Consider the autonomous system 


x= —x+xy+y 

y= x—xy—2y. 
This is the reduced system for the chemical reaction discussed in Exercise 19 of 
Section 6.1 with a(f) = x(t), c() = yO), eg = 1, and all rate constants set equal to 1. 
(a) Show that this system has a single equilibrium point, (x,, y,) = (0, 0). 
(b) Determine the linearized system z’ = Az, and analyze its stability properties. 
(c) Show that the system is an almost linear system at equilibrium point (0, 0). 


(d) Use Theorem 6.4 to determine the equilibrium properties of the given nonlinear 
system at (0, 0). 


Consider the nonlinear scalar differential equation x” = 1 — (1 +. x)*/?. An equation 


having this structure arises in modeling the bobbing motion of a floating parabolic 
trough. 

(a) Let y=~’ and rewrite the given scalar equation as an equivalent first order 
system. 

(b) Show that the system has a single equilibrium point at (x,, y,) = (0, 0). 

(c) Determine the linearized system z’ = Az, and analyze its stability properties. 
(d) Assume that the system is an almost linear system at equilibrium point (0, 0). 


Does Theorem 6.4 provide any information about the stability properties of the 
nonlinear system obtained in part (a)? Explain. 


23. 


24. 


25. 


26. 


27. 
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Consider again the differential equation of Exercise 22, x” = 1— (1+x)*”. 


(a) In Section 6.3, equations having this structure were shown to have a conserva- 
tion law. Derive this conservation law; it will have the form y? /2 + F(x) =C, where 
y=x’. 
(b) Let C= 5, 3, and 1 in the conservation law derived in part (a). Plot the cor- 
responding phase-plane solution trajectories, using computational software. Are 
these phase-plane trajectories consistent with a bobbing motion? Assuming these 
plots typify the behavior of solution trajectories near the origin, do they suggest 
that the origin is a stable or unstable equilibrium point for the nonlinear system? 
Explain. 
Each of the autonomous nonlinear systems fails to satisfy the hypotheses of Theo- 
rem 6.4 at the equilibrium point (0, 0). Explain why. 
(a) x = x-y+xy (b) x! = x —2y—x79 

yl = —x ty + 2x9? y = atyt2y? 


Polar Coordinates Consider the system z’ = Az + g(z), where 
a (Z) 
i and g(z)= i | ; 


Ay, Ay &>(Z) 


a 
11 
A= 


Show that adopting polar coordinates z, (f) = r(t) cos[@(f)] and z,(t) = r(f) sin[4(0)] 
transforms the system z’ = Az + g(z) into 


r’ =r[a,, cos’6 +4, sin’@ + (a) + a,) sin6 cos 6] + [g, cos@ +g, sin] 
0 = [a,, cos’@ —a,, sin’6 + (a), — a,,) sin@ cos6] +r ‘[—g, sind +g, cos]. 


Use the polar equations derived in Exercise 25 to show that if 


Ay, =4y, Ay =A, BZ) = Zh (y Zi +2) » &(Z)=2,h (y Zi +2) 


for some function h, then the polar equations uncouple into 


r'=ayrt+rh(y) 

0’ = 4). 
Note that the radial equation is a separable differential equation and the angle 
equation can be solved by antidifferentiation. 


Consider the system x’ = y + ax(x? + y”),y’ = —x + ay(x? +’). Introduce polar co- 
ordinates and use the results of Exercises 25 and 26 to derive differential equations 
for r(t) and 6(t). Solve these differential equations, and then form x(t) and y(t). 


Exercises 28-29: 


Introduce polar coordinates and transform the given initial value problem into an equiv- 
alent initial value problem for the polar variables. Solve the polar initial value problem, 
and use the polar solution to obtain the solution of the original initial value problem. If 
the solution exists at time t = 1, evaluate it. If not, explain why. 


28. 


x = x4txy/x?+y", x(0)=1 29. x’ = y—xIn[x? +7], x(0) =e/V2 
ae 2 2 = 
y=yty/lx?+y, 90 = v3 Pee 71 DOPE EI? 
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6.6 Two-Dimensional Linear Systems 


EXAMPLE 


1 


We continue studying the phase-plane behavior of solutions of the linear system 
y’ = Ay, where A is a (2 x 2) real invertible matrix. Since A is invertible, y = 0 
is the only equilibrium solution of y’ = Ay. 

As we have seen, there are two principal reasons for studying this phase- 
plane behavior. First, y’ = Ay is an important and intrinsically interesting sys- 
tem. Second, such systems arise whenever we linearize about an equilibrium 
point, zooming in to study the behavior of a nonlinear autonomous system 
close to an equilibrium point. 

By studying the eigenvalues and the phase-plane geometry of the associated 
eigenvectors at an equilibrium point, we can often sketch a good local picture— 
one that gives a qualitative description of the nonlinear system behavior near 
the equilibrium point. Such local pictures complement the large-scale overview 
provided by the direction field. Taken together, they provide a good overall view 
of system behavior. 

To illustrate the ideas, we consider the competing species problem that has 
served as a vehicle for discussion throughout this chapter. 


We use linearized system approximations to develop local pictures of system 
behavior near each of the equilibrium points of the nonlinear system 


v=} (I-}e— by) 
U 1 1 2 (1) 
y = 4 (1— 4x- 59) ¥. 


System (1) has four equilibrium points, (0, 0), (0, 3), (2, 0), and (1, 1). We focus 
on the equilibrium point (0, 3) in order to illustrate the basic ideas. Using 


x(t) 
Z(t) = 52 
y(t) -— 5 


we have for the linearized system at (0, 3) 


The general solution of this linear system is 


0 
+c,e"/4 a ' (2) 


We can use the eigenpair information in (2) to sketch the qualitative behavior 
of solution trajectories of z’ = Az. In turn, these sketches provide qualitative 
information about solutions of the original nonlinear system near the equilib- 
rium point (0, 3). 

To begin, consider the special case where c, = 0 andc, # 0. In this case, 


z(t) =c,e'"* 


8 


z(t) =3c,e8 and z(t) =—c,e!’*. (3) 
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From (3), these solutions lie on the z-plane line 
1 
Zo == 3% : 


Since e’/® increases as t increases, we also see from (3) that both z,(0) and z,(t) 
increase in magnitude as ¢ increases. Therefore, solution points originating on 
this line remain on this line and move away from the origin as ¢ increases, as 
shown in the direction field plot in Figure 6.15(a), on the next page. Similarly, 
consider the companion case where c, = 0 and c, 4 0 in equation (2). In this 
case, solution points lie on the phase-plane line z, = 0 and approach the origin 
as t increases, since e “/* decreases as t increases [see Figure 6.15(a)]. 

Solution point behavior in these two special cases enables us to determine 
qualitatively the general phase-plane characteristics of (2). Consider the general 
case where c, # 0, c, # 0. For sufficiently small values of t, both exponential 
functions are roughly comparable in size and both terms in the general solution 
influence solution point behavior. However, as t increases, the term 


c,e/8 2 
: =] 


becomes increasingly dominant and all solution trajectories approach the 
phase-plane line z, = —iz, as an asymptote. Therefore, we obtain the phase- 
plane behavior shown in Figure 6.15(a). 

A similar analysis can be used to study behavior near the other equilibrium 
points, (0,0), (2,0), and (1, 1). In all cases, the eigenvalues of the linearized 
system coefficient matrix are real and distinct. The eigenvectors determine lines 
through the z-plane origin on which solution points travel either toward the 
origin if the corresponding eigenvalue is negative or away from the origin if 
the eigenvalue is positive. Using this behavior as a guide, we can sketch in the 
qualitative behavior of solution points originating elsewhere in the plane. This 
qualitative behavior is shown in Figures 6.15(b)-(d). 


The four z-plane-phase portraits in Figure 6.15, when positioned at the 
corresponding y-plane equilibrium points, provide local pictures that are com- 
plementary to and consistent with the large-scale overview developed in Sec- 
tion 6.2. This is illustrated in Figure 6.16, where the local equilibrium pictures 
from Figure 6.15 have been superimposed on Figure 6.6 from Section 6.2. At- 
tention is restricted to the first quadrant, since the dependent variable y(t) has 
components that represent (nonnegative) populations. 


Classifying Equilibrium Points 


In Example 1, the coefficient matrix of the linearized system at each of the four 
equilibrium points had real, distinct eigenvalues. In two cases, the eigenvalues 
had the same sign; in the other two, the eigenvalues had opposite signs. If A is 
an invertible (2 x 2) matrix, other possibilities exist for the (nonzero) pair of 
eigenvalues. The eigenvalues might be real and repeated. They might be a com- 
plex conjugate pair with nonzero real parts, or they might be a purely imaginary 
complex conjugate pair. Table 6.2 enumerates the various possibilities and the 
names assigned to them. 
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FIGURE 6.15 


= 
a 
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Direction fields for the various linearizations z' = Az associated with the 
nonlinear system (2). Each z-plane direction field corresponds to an 
equilibrium point of the nonlinear system. The equilibrium points are 
(a) (0, 3), (b) (0, 0), (c) (2, 0), and (d) (1, 1). 
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FIGURE 6.16 


The local equilibrium pictures from Figure 6.15, superimposed on the 
qualitative picture developed in Section 6.2 (see Figure 6.6 of Section 6.2). 


TABLE 6.2 


Classification of the Equilibrium Point at the Origin for y’ = Ay 


Type of Stability Characteristics 
Eigenvalues of A Equilibrium Point of the Linear System 
Real eigenvalues A,, A, where 
Ay <4, <0 Node Asymptotically stable 
0<)A, <A, Node Unstable 
Real eigenvalues 4,, 4, where 
A, <O<A, Saddle point Unstable 
Complex eigenvalues where 
Ayg =a Lip, a<0O Spiral point Asymptotically stable 
Ayg =a tip, a>0O Spiral point Unstable 
Complex eigenvalues where 
Ay. = if, BAO Center Stable but not 
asymptotically stable 


The “node” designation is often divided into two subcategories. If matrix A 
has two equal (real) eigenvalues and is a scalar multiple of the (2 x 2) identity 
matrix, the equilibrium point is called a proper node. In all other cases (when 
A has equal real eigenvalues but only one linearly independent eigenvector or 
when A has unequal real eigenvalues of the same sign), the equilibrium point 
is called an improper node. 

Figures 6.15 and 6.17-6.19 provide some examples of phase-plane behav- 
ior at nodes and saddle points. The following three examples illustrate typical 
behavior at a proper node, a spiral point, and a center. 
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EXAMPLE 


2 


EXAMPLE 


3 


Proper Node 


Consider the linear system 


y= ¥: a0: 
a 


The origin is a proper node since the eigenvalues are real and equal (A, =A, =), 
and the coefficient matrix is a nonzero multiple of the identity matrix. The 
phase-plane behavior of trajectories is easily recognized if we adopt polar co- 
ordinates. Let 


x=rcos@é and y=rsiné. 


With this change of variables, the component equations transform into the 
differential equations for the polar variables, 


/ 
r=ar 


y= 0. 


As time increases, the solution points move on rays, since the polar angle 6 
remains constant. If a < 0, solutions approach the origin and the origin is an 
asymptotically stable equilibrium point. Ifa > 0, solution points move outward 
along the rays and the origin is an unstable equilibrium point. Note that the rays 
(the trajectories themselves) are independent of the value of a. The parameter 
a governs only how quickly solution points move inward or outward along the 
rays. Figure 6.17 depicts behavior for the case a > 0. 
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FIGURE 6.17 


The origin is a proper node for the system in Example 2. Since a > 0 in 
this example, the origin is an unstable equilibrium point. 


o, 
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Spiral Point 


Consider the linear system 


EXAMPLE 


4 
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The eigenvalues of the coefficient matrix are the complex conjugate pair 
A, = —1+i, 4, =—1-i. According to Table 6.2, the origin is an asymptoti- 
cally stable spiral point. The behavior of solutions, as well as the reason for the 
terminology “spiral point,” can be clearly seen when we change to polar coor- 
dinates. For this system, we obtain the following pair of differential equations 
for the polar variables: 


/ 


r’=-r 
g’=1. 
Let the initial conditions be r(0) = rp and 6(0) = 6. Then the solutions are 
rO=re", O(t) =t+ O. 


Thus, as time increases, a solution point spirals inward toward the origin. Its 
distance from the origin decreases at an exponential rate while it moves coun- 
terclockwise about the origin. This behavior is shown in Figure 6.18. 
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The origin is a spiral point for the system in Example 3. Since the 
eigenvalues of A have real part —1, the origin is asymptotically stable. A 
solution point follows a trajectory that spirals in toward the origin. 
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oa 


Center 


Consider the linear system 


|e 5 
YS Tess A 


The eigenvalues of the coefficient matrix are the purely imaginary complex 
conjugate pair A, = 3i, 4, = —3i. According to Table 6.2, the origin is classified 
as a stable center. Phase-plane behavior is shown in Figure 6.19. 

One way to derive the equations for the elliptical trajectories in Figure 6.19 
is to change to polar coordinates. For this linear system, the differential equa- 
tions for the polar variables are 


r 


r’ = —4rcos 260 


ig 


=—5+4+4sin 20. (continued) 
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) 
(continued) 
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The origin is a center for the system in Example 4 since the eigenvalues of 
A are purely imaginary. The origin is a stable equilibrium point, but it is 
not asymptotically stable. The solution points follow elliptical trajectories 
about the origin. 


Notice that @ is a decreasing function of t. Therefore, an inverse function exists, 
and we can view r as a function of 9. Using the chain rule, we have 


as — oe = re | a 
do dt do —5+4sin 26’ 
or 
dr 4 cos 20 


= 3 rT. 
dé 5—4sin26 
This equation is a first order linear differential equation. Assuming an initial 
condition of r = r, when 6 = 0, we find the solution 
YT 
r= ——_?___ 
V1 — 0.8 sin 20 
Note that r is a periodic function of 6, with period z. Since @ is a decreas- 
ing function of t, the solution points (r, 8) move clockwise around the closed 
elliptical trajectories, as shown in Figure 6.19. 


An alternative derivation of the trajectory equations is outlined in Exer- 
cise 31. This approach leads to equations in terms of the original x, y phase- 
plane variables. 


EXERCISES 


Exercises 1-5: 

In each exercise, the eigenpairs of a (2 x 2) matrix A are given where both eigenvalues 
are real. Consider the phase-plane solution trajectories of the linear system y’ = Ay, 
where 


x(t) 
H= 
y@) ¥) 


(a) 


(b) 


(c) 
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Use Table 6.2 to classify the type and stability characteristics of the equilibrium 
point aty=0. 


Sketch the two phase-plane lines defined by the eigenvectors. If an eigenvector is 


| , the line of interest is u,x — u,y = 0. Solution trajectories originating on such 
2 
a line stay on the line; they move toward the origin as time increases if the corre- 


sponding eigenvalue is negative or away from the origin if the eigenvalue is positive. 


Sketch appropriate direction field arrows on both lines. Use this information to 
sketch a representative trajectory in each of the four phase-plane regions having 
these lines as boundaries. Indicate the direction of motion of the solution point on 
each trajectory. 


Exercises 6-20: 


In each exercise, consider the linear system y’ = Ay. Since A is a constant invertible 
(2 x 2) matrix, y = 0 is the unique (isolated) equilibrium point. 


(a) Determine the eigenvalues of the coefficient matrix A. 


(b) Use Table 6.2 to classify the type and stability characteristics of the equilibrium 


12. 


15. 


18. 


21. 


point at the phase-plane origin. If the equilibrium point is a node, designate it as 
either a proper node or an improper node. 


, fl 6 ee oe gval|° 14 
me. ie cea el 1ea|™ "ao B® 
1 2 ‘oi eels =e 
Fee ly a ee aa ee 
, [2 -3 ecole = re ie 
ele. “Zhe il a Ble mee eal 
, f-1 8 act 2 aie | oe A 
Y=) ol ial ee es yl le 
a. 0 garl| * 2 en a 
vO: BE lhe. a 2 | oe Sl 


Consider the linear system y’ = Ay. Four direction fields are shown. Determine 
which of the four coefficient matrices listed corresponds to each of the direction 
fields shown. 
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Figure for Exercise 21 


Exercises 22-25: 


Use the information given about the nature of the equilibrium point at the origin to 
determine the value or range of permissible values for the unspecified entry in the co- 


efficient matrix. 


22. The origin is a center for the linear system y’ = E 3 | y; determine a. 


23. Given y’ = iE | y, for what values of a (if any) can the origin be an asymptoti- 


cally stable spiral point? 
24. The origin is an asymptotically stable proper node of y’ = ee | y; determine 


the value(s) of a. 
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25. Given y’ = h i y, for what values of a (if any) can the origin be an (unstable) 
saddle point? 


Exercises 26-29: 


Locate the equilibrium point of the given nonhomogeneous linear system y’ = Ay + gp. 
[Hint: Introduce the change of dependent variable z(t) = y(t) — yo, where yy is chosen 
so that the equation can be rewritten as z’ = Az.] Use Table 6.2 to classify the type and 
stability characteristics of the equilibrium point. 


we. Yt 4 3 a 6 5 4 
es) ee ea PN ae al |e 
28. x’ =5x-—14y42 29, x’ =—-x+2 
y =3x-—8y41 y =2y-4 
30. Let 


be a real invertible matrix, and consider the system y’ = Ay. 


(a) What conditions must the matrix entries a;; satisfy to make the equilibrium 
point y, = 0 a center? 


(b) Assume that the equilibrium point at the origin is a center. Show that the system 
y’ = Ay is a Hamiltonian system. 


(c) Is the converse of the statement in part (b) true? In other words, if the system 
y’ = Ay is a Hamiltonian system, does it necessarily follow that y, = 0 is a center? 
Explain. 


31. Consider the linear system of Example 4, 


, [45 
v5 a\> 


The coefficient matrix has eigenvalues 4, = 3i, A, = —3i; the equilibrium point at 
the origin is a center. 


(a) Show that the linear system is a Hamiltonian system. Either use the results of 
Exercise 30 or apply the criterion directly to this example. 


(b) Derive the conservation law for this system. The result, 3x? — 4xy + By? =C>0, 
defines a family of ellipses. These ellipses are the trajectories on which the solution 


point moves as time changes. 
(c) Plot the ellipses found in part (b) for C = 4, $, and 1. Indicate the direction in 
which the solution point moves on these ellipses. 


Exercises 32-34: 


A linear system is given in each exercise. 


(a) Determine the eigenvalues of the coefficient matrix A. 


(b) Use Table 6.2 to classify the type and stability characteristics of the equilibrium 
point at y = 0. 


(c) The given linear system is a Hamiltonian system. Derive the conservation law for 
this system. 


32. =[-2 1 33. x = x + 3y 34, > | 
= y oe ee y= y 
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6.7 Predator-Prey Population Models 


By way of introduction, we pose a question. This question involves the familiar 
problem of a predatory population being introduced into a colony, either by 
accident or by design. If the predator is undesirable, our goal may be to remove 
it from the colony. If the predator is desirable, our goal may be to establish 
a coexisting ecological balance between the predators and their prey. Which 
scenarios lead to predator eradication, and which scenarios lead to predator- 
prey coexistence? And whatare the factors responsible for the desired outcome? 


Mathematical Modeling 


We develop a mathematical model of two-species predator-prey interaction to 
gain insight into the question posed above.’ Let P;(¢) and P,(¢) represent the 
populations of predators and prey (respectively) in a colony at time t. Both pop- 
ulations change with time because of births, deaths, and harvesting. A “con- 
servation of population” principle of the type discussed in Section 2.4 leads to 
differential equations having the following general structure: 


dP 

s =RPy— eyPy 

an (1) 
Fe RoPa — MaP a. 


In equation (1), the term R; represents the net birth rate per unit population 
of the jth species. We assume that R, and R, are functions of the populations 
P, and P, (but not explicit functions of time ¢). The nonnegative constants 
4, and uw, represent harvesting rates per unit population. Applying the ideas 
underlying the logistic population model developed in Section 2.8, we assume 
the rate functions R, and R, have the form 


R,=1r,(-l1-—a,P,+ B,P>) 


(2) 
R,=17,(1 — BP, — aP3), 


where the parameters r;, Q;, and 6; are nonnegative constants, j = 1, 2. 

What are we actually assuming in (2)? In the absence of prey for food (that 
is, if 8, = 0), the predator rate function would be R, = —r,(1 + a,P,) < 0 and 
the predator population would continually decrease. The 6,P, term embodies 
the beneficial aspects of the prey food supply on the predator growth rate. The 
—a,P, term allows for competition among the predators for the available food. 

Consider now the prey rate function, R,. In the absence of predators and 
limitations on the prey’s food supply (that is, if 6, = 0 and a, = 0), the rate 
function would be R, =r, > 0. In that case, the prey population would grow 
exponentially whenever r, > 1,. The terms —£,P, and —a,P, account for the 


4Important early work in developing and applying such models was done by Volterra. Vito Volterra 
(1860-1940) was an Italian mathematician and scientist noted for his work on functional calculus, 
partial differential equations, integral equations and mathematical biology. During his career, he 
held distinguished positions at the universities of Pisa, Turin, and Rome. In 1931, he was forced to 
leave the University of Rome after refusing to take an oath of allegiance to the Fascist government. 
He left Italy the following year and spent the rest of his life abroad. 
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negative effects of predation and limits on the prey’s food supply, respectively. 
The predator-prey equations we use as our basic model are therefore 


dP 
ae =7,(-1=4@,P,4 £6, PP) = bP; 
(3) 
dP. 
73 =1,(1 — BP, — a,P,)P, — UP. 


Managing a Predator Population 


We now take up the question posed at the beginning of this section: How do we 
manage a predator population that has been introduced into a colony, whether 
by accident or by design? 

We assume the colony has resource limitations that exert a constraining 
influence on each of the predator and prey populations. We allow for the possi- 
bility of harvesting the predator population but not the prey population. Under 
these assumptions, system (3) becomes 


dP mn 
AP (4) 
= 12 (1 = BoP — Ps) Pa, 


where all the constants on the right-hand side of (4) are assumed positive with 
the possible exception of the harvesting rate w, which we may allow to be zero. 

From an ecological point of view, we want to know what combination of 
harvesting strategies and environmental factors will cause the predator popu- 
lation to 


(a) die out or 
(b) achieve a coexisting balance with the prey population as time evolves. 


Rephrasing in mathematical terms, we want to discover which relations among 
the constants in (4) will cause all solutions to 


(a) converge to an equilibrium value (0, P;,), where P,, > 0, or 
(b) converge to an equilibrium value (P,,, P>,), where P;, > 0, P>, > 0. 


Autonomous system (4) has at most three equilibrium points in the first quad- 


rant of the phase plane: 
—Ay (1 + “) + B, 
" 


0 
0 00 + BiB 
pi = 4 , p?) — a ; p?) = 2 1F2 
a) By (144) +o 
1 


A, A> + BB 
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The equilibrium point P“”, where P,, = P,, = 0, corresponds to neither species 
being present. The equilibrium point P, where 
1 

P,, = 0, rh (5) 


corresponds to a complete absence of predators. The third equilibrium point, 
P®), is found by solving the system of equations 


iu 
al= =P prey a=) 
r" 
1— B,P,, — @P, = 0. 
This equilibrium point is given by 
-a (142) +8) pa(1+ 4) +a, 
P= ry P. = ry 
le — ’ 2e —_ : 
1A + B; By aA + B; By 


By definition, the two species coexist when both P,, and P,, are positive. Thus, 
model (4) predicts that both species can coexist in equilibrium only if 


p, >a, (144). (7) 


1 


(6) 


If inequality (7) does not hold, then the two species cannot coexist in equilib- 
rium and the only nontrivial equilibrium solution in the first quadrant is (5), 
wherein predators are absent. 

Suppose our goal is to eradicate the predators. We see from (7) that we 
can eliminate the possibility of equilibrium predator-prey coexistence by suffi- 
ciently increasing «[1 + (/r,)] and/or by decreasing £,. Does this make sense? 
Increasing jz corresponds to increasing the harvesting rate of predators, while 
decreasing £6, corresponds to somehow reducing the beneficial effects of the 
prey as food for the predators. It seems reasonable that either of these two 
strategies would be harmful to the predators. 

What about increasing a,, however? Recall that a, is the parameter model- 
ing the constraining effects of the available colony resources on the prey popu- 
lation. In the absence of predators, the equilibrium prey population P,, = 1/a, 
decreases as a, increases. Is it reasonable to conclude that we can adversely 
impact the predator population by indirectly constraining its food supply? 

We want to focus on the role of the parameter a, in controlling the popula- 
tion. Toward that end, the parameters r,,7, @,, 8,, 6), and w will all be assigned 
the value 1, leading to the system 


dP 

ae = (-2—P,+P,)P, 

dP. " 
an = (1—P, —a,P,)P). 


Table 6.3 summarizes the information we can deduce from linearizing system 
(8). In either case (whether equilibrium coexistence is possible or impossible), 
the origin is an unstable saddle point. If equilibrium coexistence is possible, 
then the equilibrium point (0, 1/a,) isan unstable saddle point. If coexistence is 
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TABLE 6.3 


Linearized Stability 
Equilibrium System z’ = Az Properties 
Point [z(t) = P(t) — P,] Eigenvalues of System (4) 
1e 0 —2 0 Ay =-2 
= Unstable 
P,, =0 0 1 4=1 
Unstable if 
1 
P,, =0 -2+1/a, 0 4, =-24+1/a, 2 <2 
= = asymptotically 
P,, = 1/a, =ljo, =] Ag=ol stable if 
as > 5 
1 — 2a 1-—2a 1— 2a 
P. = 2 2 2 A 
1 +1 a+1 a,+1 ee Piano | oy 
A= Aio= =F 7 stable if 
— 3 3 3a, 2. 2 (1+a,) 1 
2e a <5 
a,t+1 a,t+1 a,t+1 


impossible, however, this equilibrium point becomes an asymptotically stable 
node. 

The third equilibrium point in Table 6.3, corresponding to the coexistence 
of predators and prey, requires [see equation (7)] that the numerator of P,, be 
positive; that is, 


ook, 
When a, < 5; this third equilibrium point is either an asymptotically stable 
spiral point or a node. 
The three phase-plane plots in Figure 6.20 correspond to different values 
of a, in system (8). In Figure 6.20(a), a, = 0. In this case, no resource limi- 
tations constrain prey growth, and predator-prey coexistence is possible. All 
solution trajectories having both species initially present spiral in toward the 
asymptotically stable equilibrium point (1, 3). In Figure 6.20(b), a, has been 
increased to a, = x In this case, the equilibrium point of the linearized system 
is a stable node. Here again, all solution trajectories of the nonlinear system 
having both species initially present approach the asymptotically stable equi- 
librium point at (+, $9). Lastly [see Figure 6.20(c)], when a, = 1, coexistence 
is not possible. All solution trajectories having both species initially present 
approach the asymptotically stable equilibrium point (0, 1) as t > oo. In this 
last case, the predator population tends toward extinction as time progresses. 
These direction field observations support our previous conclusions. 
On one hand, the parametric study illustrated in Figure 6.20 indicates that 
our interpretation of the model’s behavior seems correct. On the other hand, 
a model such as (4) is at best a gross simplification of reality. The trade-off in 
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(a) 


Portions of the direction field for the predator-prey equations (8), with 


different choices of a,: (a) a, 
throwing away” reality. In particular, when model predictions seem counter- 


intuitive, we need to proceed with a healthy skepticism—both scrutinizing and 


modeling is always one of reducing a problem to its essential features without 
refining the model to gain further confidence and insight. 


Assume the given autonomous system models the population dynamics of two species, 


x and y, within a colony. 
(a) For each of the two species, answer the following questions. 


Exercises 1-4 


“ 


EXERCISES 
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(i) In the absence of the other species, does the remaining population continuously 
grow, decline toward extinction, or approach a nonzero equilibrium value as 
time evolves? 


(ii) Is the presence of the other species in the colony beneficial, harmful, or a matter 
of indifference? 
(b) Determine all equilibrium points lying in the first quadrant of the phase plane (in- 
cluding any lying on the coordinate axes). 


(c) The given system is an almost linear system at the equilibrium point (x, y) = (0, 0). 
Determine the stability properties of the system at (0, 0). 


1. x) = x — x? —xy 2. x) =—x—x? 

, 2 1 Ores as 
y=y—3y — 5x y y+ xy 
3.x =x-x?—xy 4.x) =x—-x +4+xy 
y =-y—y? +xy y = yy +4y 


5. A scientist adopted the following mathematical model for a colony containing two 
species, x and y: 


x =r, (1ta,x + Byy)x 
y= 1,1 + Box + any)y. 
The following information is known: 
(i) If only species x is present in the colony, any initial amount will vary with time 


as shown in graph (a). If only species y is present, any initial amount will vary 
as shown in graph (b). 


(ii) If both species are initially present, (x,,y,) = (2, 3) is an equilibrium point. 


In[x())] In[y(2)] 
A 


4b 


(a) (b) 
Figure for Exercise 5 


(a) Determine the six constants r,, a,, 8,, 7, @, and f,. 


(b) How do the two populations relate to each other? Is population x beneficial, 
harmful, or indifferent to population y? Is population y beneficial, harmful, or in- 
different to population x? 


Exercises 6-7: 


Two Competing Species These exercises explore the question “When one of two species 
in a colony is desirable and the other is undesirable, is it better to use resources to 
nurture the growth of the desirable species or to harvest the undesirable one?” 
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Let x(t) and y(t) represent the populations of two competing species, with x(t) the 
desirable species. Assume that if resources are invested in promoting the growth of the 
desirable species, the population dynamics are given by 


x’ =r(l—ax— By)x + px 


' (9) 
y =r —ay — Bx)y. 
If resources are invested in harvesting the undesirable species, the dynamics are 
x’ =r(1—ax— By)x 
: (10) 


y =r(1 — ay — Bx)y — py. 


In (10), 7, a, 8, and yu are positive constants. For simplicity, we assume the same param- 
eter values for both species. For definiteness, assume that a > B > 0. 


6. Consider system (9), which describes the strategy in which resources are invested 
into nurturing the desirable species. 


(a) Determine the four equilibrium points for the system. 


(b) Show that it is possible, by investing sufficient resources (that is, by making wu 
large enough), to prevent equilibrium coexistence of the two species. 


(c) Assume that yz is large enough to preclude equilibrium coexistence of the two 
species. Compute the linearized system at each of the three physically relevant equi- 
librium points. Determine the stability characteristics of the linearized system at 
each of these equilibrium points. 


(d) System (9) can be shown to be an almost linear system at each of the equilibrium 
points. Use this fact and the results of part (c) to infer the stability properties of 
system (9) at each of the three equilibrium points of interest. 


(e) Sketch the direction field. Will a sufficiently aggressive nurturing of species 
x ultimately drive undesirable species y to extinction? If so, what is the limiting 
population of species x? 


7. Consider system (10), which describes the strategy in which resources are invested 
in harvesting the undesirable species. Again assume that a > B > 0. 


(a) Determine the four equilibrium points for the system. 


(b) Show that it is possible, by investing sufficient resources (that is, by making 
u large enough), to prevent equilibrium coexistence of the two species. In fact, if 
i > r, show that there are only two physically relevant equilibrium points. 


(c) Assume y > r. Compute the linearized system at each of the two physically 
relevant equilibrium points. Determine the stability characteristics of the linearized 
system at each of these equilibrium points. 


(d) System (10) can be shown to be an almost linear system at each of the equilib- 
rium points. Use this fact and the results of part (c) to infer the stability properties 
of system (10) at each of the two equilibrium points of interest. 


(e) Sketch the direction field. Will sufficiently aggressive harvesting of species y 
ultimately drive undesirable species y to extinction? If so, what is the limiting pop- 
ulation of species x? 


8. Compare the conclusions reached in Exercises 6 and 7. Assume we have sufficient 
resources to implement either strategy. Which strategy will result in the larger num- 
ber of desirable species x eventually being present: promoting the desirable species 
or harvesting the undesirable one? Could this answer have been anticipated by as- 
suming that both strategies will lead to the eventual extinction of species y? Will 
comparing the resulting one-species equilibrium values for x provide the answer? 
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9. Three species, designated as x, y, and z, inhabit a colony. Species x and y are two 
mutually competitive varieties of prey, while z is a predator that depends on x and 
y for sustenance. In the absence of the other two species, both x and y are known 
to evolve toward a nonzero equilibrium value as time increases. Species z, however, 
decreases exponentially toward extinction when both species of prey are absent. 
Assume that a mathematical model having the following structure is adopted to 
describe the population dynamics: 


x = ta,x+b,x* te,xy +d)xz 
y¥ = tany + by’ + cnxy + doyz 
z= +a,z403xz + d3yz. 


If we want the constants a,,b,,c,,a,,...,d, to be nonnegative, use the information 
given to select the correct (plus or minus) sign in the model. 


Exercises 10-11: 


Infectious Disease Dynamics Consider a colony in which an infectious disease (such as 
the common cold) is present. The population consists of three “species” of individuals. 
Let s represent the susceptibles—healthy individuals capable of contracting the illness. 
Let i denote the infected individuals, and let r represent those who have recovered from 
the illness. Assume that those who have recovered from the illness are not permanently 
immunized but can become susceptible again. Also assume that the rate of infection is 
proportional to si, the product of the susceptible and infected populations. We obtain 
the model 


s'=-asit+ yr 
i! =asi— Bi (11) 
r' = Bi-—yr, 


where a, 6, and y are positive constants. 


10. (a) Show that the system of equations (11) describes a population whose size re- 
mains constant in time. In particular, show that s(f) + i(t) +r() = N, a constant. 


(b) Modify (11) to model a situation where those who recover from the disease are 
permanently immunized. Is s(t) + i(t) + r() constant in this case? 


(c) Suppose that those who recover from the disease are permanently immunized 
but that the disease is a serious one and some of the infected individuals perish. 
How does the system of equations you formulated in part (b) have to be further 
modified? Is s(t) + i(t) + r(t) constant in this case? 


11. (a) Consider system (11). Use the fact that s(t) + i +r(@) = N to obtain a reduced 
system of two differential equations for the two dependent variables s(t) and i(t). 


(b) For simplicity, set a = 8 = y = 1 and N = 9. Determine the equilibrium points 
of the reduced two-dimensional system. 


(c) Determine the linearized system at each of the equilibrium points found in 
part (b). Use Table 6.2 to analyze the stability characteristics of each of these lin- 
earized systems. 


(d) Show that the nonlinear system is an almost linear system at each of the equilib- 
rium points found in part (b). What are the stability characteristics of the nonlinear 
system at these points? 
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PROJECTS 


Project 1: A Bobbing Sphere 


Consider Figure 6.21. Assume a sphere of radius R weighs half as much as an 
equivalent volume of water. In its equilibrium state, the sphere floats half-submerged, 
as shown in Figure 6.21(a). The sphere is disturbed from equilibrium at some instant. 
Its position is as shown in Figure 6.21(b), with displacement y(t) measured positive 
downward. 


Se 
~S/ R+y@) 
——_ x 


FIGURE 6.21 


(a) The equilibrium state of a floating sphere whose weight is one half the 
weight of an equal volume of water. (b) The perturbed state of the sphere, 
with y(t) > 0 as shown. 


1. Compute the volume of the submerged portion of the sphere at the instant when 
the displacement from equilibrium is y(t). (Archimedes’ law of buoyancy states that 
the upward force acting on the sphere is the weight of the water displaced at that 
instant.) 

2. Apply Newton’s second law of motion to obtain the differential equation governing 
the bobbing motion of the sphere. Considering only the weight and buoyant force, 
equate my” to the net downward force (sphere weight minus upward buoyant force). 
Show that the resulting equation is 


” 3 i 
v+8(B-2) a0 (1) 


In (1), g denotes the acceleration due to gravity. For what range of values of y(t) is 
the differential equation (1) physically relevant? 


3. Equation (1) defines a conservative system. Derive the corresponding conservation 
law, and use it to answer the following questions. Assume R = 0.5 mand g = 9.8 m/s’. 


(a) If the sphere is raised 10 cm above its equilibrium position and released from 
rest, what is the maximum vertical speed attained by the sphere in its bobbing 
motion? 

(b) If the sphere is set into motion with initial conditions y(0) = 0, y'(0) = 1 m/s, what 
is the maximum depth that the sphere center will reach as it bobs? 


4. Rewrite (1) as an equivalent two-dimensional system of first order equations, where 
Zz, =y and z, =y’. Show that the nonlinear system is an almost linear system at its 
only equilibrium point, z, = 0. 

5. Perform a stability analysis of the linearized system in part 4 at z= 0. Can we use 
this analysis to infer the stability properties of the corresponding nonlinear system? 
Explain. 
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Project 2: Introduction of an Infectious Disease into a 
Predator-Prey Ecosystem 


In this chapter, we have discussed a model of a predator-prey ecosystem, 


/ 


x’ = —ax + bxy 
, (2) 
y' =cy —dxy. 


In (2), x(t) and y(t) represent the populations of predators and prey, respectively, at time 
t. The terms a, b,c, andd are positive constants. The terms bxy and —dxy account for the 
beneficial and detrimental impacts of predation on the predator and prey populations. 
We also discussed a model for the dynamics of an infectious disease within a pop- 
ulation (see Exercise 10 of Section 6.7). In the present discussion, we will assume that 
infected individuals, when they have recovered, immediately become susceptible again. 
Therefore, we need not consider a “recovered” population as a separate entity. With this 
assumption, the infectious disease model considered in Section 6.7 simplifies to 


oe (3) 

1 =asi — pi. 
Tn (3), s(t) and i(f) are the populations of susceptible and infected individuals at time f, 
while aw and £ are positive constants. In the model (3), the total population, s(t) +i(), 
remains constant in time. 

We will combine the ideas embodied in these two problems to model a situation 
where an infectious disease has been introduced into a predator-prey colony. The goal 
is to determine the behavior of the colony. 

Assume the following additional facts. 


(i) The disease is benign to the prey; that is, the prey are “carriers.” The relative birth 
rate for infected prey remains the same as that for healthy, susceptible prey. 


(ii) The disease is debilitating and ultimately fatal for predators. Once a predator is in- 
fected, it can basically be assumed to be deceased. Therefore, we need only consider 
one population of predators—those that are susceptible. 


(iii) The disease is spread among the prey by contact. We assume the rate of infection 
to be proportional to the product of susceptible and infected populations. 


(iv) The predators make no distinction between susceptible and infected individuals in 
their consumption of prey. 


(v) The predators contract the disease only by consumption of prey. The rate of preda- 
tor infection is proportional to the product of infected prey and susceptible preda- 
tors. 


We obtain a model by dividing the prey population into two subgroups: healthy, 
susceptible prey and infected prey. Let s(t) and i(t) represent the populations of suscep- 
tible and infected prey, respectively, at time t. Let x(t) denote the population of healthy, 
susceptible predators. The autonomous system that will model the ecosystem is 


x’ = —ax + bxs — 8xi 


, 


s’ =cs —dsx —asi+t pi (4) 


i’ =ci—dxi+asi — Bi, 
where the constants a, b,c, d, a, B, and 6 are all positive. 


1. Explain the modeling role played by each term in the three differential equations. 
(For example, the term —ax accounts for the fact that, in the absence of prey, the 
predator population would decrease and exponentially approach extinction.) 


2. As usual, we assume that the variables x, s, andi have been scaled so that one unit of 
population corresponds to a large number of actual individuals. Assume the following 
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values for the constants in equation (4): 


a=1, bel e=1, d=) ew}, pel, ¢s=1 
With this, equation (4) becomes 
x’ =—x+xs—xi 
s' =s—sx—$siti (5) 
i =i-xi+ }si—i=—xi+t jsi. 


Show that autonomous system (5) has just one equilibrium point in the first octant of 
xsi-space, where all three components are strictly positive. What is this equilibrium 
point? 

3. Linearize system (5) about the equilibrium point found in part 2. Let A denote the 
(3 x 3) constant coefficient matrix of the linearized system. Without performing any 
further calculations, answer the following questions: 


(a) Must the matrix A have at least one real eigenvalue? 
(b) Is it possible for A to have exactly two real eigenvalues? 


(c) Is the matrix A real and symmetric? Does it possess any special structure to suggest 
that it must have three real eigenvalues? 


Now use computer software to determine the three eigenvalues of A. 
It can be shown (see Coddington and Levinson’) that the (isolated) equilibrium 
point (x,,s,,i,) = (1, 2, 1) of nonlinear system (5) is 


(i) asymptotically stable if all three eigenvalues have negative real parts. 
(ii) unstable if at least one eigenvalue has a positive real part. 


Can either of these results be applied in this case to determine the stability properties 
of the equilibrium point? If so, describe the stability properties of this equilibrium 
point. 


Project 3: Chaos and the Lorenz Equations 


In the early 1960s, Edward N. Lorenz,° an MIT meteorologist, formulated and stud- 
ied a system of three nonlinear differential equations that today bear his name. These 
equations, arising from a model of fluid convection, were analyzed by Lorenz to gain 
insight into the feasibility of long-range weather forecasting. His findings, published in 
a classic 1963 paper,’ illustrate what is now called deterministic chaos, a phenomenon 
wherein even a small number of nonlinear differential equations can exhibit behavior 
that is highly complicated and extremely sensitive to perturbations in the initial condi- 
tions. This sensitivity is sometimes called the “butterfly effect,” an allusion to the notion 
that the flapping of a butterfly’s wings on one continent can, after a time, influence 
the weather on another continent. This project uses a Runge-Kutta method to solve 
the Lorenz equations numerically and illustrate solution complexity and the “butterfly 
effect.” 


>Earl A. Coddington and Norman Levinson, Theory of Ordinary Differential Equations (Malabar, 
FL: R. E. Krieger, 1984). 

°Edward N. Lorenz, professor emeritus, Department of Earth, Atmospheric and Planetary Sci- 
ences, MIT, received the 1983 Crafoord Prize “for fundamental contributions to the field of geo- 
physical hydrodynamics, which in a unique way have contributed to a deeper understanding of 
the large-scale motions of the atmosphere and the sea.” 

TEdward N. Lorenz, “Deterministic Nonperiodic Flow,” Journal of the Atmospheric Sciences, Vol. 
20, March 1963, pp. 130-141. An interesting account of the research activity culminating in these 
results appears in the book Chaos by James Gleick (Viking Press, 1987). 
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The Lorenz equations are 
X’=-oX+oY 
Y'’ =—-XZ+rx —Y 
Z' = XY —bZ, 


where o,7, and b are positive constants. We will refer to the three dependent variables 
X(t), Y(t), and Z(f) as “coordinates.” In reality, however, they are variables that charac- 
terize the intensity and temperature variations of the fluid convective motion. 


1. 


Write a computer program to solve an initial value problem for the Lorenz equations 
using the fourth order Runge-Kutta method given in equations (11)-(13) of Section 
4.9. (Section 4.9 also provides an example of a MATLAB code for the algorithm.) 


. Use your program to solve the Lorenz equations numerically on the time interval 


0 <t < 50. Use a step size of h = 0.01, and use the following parameter values and 
initial conditions: 


o=10, b=8 r=28 
X(0)=0, Y@)=1, Z@)=0. 


. We now introduce a very small perturbation of the initial conditions. Repeat the 


computations of step 2 using the same parameter values and step size, but with the 
following (different) initial conditions: 


X (0) = 0.0005, Y(0) = 0.9999, Z(0) = 0.0001. 


Let the “unperturbed” numerical solution obtained in step 2 be denoted by X(t), Y(0), 
Z(t) and the “perturbed” solution of step 3 by X,0, Y,0, 2,0. 


. Since there are three dependent variables, parametric solution curves are three- 


dimensional space curves. Such curves are said to exist in phase space (in contrast 
to the two-dimensional phase plane). Instead of plotting such space curves, we will 
display solution curve complexity by plotting their projections onto each of the three 
coordinate planes. We will use computer software to create three separate parametric 
plots, 


X(t) vs. Y(t), X(t) vs. Z(0), Y(t) vs. Z(t), 0<t<50. 
Illustrate the “butterfly effect” as follows: 


(a) Create three separate graphs, displaying each of the “unperturbed” and corre- 
sponding “perturbed” pairs of coordinates on the same graph as a function of 
time. What happens as time progresses? Is there a time beyond which the corre- 
sponding coordinate curves bear virtually no resemblance to each other? 

(b) To see this chaotic behavior from a different point of view, select one pair of 
“unperturbed” and “perturbed” coordinates, say X(¢) and X,(¢). Now create the 
parametric plot 


X(t) vs. Xi), 0<t< 50. 


IfX (¢) and X, (t) were to remain close in value to each other for all time, what would 
this parametric plot look like? Does the plot actually obtained look anything like 
this? 
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Introduction 


Asimple numerical method, Euler’s method, was introduced in Section 2.10. In 
Section 4.9, we extended Euler’s method to linear systems. We also described 
a fourth order Runge-Kutta method that served as the basis for an improved, 
more accurate algorithm. In this chapter, we discuss the ideas underlying a 
systematic development of more accurate algorithms. 

We begin with the first order scalar initial value problem 


a = Pity), yv(to) =o; fg St sio+T. 


We assume that this problem has a unique solution on the given f-interval. 
Our goal is to develop algorithms that generate accurate approximations to the 
solution y(t). 

A numerical method frequently begins by imposing a partition of the form 
to <ty <t, <---<ty_, <ty=t)+T7 on the tinterval [f),¢)+7). Often this 
partition is uniformly spaced—that is, the partition points are defined by 


T 
t, = to +nh, = 05132) oeegiN where h= 


The partition spacing, h = T/N, is called the step length or the step size. At 


each partition point, t,,, the numerical algorithm generates an approximation, 
y,, to the exact solution value, v(¢,,). A numerical solution of the differential 
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equation consists of the points {(¢9, yp), (1,41), ---> (ty, ¥y)}, where 
¥, ~ y(t), n=0,1,...,N. 


Note that the initial condition provides us with an exact starting point (f9, yo). A 
“good” numerical algorithm is one that generates points (t,,, y,,) that lie “close” 
to their exact solution counterparts, (t,,,v(¢,,)) for m= 1,2,...,N. The terms 
“good” and “close,” while intuitively clear, will be made precise later. 

Figure 7.1 displays the exact solution of the initial value problem 
y’ = y*, y(0) = 1 on the interval 0 < t < 0.95 and a pair of numerical approxi- 
mations corresponding to different step lengths h. [The exact solution, 
y(t) = (1 —#)"1, does not exist for t > 1.] 


FIGURE 7.1 


The initial value problem y’ = y”, y(0) = 1 has solution 

y(t) = (1 —2)7',t < 1. The solid curve is the graph of y(t) for 0 < t < 0.95. 
The points marked by an o represent a numerical solution with step length 
h = 0.05, and the points marked by an x represent a numerical solution 
with h = 0.1. The numerical solutions were generated by Euler’s method. 
As is usually the case, the smaller step length generates approximations 
that are more accurate. 


Numerical Solutions for Systems of Differential Equations 


Focusing our attention on scalar first order initial value problems may seem to 
be overly restrictive, but that is not the case. The algorithms we develop for first 
order scalar problems extend directly to first order systems. And, as you have 
seen, first order systems basically encompass all the differential equations we 
have considered so far. 

We concentrate on first order scalar problems because they possess the 
virtues of relative simplicity and ease of visualization. In particular, we can 
graph and compare the exact solution and the numerical solution. To further 
simplify the development, we restrict our discussions to uniformly spaced par- 
titions of step size h. 

The computational aspects of Euler's method were treated earlier. The al- 
gorithm was introduced and applied to first order scalar problems in Section 
2.10 and extended to first order linear systems in Section 4.9. Euler’s method 
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serves as our starting point in the next section, where we briefly review the 
method and explore ways of improving it. 


7.2  Euler’s Method, Heun’s Method, and the Modified 
Euler’s Method 


Euler’s Method 


As we saw in Section 2.10, Euler’s method develops a numerical solution of the 
initial value problem 


y=fty), ye) =¥ (1) 
using the algorithm 
Vast =In thf tas Vn): n=0,1,2,...,N—1. (2) 


There are several different ways to derive Euler’s method. In Section 2.10, we 
used a geometric approach based on direction fields. We now discuss two other 
ways of looking at Euler’s method. While they are variations on the basic theme, 
they provide useful insights as we look for ways to improve Euler’s method. 


Approximating the Integral Equation 


Let y(t) denote the exact solution of initial value problem (1). For now, we re- 
strict our attention to the interval t, <t <t,,,,. Assume that we do not know 
the exact solution, y(t), but that we have already calculated approximations, y,, 
of y(t,) fork = 0, 1,..., (see Figure 7.2). Our goal is to find the next approxi- 
mation, y,,1, Of y(t,41)- 


Yn-2 


e? e er! 


ey y2 ern 


>t 


tr-itn tn+1 
FIGURE 7.2 


Let y(t) denote the exact solution of initial value problem (1). While we do 
not know y(t), we assume we have calculated approximations, y;,, to y(¢,) 
fork =0,1,...,n. Our goal is to find the next approximation, y,,,,, to 


Vn): 


Consider differential equation (1) and its exact solution, y(t). Integrating 
both sides of equation (1) over the interval [t,,, ¢,,,,], we obtain 


tn+1 tnt 
i y'(s) ds = / f(s, y(s)) ds. 
tn tn 
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By the fundamental theorem of calculus, the left-hand integral is y(¢,,,,) — y(¢,). 
Therefore, we obtain an equation for y(t,,, ,): 


ttl 
vena) =¥1t) + f f(s, y(s)) ds. (3) 
tn 


We cannot use equation (3) computationally because we do not know y(s), 
t, <S <t,,,. Suppose, however, that the step length 4 is small enough that 
f(s, y(s)) is nearly constant over the interval t,, < s < t,,,,. In this case, we can 
approximate the integral by the left Riemann sum, 


tal 
f(s, (s)) ds © hf (t,,9,))- (4) 
th 
Using approximation (4) in equation (3), we obtain 
Vn) © VE) + Hf ty VE,))- 


Replacing y(t,,) by the previously calculated estimate y,,, we are led to Euler's 
method, 


Void <n PE CV) = Jari: 


In other words, we can view Euler’s method as a left Riemann sum approxima- 
tion of integral equation (3). 


Heun’s Method 


Looked at in this light, Euler’s method might be improved by asking “Are there 
better numerical integration schemes than approximation (4)?” The trape- 
zoidal rule is one such numerical integration scheme. Using the trapezoidal 
rule, we can approximate the integral in (3) by 


tnt h 
| f(s, y(s)) ds © a [Fee VEN +E Grr Wed) - 
Using this integral approximation in (3), we obtain 


h 
VCs) © Wn) + 5 [Fee PG AT Ge Gud) « 


Replacing y(¢,,) by its estimate y,, leads to 


h 
Vtnev Vn + 2 Cas +f Cnt ¥tns1)] i (5) 


At first glance, it appears we have made matters worse since the unknown 
¥(t,41) appears on the right-hand side of (5), in the term f (¢,,, ;, y(¢,,41)). APprox- 
imation (5), if used as it stands, leads to an implicit algorithm with a nonlinear 
equation that has to be solved for y(¢,,, ;). Suppose, however, that we use Euler's 
method to approximate the unknown value y(¢,,,,) on the right-hand side of (5): 


h 
VCs) ¥ Int 5 [FG Vn) FF Cn Yn tf Gy In))] - 


EXAMPLE 


1. 


7.2. Euler’s Method, Heun’s Method, and the Modified Euler's Method 475 


This yields the explicit iteration 


h 
Inst =Int 5 [Pla In) +h Ent In +f Ga Idd] n=0,1,....N—- 1, (6) 


Algorithm (6) is often called Heun’s method or the improved Euler’s method. 


The Modified Euler’s Method 


Another simple numerical integration scheme is the modified Euler’s 
method, in which the integrand is approximated over the interval t, <t <1,,,, 
by its midpoint value. If we use the midpoint rule to approximate the integral 
in (3) and again use Euler’s method to approximate the unknown value y(t) at 
the midpoint t = ¢,, + 1/2, we obtain the algorithm 


Y4 =, tf Goeaeeuces) 220, 1,.25N =1, (7) 
Algorithm (7) is known as the modified Euler’s method. [There is no universal 
agreement on the names of algorithms (6) and (7).'] 

Although algorithms (6) and (7) appear somewhat complicated, they are 
relatively easy to implement, since computers can readily evaluate composi- 
tions of functions. However, you may rightly ask whether algorithm (6) is, as 
one of its names implies, an improvement on Euler’s method. If so, how do we 
quantitatively describe this improvement? The same question applies to (7), 
and we address it in Section 7.3. For now, we content ourselves with an exam- 
ple that compares Euler's method with algorithms (6) and (7) for a particular 
initial value problem. 


Consider the initial value problem 
y=, yO=1, O<1<0.95. 


Using a step length of h = 0.05, compare the results of Euler’s method (2), 
Heun’s method (6), and the modified Euler’s method (7). [The exact solution is 
sO=10=0,t= 1] 


Solution: For this example, fy = 0, T= 0.95, N=T/h=19, and f(t, y) =y’. 
Table 7.1 on the next page lists the results. Note that algorithms (6) and (7) do, 
in fact, represent an improvement over Euler's method. “ 


The relationship between numerical methods for solving differential equa- 
tions and numerical integration schemes is a reciprocal one. Every numerical 
integration technique suggests an algorithm for the initial value problem—this 
is the approach we used in obtaining algorithms (6) and (7) from equation (3). 
Conversely, an algorithm for the initial value problem gives rise to a corre- 
sponding numerical integration scheme. To see why, consider the initial value 
problem y’ = f(t), y(t) = 0. The solution is simply y(t) = a f (s) ds. Therefore, 


any numerical method used to solve this initial value problem gives rise to an 


‘We are using names found in Peter Henrici, Discrete Variable Methods in Ordinary Differential 
Equations (New York: Wiley, 1962). 
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TABLE 7.1 


The Results of Example 1 

As is usually the case, algorithms (6) and (7) give better approximations to 
yt,,) than does Euler’s method. As is also typical, algorithms (6) and (7) have 
comparable accuracy. [Note: For this particular initial value problem, Heun’s 
method (6) yields slightly better approximations than the modified Euler’s 
method (7). For other examples, (7) may give slightly better approximations 


than (6).] 
Euler’s Heun’s Modified Exact 

t, Method Method Euler's Method Solution 

0.0000 1.0000 1.0000 1.0000 1.0000 
0.0500 1.0500 1.0526 1.0525 1.0526 
0.1000 1.1051 1.1109 1.1109 1.1111 
0.1500 1.1662 1.1762 1.1761 1.1765 
0.2000 1.2342 1.2495 1.2493 1.2500 
0.2500 1.3104 1.3326 1.3323 1.3333 
0.3000 1.3962 1.4275 1.4271 1.4286 
0.3500 1.4937 1.5370 1.5363 1.5385 
0.4000 1.6052 1.6645 1.6636 1.6667 
0.4500 1.7341 1.8151 1.8137 1.8182 
0.5000 1.8844 1.9954 1.9934 2.0000 
0.5500 2.0620 2.2153 2.2124 2.2222 
0.6000 2.2745 2.4894 2.4850 2.5000 
0.6500 2.5332 2.8402 2.8333 2.8571 
0.7000 2.8541 3.3049 3.2935 3.3333 
0.7500 3.2614 3.9488 3.9289 4.0000 
0.8000 3.7932 4.8975 4.8597 5.0000 
0.8500 4.5126 6.4264 6.3449 6.6667 
0.9000 5.5308 9.2615 9.0471 10.0000 
0.9500 7.0603 15.9962 15.2001 20.0000 


approximation of the integral. In particular, Euler’s method, Heun’s method, 
and the modified Euler’s method, when applied to the initial value problem 
y’ = f(), y(tp) = 0, reduce to a left Riemann sum, the trapezoidal rule, and the 
midpoint rule, respectively. 


Approximating the Taylor Series Expansion 


This subsection presents another derivation of Euler’s method. Since y(f) is the 
solution of initial value problem (1) and is assumed to exist on the interval ty) < 
t <ty+T, we know y() is differentiable on that interval. Assume for now not 
only that the solution is differentiable, but that it can be expanded in a Taylor 
series at f=¢,, where the Taylor series converges in an interval containing 
[t,,. t,, +]. Therefore, we can express y(t,,,,) as 


mr 


Venu) =Vty +h) =yt,) ty Ga +> Cw red seas fee, (8) 
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Truncating the series (8) after two terms, we obtain the approximation 
Vito) © VG,) +y' Gh. (9) 
Since y'(t,,) =f (,,,y(t,)), we can rewrite approximation (9) as 
Veni) © VG) +£G, VG, A. 


Replacing y(¢,,) in this approximation by its estimate y,,, we are once more led 
to Euler’s method: 


Vt) Yn +i Gest = Vn41- 


Thus, we obtain Euler’s method by truncating the Taylor series (8) after two 
terms. Viewed in this light, Euler’s method might be improved by retaining 
more terms of the Taylor series—truncating after three, four, or more terms. 
We investigate this possibility in Section 7.3. 


Most exercises in this chapter require a computer or programmable calculator. 


Exercises 1-5: 

In each exercise, 

(a) Solve the initial value problem analytically, using an appropriate solution technique. 
(b) For the given initial value problem, write the Heun’s method algorithm, 


h 
Vat =n ate Zh nn) +f natn thf G.¥,))1- 


(c) For the given initial value problem, write the modified Euler’s method algorithm, 


h h 
Yntt =n + hf ie + 379n ie 3f ly 94)) : 


(d) Use a step size h = 0.1. Compute the first three approximations, y,,y,, 73, using the 
method in part (b). 


(e) Use a step size h = 0.1. Compute the first three approximations, y,,y,, v3, using the 
method in part (c). 


(f) For comparison, calculate and list the exact solution values, y(t), y(t,), (fs). 
1.y'=2t-1, yd)=0 2.y¥=-y, yO)=1 3. y'= -ty, y(0)=1 
4.y=-y4+t, y0)=0 5S.yy4+t=0, yO=H1 

Exercises 6-9: 

In each exercise, 

(a) Find the exact solution of the given initial value problem. 


(b) Asin Example 1, use a step size of h = 0.05 for the given initial value problem. Com- 
pute 20 steps of Euler’s method, Heun’s method, and the modified Euler’s method. 
Compare the numerical values obtained at t = 1 by calculating the error |y(1) — y.9|. 


/ / t 
6. y =1+4+y’, y(0)=-1 aca y(0) = 3 


8. y'+2y=4, yO) =3 9. y'+2ty=0, y(0) =2 
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Exercises 10-14: 
In each exercise, the given iteration is the result of applying Euler’s method, Heun’s 
method, or the modified Euler’s method to an initial value problem of the form 
y =f), Y¥(to) =o. ty <t<to+T. 
Identify the numerical method, and determine f), T, and f(t, y). 


10. Vast =Vn tA, +t yn) Y= 1 
t, =2+nh, h=0.02, n=0,1,2,...,49 


n 


h 
11. Yass =In tz lena $2 + Cy + n +E In + DY Yo=2 
t_ =1l+nh, h=0.05, n=0,1,2,...,99 


n 


h h 
12. y,.,=y¥,+h (« + 3) sin? (>, + 5tn sin?(y,)) i Vaal 


t, =nh, h=0.01, n=0,1,2,...,199 


n 


h 
t, =2+nh, h=0.01, n=0,1,2,...,99 


h h 
14. y,,,;=y, th in («+ 5 +y,+ 5 sin, +y))| ,¥=1 


t, =—-l+nh, h=0.05, n=0,1,2,...,199 


15. Let h be a fixed positive step size, and let A be a nonzero constant. Suppose we 
apply Heun’s method or the modified Euler’s method to the initial value problem 
y’ = dy, v(t) = Yo, using this step size h. Show, in either case, that 


k 
hi)? (hay? 
y= ( +hri+ oe) a and hence y,= ( +hrit =m) ee kK=1,2,.... 


Exercises 16-17: 


Assume a tank having a capacity of 200 gal initially contains 90 gal of fresh water. At 
time t = 0, a salt solution begins to flow into the tank at a rate of 6 gal/min and the well- 
stirred mixture flows out at a rate of 1 gal/min. Assume that the inflow concentration 
fluctuates in time, with the inflow concentration given by c(t) = 2 — cos(zt) lb/gal, where 
t is in minutes. Formulate the appropriate initial value problem for Q(t), the amount of 
salt (in pounds) in the tank at time ¢. Our objective is to approximately determine the 
amount of salt in the tank when the tank contains 100 gal of liquid. 


16. (a) Formulate the initial value problem. 
(b) Obtain a numerical solution, using Heun’s method with a step size h = 0.05. 
(c) What is your estimate of Q(f) when the tank contains 100 gal? 

17. (a) Formulate the initial value problem. 


(b) Obtain a numerical solution, using the modified Euler's method with a step size 
h=0.05. 


(c) What is your estimate of Q(f) when the tank contains 100 gal? 


Exercises 18-19: 


Let P(t) denote the population of a certain colony, measured in millions of members. 
Assume that P(t) is the solution of the initial value problem 


P’=0.1 (1 _ 3) P+M(t), PO) =Py, 
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where time t is measured in years. Let M(t) = e~'. Therefore, the colony experiences a 
migration influx that is initially strong but soon tapers off. Let P) = 3; that is, the colony 
had 500,000 members at time t = 0. Our objective is to estimate the colony size after 
two years. 


18. Obtain a numerical solution of this problem, using Heun’s method with a step size 
h = 0.05. What is your estimate of colony size at the end of two years? 


19. Obtain a numerical solution of this problem, using the modified Euler’s method 
with a step size h = 0.05. What is your estimate of colony size at the end of two 
years? 


20. Error Estimation In most applications of numerical methods, as in Exercises 16- 
19, an exact solution is unavailable to use as a benchmark. Therefore, it is natural 
to ask, “How accurate is our numerical solution?” For example, how accurate are 
the solutions obtained in Exercises 16-19 using the step size h = 0.05? This exercise 
provides some insight. 

Suppose we apply Heun’s method or the modified Euler’s method to the initial 
value problem y’ = f(t, y), v(tg) =V9 and we use a step size h. It can be shown, for 
most initial value problems and for / sufficiently small, that the error at a fixed point 
t = ¢* is proportional to h?. That is, let 1 be a positive integer, let h = (¢* — ty)/n, and 
let y,, denote the method's approximation to y(¢*) using step size h. Then 


=C, C#0. 


As aconsequence of this limit, reducing a sufficiently small step size by 5 will reduce 
the error by approximately ;. In particular, let $2,, denote the method’s approxima- 
tion to y(t*) using step size i/2. Then, for most initial value problems, we expect 
that y(t*) — 2, © Ly(t*) — y,]/4. Rework Example 1, using Heun’s method and step 
sizes of h = 0.05, h = 0.025, andh = 0.0125. 


(a) Compare the three numerical solutions at t = 0.05, 0.10, 0.15, ..., 0.95. Are the 
errors reduced by about + when the step size is reduced by 4? (Since the solution 
becomes unbounded as t approaches | from the left, the expected error reduction 
may not materialize near t = 1.) 


(b) Suppose the exact solution is not available. How can the Heun’s method so- 
lutions obtained using different step sizes be used to estimate the error? [Hint: 
Assuming that 

~ Ie) -ynl 


y(t*) Van ™~ 4 ’ 


derive an expression for y(t*) — 972, that involves only 72, and y,.] 


(c) Test the error monitor derived in part (b) on the initial value problem in 
Example 1. 


7.3 Taylor Series Methods 


In Section 7.2, we saw that we could obtain Euler’s method by truncating the 
Taylor series for the solution y(t) after the first two terms of the expansion. We 
therefore anticipate that Euler's method can be improved by retaining more 
terms of the Taylor series. 

In this section, we describe how such an improvement of Euler’s method 
is carried out. In addition, we use the Taylor series expansion as a basis for 
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quantifying the accuracy of numerical algorithms. We begin with some pre- 
liminaries: 


e First, we state Theorem 7.1. This theorem gives conditions guaranteeing 
that the solution of an initial value problem has a convergent Taylor series 
expansion. 


e We then present Theorem 7.2, Taylor's theorem. This theorem from calcu- 
lus enables us to measure the error that arises when we truncate a Taylor 
series. 


Once these preliminary results are in place, we can use Taylor series as a basis 
for systematically developing algorithms of increasing accuracy. These Taylor 
series algorithms can, in principle, be made as accurate as we wish. They are 
not, however, computationally friendly. We combine accuracy with ease of im- 
plementation in Section 7.4, when we discuss Runge-Kutta methods. 


Preliminaries 


We begin with two definitions and then present a theorem guaranteeing that 
the solution of initial value problem (1), 


vy=FGY), %to) =p (1) 


can be expanded in a Taylor series that converges in a neighborhood of the 
point fp. 

A function y(t), defined on an open interval containing the point ¢, is said 
to be analytic at t =7 if it has a Taylor series expansion 


y(t) = Soa, (t -7)" (2a) 


n=0 


that converges in an interval tf — 6 <t <t+6, where 6 > 0. It is shown in cal- 

culus that if y(t) is analytic at t =f, then y(t) has derivatives of all orders in the 

interval (¢ — 6,¢ +5). Moreover, the coefficients of the Taylor series are given by 
(n) 7 

ee (2b) 


n! 


n 


In general, a function y(t) is said to be analytic in the interval a < t < b if itis 
analytic at every point 7 in this interval. 

Consider the function f (t, y) appearing on the right-hand side of differential 
equation (1). In the context of differential equation (1), f(t, v) is understood 
to represent f(t, y(t)), where y(t) is the unknown solution of interest. In the 
next definition, however, we view f as a function of two independent variables, 
t andy. 

Let f(t, vy) be a function defined in an open region R of the ty-plane contain- 
ing the point (7, ¥). The function f(t, y) is said to be analytic at (7, ¥) if it has a 
two-variable Taylor series expansion 


£09) = 0S Bnn €-—" — 9)" (3a) 


m=0 n=0 


Theorem 


EXAMPLE 


1 
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that converges in a neighborhood N, of (¢, y), 


N,={@»: V0-1° +07" <p}. 


We say that f(t, y) is analytic in a region R if it is analytic at every point (f, ¥) 
in R. The coefficients b,,,,, can be evaluated in terms of the function f and its 
partial derivatives, evaluated at (f, ¥); the two-variable Taylor series expansion 
has the form 


fay =fGY+h£GEVE-H+HhGVO—-Y) 


+3 [fu@. FE — 2)? + fy EVE -DY —F) + hy —FP] +o. 
(3b) 


The Existence of Analytic Solutions 


It is natural to ask whether analyticity of f(t, vy) guarantees analyticity of the 
solution of initial value problem (1). An affirmative answer is contained in 
Theorem 7.1, which can be regarded as a refinement of Theorem 2.2. A proof 
of Theorem 7.1 can be found in Birkhoff and Rota.” 


Let R denote the rectangle defined by a < t < b,a <y < B. Let f(t, y) be 
a function defined and analytic in R, and suppose that (¢9, v9) is a point 
in R. Then there is a f-interval (c,d) containing ty in which there exists a 
unique analytic solution of the initial value problem 


y=fty), V(to) =Vo- 


Consider the initial value problem 
yv=y~tt, yo) =o. 

Here, the function f (t, y) = y? + ?? is a polynomial in the variables ¢ and y and is 
therefore analytic in the entire ty-plane. Hence, the region R can be assumed to 
be the entire ty-plane. Theorem 7.1 guarantees the existence of a unique analytic 
solution y(t) in an interval of the form ty) — 6 < t < t) +5 for some 5 > 0. Note 
that the theorem does not tell us the value of 5, only that such a positive 6 exists. 

Since the solution is analytic in tp — 6 <t <t) +6, we know y(t) has the 
form 


9 (tg) 
IO =) Et)", ty 8 <t<tyt+d. # 
n=0 . 


We assume throughout this chapter that the hypotheses of Theorem 7.1 
are satisfied. This theorem assures us that an analytic solution y(t) exists on 
some interval of the form ft) — 5 < t < tj + 6. As noted in Example 1, however, 


Garrett Birkhoff and Gian-Carlo Rota, Ordinary Differential Equations, 4th ed. (New York: Wiley, 
1989). 
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Theorem 7.1 does not tell us the size of 5. Since we are interested in generating 
a numerical solution on an interval of the form ty < t < t) + T, we shall also as- 
sume that the interval of interest, [tp, fg + T], lies within the existence interval, 
(t) — 5, t) + 5). Given this assumption, we can expand solution y(¢) in a Taylor 
series about any point f lying in the interval of interest. It is important to re- 
alize, however, that in practical computations involving nonlinear differential 
equations there is no a priori guarantee that the solution exists on a designated 
interval of interest, [t, fg + T]. 


Using the Differential Equation to Compute the Taylor 
Series Coefficients 


When Euler’s method was discussed in Section 2.10, we based the development 
on the fact that the differential equation determines the direction field. In par- 
ticular, if we evaluate f at a point (f, 7) in the ty-plane, then the value f (7, 7) tells 
us the slope of the solution curve passing through (f, 7). 

We now show that the differential equation determines much more. In 
particular, suppose that a solution curve y(t) passes through the point (7, ¥). We 
will see that f(t, y) and its partial derivatives, evaluated at (f, 7), can be used to 
calculate all the derivatives of y(t). In turn [see equations (2a) and (2b)], these 
derivative evaluations completely determine the Taylor series expansion of the 
solution y(t). 

In particular, we know the identity y'(t) = f(t, y(@)) holds for ¢ in a neigh- 
borhood of ¢. Therefore, 


y¥@) =fGyO) 
=f (9). 


We find higher derivatives by differentiating the identity y'(t) = f(t, y@). For 
example, 


= ‘O= : fit.y@) 4 
Pape ged ENT i 
We use the chain rule to calculate the derivative in equation (4a), 


df af of dy af. af. | 
dt at dy dt bet ay! Th the. ey 


Once the partial derivatives in equation (4b) are computed, we substitute the 
function y(t) for the second independent variable y, obtaining 


¥O=f69O) +h. GIYOHKC YO). 
Using the fact that y(f) = ¥, we have 
WO) =4 EV) +h GFE). (5) 


Equation (5) determines the concavity of the solution curve at the point (f, ¥), 
just as y(t) =f (t,y) determines the slope of the solution curve at (f,y). 

This differentiation process can be continued to compute higher derivatives 
of the solution at (7, ¥). To simplify the notation, we continue to use subscripts 
to denote partial derivatives and do not explicitly indicate their ultimate eval- 


EXAMPLE 
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uation at (¢, V7). Thus, 
=the 
y=" Th thf] = [fat hol + Gut hell th +6]: 


It is possible, in principle, to continue this differentiation process and compute 
as many derivatives of y(t) at t = 7 as desired. It is clear from (6), however, that 
the computations can quickly become cumbersome. 

The next example illustrates, however, that when the differential equation 
has a simple structure, it may be relatively easy to calculate higher derivatives. 


(6) 


Consider the initial value problem 
y=y,  yO)=1. 
Evaluate the derivatives y'(0), y’(0), y” (0), and y“ (0). 
Solution: In this case, f(t, y) = y* is a polynomial in y. Therefore, Theorem 7.1 


applies, and we know the solution y(f) is an analytic function of t in the open 
interval (—8, 5) for some 6 > 0. Since y’(t) = y*(2), the chain rule yields 


¥'O = lL’ OY = 2v@y'O = 2° 
y" 0 = (Ol = by? Oy’ (0 = 67 O 
y@ & = [6y* (OY = 24y? (Oy = 24y° (0. 


Therefore, y(0) = 1, y'(0) = 1, y’(0) = 2, y'"(0) = 6 = 3}, and y% (0) = 24=4!. 
Given these derivative values, the first few terms in the Taylor series expansion 
of y(t) are 
yO) 2, ¥"O 3, vO 4 

no at a? 
=141+P?+P¢et.-. 


y(t) = y(O) + y'(O)t + 


We recognize this expansion as a geometric series that converges to the exact 
solution, 


1 


For this initial value problem, we find (after the fact) that 6 = 1. 


Taylor Series Methods 


The preceding discussion shows how to calculate higher derivatives of the so- 
lution y(t) of the initial value problem 


y=fty), yto) =o. 


We can use these ideas to improve Euler’s method. Let y,, be an approximation 
to y(t,), where ¢,, and t,,, =¢, +h are in the interval tg <¢ < ty. As in equa- 
tion (8) of Section 7.2, we have 


; " i. m t,, 
Yya1) =¥G) + G+ OH? 4 A 
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Truncating this expansion after p terms, we obtain the approximation 


Vitus) © ¥G,) +y't, a+ 5: h? + 7 fy hed 


” m (p) 
y (t,,) 2 y (t,,) 3 y aoe. (7) 


As we saw in equation (6), the Taylor series coefficients, y'(¢,,), v"(t,,),¥" (ty). «++ 
can be expressed in terms of f and its partial derivatives evaluated at (¢,,, y(t,,)). 
For instance, with p = 1, (7) becomes 


Vtniw & v(t) +f. VG,))h. 


Similarly, for p = 2, we obtain from (7) 


h? 

Vln) IHC) FF Cy WEAF [fel IED) +f Cn IG Cas 2G] Sp 
We find similar approximations when p > 3. In order to use these approxima- 
tions for computations, we replace y(t,,) by its estimate, y,,. The algorithms we 
obtain in this manner are collectively referred to as Taylor series methods. 
We use the term Taylor series method of order p to identify the Taylor series 


method obtained from approximation (7). The Taylor series methods of orders 
1, 2, and 3 are as follows: 


Taylor Series Method of Order 1 (Euler’s Method) 


Ynvt =In thf bas Yn) #=0,13.0.,N=1 (8a) 


Taylor Series Method of Order 2 


h? 
Yn =Vn th Ey In) + > [EG OEE esi eye) n= 0, 1,0..;N=1 


(8b) 
Taylor Series Method of Order 3 
h2 
Mn+ =Jn thf Gas Vn) - a a | films In) Filial Cada) 
h> > 
+ 31 For ltns rn) - ZF bir Vndl Cas Yad ers (ty» Yn) 
Piola Vali as Pa) +7 Cn Inf Cnr In)| , n= 0, 1, ar ete ,N = 1. 
(8c) 


It is cumbersome to write out all the terms of the general pth order Taylor 
series method. In order to simplify the notation when discussing Taylor series 
methods, it is common to denote a pth order Taylor series method as 


! he he yl” h? (p) 

Yast =In +n + an + Bn + es n=0,1,...,.N—1. (9) 
We are using the name “pth order Taylor series method” to denote method (9). 
The term order has a precise meaning that is given later in this section. Once 
we state the formal definition of order, however, we will see that method (9) is 
properly named. 
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3 


Consider the initial value problem 


yay, 


7.3 Taylor Series Methods 


y(0) = 1. 
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Using h = 0.05, execute 19 steps of the Taylor series method of order p for 
p = 1,2,3, and 4. Do the results improve as p increases? 


Solution: As we sawin Example 2, y” = 2y’, y” = 6y*, andy = 24y°. The Tay- 
lor series methods of orders 1, 2, 3, and 4 are, respectively, 


Yast =n thy, 
Vn+1 =Yn + hy? +h? 


Vv, 
Ynar =n thy, thy, + hey 


Yntt =In thy, thy, + boyy + h'yp. 


Table 7.2 illustrates how the Taylor series method estimates improve as the 
order increases. 


TABLE 7.2 


In this table, we designate the results of the pth order Taylor series method as “order 


p” for p= 1, 2, 3, 4 and the value of the exact solution at t= t, as y(t,). As 


anticipated, the results improve when we retain more terms in the Taylor series 
expansion—that is, as the order p increases. 


Methods 


Order 3 


Order 4 


Mth) 


Taylor Series 

Order 1 Order 2 

1.0000 1.0000 
1.0500 1.0525 
1.1051 1.1108 
1.1662 1.1759 
1.2342 1.2491 
1.3104 1.3320 
1.3962 1.4266 
1.4937 1.5357 
1.6052 1.6626 
1.7341 1.8123 
1.8844 1.9914 
2.0620 2.2095 
2.2745 2.4805 
2.5332 2.8264 
2.8541 3.2822 
3.2614 3.9093 
3.7932 4.8227 
4.5126 6.2661 
5.5308 8.8443 
7.0603 14.4850 


1.0000 
1.0526 
1.1111 
1.1764 
1.2500 
1.3333 
1.4285 
1.5383 
1.6664 
1.8178 
1.9994 
2.2212 
2.4984 
2.8543 
3.3281 
3.9894 
4.9756 
6.5980 
9.7297 
17.8859 


1.0000 
1.0526 
1.1111 
1.1765 
1.2500 
1.3333 
1.4286 
1.5385 
1.6666 
1.8182 
2.0000 
2.2221 
2.4999 
2.8569 
3.3328 
3.9987 
4.9963 
6.6536 
9.9301 
19.1273 


1.0000 
1.0526 
1.1141 
1.1765 
1.2500 
1.3333 
1.4286 
1.5385 
1.6667 
1.8182 
2.0000 
2.2222 
2.5000 
2.8571 
3.3333 
4.0000 
5.0000 
6.6667 
10.0000 
20.0000 


o, 
? 
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Example 3 illustrates (for the special case of the differential equation 
y' = y*) how the Taylor series method of order p becomes more accurate as 
p increases. We are now ready to make the concept of order precise and to 
discuss why we expect that higher order methods are usually more accurate 
than lower order methods. 


Taylor’s Theorem 


We consider the error made when we truncate a Taylor series. Theorem 7.2, 
known as Taylor’s theorem, gives a convenient way of estimating the resulting 
truncation error. A proof of Taylor’s theorem can be found in most calculus 
books. 


Let y(t) be analytic at t =f, where the Taylor series expansion (2) con- 
verges in the interval f— 5 < t <f+ 5. Let m be a positive integer, and let 
t be in the interval (¢ — 6,4 +5). Then 


Cae ew 


yO) =yO+yOt-D+ me 


yt DE) 
m! (m+ 1)! 


(m) (F 
i - : 
goes GB" 4 @-7", 


where & is some point lying between f¢ and ¢. 


In Theorem 7.2, the polynomial 


_ 2 : VE _ ak Ga : 
P,,@) =y@) +y Ot -2F) +P 0-2 Payee — an" 
is referred to as the Taylor polynomial of degree m. The term 
(m+1) 
= y (&) _ Fym+l 
Ralf) — (m 4. 1)! (t t) 


is the remainder, and it measures the error made in approximating y(t) by the 
Taylor polynomial, P,,,(t). When we consider the errors of a numerical method, 


the role of ¢ is typically played by ¢,, and the generic point t lies in the interval 
bat<t 


n+1° 
One-Step Methods and the Local Truncation Error 


The methods we have considered thus far (Euler’s method, Heun’s method, the 
modified Euler's method, and Taylor series methods) are classified as one-step 
methods. In general, a one-step method has the form 


Vat =Mn thot, n=0,1,2,...,N—1. (11) 


EXAMPLE 
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These methods are called one step because they use only the most recently com- 
puted point, (¢,, y,,), to compute the next point, (¢,,,,,¥,,,,)- [By contrast, a mul- 
tistep method uses multiple back values, (t,,¥,,), ty1-¥n—1)> (tna Vn_2)s 
(t,_k» Yn), to compute (t,,4.1,9, iris We restrict our consideration to one-step 
methods. ] 

In equation (11), the term ¢(¢,,, y,,; 1) is called an increment function. Dif- 
ferent increment functions define different one-step methods. For instance, 
Euler’s method, y,,.; =¥, +hf(t,,¥,), is a one-step method with increment 
function 


P(t» Vn' h) (95) 


Heun’s method is a one-step method with increment function 


Dt» ¥ni 2) = 4 [F bar ¥n) tLe +1, Yn + Of Gas ¥n)))] - 


Write the second order Taylor series method in the form of a one-step method, 
and identify the increment function ¢(¢,,, v,,; /). 


Solution: From equation (8b), the second order Taylor series method has the 
form 


h 
Yn+1 =Yn +h (Fee,.34) + a [Film In) + fly IF Cy 34d] § 


Thus, 


h 
Pn Ins) =F tn In) + 5 [fine Yn) + fxn Inf Cn Ind) _% 


A quantity known as the local truncation error is one of the keys to un- 
derstanding and assessing the accuracy of one-step methods. Let y(t) denote 
the solution of the initial value problem y’ = f (t, y), y(ty) =o, and assume y(t) 
exists on the interval of interest, [f),f) + T]. Let t,, andt,,, =¢, +h lie in the 
interval [to,t9 + 7]. For a given one-step method (11), we define the quantity 
Pvt by 


Vn) =H) + hd, VGy)3 A) +741. (12) 


The quantities T,,,,,2 =0,1,...,N—1 are called local truncation errors. A 


local truncation error’ measures how much a single step of the numerical 
method misses the true solution value, y(¢,,, ,), given that the numerical method 
starts on the solution curve at the point (t,,, y(¢,,)). 


3John D. Lambert, Numerical Methods for Ordinary Differential Systems (Chichester, England: Wiley, 
1991). 

4There is no universal agreement about the definition of local truncation errors. Some texts express 
the quantity 7,,,, in equation (12) as ht,,, =T,,,; and refer to t,,,; as a local truncation error. 
However, no matter how local truncation errors are defined, there is universal agreement on the 


definition of the “order” of a one-step method, as given in the next subsection in equation (15). 
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EXAMPLE 


5 


Derive an expression for the local truncation errors of Euler’s method. 
Solution: Since Euler's method is given byy, ,, =, +hf(t,,¥,,), the local trun- 
cation errors are defined by 


Veni) =VL EM Gav) +t as (13) 


where y(¢) is the unique solution of the initial value problem y’ = f(¢, y), y(tp) = 
Yo. However, f (t,,,y(¢,,)) = y'(t,,), and so equation (13) can be expressed as 


Vetus) =IWE) FYE) + Ty (14a) 
By Taylor's theorem, we can also write 
"(é) 
Vly) = Hl) $Y Cy + Ph, (44b) 
where t,, < € < t,,,,. Comparing (14a) and (14b), we see that 
y"&) 
a lary h?, (14c) 
where & is some point in the t-interval t,, < t < t,,1. 
For later use, we note from (14c) that 
max |T7,,,,|< Kh’, (14d) 


0<n<N-1 


where K = max, </<) y1 ly"()|/2!. + 


The Order of a Numerical Method 


We now define the order of a numerical method and show that the terminology 
“Taylor series method of order p” is appropriate. We say that a one-step method 
has order p if there are positive constants K and hy such that 


For any point ¢,, in the interval [t,t + T — ho] and any step size h sat- 
isfying 0 <h < ho, we have 


Palemie. (45) 


Note that, in inequality (15), the constant K does not depend on the index 
n. From inequality (14d) of Example 5, we see that Euler's method has order 
p = 1. Similar arguments show that the Taylor series methods (8b) and (8c) 
have orders 2 and 3, respectively. In general, the Taylor series method 
, he " he mr he (p) 
Yn =¥n + hy, + OY PAL + 31" oe mt 


has order p; this is consistent with our prior use of the term. 

The order of a numerical method is a measure of how well the method 
replicates the Taylor expansion of the solution. A numerical method of order p 
has local truncation errors that satisfy |T,,,,| < Kh’*'. From Taylor's theorem, 
therefore, it follows that a pth order one-step method correctly replicates the 
Taylor series up to and including the term of order h”. 


EXAMPLE 


6 
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The Global Error 


The size of the local truncation error for a numerical method tells us how far 
we would deviate from y(t,,,,) if we were to take a single step of the method 
starting on the solution curve at the point (¢,,, y(¢,,)). However, except for the first 
step of the method [when we start at the initial point (tp, y(to)) = (to, ¥9)], we do 
not expect to take steps that begin on the solution curve. In this sense, the local 
truncation error is not a quantity that we can calculate without knowing the 
true solution of the initial value problem. We are using the concept of the local 
truncation error to define the order of a numerical method and to establish the 
convergence of numerical methods. 

In practical computations, we are primarily interested in the global errors, 


y(t,) -—y, for n=0,1,...,N, (16) 


where y(¢) is the true solution of the initial value problem andy, is the numerical 
method’s estimate to y(t,,). 

In discussing local truncation errors and global errors, it is convenient 
to use the “Big O” order symbol (also known as the Landau symbol). This 
symbol is frequently used to characterize inequalities such as (15). We use the 
notation 


qth) = O(h'), h—+0O orsimply qh) =O’) 


to mean there exists some positive constant K such that |q(i)| < Kh’ for all 
positive, sufficiently small h. Thus, inequality (15) can be written as 


Taj = ont). 


Note that the order of a numerical method, p, is one integer less than the or- 
der of the local truncation error. For example, from equation (14d), the local 
truncation error of Euler’s method is O(h?), and therefore we say that Euler’s 
method is a first order method. 

In an appendix to Section 7.4, we state a theorem that shows how (for the 
types of problems and numerical methods we are considering) the order of the 
numerical method and the size of the global errors are related. In particular, 
there is a positive constant M such that the global errors for a pth order method 
satisfy the inequality 


max v(t.) — 9, < Mh’. (17) 
O0<n<N 


Inequality (17) tells us how the global errors are reduced when h is reduced. If 
we are using a pth order method and if we reduce the step size h by 5, then we 


anticipate that the global errors will be reduced by about (4)? 


We again consider the example 
yay, yO=1, O0K<t<0.95. 


Use Euler’s method to generate numerical solutions, first using step size 
h, = 0.05 and then using step size h, = 0.025. From (17) with p = 1, we ex- 
pect the global errors to be reduced by approximately 5 when /1 is reduced 
by 5. Compare the global errors at t = 0.05, 0.10, 0.15, ..., 0.95. Does it appear 


(continued) 
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(continued) 


that the errors resulting from the smaller step size are about half the size of the 
errors of the larger step? 


Solution: The results are listed in Table 7.3. The column headed E, gives the 
global errors y(t,) — y,, made using h, = 0.05. Similarly, the column headed 
E, lists the global errors, at the same values of ¢, made using 4, = 0.025. As 
predicted by (17), the ratios of E, to E, (given in the column headed E,/E,) are 
close to 0.5 for smaller values of t. The ratios tend to deviate from 0.5 as the 
values t, approach t = 1, where the exact solution has a vertical asymptote. 


TABLE 7.3 


The Results of Example 6 
Note, as predicted by (17), that E, ~ E, /2. 


tk Ey E, Eo/ Ey 
(h = 0.05) (h = 0.025) 

0.0500 0.0026 0.0014 0.5191 
0.1000 0.0060 0.0031 0.5206 
0.1500 0.0103 0.0054 0.5223 
0.2000 0.0158 0.0083 0.5242 
0.2500 0.0230 0.0121 0.5264 
0.3000 0.0324 0.0171 0.5290 
0.3500 0.0448 0.0238 0.5320 
0.4000 0.0614 0.0329 0.5355 
0.4500 0.0841 0.0454 0.5396 
0.5000 0.1156 0.0630 0.5446 
0.5500 0.1603 0.0883 0.5507 
0.6000 0.2255 0.1259 0.5583 
0.6500 0.3239 0.1840 0.5680 
0.7000 0.4793 0.2782 0.5805 
0.7500 0.7386 0.4412 0.5973 
0.8000 1.2068 0.7491 0.6207 
0.8500 2.1541 1.4111 0.6551 
0.9000 4.4692 3.1700 0.7093 
0.9500 12.9397 10.4052 0.8041 ' 


The Need for Computationally Friendly Algorithms 


Taylor series expansions provide a clear blueprint for how to improve the ac- 
curacy of a numerical algorithm. The Exercises develop such algorithms for a 
variety of problems. In specific cases, as in Examples 1 and 2, the computations 
are not overly difficult. In other cases, as the order of the algorithm increases, 
the computations rapidly become unwieldy and the possibility of mistakes in 
programming the numerical method grows as well. Moreover, Taylor series 


EXERCISES 


7.3 Taylor Series Methods 491 


methods are problem specific; the various partial derivatives of f(t, y) must be 
recomputed every time we are given a new differential equation. 

For these reasons, a Taylor series method is not very attractive as an all- 
purpose method for solving initial value problems. The challenge is to develop 
algorithms that replicate the desired number of terms in the Taylor series ex- 
pansion (thereby achieving the desired accuracy) but do not require calculation 
of partial derivatives. In particular, we want algorithms that require only eval- 
uations of the function f. 

Heun’s method and the modified Euler’s method, developed in Section 7.2, 
provide insight into how these goals might be achieved using compositions of 
functions. Computers can evaluate functions with relative ease, and composi- 
tions of functions, while they might look formidable to us, are also evaluated 
with relative ease on a computer. Nested compositions of functions, such as 
those used in Heun’s method and the modified Euler’s method, form the basis 
of Runge-Kutta methods that are discussed in Section 7.4. Runge-Kutta meth- 
ods achieve the accuracy of Taylor series methods, but in a computationally 
friendly way. 


Exercises 1-10: 

Assume, for the given differential equation, that y(0) = 1. 

(a) Use the differential equation itself to determine the values y’(0), y’(0), y’”(0), y (0) 
and form the Taylor polynomial 

y"(0) 3 y"”(0) 4 yh (0) 5 

7 tu + 31 t+ ql Ci 

(b) Verify that the given function is the solution of the initial value problem consisting 

of the differential equation and initial condition y(0) = 1. 


P,(t) =y(0) + y'(O)t + 


(c) Evaluate both the exact solution y(t) and P,(t) at t=0.1. What is the error 
E(0.1) = y(0.1) — P,(0.1)? [Note that E(0.1) is the local truncation error incurred 
in using a Taylor series method of order 4 to step from ¢) = 0 tot, = 0.1 using step 
size h = 0.1.] 


1. y'=-y+2; yQ=2-e7 2. y' =2ty; yO =e" 
= 
r 
3. =t7; y¥O= (: 7 5 4.y=0t+y; yO =3e'-@ +2t+2) 
t 2 
yay OS (1 a 5) 6.y=ty's yY=V1IF+0 


3e' — cost — sint 


7.y =y+sint; y(t) = 5 


4 
t 4 
3/4, = a re 2, = au 
8B y="; yo = (145) 9y=1l+y;s vO tan (1+ 2) 
10. y' = —48°y; yt) = et 


Results analogous to Theorem 7.1 guaranteeing the existence of analytic solutions can 
be established for higher order scalar problems and first order systems. The development 
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of higher order numerical methods for such problems will be addressed in Section 7.4. 
Exercises 11-14 illustrate how a series expansion of the solution of a higher order scalar 
problem can be obtained from the differential equation itself. For example, consider the 
initial value problem y” = f(t, y, y’), y(to) =¥9.¥ (fo) =¥o- From the equation, we have 
y" (to) =f (to, 99.9). Differentiating the identity y"() =f (t, yO, y'(O) allows us to obtain 
y"’(t)) and then y(t.) and so forth. 

Exercises 11-14: 

In each exercise, for the given fy, 


(a) Obtain the fifth degree Taylor polynomial approximation of the solution, 
¥" Co) 2 y (ty) 
>i (ty ++ 51 
(b) If the exact solution is given, calculate the error at t =f) + 0.1. 

11. y”— 3y'+2y=0, yO)=1, y'(0)=0; t) =0. 
The exact solution is y(t) = 2e' — e”. 

12.9" - 9 =0, 90) =1, ¥O)=2; = 1. 
The exact solution is y(t) = —1 + 2e~). 

13. y”—y'=0, y(0)=1, yO) =2, y"O)=0; 4 =0. 
The exact solution is y(t) = 1 +e'—e™. 

14. y"+y+y'=0, y0)=1, yO) =0; t)=0 


Pit) = yg) +9’ (tg) (t — ty) + (t—t))°. 


Exercises 15-18: 


In each exercise, determine the largest positive integer r such that g(h) = Och’). [Hint: 
Determine the first nonvanishing term in the Maclaurin expansion of q.] 


15. g(h) = sin 2h 16. g(h) = 2h+h? 

17. qh) =1—cosh 18. gih) =e" — (1 +h) 

19. Give an example of functions f and g such that f(h) = O(h), g(h) = O(h) but 
(f +8)(h) = Oh’). 

Exercises 20-23: 

For the given initial value problem, 


(a) Execute 20 steps of the Taylor series method of order p for p = 1, 2, 3. Use step size 
h = 0.05. 


(b) In each exercise, the exact solution is given. List the errors of the Taylor series 
method calculations at t = 1. 


20. y' = vat y(0O) = 1. The exact solution is y(t) = —1+ Vee. 
21. y' = 2ty’, y(0) =—-1. The exact solution is y(t) = vr z 
22. y'= va y(0) = 1. The exact solution is y(t) = /1 +1. 
23. y= : aoa y(0) = 0. The exact solution is y(t) = tan [In(1 + 4]. 


14+¢ 
Exercises 24—27: 

Assume that a pth order Taylor series method is used to solve an initial value problem. 
When the step size h is reduced by 5 we expect the global error to be reduced by about 


oe Exercises 24-27 investigate this assertion using a third order Taylor series method 
for the initial value problems of Exercises 20-23. 
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Use the third order Taylor series method to numerically solve the given initial value 
problem for 0 < ¢ < 1. Let E, denote the global error at t = 1 with step size h = 0.05 and 
E, the error at t = 1 when h = 0.025. Calculate the error ratio E,/E,. Is the ratio close 
to 1/8? 


t ) 
24. y'=——,, y(0)=1 25. y' = 2ty?, y(0) =-1 
ytl 
1 1+ 2 
26. y = —, =1 = y = 
6. y By y(0) 27. y' = ae y(0) =0 


7.4 Runge-Kutta Methods 


EXAMPLE 


1 


In this section, we discuss Runge-Kutta methods as a way of numerically solv- 
ing the initial value problem 


y=Sf{E, Vv) =—V: (1) 


Runge-Kutta methods are based on Taylor series methods, but they use nested 
compositions of function evaluations instead of the partial derivatives of f (¢, y) 
required by a Taylor series method. In theory, one can achieve any desired level 
of accuracy using the Runge-Kutta approach. 

Heun’s method and the modified Euler’s method are two familiar algo- 
rithms that use the Runge-Kutta philosophy of evaluating compositions of 
functions. For instance, Heun’s method has the form 
h 
2 


Vas. =Iy_ t+ [fty Md +ht, +4, + hf (tas: Vn))| n=0,1,2,...,.N—1. 


Heun’s method is easy to implement—in order to take a step, we need only 
evaluate the function f(t, y) at the current estimate (¢,,,y,,) and at the point 
(t, +h, y, +hf (t,,.¥,)). Moreover, as is shown in Example 1, Heun’s method 
is a second order method. In contrast, a second order Taylor series method 
requires the calculation of two partial derivatives, f,(¢,,y,,) and f,(t,.¥,), in 
order to make a step with comparable second order accuracy. : 


Calculate the order of Heun’s method, 


h 
Vnti =¥n + ) 


[Far In) +h ty +h +f bn) - (2) 


Solution: Lety(t) denote the unique solution of the initial value problem (1). To 
determine the order of the one-step method (2), we need to find an expression 
for the local truncation errors, T,,,., [recall equation (12) in Section 7.3]. 

Assume that we apply Heun’s method starting on the exact solution curve at 
t, —that is, with y,, = y(¢,,). To determine the local truncation error, we must first 
unravel the composition f (¢,, +, y,, +f) [where functions without arguments 
will be assumed to be evaluated at (¢,,, y,,)]. Expanding f(t, +h,y, +f) ina 
Taylor series about (¢,,, y,,), we obtain 


ty they, thf) =f +h +h Ph + 3a t+ yf thyf Ih? +O). (3) 


(continued) 
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(continued) 


Using this expansion in (2) yields 


h 1 
Inst =Int 5 |F+F+G+h Ph + 50 t Biyf +hyP Ih + Ob) 
2 4 (4) 
=Intfh+ hth sy + e+ Ahyf +hyf IZ + O®). 


We compare this expansion with the Taylor series of the exact solution, y(t,,, ;). 
Using the fact that y(t,) =y, and using the expressions for y'(t,),y"(t,), 


y(t,,) derived in Section 7.3, we have 


he h? 
Ena) =In + fh+ htHDZ + fat yf +hyf +hh +h Zz +O. 
(5) 


Comparing expansions (4) and (5), we see that they agree up to and including 
the O(h”) terms but that the O(h) term in the Heun method expansion does 
not correctly replicate the O(n?) term in the Taylor series of the exact solution. 
Therefore, the local truncation error of Heun’s method is T,,,; = O(h*), and 


K? 


Heun’s method is second order. 


Second Order Runge-Kutta Methods 


To generalize the approach suggested by Heun’s method, we choose a set of 
points (6;, y;),i = 1,2,...,k that lie in the ty-plane, in the vertical strip bounded 
by the lines t=7, and t=1t,,,. As Figure 7.3 suggests, these points sample 
the direction field in the vicinity of the point (¢,,, y,,). To formalize this idea of 
sampling the direction field, consider a one-step method 


Yast =Vn thOE ns Vni A), (6) 
where the increment function is defined by 
Pty Ini 2) = Asf (1, %1) + Aof Oy, V2) + +++ + ARF Oe, Ye): (7) 


The constants A,,A,,...,A, are the weights of the method (6). Thus, the incre- 
ment function is a weighted sum of direction field slopes. For a fixed integer k, 


(ty; Yn) e ry = 
ae 


>t 


t, 


n 


FIGURE 7.3 


A portion of the direction field for y’ = f(t, y) near our latest estimate 
(t,,,¥,,). We use a weighted sum of direction field evaluations at the points 


“on 


marked “x” to evolve the numerical solution from t,, to t,,,;. 
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the local truncation error is reduced by selecting weights, {A,}_,, and direction 
field sampling points, {(6,, ye so that the method (6) replicates as many 
terms in the Taylor series expansion of the local solution as possible. 

When k = 2, method (6) has the form 


Vast =n + AA 1, 11) + Aof 2, v2)1- (8) 


We need to choose the sampling points (6,, y,) and (65, y,) and weights A, and 
A,. Since we are viewing the term A,f (9,, y,) + Apf (>, v2) as an average slope, 
we want the sampling points to be near (f,,, y,,) and to be representative of the 
direction field between t = t,, and t = t,,,,;. A reasonable choice for one of the 
sampling points is (6,, y,) = (t,.y,). For a second point, our previous study 
suggests that we might sample somewhere along the “Euler line’—the line of 
slope f (t,,, y,,) that passes through the point (t,,, y,,). Thus, as a second sampling 
point, we choose 


(63, V2) = (t,, fe ah, Yn Si ahf (t,.Vn)) 


where a is a constant, 0 < a < 1. See Figure 7.4. 


>t 


ty t, + ah tnt 


FIGURE 7.4 


Given the two-sample method (8), we generally choose one sample at 
(t,,,¥,) and the second somewhere along the “Euler line,” at 
(t, t ah, y,, + ahf (t,,,¥,)), where a is a constant, 0 <a <1. 


With the choices shown in Figure 7.4, method (8) has the form 


Yn+1 =n +h [Auf Gas Vn) +A,f(t,, +ah,y, + ahf (t,,¥,))] . (9) 


We now need to select constants A,, A,, and a. Since the right-hand side of 
equation (9) is a function of h, it makes sense to expand the right-hand side in 
powers of h, with the objective of choosing the constants so that y,,,; matches 
a Taylor series method through as many powers of /1 as possible. 

Expanding the right-hand side of (9) gives 


Vn4+1 =) + hlAif G5 ¥y) +A,f(t, + ah, Xn a ahf (t,,.¥,))1 
=n + AIAgf ta Vn) + Arf ta In) +fiGa Jah 
+ fytasIndOMf (ty In) + OF) 


=n +h(A, + Aa)f Cn In) +h’ aA, felts Yn) PEs VT Cie) =F O(h*). 
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We now attempt to match this expansion with the Taylor series method of 
order 2, 


Vn4+1 = Yn ee © Ley Ey a Yall Caan) 


Our objective is to select the parameters at our disposal, A,, A,, and a, so as to 
maximize the agreement between the expansions. Comparing the two expan- 
sions, we see that we can obtain agreement through terms of order h? if A;, A), 
and a satisfy the equations 


A,+A,=1 an 
aA, = 5 


Once we satisfy these constraints, the method (9) matches the second order 
Taylor series method up through terms of order h? and therefore, like the second 
order Taylor series method, has an O(h’) local truncation error. [This is the best 
we can do with method (9). It is impossible to select A,, A,, and a to match the 
terms of the third order Taylor series method.] 

In (10), we have a system of two (nonlinear) equations in three unknowns. 
This system has infinitely many solutions, 

1 Fi 1 
a= an Ay=1-5 (11) 

with 0 < a@ < 1. Since a represents the fraction of the step we move along the 
Euler line to the second sampling point, 


(95, V2) = (t,, + ah, Mn + wht (tis Vn) 


there are two “natural” choices for a, namely a = 5 anda = 1. Ifa = 1 in equa- 
tion (11), then A, = 5 and A, = 5. With this choice, method (9) reduces to 
Heun’s method, 


L 
2 


Vn+1 =n +s UF ly In) 7G, +h, Yn + hf (tas n))] + 


Ifa= 5 in equation (11), then A, = 0 and A, = 1. With this choice, method (9) 


reduces to the modified Euler’s method, 


h hf tysyy) 
Vn+1 = 9, thf (:, + ant 5 : : 


R-stage Runge-Kutta Methods 


In general, a Runge-Kutta method has the form 


Vn41 =Yn +hd(t,.9,:%), (12a) 


where the increment function, $(¢,, y,,; 2), is given by 
Pty Vn h) = Sak (ey (12b) 


In (12b), the terms A; are constants (the weights) and the terms Kj (ty Vn) are di- 
rection field samples, usually called stages. The stages are defined sequentially 
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as follows: 
Ky tis Yn) =f tn Yn) 
j-l 
Kita In) =fn tah yn, thd BiKila In) 7=2,3,....R, 


i=1 


(12¢) 


where 0 < a; < 1 and where £,, + By +--+ Bj) = a. 

Method (12) is called an R-stage Runge-Kutta method. A Runge-Kutta 
method can be viewed as a “staged” sampling process. That is, for each j, we 
choose a value a; that determines the ¢-coordinate of the jth sampling point. 
Then [see (12c)] the y-coordinate of the jth sampling point is determined using 
the prior stages. In this sense, the sampling process is recursive. In (12c), the 
constraint 0 < a; < 1 means that all sampling points lie between ¢ = ¢,, and 
t=t,,,. While this description of an R-stage Runge-Kutta method may seem 
complicated, the format of equation (12) makes programming a Runge-Kutta 
method very simple (see Figures 7.7 and 7.8 on pages 501 and 502). 

An example of a three-stage Runge-Kutta method is 


h 
Yn4t =Mn + Page + 4K, + K3) 
K, =T (ain) 


h h 
K, =f (, + Zon ale 3X;) 


K, =f, +h,y, —4K, + 2hK,). 


(13) 


It is not difficult to show that method (13) has order 3; it matches the third order 
Taylor series method up through terms of order h? but not the order h* term. 

As we saw in equations (9) and (11), there are infinitely many two-stage, sec- 
ond order Runge-Kutta methods. Similarly, there is an infinite two-parameter 
family of three-stage, third order Runge-Kutta methods (see Exercises 31-34). 
Likewise, when the parameters in (12) are chosen properly, there are four- 
stage, fourth order Runge-Kutta methods. One of the most popular fourth order 
Runge-Kutta methods (recall Sections 2.10 and 4.9) is 


h 
Yn =n + PACS + 2K, + 2K, + Ky) 


K, =T0 3) 
h h 
K,=f (:, + 59nt 5K) (14) 


h h 
= - Kk 
K, f (:,+ z9n + 2 2) 


K,=f¢, +h, y, +hkK3). 


Viewing algorithm (14) geometrically, we can envision it as being formed in the 
following way. First, we calculate K,, the slope of the tangent line at starting 
point (t,,, y,,). We proceed a half-step along this tangent line to locate the di- 
rection field point at which slope K, is evaluated. We use this new slope K, to 
define another line through (¢,,, y,,). Proceeding, in turn, a half step along this 
new line locates the point that determines slope K,. Finally, we proceed a full 
step from (t,,, y,,.) along the line having slope K; to determine the point at which 
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slope K, is evaluated. The appropriately weighted average of these four slopes 
defines the algorithm. 


Runge-Kutta Methods for Systems 
The discussion in this chapter has focused on the scalar initial value problem 
Y=fty), vl) =Yo- 


As mentioned earlier, the ideas developed and the ensuing methods extend 
naturally to first order systems. Consider the initial value problem 


y =f y), y(t) =o, (15) 
where 
10] yp” 
y= |], y= 
YO ye 
and 
fit. y) Pe ee Cee oe) 


f(.y) = Bey) _ |h@r api) 


fn, y) fiat Vis Voo--+> Vin) 


The concept of an analytic function developed in Section 7.3 can be extended 
to the vector-valued functions y(t) and f(¢, y). Theorem 7.1 can be extended to 
give analogous conditions sufficient for the existence of an analytic solution of 
(15) on an interval of the form ft) — 6 < t < t) +5 for some 6 > 0. 

We saw in Section 4.9 how Euler’s method and higher order Runge-Kutta 
methods extend naturally to initial value problems such as (15). For example, 
the system counterpart of algorithm (14) is 


h 
Ynti = Yn in (K, + 2K, + 2K, a K,) 


6 
K, = Eas Y,) 
K,=£(, att +3K,) (16) 
n gen 2 


h h 
K, =f ty ae 3°9n ate ah 


K, = f(t, +h, y,, +hK,). 


The Damped Pendulum 


The next example illustrates how we can apply a Runge-Kutta method to a first 
order system of the form 


y’ = f(t, y), Y(to) = Yo- 


EXAMPLE 


2 
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Consider a pendulum whose motion is influenced not only by its weight but also 
by a resistive or damping force. The mathematical formulation of this prob- 
lem leads to an initial value problem involving a scalar second order nonlinear 
differential equation. We rewrite this scalar second order problem as an equiv- 
alent problem for a first order (nonlinear) system and then use the fourth order 
Runge-Kutta method (16), with a step size of h = 0.05, to obtain a numerical 
solution. 


Problem Formulation: The pendulum is formed by a mass m attached to a 
rod of length / (see Figure 7.5). We neglect the mass of the rod. As the pendu- 
lum moves, it is acted on by the force of gravity and also by a damping force, 
which acts to retard the pendulum motion. We assume this damping force is 
proportional to the angular velocity of the pendulum and acts in the tangential 
direction to retard the motion. We obtain 

ml’6" = —meglsind —«le', or 6” + —6! + . sind =0, 
where « is a positive damping constant. We complete the formulation by speci- 
fying both @ and 6’ at the initial time of interest, say t = 0. These two constants 
give the initial position and initial angular velocity of the pendulum. We adopt 
the numerical values 


a —~02s?, %&=1s7, 6()=Orad,  06'(0)=3radss, 
WW 


and the initial value problem of interest becomes 
6” +0.20'+sind=0, 0(0)=0, 6/(0)=3. 


The differential equation is recast as a first order system by defining 


yQ=00, »,0=6, and yo=l! |. 
yz (0) 


The initial value problem becomes 


y= je yo) = |~ (17) 
—siny, —0.2y,|° 3i* 


We will solve initial value problem (17) numerically using algorithm (16). 


Pivot O 


Mass 


& 
4 Weight 
‘\\ | mg 


FIGURE 7.5 


mgsin@ 


The damped pendulum described in Example 2. 


(continued) 
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(continued) 


What Should We Expect? Before embarking on a numerical solution, it’s usu- 
ally worthwhile to bring to bear any available physical insights that will help 
determine what to expect. We know that, generally, solutions of nonlinear ini- 
tial value problems do not exist on arbitrarily large time intervals. However, 
because of the nature of the pendulum motion it describes, we expect the exact 
solution of (17) to exist on an arbitrarily large time interval. 

We saw in Chapter 6 that, in the absence of damping, a pendulum starting 
at 6(0) = 0 with 6’(0) = 2 has just enough energy to reach the inverted position 
(in the limit as t ~ oo). In our case, the initial angular velocity is greater, since 
6'(0) = 3. Damping, however, retards the motion and causes the pendulum to 
lose energy. If damping is not too large, we expect the pendulum to go past 
the inverted position at least once. If damping is large enough, however, the 
accompanying loss of energy will more than offset the increase in initial en- 
ergy and the pendulum will not reach the inverted position. It’s not clear at the 
outset which possibility will occur. In any event, the pendulum eventually will 
have insufficient energy to reach the inverted position, and it will simply swing 
back and forth with decreasing amplitude as time increases. Based on these 
observations, what do you expect the graphs of 6(f) and 6’(t) to look like? 


Interpreting the Results Figure 7.6 shows the results of the numerical compu- 
tation. Note that the graph of y, (¢) = 6(f) increases from zero to a maximum of 
about 8.29 rad. Since 27 ~ 6.28, the graph tells us that the pendulum makes one 
complete counterclockwise revolution, rotating an additional 2 rad ~ 115° be- 
yond the vertically downward position before falling back, beginning to swing 
back and forth with decreasing amplitude as time progresses. The graph has 
a horizontal asymptote of 27, since the pendulum approaches the vertically 
downward rest position as t > oo. 


9 4 
ail 
8 
7 
6 
5 
4 
3 
2 
1 

| | | l | l | >t 

5 10 15 20 25 30 35 40 

(a) (b) 
FIGURE 7.6 


(a) The graph of y, (t) = 0(0). (b) The graph of y,@ = 6’). 


Is the graph of y,(t) = 6’(t) consistent with this physical interpretation? 
What do the initial minimum and maximum (for t > 0) of this graph corre- 
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spond to? Should they occur while the dependent variable (angular velocity) 
is positive? Should the zero crossings of this graph occur at the critical points 
of y,() = 6(t)? Should the maxima of y,(t) = 6’(t) occur when the pendulum 
is in the vertically downward position? Should the graph of y,(t) = 6’(t) have 
a horizontal asymptote of zero? Subjecting your numerical solution to simple 
common-sense checks such as these is an important final step. “ 


Coding a Runge-Kutta Method 


We conclude this section with a short discussion about the practical aspects of 
writing a program to implement a Runge-Kutta method. Figures 7.7 and 7.8 
list the program used to generate the numerical solution of Example 2. This 
particular code was written in MATLAB, but the principles are the same for 
any programming language. 


% Set the initial conditions for the 


% initial value problem of Example 2 
t=0:; 

y=[0,3]'; 

h=0:..05;; 


% Execute the fourth order Runge-Kutta method 
% on the interval [0, 30] 


for i=1:600 
ttemp=t; 
ytemp=y; 
k1=f (ttemp, ytemp) ; 
ttemp=t+h/2; 
ytemp=y+ (h/2) *k1; 
k2=f (ttemp, ytemp) ; 
ttemp=t+h/2; 
ytemp=y+t (h/2) *k2; 
k3=f (ttemp, ytemp) ; 
ttemp=t+h; 
ytemp=y+h*k3; 
k4=f (ttemp, ytemp) ; 
y=yt (h/6) * (k14+2*k2+2*k3+k4) ; 
t=t+h; 
output=[output;t,y(1),y(2)]; 
end 


FIGURE 7.7 


A Runge-Kutta code for the initial value problem in Example 2. 
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function yp=f (t,y) 
yp=zeros (2,1); 

yp (1) =y(2); 

yp (2) =-sin(y(1))-0.2*y(2) ; 


FIGURE 7.8 


A function subprogram that evaluates f(t, y) for the differential 
equation of Example 2. 


Note first that no matter what numerical method we decide to use for the 
initial value problem 


y' =fit,y), Y(to) = Yo; 


we need to write a subprogram (or module) that evaluates f(t, y). Such a module 
is listed in Figure 7.8 for the initial value problem of Example 2. Figure 7.7 lists 
a MATLAB program that executes 600 steps of the fourth order Runge-Kutta 
method (16) for the initial value problem of Example 2. 

The code listed in Figure 7.7 stays as close as possible to the notation and 
format of the fourth order Runge-Kutta method (16). It is always a good idea to 
use variable names (such as k, and k,) that match the names in the algorithm. 
Beyond the choice of variable names, the code in Figure 7.8 also mimics the 
steps of algorithm (16) as closely as possible. Adhering to such conventions 
makes programs easier to read and debug. 


Exercises 1-10: 


We reconsider the initial value problems studied in the Exercises of Section 7.3. The 
solution of the differential equation satisfying initial condition y(0) = 1 is given. 


(a) Carry out one step of the third order Runge-Kutta method (13) using a step size 
h = 0.1, obtaining a numerical approximation of the exact solution at t = 0.1. 


(b) Carry out one step of the fourth order Runge-Kutta method (14) using a step size 
h = 0.1, obtaining a numerical approximation of the exact solution at t = 0.1. 


(c) Examine the exact solution. Should either or both of the Runge-Kutta methods, 
in principle, yield an exact answer for the particular problem being considered? 
Explain. 


(d) Compare the numerical values obtained in parts (a) and (b) with the exact solution 
evaluated at t = 0.1. Are the results consistent with your answer in part (c)? Is the 
error incurred using the four-stage algorithm less than the error for the three-stage 


calculation? 
1. y' =-y+2; y@)=2-e°% 2. y = 24: y(=e 
3.9 = ty; yf) = 7 4.y=t+y; yO =3e' —-(@ 4+ 2t4+2) 
2 
; t ~t 
5. = 6/9} y= (145) ae ea yO=aV1I+0 


j : 3e' — cost — sint 
7.y =y+sint; vt) = ———; <a 
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4 
t 1 
v= pt yoo (145 gh = 2. = i 
8. y="; yt) (1+) 9. y=14y: y@) tan (1+ 2) 


10. y =—4¢y; y(t) = et 


Exercises 11-16: 


For the given initial value problem, an exact solution in terms of familiar functions is not 
available for comparison. If necessary, rewrite the problem as an initial value problem 
for a first order system. Implement one step of the fourth order Runge-Kutta method 
(14), using a step size h = 0.1, to obtain a numerical approximation of the exact solution 
att = 0.1. 

11. y’+ t’+y=0, y0)=1, yO) =-1 


d 
12. — G =) +ty=1, y(0)=1, y(0)=2 


dt 
=|} way=l_ | o=| 
rIO=|, “y= 5 9 | Wr F 


15. y”—-ty=0, yv(0)=1, yv()=0, y"(0) =-1 
16. y"+z+tv=0 
z-y=4, y0)=1, y'(0)=2, 20) =0 


t 
+ 
0 y 


0 
13. y'=| , 
e 


Exercises 17-18: 


One differential equation for which we can explicitly demonstrate the order of the 
Runge-Kutta algorithm is the linear homogeneous equation y’ = dy, where d is a con- 


stant. 
17. (a) Verify that the exact solution of y’ = Ay, y(tg) = Vo is V(t) = ype. 


(b) Show, for the three-stage Runge-Kutta method (13), that 


(Ah)? (any? 
2! - 3! 


V(t) tho (ty, IG) WD) =yE,) | + A+ 


(c) Show that y(¢,,,,) =y(t,e™". 
(d) What is the order of the local truncation error? 

18. Repeat the calculations of Exercise 17 using the four-stage Runge-Kutta method 
(14). In this case, show that the local truncation error is O(h°>). 

Exercises 19-22: 

In these exercises, we ask you to use the fourth order Runge-Kutta method (14) to solve 

the problems in Exercises 20-23 of Section 7.3. 

(a) For the given initial value problem, execute 20 steps of the method (14); use step 
size h = 0.05. 

(b) The exact solution is given. Compare the numerical approximation y,, and the exact 
solution y(¢,)) = y(1). 


t 
19, y' = ol y(0) = 1. The exact solution is y(t) = —1+ V7 +4. 
20. y' = 2ty*, y(0) =—-1. The exact solution is y(t) = ae 
1 
21. Y = —, yO)=1. The exact solution is y(t) = /1 +1. 


2y 
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1 2 
22:9 = aa , y(0) = 0. The exact solution is y(t) = tan{In(1 + 4). 


Exercises 23-25: 


In each exercise, 


(a) Verify that the given function is the solution of the initial value problem posed. If the 
initial value problem involves a higher order scalar differential equation, rewrite it 
as an equivalent initial value problem for a first order system. 

(b) Execute the fourth order Runge-Kutta method (16) over the specified t-interval, us- 
ing step size h = 0.1, to obtain a numerical approximation of the exact solution. 
Tabulate the components of the numerical solution with their exact solution coun- 
terparts at the endpoint of the specified interval. 


23. y+ 2y'+2y=-2, y0)=0, y(0)=1; yt) =e'(cost+2sint)—1; O<t<2 
-_1 1 


1 


2 


ett 4 ge 


2 
24.y = y, y(O)= A ; yOu ot? _ owe | > ste 


25. Py" - t/+y=, yI=2, WA =2; yO=tt+1—-Ind); 1<t<2 


Exercises 26-30: 


These exercises ask you to use numerical methods to study the behavior of some scalar 
second order initial value problems. In each exercise, use the fourth order Runge-Kutta 
method (16) and step size i = 0.05 to solve the problem over the given interval. 


26. y’+4(1+3tanht)y=0, y(0)=1, y'(0)=0; OK<t< 10. 


This problem might model the motion of a spring-mass system in which the 
mass is released from rest with a unit initial displacement at t = 0 and with the 
spring stiffening as the motion progresses in time. Plot the numerical solutions for 
y(t) and y’(t). Since tanh t approaches 1 for large values of t, we might expect the 
solution to approximate a solution of y” + 16y = 0 for time ¢ sufficiently large. Do 
your graphs support this conjecture? 


27. y'+y+y?=0, y(0)=0, y(0)=1; O<t< 10. 


A nonlinear differential equation having this structure arose in modeling the 
motion of a nonlinear spring. We are interested in assessing the impact of the non- 
linear y*® term on the motion. Plot the numerical solution for y(t). If the nonlinear 
term were not present, the initial value problem would have solution y(t) = sint. On 
the same graph, plot the function sint. Does the nonlinearity increase or decrease 
the period of the motion? How do the amplitudes of the motion differ? 


28. 0” +sin@ =0.2sint, 9(0)=0, 0/(0)=0; O<t<50. 


This nonlinear differential equation is used to model the forced motion of a 
pendulum initially at rest in the vertically downward position. For small angu- 
lar displacements, the approximation sin@ ~ @ is often used in the differential 
equation. Note, however, that the solution of the resulting initial value problem 
6” +6 = 0.2 sint, 0(0) = 0, 6'(0) = 0 is given by @(t) = —0.1(sint — tcos?), leading to 
pendulum oscillations that continue to grow in amplitude as time increases. Our 
goal is to determine how the nonlinear sin@ term affects the motion. Plot the nu- 
merical solutions for 6(t) and 6’(t). Describe in simple terms what the pendulum is 
doing on the time interval considered. 


29. 


30. 
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6" +sind=0, 0(0)=0, 6'(0)=2; O<t<20. 


This problem models pendulum motion when the pendulum is initially in the 
vertically downward position with an initial angular velocity of 2 rad/s. For this 
conservative system, it was shown in Chapter 6 that (6)? — 2cos@ = 2. Therefore, 
the initial conditions have been chosen so that the pendulum will rotate upward 
in the positive (counterclockwise) direction, slowing down and approaching the 
vertically upward position as t > oo. The phase-plane solution point is moving on 
the separatrix; thus, loosely speaking, the exact solution is “moving on a knife’s 
edge.” If the initial velocity is slightly less, the pendulum will not reach the upright 
position but will reach a maximum value less than z and then proceed to swing 
back and forth. If the initial velocity is slightly greater, the pendulum will pass 
through the vertically upright position and continue to rotate counterclockwise. 
What happens if we solve this problem numerically? Plot the numerical solutions 
for 6(t) and 6’(t). Interpret in simple terms what the numerical solution is saying 
about the pendulum motion on the time interval considered. Does the numerical 
solution conserve energy? 


mx" + 2 tan (=) =F(t), x(0)=0, x(0)=0; O<t<15. 

This problem was used to model a nonlinear spring-mass system (see Exercise 
18 in Section 6.1). The motion is assumed to occur on a frictionless horizontal 
surface. In this equation, 7 is the mass of the object attached to the spring, x(‘) is 
the horizontal displacement of the mass from the unstretched equilibrium position, 
and 6 is the length that the spring can contract or elongate. The spring restoring 
force has vertical asymptotes at x = +6. Time ¢ is in seconds. 

Let m= 100 kg, 6 = 0.15 m, and k = 100 N/m. Assume that the spring-mass 
system is initially at rest with the spring at its unstretched length. At time t = 0, a 
force of large amplitude but short duration is applied: 


newtons. 


Fosinzt, O<t<1l 
Ftj= 
0, 1<t<15 


Solve the problem numerically for the two cases Fy = 4 N and Fy = 40 N. Plot the 
corresponding displacements on the same graph. How do they differ? 


Exercises 31-34: 


Third Order Runge-Kutta Methods As given in equation (12), the form of a three-stage 
Runge-Kutta method is 


Vnt+t = Yn +hlA, Ky G,,9n) + A,K3(t,,Vn) +A3K3(t,.¥,)], (18a) 


where 


Ky (t.¥n) =f biVy) 
Ky ti ¥n) = it, a ah,y, ns hB, ,K, (ti ¥n)) (18b) 
K3 (tn ¥n) = f(t, + a3h,y,, + hI B3, 1K, (ts ¥n) + B32Ko(t,. yD 


and where [see equation (12c)]0 <a, < 1,0 <a, <1,f8,,; =a), and f,,+/;, =a. It 
can be shown (see Lambert’) that this three-stage Runge-Kutta method has order 3 if 


>John D. Lambert, Numerical Methods for Ordinary Differential Systems (Chichester, England: Wiley, 


1991). 
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the following four equations are satisfied: 
Ad Apt A,;=1 
aA, + a3A3 = 


| 
NI- 


(19) 


2 25 4 
a3A,+ 03A,= 5 


al 
a8; A, =F. 


One way to find a solution of this system of four nonlinear equations is first to select 
values for a, and a;. [Note that a, and a, determine the ¢-coordinate of the sampling 
points defining K,(t,,, y,,) and K,(t,,¥,,), respectively.] Once a, and a, are chosen, the 
first three equations in (19) can be solved for A,, A,, and A,. The parameters a, and a, 
are nonzero; if they are distinct, then there are unique values A,, A,, and A, that satisfy 
the first three equations. Having A,,A,, and A;, you can determine £, , from the fourth 
equation and f; , from the condition £; , + £3 = a3. 


31. Consider a three-stage Runge-Kutta method. Show that if the first equation in sys- 
tem (19) holds, then the method has order at least 1. 


32. Consider a three-stage Runge-Kutta method. Show that if the first and second equa- 
tions in system (19) hold, then the method has order at least 2. [Note: In order to 
obtain order 3, the last two equations in (19) must hold as well.] 


33. Determine the values of w, and a, that give rise to the three-stage third order Runge- 
Kutta method (13). Then solve equations (19), and verify that Runge-Kutta method 
(13) results. 


34. (a) Verify that the choice of «, = 4 and a, = 4 leads to another solution of (19) 


having the same weights A,, A,, and A, as (13). 


(b) Use the values from part (a) to form another three-stage, third order Runge- 
Kutta method. Test this method on y’ = t/(y + 1), y(0) = 1, using step size h = 0.05. 


Compute the error at t = 1 [the exact solution is y(t) = -14+ V+ 4]. 


Appendix: Convergence of One-Step Methods 


In this appendix, we state a theorem that guarantees convergence of the one- 
step method, 


Yast =Yn thoy ih), n=0,1,2,...,.N—1. (1) 
The convergence theorem, Theorem 7.3, applies to an initial value problem 
v=fGy), — vo) =Yo- 


Let f(t,y) be a function defined on the rectangle R given by a <t <b, 
a <y < . The function f is said to satisfy a Lipschitz condition in y if there 
is a positive constant K such that 


Whenever (¢, y,) and (¢, y,) are two points in R, then 


Ift.¥.) -—f@y2)1 < Kly, — yal. (2) 


The constant K in (2) is called a Lipschitz constant. Note that Lipschitz con- 
stants are not unique; if a particular constant K can be used in inequality (2), 
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then so can K + M for any positive constant M. A Lipschitz condition is not an 
overly restrictive assumption; if the partial derivative f,(t, y) exists on R, then 
(by the mean value theorem) 


ft,y,) —f(t,¥) =fhOy — >); 


where y* is some value between y, and y,. Thus, if we know that |f,(¢,y)| < K 
for all (¢, y) in R, then the Lipschitz condition (2) holds where the bound on 
feats y)| serves as a Lipschitz constant K. 


Consider the initial value problem 


vY=fG9), #0) =o (3) 


where f (¢, y) is analytic and Lipschitz continuous in the vertical infinite 
strip defined by a < t < b, —oo < y < oo. Assume that a < ty <tg +T <b. 

Let y,.41 =Y, thot, ¥,; 2) be a pth order one-step method, and let 
h =T/N. Assume that for all step sizes less than some h, the increment 
function ¢, when applied to the initial value problem (3), satisfies a Lip- 
schitz condition in y with Lipschitz constant L. Then 


max |y(t,) —Ynl = Oh”). (4) 


O<n 


In words, conclusion (4) says that the global error can be bounded by some 
constant multiple of h? as long as 0 < h < hy. Also note that we are asking for 
a Lipschitz condition to hold on a vertical infinite strip. This rather restrictive 
condition simplifies the theorem, since it ensures that initial value problem (3) 
has a unique solution on [f, fg + 7] and that ¢(t,,, y,,; 2) is defined for all points 
t, inty <t<t)+T. 

Although Theorem 7.3 was stated for the scalar problem, a similar result 
can be established for a system of differential equations. 


Appendix 2 Stability of One-Step Methods 


Theorem 7.3 shows that we can, in principle, achieve arbitrarily good accu- 
racy by using a one-step method with a sufficiently small step size h. We now 
consider the opposite situation and show that results sometimes become dis- 
astrously bad if we inadvertently use a step size that is just a little too large. 
In particular, numerical methods for initial value problems are subject to 
difficulties of “stability.” When a numerical method is applied to a given dif- 
ferential equation, it can happen that there is a sharp division between a step 
size h that is too large and that produces terrible results and a step size h that 
is small enough to produce acceptable results. Such a stability boundary is il- 
lustrated in Figures 7.9 and 7.10. In each case, we used Euler’s method to solve 
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0.1 0.2 0.3 0.4 0.5 0. 


_50b 
>t -100 - 
-2+ -150 + 
FIGURE 7.9 FIGURE 7.10 
h = 1/130 h = 1/120 
the initial value problem 
y” + 251y' + 250y = 500cos 5t, y(0) = 10, y'(0) = 0. (1) 


This differential equation might model the forced vibrations of a spring-mass- 
dashpot system. (For the coefficients chosen, the spring constant and the damp- 
ing coefficient per unit mass are relatively large.) As we know from Section 3.10, 
once the initial transients die out, the solution, y(t), should tend toward a pe- 
riodic steady-state solution. This expected behavior is exhibited by the results 
in Figure 7.9, but not by those in Figure 7.10. The only difference between the 
two computations is that the results in Figure 7.9 were obtained using a step 
size of hh = eur whereas the results in Figure 7.10 were obtained using a slightly 
larger step size of h = 75. 

The sharp division between the accurate results of Figure 7.9 and the ter- 
rible results of Figure 7.10 can be explained by examining the behavior of 
Euler’s method when it is applied to the homogeneous initial value problem 
y’ = Ay, y(0) = yy. Assume that A is a (2 x 2) constant matrix, with distinct 
eigenvalues A, and 4, and corresponding eigenvectors u, and u,. Since the 
eigenvalues are distinct, the eigenvectors are linearly independent. Therefore, 
the initial condition can be represented as 


Yop = @,U, + @,U, (2) 


for some constants a, and a,. When applied to the initial value problem y’ = 
Ay, y(0) = yo, Euler’s method takes the form y,, = y,,_, + /Ay,,_;, or 


¥,= CURA), 6 21,2500 (3) 
It follows from (3) that y, = 7 +hA)"yo,n = 1,2,.... From (2), it follows that 


y, =U+ hA)"yo =( +hA)"(a,u, + aU) 
= a, + hA)"u, + ay (I + hA)" uy. 


By Exercises 31 and 32 in Section 4.4, (J + hA)"u; =(1+ hd;)"a;,j = 1,2. Thus, 
Yn = UI +hA)" yo = (1 + hd,)" Uy +2 (1 + Az)". (4) 
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If the eigenvalues 4, and A, are both negative, then the exact solution y(t) tends 
to 0 as t increases. Thus, the output from Euler’s method [the sequence y,, in 
equation (4)] should also tend to 0 as t increases. 

Assume that A, and A, are both negative and that a, < 4, < 0. Ifa, anda, are 
both nonzero, having y,, > Oasn > corequires|1+h/,| < land|1+hd,| < 1. 
These two inequalities reduce to 


—2<hd, <0 and -2<ha, <0. 


Therefore, to obtain y,, > 0asn — oo, we need to use a step size h that satisfies 
the inequality h < —2/),. 

When we write the homogeneous second order equation y” + 251y’ + 
250y = 0 as a first order system y’ = Ay, y(0) = yo, we find 


A= 7 1 and 4, =-250, 4,=-1. 
—250 —251 

Therefore, for this problem, the critical step size is h = —2/(—250) = 1/125. If 
we apply Euler’s method to the homogeneous problem y" + 251y’ + 250y = 0, 
we expect to see results qualitatively similar to those shown in Figure 7.10 when 
we use a step size h, where h > h = 1/125. 

We now return to initial value problem (1), which we represent as 
y =Ay+g(: 


/ 


0 
a 1 


10 
y + (500 cos 5r) | ; y(0) = : 


1 
Le —251 
Applying Euler’s method to this problem, we obtain 


Yn41 = Yn ar hfAy,, + s@,,)1 
=[[+hA]"y, +h + hAlgt,_;)- 
j=0 


If we represent the vectors yg and g(¢,,_;) in terms of the eigenvectors of A, 
Yo=QU,+a,u, and g(t,_;) = (500cos5t,,_;)[B,uy + BU], 
Euler’s method produces 


You, = 0,1 tha.) a, +0,(1 +h,)"t a, 


+ 500hB, ys, cos(t,,_;)(1 + hi.) a, + 5006, s3 cos(t,,_;)(1 + hh) Wy. 


j=0 j=0 


Thus, as we saw with the homogeneous problem y’ = Ay, y(0) = yo, if we do not 
choose a step size h such that |1 + ha,| < 1 and |1+A,| < 1, Euler’s method 
will produce results qualitatively similar to those in Figure 7.10. 

The ideas regarding stability that we have discussed in relation to Euler's 
method apply to one-step methods in general. 
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PROJECTS 


Project 1: Projectile Motion 


At some initial time, a projectile (such as a meteorite) is traveling above Earth; assume 
that its position and velocity at that instant are known. We consider a model in which 
the only force acting on the projectile is the gravitational force exerted by Earth. Given 
this assumption, the projectile’s trajectory lies in the plane determined by the projectile’s 
initial position vector and initial velocity vector. For simplicity, we assume this plane is 
the xy-plane. In our model, the projectile eventually strikes the surface of Earth. Our 
goal is to determine where and when the impact occurs. 
The dynamics of the projectile can be described by the equations 
2) = MO ee (1) 
i O+yO] O+yO] 


where G is the universal gravitational constant and m, is the mass of Earth. The center 

of Earth is at the origin, and we let R, denote the radius of Earth. The values of these 

constants are taken to be 
ae 


kg-s 


G = 6.673 x 10°!" 


m, =5.976x 10% kg,  R, = 6.371 x 10° m. 


2? 


According to equation (1), the projectile dynamics are governed by a pair of coupled 
nonlinear second order differential equations. We will solve the problem numerically. 


1. The problem geometry and the nature of the force acting on the projectile suggest 
the use of polar coordinates. Let 


x(t) = r(t) cos[6(Z)], y@ =r) sin[@)]. (2) 
Show that equation (1) transforms into the following pair of equations for the polar 
variables: 


Gm, , a 
= 6 rs =0. (3) 


2. Assume that the projectile is launched at time t = 0 at a point above Earth’s surface, 
as shown in Figure 7.11. Thus, 7(0) = Ry > R,, 6(0) = 0. Show that 


r'(0)=v,cosa and 6'(0) = zn sina, (4) 
0 
where initial speed vy and angle a are as shown in the figure. 


3. When performing the numerical calculations, we want to deal with variables whose 
magnitudes are comparable to unity. To achieve this, we will adopt Earth’s radius, 
R,, as the unit of length and the hour as the unit of time. For bookkeeping purposes, 
let 


T = 3600 s/hr. 


Define the scaled variables 
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y Projectile 
at time t > 0 
I 


r(t) 


a, 
Vo 
x 


Projectile 
at time t = 0 


FIGURE 7.11 


The initial conditions for the projectile whose trajectory is described by 
equation (3). 


Thus, points on Earth’s surface correspond to p = 1, while 3600 seconds corresponds 
to one unit of time on the t-scale. Note, from the chain rule, that 

d dtd _ id 

dt dtdt Tdt 
Show that the initial value problem posed by (3) and (4) transforms into the following 
problem: 


dp do\? 1 Ry dp(0)  v9oT 

qe (=) p= es ; p(0) = R, Aas R, cos a 

2 d (3) 
g(a \" 26 eyag CMa ay 

dt? = p})dt ” ee dt Ry ene 


The constant Gm,T*/R? = 19.985 has units of hr’. 


. Assume that the projectile is initially 9000 km above the surface of Earth with a 
speed vy) = 2000 m/s and angle a = 10°. Translate the assumed information into initial 
conditions for problem (5). 


. Recast initial value problem (5) as an initial value problem for a first order system, 
where 


dp do 
y(t) = p, ¥2(T) = an’ y3(t) = 8, y4(t) = Ae 


. Solve this problem using a fourth order Runge-Kutta method and a step size h = 
0.005. The projectile will strike Earth when p = 1. Execute the program ona t-interval 
sufficiently large to achieve this condition. [Hint: Gradually build up the size of the 
t-interval. If too large an interval is used at the outset, the numerical solution will 
“blow up.” ] 


7. Determine the polar coordinates of the impact point and the time of impact. 


. Suppose that the point p = 1,6 = 0 corresponds to the point where the equator in- 
tersects the prime meridian, while the point p = 1, 6 = 2/2 corresponds to the North 
Pole. Use a globe and determine the approximate location of impact. 
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Project 2: The Double Pendulum 


The double pendulum shown in Figure 7.12 consists of one pendulum attached to an- 
other. Two bobs, having masses , and m,, are connected to frictionless pivots by rigid 
rods of lengths /, and /,. 


FIGURE 7.12 


A double pendulum. 


Assume that both pendulums can rotate freely about their pivots and that the masses 
of the two rigid rods are negligibly small. With respect to the coordinate system shown, 
the positions of the two bobs are 


x, =1,sin6,, y, =—l, cos 6, (6) 


x, =1, sind, +4, sin6,, y, = —l, cos 6, — 1, cos). 


Using g to denote gravitational acceleration, we can show that the angles 0, and 6, satisfy 
the following system of coupled nonlinear second order differential equations: 


do do do,\* 
(m, + m,)li aa + Malla cos(6; — 6,) + myl,L, (S32) sin(6, — @,) +1,.g(m, +m,)sin6, = 0 


dt 


dO, ao” ; 
+m1,L, 77a cos(6, — 6) — ml,L, ae sin(6, — @,) + Lmgsiné, = 0. 


Prescribing the initial angular position and velocity of each pendulum will complete the 
specification of the initial value problem. 


1. As acheck on the differential equations, determine what happens to these equations 
when 


(a) m,=0 (b) 1, =0 (c) 1, =0 
In each of these cases, are the equations consistent with what you would expect on 
purely physical grounds? Note that, in the case of interest, /, and L, are both positive. 


Therefore, we can remove an /, factor from the first equation and an J, factor from 
the second. 


2. Transform the differential equations into an equivalent pair of equations of the form 


Ay = f,(), 8, 1, 83) 


” r / (7) 
0; = f,(O;, 2, 0), 95). 
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Hint: The original differential equations can be written as 


(m,+m,)l, — myl, cos(6, — "| a 


ml, cos(6, — 6,) ml, 6; 


myl,(65)° sin(@, — 6) + g(m, +m,) sind, 
- —myl, (01)? sin(@, — 0) + myg sin 6, 
Is the determinant of the (2 x 2) matrix ever zero? 


. Rewrite system (7) as an equivalent four-dimensional first order system by defining 
V1 = 9, yn =O, V3 = 9, Yq = 4). 
. Let m, =m, =2kg,1, =1, = 0.5 m, and let g = 9.8 m/s’. Assume initial conditions 
a , 570 ; 

AM=5, 40) =0, 40=—, 6,0) =0. 
Solve the initial value problem for y on the time interval 0 < t < 10 using the fourth 
order Runge-Kutta method. Plot 6, (¢) and 6,(¢) versus t on separate graphs. 
. To obtain a better insight into how the double pendulum actually moves, use the 
numerical solutions obtained in part 4 and equations (6) to determine the bob coor- 
dinates (x;(t), y;(£)), i = 1, 2. Create parametric plots of the two bob trajectories on the 


same graph over the ten-second interval. On this graph, sketch the double pendulum 
configurations at initial and final times, f = 0 and t = 10. 
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CHAPTER 


Differential Equations 
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The Euler Equation 


Solutions Near a Regular Singular Point 
and the Method of Frobenius 


The Method of Frobenius Continued: 
Special Cases and a Summary 


Introduction 


In this chapter, attention is focused mainly on problems involving second order 
linear differential equations with variable coefficients, 


y" + pity’ + q@y = 0, a<t<b 

Eo) = Yo, ¥'(to) = No; 
where a < fy) < b. In most of the cases considered, the coefficient functions p(t) 
and q(t) are rational functions (that is, ratios of polynomials). For the moment, 
however, we make no assumptions about p(t) and q(t). 

Chapter 7 discussed techniques for generating numerical approximations 
to the solution of initial value problems. In this chapter, we look for solutions 
that have the form of a power series, 

CO 


yO) = doa, (t — to)” = ag + y(t — ty) + ag (t — to)? +a3(t—ty)? ++. 
n=0 
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To find such a power series solution of an initial value problem, we must 
answer several questions: 


1. What properties must the coefficient functions p(t) and q(t) possess to 
guarantee that a power series solution does, in fact, exist? 

2. If a power series solution of the initial value problem exists, how do we 
compute the coefficients {a,,}?° 9? 


3. For what values of t does the resulting power series converge? 


To answer these questions, we begin with a review of power series and the 
properties of functions defined by a power series. 
For any fixed value of t, the power series 


oe) 
Satay (1) 
n=0 
is an infinite series of constants. If, for a fixed value of t, the sequence of partial 
sums 
N 
Sy@ = > a, (t — to)” (2) 


n=0 


approaches a limit as N — oo, we say that the series converges. If the series 
does not converge, we say it diverges. Note that the power series (1) always 
converges for t = fg, since Sy (tg) = dp for all N. In general, we want to know 
those values of t for which the power series converges and those values for 
which it diverges. 


Convergence Possibilities 


There are three distinct possibilities for power series (1): 


(a) The series 7° 9 a,,(t — to)” might converge only at t = fy and diverge for all 
t# to. 

(b) The series might converge for all ¢ in an interval of the form |t — ¢o| < R for 
some 0 < R < ow and diverge for all ¢ satisfying |t — tp| > R. The number R 
is called the radius of convergence. 


(c) The series might converge for all t, —oo < t < oo. 


It can be shown that every power series of the form (1) falls into exactly one of 
these three categories. [It is customary to say that the radius of convergence is 
R= 0 incase (a) and R = o0 in case (c).] 

The power series (1) is said to be absolutely convergent at a value t if the 
infinite series 


[o.@) 
So lanllt — tol” 


n=0 


converges. As the terminology suggests, absolute convergence implies conver- 
gence. The converse is not true, however; convergence need not imply ab- 


EXAMPLE 


1 
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solute convergence. In case (b), it can be shown that the power series is ab- 
solutely convergent in the interval |t —t)| < R. In case (c), the power series 
is absolutely convergent for —oo < t < oo. 

The ratio test is frequently used to test for absolute convergence of an 
infinite series. By way of review, consider the infinite series 


CO 
+o (3) 
n=0 
and suppose that 
lim || = 1, (4) 
noo | C, 


where L is either a nonnegative finite constant or +oo. If L < 1, the infinite 
series (3) is absolutely convergent. If L > 1, the infinite series (3) is divergent. 
If L = 1, the ratio rest is inconclusive. 

The ratio test can be used to determine the radius of convergence of a power 
series, as we see in Example 1. 


Use the ratio test to determine the radius of convergence of the power series 


CoO 
Sint” =t+ 207434... 


n=1 


Solution: The power series clearly converges at t = 0. Applying the ratio test 
at an arbitrary value t, t 4 0, we find 


1 
= lim (1 4. -) (¢| = I¢l. 
noo nl 


Therefore, by the ratio test, the power series converges if |¢| < 1 and diverges if 
||] > 1. The radius of convergence is R= 1. * 


a+" 
nt” 


lim 


n—- Ooo 


Suppose a power series has a finite and positive radius of convergence R. 
The preceding discussion says nothing about whether or not the power series 
converges at the points t = ¢) + R. In fact, no general statements can be made 
about convergence or divergence at these points, which separate the open in- 
terval of absolute convergence from the semi-infinite intervals of divergence. 
For instance, the power series 


CO 
x nt" 
n=0 
considered in Example 1 diverges at t = +1. In general, a power series might 
converge absolutely, converge conditionally (that is, converge but not converge 
absolutely), or diverge at the point t = t) + R. The same statement can be made 
with regard to the point tf = ty) — R. 
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Operations with Power Series 


Every power series defines a function f(t). The domain of f(t) is the set of 
t-values for which the series converges. Consider the function f(t) defined by 


f® = > - 4, - to)” 
n=0 


=) +a, (t—ty) tart —ty)’? +a,¢—t))?+-:. 


Assume that the power series defining f(t) has radius of convergence R, where 
R > 0. The following results are established in calculus and say, roughly, that 
power series can be treated like polynomials with respect to the operations of 
addition, subtraction, multiplication, and division. 


Power Series Can Be Added and Subtracted 
If f(t) and g(t) are given by 
fO=Soa,¢-t))" and g@ => °b,(t-t)", 
n=0 n=0 


with both series converging in |t — t)| < R, then the sum and difference func- 
tions are given by 


(f+90 = >G@,+b,)t- to)”, 
n=0 


where the sum and difference both converge absolutely in |t — fo| < R. 


Power Series Can Be Multiplied 


If f(t and g(t) are given by 


fO= Soa, —t))" and g(t) = yee (¢=4,)", 


n=0 n=0 


with both series converging in |t —f | < R, then the product function, (fg)(4), 
has a power series representation 


(20) = So e,¢ -t)", 
n=0 


which likewise converges in |t — f)| < R. Moreover, the coefficients c,, can be 
obtained by formally multiplying the power series for f(t) and g(t) as if they 
were polynomials and grouping terms. In other words, 


Cote (t—to) te, — ty)? +-°- 
= [ap +44 (t ~ tp) +2 (t ~ 9)” +++ by + By (t — fo) + byt — tp)? ++] 
= dgbo + God, +4,bo)(t — to) + Ggby +4, b, +aob 9) t — to) +-+°. 
Therefore, 
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and, in general, 
n 
C= > 04d, n=0,1,2,.... 
i=0 


The product power series (fg)(t) is called the Cauchy! product. 


In Some Cases Power Series Can Be Divided 


If f(t) and g(t) are given by 


fO= > a,(¢-ty)” and g= 5 0b, (t-t))", 
n=0 


n=0 


with both converging in |t —f)| < R, and if g(t)) = by £0, then the quotient 
function (f /g)(t) has a power series representation 


(f/g)(t) = Sod, (t= to)", 


n=0 
which converges in some neighborhood of ty. Again, we can determine the 
coefficients d,, by formally manipulating the power series as if they were poly- 
nomials. We have 
ao +a,(t— ty) +a,(t — to) +--+: 


Sd, Pde hy Past a5) Be 


or, after multiplying by the denominator series, 
dy ta,(t—ty) ta,(t-—ty?+--- 
= [by + bt — ty) bg (t—to)? ++ dy +d, ¢ — ty) +d,0¢—to) +- °°]. 


The coefficients d,, can be recursively determined by forming the Cauchy prod- 
uct of the two series on the right and solving the resulting hierarchy of linear 
equations. We obtain 


@yg= body andhence dy) = 
0 
a,;=bod,+b,d) andhence d, = fay 
0 


a, — bid, — body 


ay = bod, +b,d,+b.,d) andhence d,= 


Notice how the statement made in the case of division differs from that made 
in the previous cases. In particular, even though the series for f(t) and g(t) 


‘ Augustin Louis Cauchy (1789-1857) was a scientific giant whose life was enmeshed in the political 
turmoil of early nineteenth-century France. He contributed to many areas of mathematics and 
science and is considered to be the founder of the theory of functions of a complex variable. 
Numerous terms in mathematics bear his name, such as the Cauchy integral theorem, the Cauchy- 
Riemann equations, and Cauchy sequences. His collected works, when published, filled 27 volumes. 
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converge in |t — fo| < R, it does not necessarily follow that the quotient series 
also converges in |t — t)| < R. All we can say in general is that the quotient series 
converges in some neighborhood of tp. 


A Function Defined by a Power Series Can Be Differentiated Termwise 


Let f(t) be given by the power series 


fOQ => 4,¢-t9)”, (5) 


n=0 


which converges in |t — f)| < R. The function f(t) has derivatives of all orders 
on the interval ty — R < t < tj +, R. We can obtain these derivatives by termwise 
differentiation of the original power series. That is, 


fi@®= Sona, (t —ty)” | =a, + 2a, (t —to) + 3a3(t —to)? + °°, 


n=1 
f’"O = dina — 1a, @ — to)" = 2a, + 6a3(t — ty) +---, 
n=2 


and so forth. Each of these derived series also converges absolutely in the inter- 
val tg — R < t < t9 + R. The derived series can be used to express the coefficient 


a, in terms of the nth derivative of f(t) evaluated at t = fp. In particular, by 


evaluating the derived series at t = t), we see that 
f(ty) =49, f' Cy) =4,, fo) = 2+ Vag, fo) = B-2- Das, 
In general, for f(t) given by (5), 
f(t) =nla,, SION 2 Se ers 


Some Functions Are Defined by a Taylor Series 


If f(@) is a function defined by the power series (5), then f (t,) =a, 
n=0,1,2,.... Conversely, if we are given a function f(t) that is defined and 
infinitely differentiable on an interval ty) — R < t < tj + R, then we can associate 
f @) with its formal Taylor series 


% £(n) 
ys Po) ge fa) (6) 


n! 
n=0 


Recall from calculus that the Taylor series for f(t) need not necessarily converge 
to f (t). However, for most of the functions considered in this chapter, the Taylor 
series converges to f(t), so 


oO ¢(n 


) 
1O= >, 0) 


n=0 


(t—ty)”, ty -R<t<t)t+R. 


If t) = 0, the Taylor series is usually referred to as a Maclaurin series. For later 
reference, we list the Maclaurin series for several functions. We also give the 


8.1 Introduction 521 


interval of absolute convergence for the series. 


2 3 4 
t ri 
dao alee Spee oye. —00 <t<o (7a) 
oo prt P P t! 
j — n _—| a — 
sint =) > (-1) crea ed Te 0 <t <0o (7b) 
n=0 
oo pn t2 t* r° 
— n ro" 
cost =) -( 1) om at ay ato —0oo <t<oo (7c) 
n=0 
1 oe) 
pap DM tet PtP tht, =Leret (7d) 
n=0 
oo th t2 P t* 
In(l+2) =5>( aes Sw gig re =L2r<et (7e) 
n=1 
2n+1 3 5 v4 
i ae a: 
tan” iS i" [a a =l¥rel (7f) 


n=0 


Note that these basic series can be used to find the Taylor series of certain 
simple compositions. For example, by (7d), 


: : : 2)" aia 
paras aria ee 
n=0 
and 
Sy 14"e™, It <=. 
1-4? 2 


n=0 


A Function Defined by a Power Series Can Be Integrated Termwise 


Let f(t) be given by the power series 


fO0 = Soa, (t- 19)", 


n=0 


which converges in |t — f| < R. The function f (4) has antiderivatives defined on 
the interval tg — R < t < tg + R. Wecan obtain these antiderivatives by termwise 
integration of the original power series. For example, 


t oo os n+1 
[roa= [Xa (Ss — tg)” i= Joa, [io~t" ds = Sra : an 
t 


{o n=0 


The integrated series can be shown to also converge absolutely on the interval 
—-R<t<ity+R. 
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EXAMPLE 


2 


Uniqueness of the Power Series Representation of a Function 


A power series representation of a function is unique. Let 


So a,(t—t)" and Sob, (t= t5)" 
n=0 


n=0 


be two power series having the same radius of convergence R. If 


ae —t))" = yy; b,(t—to)” foralltsuchthat |t—t)| <R, 


n=0 n=0 


then it follows that the coefficients must be equal; that is, 
a,=b,, n=0,1,2,.... 


As an important special case, if 


Soa, (t —to)"=0 foralltsuchthat |t—t9| <R, 
n=0 


then a, =0,n =0,1,2,.... 


Power Series Solutions of Linear Differential Equations 


The next example introduces the ideas associated with finding a power series 
solution of a linear differential equation. In the sections that follow, we will 
elaborate on the theoretical foundations of the method and point out some of 
the potential difficulties. 


Consider the equation 
y" + wy =0, 


where w is a positive constant. Assuming this equation has a solution of the 
form 


yt) = So a,t", 


n=0 


determine the coefficients, a ,a,,d5,.... Can you also determine the general 
solution? 


Solution: We look for a solution of the form y(t) = >. )a,,t", assuming that 

the power series has a positive radius of convergence. The actual radius of 

convergence will be determined once we find the coefficients, a), a,,a5,.... 
Differentiating termwise, we obtain 


[oe] [oe] 
y= Soa and y"= So a,n(n =i, 


n=1 n=2 


In these series, we have adjusted the lower limit in the summation to corre- 
spond to the first nonzero term in the series. 
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Substituting these expressions into the differential equation y” + w*y = 0, 
we find 


CO CO 
So a,n(n =" 46° So a,t" =0. (8) 
n=2 n=0 


We want to combine the two summations in (8) and eventually use the con- 
sequences of uniqueness. In order to combine the two series, we adjust the 
summation index of the first series so that powers of ¢ are in agreement. 

In particular, to match the powers of t, we can make a change of index, 
k =n — 2, in the first series. Doing so, we see from (8) that the lower limit of 
n = 2 transforms to a new lower limit of k = 0 (the upper limits remain at oo). 
Thus, the first series in (8) can be rewritten as 


So a,nia— Dt"? = ogy kt 2Hk+ Dt = So a,,,2+ 24 Yt". (9) 


n=2 k=0 n=0 


In the last step, we have used the fact that the summation index is a dummy 
index and can be called n instead of k. Using (9) in (8) leads to 


ie [o,@) 
Yo any2 + 2)(0 + 1)t" +07 > a,t” = 0, 


n=0 n=0 
or 
So [anyon + 2)(2 + 1) +. 07a, ]t" = 0. (10) 


n=0 


Since equality (10) is assumed to hold in some interval containing the origin, 
each coefficient of the series must vanish. We obtain the infinite set of equalities 


(n+1)(n+2)a,,,+0’a,=0, =0,1,2,..., 


or 


wo 


ee eee = 0) 1,2,3)5:. 11 
An42 (n+ Din+2)" n ( ) 


The set of equations (11) is referred to as a recurrence relation. Solving for 
the unknown coefficients recursively allows us to find all the coefficients {a,,}?° 9 
in terms of the coefficients ay and a,. In particular, from (11) we find 


2 2 
@ 
n=0 y= —5 7% n=1 a3=— 354 
2 4 2 4 
n= 2: a4=- ° ay 2 ae n=3 a, = = a3 a 
4.3 4! 5-4 5! 
2 6 2 6 
n=4: pee ipo Gg n=5: a, =—-——a a 
e ae 6! ° ; 7-6 7. 


(continued) 
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(continued) 


The emerging pattern is clear. For the even index n = 2k, we have 


2k 
_ k © 
An => (-1) QQ” 
For the odd index n = 2k + 1, we have 
2k 2k+1 
oF k @ = k @ ay 
dani = (CY Gea = CD Geaty Gok 


Therefore, we can write the solution of the differential equation y” + w*y = 0 
as 


y(t) = do [ 


(ot)  (wt)* ~—(wt)® 
1 tA or 


(12) 


ot 


a 
+(F) 

(3) 
The first series is the Maclaurin series expansion of cos wt [see equation (7c)]. 
The second series is that of sin wt [see equation (7b)]. Therefore, identifying 


arbitrary constants c, with a) and c, with a,/w, we obtain the general solution 
familiar from Chapter 3, 


(ot)? (wt)? wt)’ 
ar 7! aa 


y(t) =c, cosat +c, sinat. 


Applying the ratio test, you can verify that the radius of convergence is R = 00 


0, 


for both of these power series. “ 


In the sections that follow, the same basic manipulations will be used to 
obtain series solutions of differential equations having variable coefficients. 


Shifting the Index of Summation 


We frequently find it convenient, as in Example 2, to shift the index of sum- 
mation so that the general term in a series is a constant multiple of t”. For 
example, consider the function f(t) = fe’ — 1). Using equation (7a), we see the 
series for f(t) = H(e! — 1) has the form 
3. gue 
fo=Pe-)=t uf =o ar 
n=1 n=1 

In order to rewrite the Maclaurin series so that the general term involves ¢”, 
we make the change of index k =n + 3. With this shift of index, n =k — 3. 
Therefore, the terms in the summation are all of the form r“ /(k — 3)!. We also 
must transform the limits of the summation. At the lower limit, 7 = 1 implies 
that k = 4. At the upper limit, 2 = oo implies that k = co also. Thus, we can 
rewrite the series for f(t) = f'(e' — 1) as 


foe) pnts foe) tk (oe) t” 
fO= ar = a gaa Lee (48) 


The summation index is a dummy index. In the last step of (13), therefore, we 
can replace k by n. 
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EXERCISES 


Exercises 1-12: 


As in Example 1, use the ratio test to find the radius of convergence R for the given 
power series. 


Ls oe 3. S-(¢—2)" 
n=0 


n=1 n n=0 
love) 4 [o-) (C= 1)" foe) 
4. 5° r-1) ae 6. So ni(t— 1) 
n=0 n=0 a n=0 
S (-1)"t" “ (-1)"(t — 3)" ~ 
7. 8. ————_,—. 9. (dnn)(t + 2)" 
= a“ Sn (t — 2)" 
10. 3(¢ — 1)" 11. t — 4)" 12. 
a" d n | ; ere arctann 


Exercises 13-16: 


In each exercise, functions f (t) and g(t) are given. The functions f(t) and g(t) are defined 
by a power series that converges in —R < t — ty < R, where R is a positive constant. In 
each exercise, determine the largest value R such that f(‘) and g(t) both converge in 
—R <t-—ty < R. In addition, 


(a) Write out the first four terms of the power series for f(t) and g(t). 
(b) Write out the first four terms of the power series for f(t) + g(t). 
(c) Write out the first four terms of the power series for f(t) — g(t). 
(d) Write out the first four terms of the power series for f"(f). 


(e) Write out the first four terms of the power series for f” (1). 


BfO= so, BO= 0? 14. f() = Sent", g@®= > (-1)"nt" 
n=0 n=0 n=0 n=0 

15. f=) (-0"2"¢- 1)", eO =) e- 0" 
n=0 n=0 

16. f@=S)2°¢ +)", gO™=Yont+ 1)" 
n=0 n=0 


Exercises 17-23: 


By shifting the index of summation as in equation (9) or (13), rewrite the given power 
series so that the general term involves ¢”. 


7. oe 18. So (n+ I(nt2)"% 19. Soa, t"? 
n=0 n=0 = 

20. Sona," 21. So n(n— 1a,t”? 22.50 C-ly"a,"" 
n=1 n=2 n=0 


23. So (-b"(n + Da,t"? 
n=0 


Exercises 24-27: 


Using the information given in (7), write a Maclaurin series for the given function f (d). 
Determine the radius of convergence of the series. 
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24. f(t) =t?(t— sin?) 25. f(t) = 1 — cos(30) 
1 
26. f(t) = 27. f(t) = —— > 
6. f@) 14 2f fO ae 
28. Use series (7a) to determine the first four nonvanishing terms of the Maclaurin 
series for 
t _ -t t —t 
(a) sinh t= (i eodhie= 2 


29. Consider the differential equation y” — wy = 0, where o is a positive constant. 
As in Example 2, assume this differential equation has a solution of the form 
yt) = 9 a," 

(a) Determine a recurrence relation for the coefficients a), a,,d,.... 
(b) As in equation (12), express the general solution in the form 
ay 
¥O = ay, 0+ (4) ».(0. 
What are the functions y, (t) and y,(¢)? [Hint: Recall the series in Exercise 28.] 
Exercises 30-35: 


In each exercise, 


(a) Use the given information to determine a power series representation of the function 
y(t). 
(b) Determine the radius of convergence of the series found in part (a). 


(c) Where possible, use (7) to identify the function y(f). 


30. y=) a =142t4+3074+---, yO)=1 


n=1 
ip ny CS Geiy 
31.¥0=>> ao oe, eet 
ar ! 
uW ~ ate i e , 
32. y"Q=) CI" =1-t+ 5 rr OS Oat 
a ! 1 3! 


Golf Ua) _ Get f= ey 


33. Y=) CD nl 21 31 4 51 


n=2 


34. yt) = / f (s) ds, where f(s) = S (-1)"s7"7 =1-—s?+st—5°+... 
0 


n=0 
t i) t” 2 3 
35. ds = —=t+ 2-4 7-+4-:: 
[ve Ss ae ees 


n=1 
Exercises 36—41: 


In each exercise, an initial value problem is given. Assume that the initial value problem 
has a solution of the form y(t) = °*,a,,t", where the series has a positive radius of 
convergence. Determine the first six coefficients, a), d,,45,43,4,,a;. Note that y(0) = a) 
and that y'(0) =a,. Thus, the initial conditions determine the arbitrary constants. In 
Exercises 40 and 41, the exact solution is given in terms of exponential functions. Check 
your answer by comparing it with the Maclaurin series expansion of the exact solution. 


36. y"— ty’ -—y=0, yO)=1, y'(0)=-1 
37. y"+ ty’ —2y=0, y(0)=0, v(O)=1 
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38. y’+ tyv=0, y(0)=1, y'(0)=2 

39. y+ (14+dy'+y=0, yO)=-1, y()=1 

40. y” — 5y'+6y=0, y(0)=1, y'(0)=2, yi) =e” 
41. y"—2y'+y=0, y0)=0, y(0)=2, y@ =2¢e' 


8.2 Series Solutions Near an Ordinary Point 


Consider the linear differential equation 


y" + py’ + qOy =0 (1) 


in an open interval containing the point fy). Frequently, tp is the point where the 
initial conditions are imposed. For our present discussion, however, ty) is an 
arbitrary but fixed point. We are interested in answering the question “When 
is it possible to represent the general solution of (1) in terms of power series 
that converge in some neighborhood of the point ty?” 


Ordinary Points and Singular Points 


Recall (see Section 7.3) that a function f (f) is called analytic at t, if f() has a 
Taylor series expansion 


© FM 
fO=>0 vo 


t-t, Me 
( 0) 
n=0 


with radius of convergence R, where R > 0. For later use, we also recall that 


Iff (¢) and g(t) are analytic at fj, then the functions f (t) + g(t) andf (t)g(t) 
are also analytic at ft). Furthermore, the quotient f (t)/g(t) is analytic at 
ty if g(t)) € 0. Polynomial functions are analytic at all points. Rational 
functions are analytic at all points where the denominator polynomial 
is nonzero. (When discussing rational functions, we assume the denom- 
inator and numerator have no factors in common.) If the denominator 
is nonzero at fy, the radius of convergence is equal to the distance from 
t) to the nearest zero (either real or complex) of the denominator. 


As we will show, the general solution of y” + p(y’ + qv = 0 can be ex- 
pressed in terms of power series that converge in a neighborhood of tj whenever 
both p(t) and q(t) are analytic at ty. The point tp is called an ordinary point 
when both p(t) and q(t) are analytic at fy. If p(t) and/or q(t) is not analytic at fo, 
ty is called a singular point. 

As noted in Section 8.1, if a function f(t) is defined by a power series, 
f@® = 32.94, (t — to)”, and if this power series has radius of convergence R > 0, 
then f(t) has derivatives of all orders at t = fy. Therefore, if some derivative 
of f(t) fails to exist at a point fj, then f(t) cannot be analytic at tj. To help 
identify ordinary points, we can use some facts noted earlier: Sums, differences, 
and products of functions analytic at f) are again analytic at tf). Quotients of 
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EXAMPLE 


1 


Theorem 8. 


functions analytic at t) are also analytic at tf) if the denominator function is 
nonzero at fo. 


Consider the differential equation 
(1 —t?)y" + (tandy’ + Py =0 
in the open interval —2 < t < 2. Classify each point in this interval as an ordi- 
nary point or a singular point. 
Solution: We first rewrite the equation in the form (1), 


5/3 
tant t 

” / 

ca y= 0. 


Therefore, the coefficient functions p(t) and q(t) are 


tant ed 
p= pa and q(t) = age 
The function p(t) fails to be analytic at the points t = +1 (where the denomi- 
nator vanishes) and t = +7/2 (where the graph of y = tant has vertical asymp- 
totes). The function q(t) is not analytic at tf = +1 or at t= 0. (The numerator 
function 1°”? is not analytic at t = 0; it is continuous and has a continuous first 
derivative at t = 0, but its second derivative does not exist at t = 0.) Thus, in 
the interval —2 < ¢ < 2, the five points t = 0, +1, +7/2 are singular points and 


% 


all other points are ordinary points. 


Series Solutions Near an Ordinary Point 


Theorem 8.1 shows that, in a neighborhood of an ordinary point, we can rep- 
resent the general solution of equation (1) in terms of convergent power series. 
The proof of Theorem 8.1 is given in more advanced texts, such as Birkhoff and 
Rota. 


Let p(t) and q(t) be analytic at tp, and let R denote the smaller of the 
two radii of convergence of their respective Taylor series representations. 
Then the initial value problem 


y+ pOy+qOv=0, yb)=%, yo) =¥ (2) 


has a unique solution that is analytic in the interval |f — f)| < R. 


According to Theorem 8.1, iffy is an ordinary point, then initial value prob- 
lem (2) has a power series solution of the form 


CO 
yO) = Soa, (t — to)" = ag +44 (t — tp) tag (t — tp)? +++. 
n=0 


Garrett Birkhoff and Gian-Carlo Rota, Ordinary Differential Equations, 4th ed. (New York: Wiley, 
1989). 
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2 
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Note that the first two coefficients, ag and a,, are determined by the initial 
conditions in (2), since y(ty) = dp and y'(t)) = a,. Theorem 8.1 assures us that 
the power series we obtain by solving the recurrence relation for the remain- 
ing coefficients a,,a,,... converges in the interval |t — f)| < R, where R is the 
smaller of the radii of convergence of the coefficient functions p(t) and q(t). 
Note that Theorem 8.1 does not rule out the possibility that the power series 
for y(t) may converge on a larger interval. This happens in some cases. The 
following corollary is a consequence of Theorem 8.1. 


Let p(t) and q(t) be analytic at tp, and let R denote the smaller of the two 
radii of convergence of their respective Taylor series representations. The 
general solution of the differential equation 


y" + py’ + q@y =0 (3) 


can be expressed as 


(oe) 


y(t) = Soa, @ — to)” = 49910) +447 2(0), 
n=0 


where the constants dy and a, are arbitrary. The functions y, (4) and y,(¢) 
form a fundamental set of solutions, analytic in the interval |t — fo| < R. 


The solutions y, (¢) and y,(t) forming the fundamental set can be obtained 
by adopting the particular initial conditions y, (to) = 1, y} (to) = Oand y,(t9) = 0, 
¥oltoy = 1. 


Consider the initial value problem 
hs 5 
Pat | P4445 


If y(t) = o~.9 4, (t — 2)" is the solution, determine a lower bound for the radius 
of convergence R of this series. 


y+ 0, y(2) =Vo, y'Q) =o. 


Solution: Since # +1 = t(t* + 1), the coefficient function p(t) has denomina- 
tor zeros at t= 0,t = —i, and t =i. Likewise, the coefficient function g(t) has 
denominator zeros at t = 2 +i. The radius of convergence R, of the Taylor 
series expansion for p(t) is equal to the distance from tg = 2 to the nearest de- 
nominator zero; that is, R, is the smaller of |2 + 0| = 2 and |2 —i| = V5. Thus, 
R, = 2. (See Figure 8.1.) Similarly, the radius of convergence of the Taylor 
series for q(t) is R,=|2-Q2+i|=1. Thus, by Theorem 8.1, the radius of 
convergence of the Taylor series for y(t) is guaranteed to be no smaller than 
R=1. 


(continued) 
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(continued) 


hi ee 
fo 3 + 
é 


FIGURE 8.1 


The radius of convergence of the expansion of p(t) is equal to the distance 
from f, = 2 to the nearest of the denominator zeros, 0,i, and —i. For q(0), 
the two nearest denominator zeros, 2 + i and 2 — i, are equidistant from 
ty = 2. The radius of convergence for the series in Example 2 is R = 1. 


0, 


When the coefficient functions of y” + p(y’ + q(@y = 0 possess certain 
symmetries, some useful observations can be made; see Theorem 8.2. 


Theorem 8.2 


Consider the differential equation y” + p(y’ + q®y = 0. 


(a) Let p(t) be a continuous odd function defined on the domain 
(—b, —a) U (a, b), where a > 0. Let q(t) be a continuous even function 
defined on the same domain. If f(t) is a solution of the differential 
equation on the interval a < t < b, then f(—?) is a solution on the in- 
terval (—b, —a). 

(b) Let the coefficient functions p(t) and q(t) be analytic att = 0 witha 
common radius of convergence R > 0. Let p(t) be an odd function and 
q(t) an even function. Then the differential equation has even and odd 
solutions that are analytic at t = 0 with radius of convergence R. 


Recall the definitions of even and odd functions. We are assuming that 
p(-t) = —p(t) andq(-t) = q(t) for allt in (—b, —a) U (a, b). The proof of Theorem 
8.2 is outlined in Exercises 31-32. 

In Example 2 of Section 8.1, we obtained a power series solution of 
y" + wy = 0 and observed that the ratio test could be used to show that each 
of the two series forming the general solution has an infinite radius of conver- 
gence. This fact is also an easy consequence of Theorem 8.1, since the differen- 
tial equation y” + w*y = 0 has coefficient functions p(t) = 0 and q(t) = a” that 
are analytic on —oo < t < oo. Moreover, since p(t) is an odd function and q(t) is 
an even function, it follows from Theorem 8.2 that even and odd solutions of 
this differential equation exist; they are cos wt and sin wt, respectively. 


EXAMPLE 


3 
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Polynomial Solutions 


Some of the second order linear differential equations that arise in mathemat- 
ical and scientific applications (such as the Legendre equation, the Hermite 
equation, and the Chebyshev equation) have polynomial solutions. The next 
example treats the Chebyshev equation. Other equations are considered in the 
Exercises. 


The Chebyshev’ differential equation is 
(1 —t?)y" — ty’ + w’y =0, (4) 


where jz is a constant. Find a Maclaurin series solution of (4). Show that if jz is 
an integer, the Chebyshev differential equation (4) has a polynomial solution. 


Solution: Rewriting the equation as 


t Ww 
” / + 
, tage 

we see that t = +1 are singular points. All other points are ordinary points. In 
addition, we deduce from the structure of the differential equation itself that it 
possesses solutions with even symmetry and solutions with odd symmetry (see 
Theorem 8.2). 

By Theorem 8.1, the general solution of the Chebyshev equation can be rep- 
resented in terms of Maclaurin series that we know will converge in (—1, 1). Let 
yt) = 5.9 a,t". Substitution into differential equation (4) leads to 


CO CO CO 
(1-27) So a,n(a— te"? -tS¢ ant"! + uw? S~a,t" = 0. (5) 


n=2 n=1 n=0 


y = 0, 
pe 


Equation (5) can be rewritten as 
[o.@) CO 
So a,n(n =p? = > [a,n(n — 1) +na, — ya,]t" = 0, 
n=2 n=0 
or, after adjusting the index in the first summation and collecting terms, 
CO 
[apy2(n + 2)(n + 1) — a,(n* — p’)]t" =0. 
n=0 
The recurrence relation is therefore 


2__ 2 
3". 8 = 
an42 = (n+ Data n=0,1,2,.... (6) 


The recurrence relation determines all the even-indexed coefficients to be 
(continued) 
3Pafnuty Lvovich Chebyshev (1821-1894) was appointed to the University of St. Petersburg in 1847. 


He contributed to many areas of mathematics and science, including number theory, mechanics, 
probability theory, special functions, and the calculation of geometric volumes. 
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(continued) 


multiples of ag and all the odd-indexed coefficients to be multiples of a,. The 
general solution is 


2 2 2 
oa (14 p24 A= HM -) 


(7) 


1-w 3, d—w’)O-p) 5 
ay(«4 eer 30 P+). 
The ratio test, in conjunction with recurrence relation (6), can be used to show 
that the power series in (7) have radius of convergence R = 1 (except in the 
case when they terminate after a finite number of terms). 

If « is an even integer, we see from (6) that all the even coefficients having 
index greater than yw will vanish. For example, if uy = 4, thena, = 0,ag =0,.... 
Thus, when yz = 4, recurrence relation (6) leads to 


a, = —8d), a4 = —a, = 8a), ag =A, =Aig => = 0. 
2 0 4 2 0 6 8 10 


From this, we see that the fourth degree polynomial P(t) = a)(1 — Bi? 4+: Bf") is 
a solution of the Chebyshev equation. Similarly, if 4 is an odd positive inte- 
ger, then we obtain an odd polynomial solution of degree 4. These polynomial 
solutions, generated as « ranges over the nonnegative integers, are known as 
Chebyshev polynomials of the first kind. The Nth degree Chebyshev polyno- 
mial of the first kind is usually denoted T,,(¢). The first few Chebyshev polyno- 
mials are 


T(t) = 1, T,@® =t, T,(t) = 21? —- 1, T3(t) = 48° — 3t, 
T,(¢) = 8f* — 81? +1. 


The Chebyshev polynomials are normalized; that is, the arbitrary constant is 
selected so that T,(1) = 1. # 


REMARKS: 


1. Even though the differential equation has singular points at t = +1, the 
Chebyshev polynomial solutions are well behaved at these points. The 
polynomial solutions are analytic with infinite radius of convergence. 
It is important to remember that solutions need not necessarily behave 
badly at singular points. 


2. Chebyshev polynomials find important application in the design of an- 
tenna arrays and electrical filters. Consider, for example, the low-pass 
filtering problem illustrated in Figure 8.2. We want to build an electri- 
cal network having the power transfer function shown in Figure 8.2(a). 
Energy at all frequencies less than the cutoff frequency f, should pass 
through the network unscathed, while the passage of energy at all fre- 
quencies above f,. should be completely blocked. The problem, however, 
is that the network elements we have available to build the network only 
allow us to realize power transfer functions that are rational functions of 
frequency. The design problem is to find a rational function that closely 
approximates the ideal behavior in Figure 8.2(a). 


EXERCISES 
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y y 
A A 
1 1 
| 
| 
| 
| 
! If | ! lf 
i > Hf as ; = Ife 
(a) (b) 
FIGURE 8.2 


(a) The graph of an ideal power transfer function. (b) The graph of an 
approximation of the form (8) to the function graphed in (a). 


Chebyshev polynomials are particularly suited for such problems 
because they possess an “equal ripple” property (see Exercise 27). The 
polynomial 7,,(t) oscillates between +1 for ¢ in the range —1 <t<1 
and grows monotonically in magnitude when |t| > 1. Therefore, a power 
transfer function of the form 


1 


with positive constant ¢ sufficiently small and integer N sufficiently large, 
can serve as a good rational approximation to the ideal power transfer 
function. Figure 8.2(b) illustrates the particular choice e = 0.02, N = 12. 


Exercises 1-6: 
Identify all the singular points of y" + p(@)v’ + q(y = 0 in the interval —10 < t < 10. 


t ” / s 
1. y" + (sect)y’ + 24 0 2. y’ + Py’ + (indy = 0 
” , t 
3. (1—2?)y" + ty’ + (cscty = 0 4. (sin2ny" + e'y’ + = ay = 0 
5. (1+Inlt)y”+ y+ +2?)y =0 6. y" + : y' + (tant)y = 0 


1+ |¢| 
Exercises 7-12: 


In each exercise, t = fy is an ordinary point of y” + p(t)y’ + q@y = 0. Apply Theorem 8.1 
to determine a value R > 0 such that an initial value problem, with the initial conditions 
prescribed at ¢,, is guaranteed to have a unique solution that is analytic in the interval 
tp -R<t<t)+R. 


t 
7. y" ‘4 —__y=0, t,=0 
YT iso TT 
8. (1 —9t?)y" + 4y'+ ty=0, ty=1 
1 3t 
9. y" : =0, t,=-1 
Yt 4=3P 7 54300" 0 


1 t 
10. y” + ——~y’ + ——y=0, 4,=0 
y 144 446 0 
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1 
ns int)y = tp =2 
(tao 


t+3 
12. y+ —Sy'+ ty =0, ty =1 
y in¢” y 0 
Exercises 13-21: 
In each exercise, ¢ = 0 is an ordinary point of y’ + p@®y' + q@y = 0. 


(a) Find the recurrence relation that defines the coefficients of the power series solution 
yO) = 9 a,t". 

(b) As in equation (7), find the first three nonzero terms in each of two linearly inde- 
pendent solutions. 


(c) State the interval —R < t < R on which Theorem 8.1 guarantees convergence. 


(d) Does Theorem 8.2 indicate that the differential equation has solutions that are even 


and odd? 
13. y"+ t’+y=0 14, y" + 2ty' + 3y =0 15. (1427)y"” + ty’ +2y =0 
16. y" — 5y'+ 6v=0 17. y" — 4y' + 4y =0 18. (1+dy"+ y=0 
19. (34Dy"+3ty+y=0 20. (24+127)y’+4y=0 21. y+ ty =0 


Exercises 22-25: 

In each exercise, ¢ = 1 is an ordinary point of y’ + p@®y' + q@y = 0. 

(a) Find the recurrence relation that defines the coefficients of the power series solution 
yO = 204, = 1)". 

(b) Find the first three nonzero terms in each of two linearly independent solutions. 


(c) State the interval —R <t— 1 < Ron which Theorem 8.1 guarantees convergence. 


22. y’+(t- ly +y=0 23. y’+y=0 
24. ¢-2)y"+ y+y=0 25. y’+y+(t-2=0 
26. Recall Chebyshev’s equation from Example 3, (1 — t?)y” — ty’ + y?y = 0. As you saw 


in Example 3, this equation has a polynomial solution, T,(¢), when yz = N is a non- 
negative integer. Using recurrence relation (6), find T,(t) and T,(t). 


27. The Equal Ripple Property of Chebyshev Polynomials Consider the Chebyshev dif- 
ferential equation (1 — t?)y” — ty’ + N*y = 0, where N is a nonnegative integer. 
(a) Show by substitution that the function y(t) = cos(N arccos f) is a solution for 
-l<t<l. 


(b) Show, for N = 0, 1, 2, that the function cos(N arccos t) is a polynomial in t and 
that T,,(t) = cos(N arccos t). This result holds, in fact, for all nonnegative integers 
N. It can be shown that 


ts cos(N arccos f), -l<rt<l 
“ cosh(N arccosh f), 1 < tl. 


(c) Use a computer graphics package to plot T,(¢) for N = 2,5, and 8 and for 
—-1.2 <t< 1.2. 


(d) What serves as a bound for |T,(¢)| when —1 <t < 1? What is the behavior of 
|T,,(¢)| when 1 < |¢|? 


28. Legendre’s Equation Legendre’s equation is (1 —t?)y” — 2ty’ + u(u+ ly = 0. By 
Theorem 8.1, this equation has a power series solution of the form y(t) = > 9 a,,t” 
that is guaranteed to be absolutely convergent in the interval —1 <t < 1. As in Ex- 


ample 3, 


29. 


30. 
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(a) Find the recurrence relation for the coefficients of the power series. 

(b) Argue, when x. = N is a nonnegative integer, that Legendre’s equation has a 
polynomial solution, P,(¢). 

(c) Show, by direct substitution, that the Legendre polynomials P)(t) = 1 and 
P, (t) =t satisfy Legendre’s equation for 4 = 0 and yu = 1, respectively. 

(d) Use the recurrence relation and the requirement that P,,(1) = 1 to determine 
the next four Legendre polynomials, P,(t), P;(t), P,(t), P;(t). 

Hermite’s Equation Hermite’s equation is y” — 2ty’ + 2uy = 0. By Theorem 8.1, this 
equation has a power series solution of the form y(t) = )>~.)a,,t" that is guaranteed 
to be absolutely convergent in the interval —oo < t < oo. As in Example 3, 

(a) Find the recurrence relation for the coefficients of the power series. 


(b) Argue that, when x. = N is a nonnegative integer, Hermite’s equation has a poly- 
nomial solution, H,,(). 


(c) Show, by direct substitution, that the Hermite polynomials H(t) = 1 and 
H,(t) = 2t satisfy Hermite’s equation for u = 0 and yu = 1, respectively. 

(d) Use the recurrence relation and the requirement that H,,(f) = 2"t" + --- to de- 
termine the next four Hermite polynomials, H,(0), H,(t),H,(0), H5(). 

Consider the differential equation y” + p(t)y’ + q@y = 0. In some cases, we may be 
able to find a power series solution of the form y(t) = 7>.)4,,(t — t))" even when fy 
is not an ordinary point. In other cases, there is no power series solution. 

(a) The point ¢ = 0 is a singular point of ty” + y’ — y = 0. Nevertheless, find a non- 
trivial power series solution, y(t) = )>-).)a,t¢", of this equation. 

(b) The point ¢ = 0 is a singular point of t*y"” + y = 0. Show that the only solution 
of this equation having the form y(t) = )>>.94,,t” is the trivial solution. 


Exercises 31 and 32 outline the proof of parts (a) and (b) of Theorem 8.2, respectively. 
In each exercise, consider the differential equation y” + p(y’ + q(y = 0, where p and 
q are continuous on the domain (—b, —a) U (a, b),a > 0. 


31. 


32. 


Let f(t) be a solution on the interval (a, b). 
(a) Let t lie in the interval (—b, —a) and set t = —t, so that a < t < b. Show that if 
df(t) df (x) 


dee + p(t) ae TIF) = 0, a<t<b, 


then 


+ q(—bf (-t) = 0, —b <t<-a. 


d’f(—-t) df (1) 
qe Tee 


(b) Use the fact that p and q are odd and even functions, respectively, to show that 
f (—t) is a solution of the given differential equation on the interval —b < t < —a. 


Now let p and q be analytic at t = 0 with a common radius of convergence R > 0, 
where p is an odd function and q is an even function. 

(a) Letf,(d and f,(d) be solutions of the given differential equation, satisfying initial 
conditions f, (0) = 1, f/(0) = 0, f,(0) = 0, f,(0) = 1. What does Theorem 8.1 say about 
the solutions f, (¢) and f(t)? 

(b) Use the results of Exercise 31 to show that f,(—2) and f,(—) are also solutions 
on the interval —R <t <R. 

(c) Form the functions f,) = [f,() +f,(—)1/2 and f, = [0 —f,(-0]/2. Show 
that f.(t) and f,(¢) are even and odd analytic solutions, respectively, on the interval 
-R<t<R. 
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(d) Show that f.(¢) and f,(¢) are nontrivial solutions by showing that f.(t) = f, ¢) and 
f,(@) =f, @. [Hint: Use the fact that solutions of initial value problems are unique. ] 


(e) Show that the solutions f.(¢) and f,(¢) form a fundamental set of solutions. 


Exercises 33-38: 


Suppose a linear differential equation y" + py’ + q(Hy = 0 satisfies the hypotheses of 
Theorem 8.2(b), on the interval —co < t < co. Then, by Exercise 32, we can assume the 
general solution of y” + p(t)y’ + q@y = 0 has the form 


y(t) = CyVet) + C2VQ (0), (9) 


where y.(¢) is an even solution of y” + p@y' + q(@)y = 0 and y,(f) is an odd solution. In 
each of the following exercises, determine whether Theorem 8.2(b) can be used to guar- 
antee that the given differential equation has a general solution of the form (9). If your 
answer is no, explain why the equation fails to satisfy the hypotheses of Theorem 8.2(b). 


33. y’+(sindy’ + ?y=0 34. y’+(costy’'+ty=0 35. y’+ty=0 
36. y+ y4+ry=0 37. y"+ ty=0 38. y"+ ey’ +y=0 
39. Consider the differential equation y” + ay’ + by = 0, where a and BD are constants. 


For what values of a and b will the differential equation have nontrivial solutions 
that are odd and even? 


40. Consider the initial value problem (1 + f?)y"” + y = 0,y(0) = 1, y'(0) = 0. 


(a) Show, by Theorem 8.1, that this initial value problem is guaranteed to have a 
unique solution of the form y(t) = )>~,a,,t", where the series converges absolutely 
in-1 <t<l. 


(b) The recurrence relation has the form r(7)a,,,, = s(m)a 
quadratic polynomials. Therefore, 


where r(m) and s(n) are 


n? 


s(n) 
r(n) 


Show that this ratio tends to 1 as n tends to oo, and conclude, therefore, that the 
series solution of the initial value problem diverges for 1 < |t|. 


(c) Note, however, that the coefficient functions p(t) = 0 and q(t) = (1 +t7)7! are 
continuous for —oo < t < oo, and hence, by Theorem 3.1, a unique solution exists 
for all values t. Do the conclusions of Theorem 8.1 and Theorem 3.1 contradict each 
other? Explain. 


8.3 The Euler Equation 


The second order linear homogeneous equation 


t?y" + aty’ + By =0, t4#0 (4) 
is known as the Euler equation (it is also known as the Cauchy-Euler equa- 
tion or the equidimensional equation). In equation (1), a and £ are real con- 
stants. Note the special structure of the differential equation; the power of each 
monomial coefficient matches the order of the derivative that it multiplies—for 
example, t? multiplies y”. This special structure enables us to obtain an explicit 
representation for the general solution. In this section, we present two related 
approaches to deriving the general solution. 
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If we rewrite the Euler equation in the form y” + p(y’ + q®y = 0, then 


a B 
as and 10 


The coefficients p(t) and q(t) are analytic at every point except t = 0. Ignoring 
the trivial case where a and £ are both zero, we see that t = 0 is a singular point 
and all other values of t are ordinary points. Note as well that p(t) and q(t) 
are not continuous at t = 0. Therefore, the basic existence-uniqueness result, 
Theorem 3.1, alerts us to possible problems—solutions may or may not exist 
att =0. 

The Euler equation arises in a variety of applications. An example is the 
problem of determining the time-independent (or steady-state) temperature 
distribution within a circular geometry (such as the interior of a circular pipe) 
from a knowledge of the temperature on the boundary; see the Projects at the 
end of this chapter. The Euler equation is also of interest because it serves as 
a prototype or model equation. In Section 8.4, we will define a special type of 
singular point, called a regular singular point; our understanding of the Euler 
equation will serve as the basis for studying regular singular points. 


The General Solution of the Euler Equation 


If f(t) is a solution of the Euler equation (1), then so is f(—t) (see Theorem 8.2 
in Section 8.2). Therefore, we assume our interval of interest is t > 0. Once the 
general solution is obtained for the interval t > 0, we can obtain the general 
solution in t < 0 by replacing ¢ with —t. 

We present two approaches to deriving the general solution of (1). In ret- 
rospect, you will see that the two approaches are closely related. Nevertheless, 
both points of view are worthy of consideration. 


Solutions of the Form y(t) = t’ 


The special structure of the Euler equation makes it possible to find solutions 
of the form y(t) = t*, where A is a constant to be determined and where t > 0 is 
assumed. Substitution of this trial form into equation (1) leads to 


Pra De +e? + pF = PpO— 1) +e1-+ 6 =0, t>0. (2) 


Since 7’ is not identically zero on 0 < t < oo for any real or complex value A, 
we must have 


W+@—-1A+p=0, (3) 
or 
—(a — 1)+1/(a— 1)? — 4B 
Mio= ; (4) 


In other words, y(t) = t* is a solution of the Euler equation whenever A is a root 
of equation (3). We refer to equation (3) as the characteristic equation or the 
indicial equation. There are three possibilities for the roots of the character- 
istic equation: 
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1. There are two real distinct roots if the discriminant, (a — 1)* — 48, is 
positive. In this case, the Wronskian of the solution set is 
ae +” 


Wi) = =O;=2,)°""". 


Ai-l dA2-1 
At"! ht” 


Since W(t) is nonzero for t > 0, the functions y, (4) = t™ and y,(t) = j 
form a fundamental set. The general solution of equation (1) is 
y(t) =c,t*! +.c5t’”?,t > 0, wherec, andc, are arbitrary constants. As pre- 
viously mentioned, we can obtain the general solution for t < 0 by re- 
placing t by —t; the general solution fort < Ois y(t) =c¢,(—0"'! +¢,(-0)”’, 
where c, and c, again denote arbitrary constants. Since —t > 0 when 
t < 0, the general solution can be expressed in the form 


yO=e,|t +e", +t¢40. (5) 


2. There is one real repeated root if (a — 1)” — 48 = 0. In this case, one 
solution is y,() = t*,t > 0, where A = —(a — 1)/2. We can use reduction 
of order (see Section 3.4) to find a second linearly independent solution, 
y(t) = t* Int, t > 0 (see Exercise 1 of this section). The general solution 
in the repeated root case is therefore 

yt) =e, |e" +e,|t/* Ini], = t £0. (6) 


3. There are complex conjugate roots if (a — 1)? — 48 < 0. For brevity, let 


an ee) 4B —(a— 1)’ 


Ayo = 5 =yxi6. 
In this case, 
pv ti = ely +i) Int = ey Intpisine = tY eidint t>0 
Hence, by Euler’s formula (see Section 3.5), 
t’*® = ¢t’[cos(5 Int) +isin(s Ind], t 0), (7) 


From equation (7), we obtain the two real-valued solutions y,(t) = 
t” cos(6 Int) and y,(¢) = t” sin(é Int), which can be shown to form a fun- 
damental set on 0 < t < co (see Exercise 2). Therefore, the general solu- 
tion is 


y(t) =c,|t|” cos(5 In|t|) + c|t|” sin(6 In|¢}), t#0. (8) 


Find the general solution of each of the Euler equations 


(a) t?y” — 2ty’+ 2y =0 (b) t7y" + 5ty’ + 4y =0 (c) t?y” + 3ty’ + 5y =0 


Solution: 

(a) For this equation, a = —2 and £ = 2. Looking for solutions of the form 
t*,t > 0 leads to 47 — 3A +2 = (A— 1)(A— 2) = 0. The general solution is 
therefore 


yf) = cyt +27, —co <t < oo. (9) 


Since the general solution involves integer powers of t, we can dispense 
with the absolute value signs. Note further that solution (9) is defined for 
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all values of t, including the singular point t = 0. For this equation, every 
solution is well behaved at t = 0. 

(b) For this differential equation, a = 5 and £ = 4. The characteristic equation 
d* +. 44+ 4 =0 has real repeated roots A, = 4, = —2. The general solution 
is 


y() = cyt? +c,t~ Initl, re, 


(c) For this equation, a=3 and B=5. The characteristic equation 
7 +224+5=0 has complex conjugate roots Ay. = —1+2i. The general 
solution is 


y(t) =c,t-! cos(2 Injt|) + c,t7! sin(2 In|¢}), t#0. 
1 2 


Neither (b) nor (c) has solutions that exist att=0. 


Change of Independent Variable 


After a change of independent variable, the Euler equation can be transformed 
into a new homogeneous constant coefficient equation. We begin with the Eu- 
ler equation ¢*y" + aty’+ By = 0 for t > 0 and introduce a new independent 
variable z = Int, or (equivalently) t = e*. The t-interval 0 < t < co transforms 
into the z-interval —oo < z < 00. 


Let y(t) = y(e*) = Y(z). Then, using the chain rule, we have 
dy(t) _ dy(e*) dz _ dY@) (4) _et dY (z) 
dt dz dt dz dz dz 
Therefore, ¢t (dy(t)/dt) transforms into 
aY (z) = dY (z) 


ao, dz tie” “= 
while ¢? (d’y(t)/dt*) transforms into 
2 
ax). dY(z) (11) 


dz? dz 

Under this change of independent variable, the Euler equation (1) transforms 
into the constant coefficient equation 

Y"+(a—1)Y’+ BY =0. (12) 


Therefore, we can solve the Euler equation (1) for t > 0 by 


1. making the change of independent variable t = e*, 


2. solving the constant coefficient equation (12) using solution procedures 
developed in Chapter 3, and then 


3. using the inverse map to obtain the desired solution, y(t) = Y(Ind). 


Looking for solutions of t*y" + aty’ + By = 0 having the form y(t) = t* is equiv- 
alent to looking for solutions of Y” + (a —1)Y’+ BY =0 having the form 
Y(z) =e”. The characteristic equation (3) results in either case. 

Each of the two solution approaches has its utility. The first approach, 
looking for solutions of the form |t|*, serves as a guide in the next section when 
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we study the behavior of solutions of differential equations in a neighborhood of 
certain types of singular points. The change of independent variable approach 
is useful because it permits us to use the techniques developed in Chapter 3. 

As the next example shows, the change of variables approach can be applied 
to nonhomogeneous Euler equations. 


Obtain the general solution of 


4t?y" + 8ty’ + y =t+lInt, t>0 


by making the change of independent variable t = e*. 


Solution: Under the change of variable t = e*, the nonhomogeneous term trans- 
forms into e* +z. Thus, using (10) and (11) yields for the given differential 
equation 4(Y” — Y’)+ 8Y’ + Y =e* +z, or 


4Y¥" + 4Y’+Y =e? +z, (13) 
where Y’ = dY /dz. As seen in Chapter 3, the solution of (13) is the sum of a com- 
plementary solution Y,(z) and a particular solution Y,(z). The complementary 
solution is 

Y-(z) =c,e 7? +.e,ze2?. (14) 
A particular solution Y,(z) can be obtained using the method of undetermined 
coefficients. We find 
Yp(Z) = ge +z2-4. 
The general solution is therefore 


—2/2 


V(z) =c,e*? +. enze#? + Le? +2 — 4. 
1 2 9 


Using z = Int to convert to the original independent variable t, we have 


yt) =eyt'* +e)? Int+3t+Int-4, t>0. ¢ 


Generalizations of the Euler Equation 


There are two natural ways to generalize the Euler equation. One such gener- 
alization is given by 


(t= t))’y" + (¢—t,)ay’ + By = 0. (15) 


In equation (15), fy is a point in the interval —oo < t < oo. To solve equation 
(15) for t > tg, we assume a solution of the form y(t) = (t — iy. (We could also 
adopt the change of independent variable t — ty = e*.) 

Another natural generalization is a higher order version of the Euler equa- 
tion, such as 


m 2 ht 


ty” + at?y" + pty’ + yy =0. (16) 


Examples of each are given in the exercises. 


EXERCISES 
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1. Consider the Euler equation t?y” — (2a — 1)ty’ + a’y = 0. 
(a) Show that the characteristic equation has a repeated root 4, = A, = a. One so- 
lution is therefore y(t) = t*, t > 0. 


(b) Use the method of reduction of order (Section 3.4) to obtain a second linearly 
independent solution for the interval 0 < t < oo. 


(c) Compute the Wronskian of the set of solutions {t*, t% Int}, and show that it is a 
fundamental set of solutions on 0 < t < o. 


2. Let y,(f) = t” cos(6 Inf) and y,(t) = ¢t” sin(é Int), t > 0, where 6 and y are real con- 
stants with 6 4 0. Solutions of this form arise when the characteristic equation has 
complex roots. Compute the Wronskian of this pair of solutions, and show that they 
form a fundamental set of solutions on 0 < ft < oo. 


Exercises 3-18: 


Identify the singular point. Find the general solution that is valid for values of t on either 
side of the singular point. 


3. ty" — ty’ + 6y =0 4. 1?y" — 6y =0 5. ty" — 3ty' + 4y =0 
6. t?y" — ty’ +5y =0 7. t?y" — 3ty’ +29y =0 8. ty" — 5ty’ + 9y =0 
9. ty" + ty’ + 9y =0 10. t?y" + 3ty’+ y =0 11. ¢?y" + 3ty’+ 17y =0 


11 25 ” Dey 40 2, a 
12. y’ ee a 0 13.y¥ re 14. t°y" — 2ty =0 


15. (t— 1)’y" —@¢— ly’ —3y=0 16. (¢— 1)’y’ +3(¢— ly’ + 17y =0 


17. (t+ 2)y" + 6(t + 2)y' + 6y =0 18. (t — 2)’y" + (t— 2)y' + 4y =0 


Exercises 19-21: 


A Euler equation (t —t,)’y’ + a(t —t vy’ + By = 0 is known to have the given general 
solution. What are the constants f,, a, and 6? 


1 
19. y@) =c,(¢+2)+ -2 
yO) =e, C+ 2) Ga De t# 


20. y(t) =c, +c, Injt-— 1], t4#1 
21. y(t) =c,t? cos(In|¢|) + ct? sin(In|t|), t 40 
Exercises 22-23: 

2. 


A nonhomogeneous Euler equation t“y" + aty’ + By = g(t) is known to have the given 
general solution. Determine the constants a and 6 and the function g(?). 


22. y(t) =c,t* +¢e,f'+2t+1, t>0 23. y(t) =c,t? +c,t7+Int, t>0 
Exercises 24-29: 


Find the general solution of the given equation for 0 <¢ < oo. [Hint: You can, as in 
Example 2, use the change of variable t = e*.] 


24. t?y”—2y=2 25. Py"—-t’+y=t! 
26. t?y" + ty’ + 9y = 10¢ 27. t’y" — 6y = 10t-* — 6 
28. t?y" — 4ty’ + 6y = 3lnt 29. t7y" + 8ty’ + 10y = 36(¢ +. 0°!) 


Exercises 30-33: 


Solve the given initial value problem. What is the interval of existence of the solution? 


30. ¢?y" — ty’ —3y =8t+6, yd)=1, y(1) =3 
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31. ty" —5ty’'+5y=10, y(1) =4, y'(l) =6 
32. ty" + 3ty +y =8f4+9, y(-1)=1, y'(-1) =0 
33. ty" + 3ty+y=2t', yd)=-2, yd=1 


34. Consider the third order equation fy” + at?y” + Bty' + yy =0, t > 0. Make the 


change of independent variable t = e* and let Y(z) = y(e*). Derive the third order 
constant coefficient equation satisfied by Y. 


Exercises 35-38: 

Obtain the general solution of the given differential equation for 0 < t < oo. 
35. Py” + 3t?y” — 3ty’ =0 36. Py” + ty —y=0 

37. Py” + 3t?y" + ty’ = 8t7 + 12 38. Py" + 6t?y" + Tt’ +y=24+Int 


Solutions Near a Regular Singular Point 
and the Method of Frobenius 


We introduced the term singular point in Section 8.2 to denote a point t where 
at least one of the coefficient functions of y’ + p(y’ + qy = 0 fails to be ana- 
lytic. Near a singular point, the possible types of solution behavior are diverse 
and complicated. 

In this section, we restrict our attention to a particular type of singular 
point, one known as a regular singular point. Definitive statements can be made 
about the behavior of solutions near regular singular points. Many of the im- 
portant equations of mathematical physics, such as the Euler equation, Bessel’s 
equation, and Legendre’s equation, possess regular singular points. 


Regular Singular Points 


We begin with the Euler equation 


try" + aty’ + By = 0, 


where a and f are constants, not both zero. Since the coefficient functions are 


p=" and qo = 4, 


t= 0 is a singular point and all other points are ordinary points. The Euler 
equation serves as a model for a differential equation having a regular singular 


point. 
In general, let ty be a singular point of the differential equation 


y" + py + qOy = 0. 
The point f, is a regular singular point if both of the functions 
(t—to)p@) and (t~%)q@) 


are analytic at ty. A singular point that is not a regular singular point is called 
an irregular singular point. 

If (¢—t))p@) and/or (¢t — to)q@) is indeterminate at t =¢) but the limits 
lim >t, (t —to)p(t) and lim tt, (t— to)q(0) exist, then we are tacitly assuming 
that the functions being considered are defined to equal these limits at t = fo. 
In many important cases, the functions p(t) and q(t) are rational functions (that 


EXAMPLE 


1 
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is, ratios of polynomials). As previously noted, a rational function is analytic 
at every point where the denominator polynomial is nonzero. In this case, to 
show that a singular point tp is a regular singular point, it suffices to show that 
the limits lim _,, (¢—f))p@ and lim ,_,, (¢ — t9)’q(f) both exist. 


For each differential equation, identify the singular points and classify them as 
regular or irregular singular points. In these equations, v and yz are constants. 


(a) Bessel’s equation*: t?y” + ty’ + (t? — v*)y =0 
(b) Legendre’s equation®: (1 —¢*)y” — 2ty’ + [v(+ 1) — w?(1—-t?)']y =0 


(c) ¢—Dy"+ (tan st) y+P3y=0, —2<t<2 
Solution: 


(a) For Bessel’s equation, 


1 t2 — 2 
p= — and git)= 5° 


Therefore, t = 0 is a singular point. All other points are ordinary points. Be- 
cause p(t) and q(t) are rational functions, we need only determine whether 
lim ,_,9¢p(@ and lim sot G0) exist in order to establish analyticity. Since 


limtp(t)=1 and lim t?q(t) =—v’, 
t-0 t>0 
it follows that t = 0 is a regular singular point. 


(b) For Legendre’s equation, 
2 


—2t v(v + 1) iu 
t) = ——. and t)= : 
pt) a q(t) Gon) dep 
Therefore, the points f = +1 are singular points. All other points are ordi- 


nary points. We first consider the singular point t = 1. Since p(t) and q(t) 
are rational functions, we check the two limits 


lim — 1p) = lim 7 = 1 
and 
vv+D0-0)-W?  -p? 
+02 ar 


lim (t — 1)’g(t) = lim 
tol tol 


(continued) 


4 Friedrich Wilhelm Bessel (1784-1846) was a German scientist noted for important contributions 
to the fields of astronomy, celestial mechanics, and mathematics. His mathematical analysis of 
what is now known as the Bessel function arose during his studies of planetary motion. Bessel’s 
achievements seem even more remarkable when one realizes that his formal education ended at 
age 14. 

> Adrien-Marie Legendre (1752-1833) was a French scientist whose research interests included 
projectile dynamics, celestial mechanics, number theory, and analysis. What are today called Le- 
gendre polynomials appeared in a 1784 paper on celestial mechanics. Legendre authored influential 
textbooks on Euclidean geometry and number theory. 
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(continued) 


Since both limits exist, = 1 is a regular singular point. The analysis of the 


other singular point, t = —1, is very similar, and we find that t = —1 is also 
a regular singular point. 
(c) We have 
tan dd t sin id t 5/3 
> > t 
pt)= 5 = 2 z- and g(t)= =i 
= @—1)cos 5t t— 


Note that p(t), viewed as p(t) = sin(zt/2)/[(t — 1) cos(zt/2)], is a quotient 
of functions analytic in —2 < t < 2. Therefore, p(t) is analytic at all points 
in the interval —2 < t < 2 except t= 1 (where the denominator is zero). 
The function q(t) fails to be analytic at t = 0 (where f°’? is not analytic) 
and t = 1 (where the denominator is zero). Consider first the singular point 
t = 0;77¢(t) = (t— 1) 't'"? is not analytic at t = 0, and therefore t = 0 is an 
irregular singular point. 

Next, consider the singular point t = 1. In this case, p(t) and q(t) are 
both quotients of functions analytic at t = 1. Therefore, t = 1 is a regular 
singular point if both of the limits exist: 


lim (t—1)p(t) and lim G@=— 1a). 
The first limit, 
lim(¢ — )p@) = lim tan = 
rim ( - )p@® =m an 51, 


iM 


does not exist. Therefore, f = 1 is also an irregular singular point. 


The Method of Frobenius 


Just as the Euler equation served as a model for defining regular singular points, 
the general solution of the Euler equation will serve to introduce the method 
of Frobenius.° This method prescribes the type of solution to look for near a 
regular singular point. 

For simplicity, consider solution behavior near t = 0. Suppose we know 
that the differential equation 


y" + py’ + qOy =0 (1a) 


has a regular singular point at t = 0. Then fp(f) and t’q(¢) are analytic at t = 0. 
Let the Maclaurin series for tp(t) and t7q(t) be 


lo @) 
tp(t) =ag tayt+a,t?+---=}°a,,2” 
n=0 
and 


CO 
t?q(t) = By + Byt + Bot? +--- = )_ Bt”, 
n=0 


° Ferdinand Georg Frobenius (1849-1917), a German mathematician, served on the faculties at the 
University of Zurich and the University of Berlin. He is remembered for his contributions to group 
theory and differential equations. 
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where both series converge in some interval —R < t < R. Multiply differential 
equation (la) by ¢? to obtain 


ty" + tlip@ly’ + (’q@ly = 0. (4b) 
Inserting the Maclaurin series for tp(t) and t?q(0), we arrive at 
t?y"” + thay + ayt + ort? +++ -]y! + [By + Byt + Bot? +---ly = 0. (2) 


The method of Frobenius can be motivated by a heuristic argument. Very close 
to the singular point ¢ = 0, we expect that 


My tayttot?+---xaq and By t+ Pitt Pot? +--+: > By. (3) 


If we use approximations (3) in equation (1b), we recover the Euler equation. 
Thus, we reason: If the two differential equations are nearly the same near 
t = 0, shouldn't the solutions themselves have similar behavior near t = 0? 

Recall that solutions of the Euler equation were obtained by looking for 
solutions of the form y(t) = |t|*, t 4 0. For definiteness, we consider t > 0. The 
method of Frobenius consists in looking for solutions in which the factor t* is 
multiplied by an infinite series. In other words, near the regular singular point 
t = 0, we look for solutions of y” + p(t)y’ + g(H)y = 0 that have the form 


oe) 
y(t) = t* [ag tayt tat? +---] =) a". (a) 
n=0 


In representation (4), A is a constant (possibly complex-valued) that is to be 
determined, along with the constants dy, a,,.... Also, since 4 has not been spec- 
ified, we can assume without any loss of generality that a) 4 0. [That is, there 
must be a “first nonzero term” in series (4), and we simply take that term to be 
agt”.] 


Implementing the Method of Frobenius 


Substituting (4) into differential equation (1b) creates the following three terms: 


oo CO 
Py =2 Sa, atnatn— ii"? =S°a,atna+n—i" (8a) 
n—0 n=0 


t[tp(t)ly' = ps ont" 


m=0 


Soa, (a+ aa (5b) 


n=0 


(Sc) 


[aly = ps nt" > a,t?" 
n=0 


m=0 


The three terms in (5) must be added, and the sum equated to zero. The series 
products are computed using the Cauchy product defined in Section 8.1, and, 
as before, coefficients of like powers of t are grouped together. We obtain 


ty" + tltpOly’ + [t?q@ly = [AQ — 1) + aod + Bolagt* + LA+ Day 


+ aga, (A + 1) + A Aga + Boa + Belt 
+[(A+2)Q + la, + a9a,(A + 2) +0,4,(A4+ 1) 


+ 0,AgA + Body + Ba, + Boag??? +---, t>0. 
(6) 
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When we equate the right-hand side of (6) to zero and invoke the uniqueness 
property of power series representations, it follows that the coefficient of each 
power of ¢t must vanish. Setting the first coefficient equal to zero leads to 


[A? + (ay — LA + Bolay = 0. (7) 


Since dy 4 0, it follows that representation (4) is a solution of the differential 
equation only if the exponent d is a root of the equation F(A) = 0, where 


F(A) =A? 4+ ig — 1)A+ Bo. (8) 


The equation F(A) = 0 is called the characteristic equation or the indicial 
equation. (The latter term is used more frequently in this context, and we will 
use it as well.) Note that this equation (8) is consistent with the heuristic ar- 
gument used to motivate representation (4). The equation F(A) = 0 is precisely 
the indicial equation for the Euler equation that results from using the two 
approximations fp(t) © a and t7q(t) © Bo. 

Once we choose a root A of the indicial equation, we set the coefficients of 
the higher powers of t equal to zero in (6). This gives us a recurrence relation 
for finding the coefficients a,,a,a3,...in terms of ay. For instance, setting the 
coefficient of t+! equal to zero, we have 


[A+ 1)? + (@g — DA+ 1) + Bola; + [044 + Bilay = 0, 


or 


Pep a as SL (9a) 
ee BAAD 


Similarly, knowing a,, we determine a, from 
[(A +2)? + (ap — 1)(A + 2) + Bolay + [ory (A + 1) + Bylay + [apa + By lay = 0, 


obtaining 


i Lay (A + 1) + Bla, + [aA + B,]dq 
a F(A +2) , 
Note the difference between the procedure for constructing the general 
solution near an ordinary point and the method of Frobenius for constructing 
the general solution near a regular singular point. For example, if t = 0 is an 
ordinary point, then we look for a solution of the form 


y(t) = or. 


n=0 


(9b) 


The recurrence relation obtained determines the coefficients a,, in terms of two 
of these coefficients, typically ay and a,. Since ay and a, are arbitrary, both 
members of a fundamental set of solutions are obtained concurrently. 

Ift = 0 is a regular singular point, however, the method of Frobenius leads 
to the indicial equation, F(A) = 0. Let the roots of this equation be denoted by A, 
and 4,. The recurrence relation found using (6) is used twice, first with A = i, 
and then with 4 = 4,. In this way, we seek two linearly independent solutions, 


fore) fore) 
NO= ae and y(t) = Pe eas 
n=0 n=0 


EXAMPLE 
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where the coefficients ae ay Gs’, ... and a”, ay vas, ... are generated, re- 


spectively, in terms of arbitrary constants aS and ay 

There are cases where the method of Frobenius, as outlined in the foregoing 
text, does not produce the general solution. An obvious case occurs when the 
two roots of the indicial equation are equal. In this repeated-root case, the 
foregoing procedure yields only one member of the fundamental set. A second 
(less obvious) case occurs when the indicial equation possesses two (real) roots 
that differ by an integer. These special cases will be discussed (and the entire 
method summarized) in the next section. We conclude with an example in 
which the procedure previously outlined can be used to obtain the general 
solution. 


Use the method of Frobenius to obtain the general solution of 


2t?y"” — ty +(1+t?)y=0 for t>0. 


Solution: The point ¢ = 0 is a singular point. Since p(t) and q(t) are rational 
functions and since lim ,_,ytp(t) = —} andlim,_,)t?q( = 4, it follows that t = 0 
is a regular singular point. 

Using the method of Frobenius, we look for solutions of the form 


[o.@) 
y(t) = ae t>0. 
n=0 


Substituting this series into the differential equation leads to 


Sa, 0 Lina = . Sa, 0 Ager + 5 Sa 


n=0 n=0 n=0 
ioe) 


1 A+n+2 
= a,t = 0. 


Rewriting the last series as ~~.) a,t°1"? = °._, a,,_yt**” and combining terms 


n=2 “n— 
where possible, we obtain 


= 1 1 (0 ol 
® lo tn)(A+n—1)- ae +n)+ ;| at" a > xan at =(: (10) 
n=0 n=2 


or 


1 1 
[2 = oA + ;| Agt* + lo +1) - (i el) ;| ay 


~ 3 i i 7 
+ yy. {atm _ gat) t+ 3} ae 54-20 = 6: 


n=2 
The indicial equation, F(A) = 47 — 34 + 4 =0, has roots 4, = } and A, = 1. We 
now examine the recurrence relations associated with each of these roots. 


(continued) 
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(continued) 


Case 1 Let’ = $ in (10). We set the coefficient of t’*" = t"/2)*" equal to zero 
for each value of n and use a“ to denote the coefficients associated with this 
value of 4. The coefficient a( is arbitrary. The coefficient multiplying ¢?/ 
be zero, and thus 


2 
(+1) 3 (G41) + 5] a? =F (3) ai? =o. 


must 


Since F (3) 40, it follows that a{” = 0. As for the remaining coefficients, we 
have 


(3 +2)°- $3 +n) +3] a + 3a\?, =0, DiS Aycives 


and so 
sis ais 
a = —-—_** n= 2,3,4,.... 11 
» 2F (5 +7) a 


Since F (5 +n) #0 for all m > 2, recurrence relation (11) is well defined. The 


coefficients a‘) for n even can ultimately be expressed in terms of a)’. The 


coefficients a“ for n odd are all zero because a{"’ = 0. Thus, we find a solution 


yy, (0): 


yO =a? [22-182 4 bP... too. 


Case 2 Let ) = 1 in (10). We repeat the sequence of computations just com- 
pleted with this new value of A and with the coefficients now denoted by a’. 


As in case 1, it follows that ao = 0 since F(2) # 0. In general, 


[a+ - 30+) +4 a%4+1q?,=0, n=2,3,4,..., 


and thus 
(2) a 
gq? = 2 9 = 2, 3,4,.... (12) 
2F(1 +n) 
The solution obtained is 
y(t) =a” [! - p+ h°-- ; (13) 


It is clear that the two solutions obtained are linearly independent on t > 0 
since one solution is not a constant multiple of the other. Therefore, the two 
solutions form a fundamental set, and the general solution is 


y(t) =a? [e'? ae Ja | 
(14) 
tay [t— G+ sy ---], t>0. 


Note that the differential equation possesses the symmetries discussed in The- 
orem 8.2; that is, p(t) = —2/t is an odd function, and q(t) = (1+ Pye is an 
even function. Therefore, to find a solution for t < 0, we need only replace t by 
—t in (14). As a final observation, note that recurrence relations (11) and (12), 
together with the ratio test, can be used to show that the two series in general 


2 


solution (14) converge absolutely in 0 < t < w. 


EXERCISES 
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Exercises 1-10: 


In each exercise, find the singular points (if any) and classify them as regular or irregular. 


1. ty’ + (cosy + y =0 2. ty” + (sindy’ + y=0 

3. (? — Dy" +(¢- Dy’ + y=0 4. (? —1)y"+ (t+ Dy’ + y =0 

5. ty” + (1—costy' + y=0 6. |tly”+y+y=0 

7. (1—ey"+y +y=0 8. (4—27)y"+ ¢+2)y'+ 4-27) 'y =0 
9. (1 —27)'4y" + y+ ty =0 10. y’+ y+ t'?y =0 


Exercises 11-13: 


In each exercise, determine the polynomial P(t) of smallest degree that causes the given 
differential equation to have the stated properties. 


There is a regular singular point at t = 0 and irregular 
singular points at t = +1. All other points are 
ordinary points. 


There is a regular singular point at t = 0. All other 


Wy tei 
yt P tT pH’ = sf points are ordinary points. 


P(t) 


There are irregular singular points at t = 0 andt = +1. 


” Mg gd 
a aes y+ ~ o All other points are ordinary points. 


1P() 
Exercises 14-15: 


In each exercise, the exponent 1 in the given differential equation is a nonnegative 
integer. Determine the possible values of 1 (if any) for which 


(a) t = 0 isa regular singular point. 


(b) ¢ = 0 is an irregular singular point. 


15. y" + =y +t * =0 
Exercises 16-23: 

In each exercise, 

(a) Verify that t = 0 is a regular singular point. 

(b) Find the indicial equation. 

(c) Find the recurrence relation. 


(d) Find the first three nonzero terms of the series solution, for t > 0, corresponding to 
the larger root of the indicial equation. If there are fewer than three nonzero terms, 
give the corresponding exact solution. 


16. 21?y" — ty’ ++ ly =0 17. 4t?y" + 4ty’+ (¢-— 1)y =0 
18. 16¢7y" + t?y' + 3y =0 19. t?y" + ty’ +(¢- Dy =0 
20. ty” + (t+ 2)y'—- y=0 21. t’y" + 3ty’ + (t+ Dy =0 


22. ty" +4(t — ly’ — 3y =0 23. 
Exercises 24—27: 


In each exercise, 


ty" +(t—2)y'+y=0 


(a) Verify that t = 0 is a regular singular point. 


(b) Find the indicial equation. 
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(c) Find the first three terms of the series solution, fort > 0, corresponding to the larger 
root of the indicial equation. 


24. t’y” — (2sinDy' + (24+ Dy =0 25. ty” —4y'+ ey =0 
26. (sindy” — y +y=0 27. (1—e')y" + Sy’ + y=0 


8.5 The Method of Frobenius Continued: 
Special Cases and a Summary 


There are two important special cases where the method of Frobenius (as de- 
scribed in the previous section) may not yield the general solution of 
y" + p(t)y’ + q@y = 0 near a regular singular point. These special cases arise 
when the indicial equation has two real roots that are equal or that differ by an 
integer. We will use Bessel’s equation as a vehicle to illustrate these cases. We 
then conclude this section by summarizing, for all cases, the structure of the 
general solution near a regular singular point. 


The General Solution of Bessel’s Equation 
Consider Bessel’s equation, 
ty" + ty’ +t? — v?)y = 0, t>0, 


where v is a real nonnegative constant. As we saw in Section 8.4,t=0 isa 
regular singular point. In addition, note that the coefficient functions 


1 t’—v 
2a" and q(t)= Fe 


are odd and even functions, respectively. Therefore, by Theorem 8.2, we can 
obtain solutions for t < 0 by finding solutions for ¢ > 0 and replacing ¢ with —t. 

We apply the method of Frobenius to Bessel’s equation. Substituting 
yO) = 9 a,t**” leads to 


=r sisi =i 


= (1) 
+S°UQA+ny’ -vja,+a, 1" =0, t>0. 


n=2 


Without loss of generality, we assume dy) # 0. The indicial equation, 


FQ) = 1? — v? =0, (2) 
has roots A, = v and 1, = —v. From (1), we also obtain the equations 
FA +1)a, =0 (3a) 
and 
FaA+n)a, +a,_> =0. (3b) 
Equation (3b) leads to the recurrence relation 
to OS .. (3c) 
F(A +n) 


The special cases that arise can be illustrated by selecting particular values for 
the constant v. 


8.5 The Method of Frobenius Continued: Special Cases and a Summary 551 


Equal Roots (A, = A,) 


Consider Bessel’s equation with v = 0. In this case, 4, = A, = 0. Since the root is 
repeated, the method of Frobenius gives us only one member of the fundamen- 
tal set of solutions; the second linearly independent solution has a structure 
different from \~*,a,,t**”. 


n=0 a,t 
Since v = 0, the indicial polynomial reduces to F(A) = A”. Therefore, F(1) 
is nonzero, and we see from (3a) that a, = 0. From (3c), we have 


ee a ee ee (4) 
n 


Since a, = 0, it follows from (4) that all odd-indexed coefficients are zero. The 
even-indexed coefficients can be expressed as multiples of ay: 


=| =4 (a1; =f ei; 
ap OO =e P22 9, ae LE 


and, in general, 


a, > 


(— 1)” 
~ 2A Gq y2 60" n=0,1,2,.... 
The solution we thus obtain is 

2 4 6 


E t L 
¥1O =4o/1— 7 + Ga 9304 + 


Ay, 


1 m,2n 
ees at | =ayJo(t), (5a) 


n=1 
where 


, (= 1" 7 
Jy) = ie a at (5b) 
n=1 

The function J, (¢) is called the Bessel function of the first kind of order zero. 
Having one solution, we could, in principle, use the method of reduction of 
order (see Section 3.4) to construct a second solution. We shall, however, simply 
state a form of the second solution that is commonly used in applications— 
the Bessel function of the second kind of order zero (also called Weber’s 

function). The Bessel function of the second kind of order zero is given by 


2 n 
() 


_ 2 t 2 . nt+1 
¥@ == y + In5 | Io) + = > ey. ae tO, (6) 
In (6), k, = 1 and, in general, 
1 1 1 1 
Koa lag a tar MHD 3 hea: 


The constant y in equation (6) is known as the Euler-Mascheroni constant’ 
and is defined by the limit 


n 


1 
y = lim |}>>-Inn| ~0.5772.... 


n—->co 
j=l 


7Lorenzo Mascheroni (1750-1800) was an ordained priest, poet, and teacher of mathematics and 
physics. He became professor of algebra and geometry at the University of Pavia in 1786 and later 
became its rector. In 1790, Mascheroni correctly calculated the first 19 decimal places of Euler’s 
constant. This accomplishment has caused his name to be linked with the constant. 
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Note that Y)(f) can ultimately be expressed as a constant multiple of 
J)(t)|nt= y,(t)Int added to a series of the form 57>, b,,t”. Since Jy(0) = 1, Yo(t) 
has a logarithmic singularity at t = 0. If we recall the heuristic argument used 
to motivate the method of Frobenius, the presence of the function Int in (6) 
and the corresponding logarithmic singularity at t = 0 is not surprising since 
the general solution of the Euler equation having repeated roots A, = A, = 0 is 
y(t) =c, +c, Int,t > 0. Figure 8.3 shows graphs of Jo(¢) and Y(t). 


>< 


>t 


(a) (b) 


FIGURE 8.3 


(a) The graph of J)(), the Bessel function of the first kind of order zero. 
(b) The graph of Y(t), the Bessel function of the second kind of order zero. 
Note that J)(t) is defined for all t, whereas Y)(t) has a logarithmic 
singularity at the regular singular point t = 0. 


Roots Differing by Unity (A, — 4, = 1) 
As an illustration of the case where roots differ by unity, let v = } in Bessel’s 
equation. The indicial equation, 

FQ) =2" - 4, 
has roots 4, = 4 and 4, = —4, and therefore 4, — 4, = 1. Consider first the 
larger root, A, = 5 which corresponds to a solution of the form 


oe) 
yO= yar, t>0. 
n=0 
We can assume aj) # 0. Since F(A, + 1) =F (3) 40, it follows from (3a) that 
(t} 0.F - - 
a,’ = 0. From (3c), the recurrence relation is 


qd) (1) 
gO 8 Te a ee (7) 
"(nth -1 nth 


Equation (7) allows us to determine all the even-indexed coefficients as multi- 
ples of ay and implies that all the odd-indexed coefficients are zero. Solving 
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recurrence relation (7) leads to the solution 


fy | tes p5/2 49/24 13/2 
sa | ea 
3 5 7 
t t t (8) 
— ,C)z-1/2 a Saas Sg em oe 
=a c aos mt 
= ae sint, t>0. 
Consider now the smaller root, A, = -5, where we look for a solution of the 


form 


fore) 
y(t) = Sar oe, t>0. 
n=0 


As before, F(A) = 47 — i This time, however, 


Fa, +n) = (n—3)?-L=nmn- 1), 


and we see that F(Q,+ 1) =F(A,) =F (5) = 0. Therefore [see equation (3a)], 
a need not be zero. From (3c), the recurrence relation 
(2) (2) 
gq? = —_“n-2 ~An=2 n=2,3,4,... (9) 


"GPP ReaD 


allows us to determine all even-indexed coefficients as multiples of a\ and all 
odd-indexed coefficients as multiples of a\”. We find 


CW cay EY ye gap os - 
an, = (Qk “° 21 = Ok4 DI! 7 eg Lig DY. sie ss ( ) 
The resulting solution y,(¢) has the form 
2 A 6 
2) ,-1/2 t u t 
y(t) = ap -Y L545 - Gt 
Gries © yo So. ( 
as C 1° 3 
=a? costt+arr'?sint, t>0. 

We therefore obtain a second linearly independent solution, t~!/* cost, added 


to a multiple of the solution previously obtained, t~'/* sint. In this example, 


the method of Frobenius has produced both members of a fundamental set of 
solutions. 
The Bessel functions of order one-half are defined to be 


[2 [2 
Jit) = ai ont and J_,,(t)= ap CO8ts t>0. 


The general solution of Bessel’s equation in this case is usually expressed as 


y(t) = CJ 121) +C2I_1 20. (12) 


554 


CHAPTER 8 Series Solutions of Linear Differential Equations 


Note that J; ,.(¢) is well behaved near t = 0 since 


sint 


lim = 0. 


t>0* at 


By contrast, lim |_, 5+ J_1)2(¢) = +00. Figure 8.4 shows the behavior of these two 
functions. 


>t 


(a) (b) 
FIGURE 8.4 


(a) The graph of the Bessel function J,/.(¢). 
(b) The graph of the Bessel function J_,,.(¢). 


Roots Differing by an Integer Greater than 1 (A, — 2, = N > 2) 


Let v = M > 1 in Bessel’s equation. The two roots of the indicial equation, 
x? — M? = 0, are 4, = M and 4, = —M. The roots differ by an integer greater 
than 1, since 4, — 4, = 2M > 2. In this case, the method of Frobenius provides 
us with a solution corresponding to the larger root, 4, = M. It will fail, however, 
when we try to apply the method to the smaller root, 4, = —M. 

Consider first the larger root, 4, = M. We look for a solution of the form 


oe) 
yOH= a t>0. 
n=0 


We assume a # 0. Since F(A, + 1) = F(M + 1) £0, we know from equation 
(3a) that a = 0. Using equation (3c), we obtain the recurrence relation 


(1) (1) 
qh) _ T4n-2 —4y_2 


= ; = 2,3,4,.... 13 
" Ta+My M2] inn+2M)—" aaa 


Equation (13) allows us to determine all the even-indexed coefficients as mul- 
tiples of a\’ and tells us that the odd-indexed coefficients are zero. Therefore, 
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we obtain the solution 


2 4 
oe es : 
ewe PM+” PAM+H(M+ 1 
14 
: ‘ eg tM 
2°31(M + 3)(M + 2)(M + 1) 27*k(M +k)! 


Choosing ay? = (1/2™)M! in (14) leads to the Bessel function of the first kind 
of order M: 


Mw Te 
Jy@ = (5) aaa (15) 
k=0 


2 "(M +k)! 


Note that J,,(t) is analytic at t = 0 and the series (15) has an infinite radius of 
convergence. The function J,,(¢) vanishes at t = 0 when M > 1; J,,(¢) is an even 
function when M is an even integer and an odd function when M is an odd 
integer. 

Suppose we now consider the smaller root, A, = —M, and look fora solution 
of the form 


0° 
y(t) — yar 
n=0 


Assume, without loss of generality, that ay? #0. Since M>1,FQ,4+1)= 
F(-M +1) #40 and a? = 0. The difficulty arises when we try to use equa- 
tion (3c) to evaluate a9, a)”, a’, ...in terms of ae Using A = —M and setting 


n = 2k, we have for the recurrence relation (3c) 


A) 
a = Fe OAD’ k= 152, 3,256 (16) 

The trouble occurs when we try to evaluate (16) for k = M. The breakdown of 
recurrence relation (16) at k = M tells us that the assumed form of the solution 
is incorrect and that the second linearly independent solution does not have 
the structure assumed by the method of Frobenius. 

The second linearly independent solution of Bessel’s equation customarily 
used is called the Bessel function of the second kind of order M and is 
denoted by Yj,(t). It is defined as 


t —M 
2 t G) Ml ay —k—ay (22\" 
Yy(t) = — y +In ;| I) Z > a 7 
k=0 (17) 


t= 0; 


ua ni(M +n)!’ 


( y : ( ; ) 
. I" (Kun a k,,) : 
n=0 
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where the constants k, are defined as ky =0,k,=1+27'4+3°!+---+n 


n > 1 and where y is the Euler-Mascheroni constant. 
Figure 8.5 displays graphs of J, (t) and Y, (0). 


—1 


>t 


(b) 


FIGURE 8.5 


(a) The graph of J, (0). 
(b) The graph of Y, (¢). 


REMARK: For reasonably large values of t (say t > 5), all of the Bessel func- 
tions plotted in Figures 8.3-8.5 seem to behave like damped sinusoids—that 
is, sine or cosine waves having amplitudes that decrease with increasing t (see 


Exercises 25 and 26). 


Summary of the General Solution Near a Regular Singular Point 


’ 


Our study of Bessel’s equation for different values of v provided some exam- 
ples of the behavior of solutions near a regular singular point. Although these 
examples are representative, they are neither exhaustive nor completely gen- 


eral since Bessel’s equation possesses a specific structure that is not necessarily 
present in the general case. The following summary, which we present without 


proof, describes the general behavior of solutions of y” + p(y’ + q(y = 0. 
Consider the differential equation y” + p(y’ + gy = 0, where we assume 


t= 0 is a regular singular point. Let tp(t) and t*q(t) be real-valued analytic 


functions with Maclaurin series 


tp(t)= So a,t” and t?q(t)= S— B,t" 


n=0 n=0 


that converge in —R < t < R. The corresponding indicial equation is 


+ (Gy — A+ By = A—A,)A— A) = 0. 


The roots A, and i, either are real or form a complex conjugate pair. In the 


event that A, and A, are real, we assume A, > A>. 
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Then, in either of the intervals (—R, 0) or (0, R), 


(a) There exists a solution having the form 


CO 
yt) =| $0 a,t", ag #0, (18) 
n=0 


where the series converges at least in |t| < R. 


(b) The form of the second linearly independent solution, y,(f), depends on the 
difference 4, —A,. 


(i) Ifa, —A, is not an integer, then 


y2@) = lt? Sob, t", by #9, (19) 


n=0 
where the series converges at least in |t| < R. 
(ii) IfA, =A,, then 


CO 
yo(t) =¥,Oln|e| + It’? Soc, ¢”, (20) 
n=0 


where the series converges at least in |t| < R. 
(iii) IfA, — A, equals a positive integer, then 


CO 
y(t) =Cy,Olnie|+ [tl So d,t", dy £0, (21) 
n=0 
where C is a constant, possibly zero (if C = 0, there is no logarithmic 
term). Moreover, the series converges at least in |t¢| < R. 


REMARKS: 


1. We have assumed, for convenience, that t = 0 is a regular singular point. 
In general, if ¢ =f) is a regular singular point, then the results in the 
summary are valid when t — f, replaces ¢ in the formulas. 

2. When the roots 4, and A, form a complex conjugate pair—for instance, 
A, =y +i5,A, = y —id—the difference A, — A, = 2di is purely imaginary 
and thus not equal to zero or a positive integer. In that case, the two 
complex-valued solutions 


oe) oe) 
y,O= ee Sag and y,(t)= ee Sat. 
n=0 n=0 
obtained using the recurrence relations, can be used to create an equiv- 
alent real-valued fundamental set. Using Euler’s formula, we have 


\t\”*? = |e|” [cos(6 Injt|) + i sin(6 Inj¢})]. 


As mentioned in Section 8.1, linear differential equations with variable co- 
efficients play an important role in applications. Because of their importance, 
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EXERCISES 


the functions that emerge as solutions of these equations, usually collectively re- 
ferred to as special functions, have been studied exhaustively. There are books 
devoted to a particular special function,® as well as general handbooks for 
special functions.” Modern software packages have many of these functions 
available as built-in functions—as accessible as the familiar exponential, log- 
arithmic, and trigonometric functions. In that sense, these so-called special 
functions are fortunately becoming less and less special. 

Linear differential equations with variable coefficients, such as Bessel’s 
equation and Legendre’s equation, arise when the technique called separation 
of variables is applied to the partial differential equations that model certain 
physical problems. The Projects at the end of this chapter study steady-state 
heat conduction between concentric cylinders and provide a brief introduction 
to this circle of ideas. 


Exercises 1-12: 
In each exercise, 
(a) Verify that the given differential equation has a regular singular point at t = 0. 


(b) Determine the indicial equation and its two roots. (These roots are often called the 
exponents at the singularity.) 


(c) Determine the recurrence relation for the series coefficients. 


(d) Consider the interval t > 0. If the two exponents obtained in (c) are unequal and do 
not differ by an integer, determine the first two nonzero terms in the series for each 
of the two linearly independent solutions. If the exponents are equal or differ by an 
integer, obtain the first two nonzero terms in the series for the solution having the 
larger exponent. 


(e) When the given differential equation is put in the form y” + p(y’ + gy = 0, note 
that tp(t) and t7q(t) are polynomials. Do the series, whose initial terms were found 
in part (d), converge for all t, 0 < t < co? Explain. 


. 2ty” — (14+ Dy’ + 2y =0 . 2ty” + 5y' + 3ty =0 
. 3t?y” — ty’ + (14+ dy =0 . Oty" + ty +(1—-Dy =0 
. ty" — Sty’ + (9+t?)y =0 . 4t2y" + 8ty’ + (1+ 20y =0 


1 
3 
5 
7. ty" — 2ty'+(2+py =0 . ty” + 4y’ — 2ty =0 
9 
1 


on & N 


. ty" + ty’ —-(4+t*)y =0 10. t?y" + 5ty’+ (4-17)y =0 
. ty” + ty’ — (16+ Ay =0 12. 8¢7y" + 6ty’ -—(1-—dy =0 
Exercises 13-16: 


In each exercise, 


(a) Determine all singular points of the given differential equation and classify them as 
regular or irregular singular points. 


8See, for example, George N. Watson, A Treatise on the Theory of Bessel Functions, 2nd ed. (Cam- 
bridge: Cambridge University Press, 1966). 

° Milton Abramowitz and Irene A. Stegun, editors, Handbook of Mathematical Functions with For- 
mulas, Graphs, and Mathematical Tables (New York: Dover Publications, 1970) and Wilhelm Mag- 
nus, Fritz Oberhettinger, and Raj Pal Soni, Formulas and Theorems for the Special Functions of 
Mathematical Physics (Berlin and New York: Springer-Verlag, 1966). 
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(b) At each regular singular point, determine the indicial equation and the exponents 
at the singularity. 


13. (0 +0y"-(+dy'+y=0 14, 1’y" + (sin 3t)y' + (cost)y = 0 

15. (¢? —4)*y"— y'+ y=0 16. t7(1 —1)!4y" + ty’ — y=0 

17. The Legendre differential equation (1 — t”)y” — 2ty’ + a(@ + 1)y = 0 has regular sin- 
gular points at t = +1; all other points are ordinary points. 
(a) Determine the indicial equation and the exponent at the singularity t = 1. 


(b) Assume that a 4 0, 1. Find the first three nonzero terms of the series solution 
in powers of t — 1 for tf — 1 > 0. [Hint: Rewrite the coefficient functions in powers 
of t— 1. For example, 1 — t? = —(¢— 1)(¢+ 1) = —@— 1)(t— 1) +:2).] 


(c) What is an exact solution of the differential equation when a = 1? 


18. The Chebyshev differential equation (1 —1?)y” — ty’ + ay = 0 has regular singular 
points at t = +1; all other points are ordinary points. 


(a) Determine the indicial equation and the exponent at the singularity t = 1. 


(b) Assume a is nonzero and not an integer multiple of 5. Find two linearly inde- 
pendent solutions for t — 1 > 0. (Use the hint in Exercise 17.) 


(c) On what interval of the form 0 <t—1 <R do the solutions found in part (b) 
converge? 


(d) What is an exact solution of the differential equation when a = 5? 
19. The Laguerre’® differential equation ty” + (1 — f)y' + ay = 0 has a regular singular 


point att = 0. 
(a) Determine the indicial equation and show that the roots are A, = 4, = 0. 


(b) Find the recurrence relation. Show that if a = N, where N is a nonnegative 
integer, then the series solution reduces to a polynomial. Obtain the polynomial 
solution when N = 5. The polynomial solutions of this differential equation, when 
properly normalized, are called Laguerre polynomials. 


(c) Is the polynomial obtained in part (b) for a = N = 5 an even function, an odd 
function, or neither? Would you expect even and odd solutions of the differential 
equation based on its structure and the conclusions of Theorem 8.2? Explain. 


Exercises 20-23: 


In each exercise, use the stated information to determine the unspecified coefficients in 
the given differential equation. 


20. t7y" + tia + 2t)y' + (B+t7)y = 0. t = 0 is a regular singular point. The 
roots of the indicial equation at t = 0 
are A, = 1 anda, =2. 


21. t’y" + aty’+(pB+t—P)y =0. t = 0 is a regular singular point. The 
roots of the indicial equation at t = 0 
are A, =1+2iand), =1—-2i. 


22. t?y" + aty’ + (24+ Boy =0. t = 0 is a regular singular point. One root 
of the indicial equation at t = 0 is A = 2. 
The recurrence relation for the series 
solution corresponding to this root is 


(n? +n)a, — 4a,_, = 0, WS Ne Dies 


10Edmond Laguerre (1834-1886) attended the Ecole Polytechnique in Paris and returned there 
after ten years of service as a French artillery officer. He worked in the areas of analysis and 
geometry and is best remembered for his study of the polynomials that bear his name. 
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23. 


24. 


25. 


26. 


27. 


ty” + (1+ at)y’ + Bty = 0. The recurrence relation for a series 
solution is 
na, —(n—1)a,_, +3a,_, =0, n=2,3,.... 
Modified Bessel Equation The differential equation t?y” + ty’ — (t? + v?)y =0 is 


known as the modified Bessel equation. Its solutions, usually denoted by J, (t) and 
K,(t), are called modified Bessel functions. This equation arises in solving certain 
partial differential equations involving cylindrical coordinates. 


(a) Do you anticipate that the modified Bessel equation will possess solutions that 
are even and odd functions of t? Explain. 

(b) The point t = 0 is a regular singular point of the modified Bessel equation; all 
other points are ordinary points. Determine the indicial equation for the singularity 
at t = 0 and find the exponents at the singularity. 


(c) Obtain the recurrence relation for the modified Bessel equation. How do the ex- 
ponents and recurrence relation for this equation compare with their counterparts 
for Bessel’s equation? 


Consider Bessel’s equation, t?y” + ty’ + (t? — v*)y = 0 fort > 0. 


(a) Define a new dependent variable u(t) by the relation y(t) = t”!/*u(t). Show that 
u(t) satisfies the differential equation 


ae 
1 FD uno 


(b) Solve the differential equation in part (a) when v? = i What is the correspond- 
ing solution of Bessel’s equation in this case? 


(c) Suppose that ¢ is large enough to justify neglecting the term (v* — })/t? in the 
differential equation obtained in part (a). Show that neglecting (v? — +) /t? leads to 
the approximation y(t) © t'/?R cos(t — 5) when t is large. 

This exercise asks you to use computational software to show that Bessel functions 
behave like R cos(t — 6)/./t for appropriate choices of constants R and 6 and for t 
large enough. We restrict our attention to J)(t). 

(a) Locate the abscissa of the first maximum of J)(¢) int > 0; call this point #,,,. Since 
Jj) = —J,(@, this point can be found by applying a root-finding routine to J, (¢). 
m7 O=2n andR= Ji, Jo(t,,)- 

(c) Plot the two functions J,(t) and Rcos(t—6)/Vt on the same graph for 
t,, <t < 50. How do the two graphs compare? 


For the special case v = +, consider the modified Bessel equation for t > 0, 


t*y" + ty’ — 0? + ay =0. 
(a) Define a new dependent variable u(t) by the relation y(f) = t/7u(t). Show that 
u(t) satisfies the differential equation u” — u = 0. 


(b) Evaluate the constants R and 5 by setting ¢ 


(b) Show that the differential equation has a fundamental set of solutions 


sinh t cosh t 


ao ae 


t>0. 
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Project 1: The Simple Centrifuge Revisited 


We revisit a problem that was studied numerically in Project 2 of Chapter 3. At time 
t = 0, a horizontally mounted tube of length / begins to rotate with a constant (positive) 
angular acceleration a. At that time, a particle of mass m is located a radial distance rp 
from the pivot and moving with a radial velocity rj. The radial distance of the particle 
from the pivot, r(f), is a solution of the following initial value problem: 


r—-evrr=0, r(0) = 19; r'(0) = 1. (1) 


We now develop a series solution of this problem. The point t = 0 is an ordinary point. 
Assume a solution of the form 


i.e) 
r= by a,t”. 


n=0 


1. Develop the recurrence relation for the coefficients {a, }°2). What is the radius of 
convergence of the series obtained? 

2. The series solution will have the form r(¢) = agr,() + a,r,(0), with ay = rp anda, = 1. 
Determine the first four nonvanishing terms for each of the series r,(t) and r,(¢). 

3. Do the functions defined by series r,(¢) and r,(t) possess even or odd symmetry? 
Could Theorem 8.2 have been used to predict the existence of even and odd solutions 
of differential equation (1)? Explain. 


4. Assume the following numerical values: 
a =z rad/s’, 1=2m, ro = 10 cm, ro = 20 cm/s. 


Use computer software and the polynomial approximation developed in part 2 to 
estimate the time at which the particle will exit the tube and the exit velocity. 

Since we are using a truncated series for these computations, the exit time and 
exit velocity computed will be approximate values. Is it possible to use this computed 
information to get a rough estimate of the exit time error? Explain. 


5. The results of parts 1 and 2 show that the solution r(f) is actually a function of 
a'/?¢, Show that this could have been anticipated by studying the structure of the 
differential equation itself. Specifically, make the change of independent variable 
t =a?t (ort =a ’t). Show that with this change of variable, the choice p = 5 trans- 
forms the differential equation into the equation 


er 
dt? 
What does the initial condition r’'(0) = r) transform into? 


—r’r=0. 


Project 2: Steady-State Heat Flow between Concentric Cylinders 


This exercise gives you a brief glimpse into an application involving variable coefficient 
linear differential equations. 

Consider the two concentric cylinders shown in Figure 8.6. The inner cylinder has 
radius a > 0, while the outer cylinder has radius b > a. Assume that these cylinders 
represent the inner and outer surfaces of a pipe and that the pipe itself is designed to 
function as part of a simple cooling system. Heat, or thermal energy, is drawn from the 
region exterior to the pipe by the presence of coolant flowing within the pipe. We assume 
that the coolant is “well-stirred” and that the inner surface of the pipe is maintained at 
the coolant temperature. Suppose we know the temperature of the region outside the 
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pipe as well as the temperature of the coolant. For fixed values of the radii a and b, we 
would like to know the rate at which heat is drawn from the exterior region. For a fixed 
coolant temperature, we also want to know how the heat transfer varies as a function 
of the two pipe radii. 


FIGURE 8.6 


The concentric cylinders represent the inner and outer surfaces of a pipe. 
Heat is drawn from the exterior region by the presence of a coolant flowing 
through the pipe. 


In general, a temperature reading depends on where and when the reading is taken. 
Thus, if T represents temperature (measured, perhaps, in degrees Centigrade), then 
T=T(x,y,z,0). 

We shall assume, however, that our cooling system is operating in a steady-state 
mode; that is, system operation has “settled down” to the point where the temperature 
everywhere remains constant in time. We further assume that temperature does not 
change in the axial or z-direction. With these assumptions, T = T(x, y). 

Because of the cylindrical geometry, we introduce polar coordinates. We set 
x =rcosé@ and y=rsin@, as in Figure 8.7. We view temperature as a function of the 
polar variables, T= T(r, 0). The domain of interest is the annular region between 
the cylinders, described in polar coordinates by a < r < b, 0 < 0 < 27. We assume that 
the temperature at the outer radius of the pipe is known; that is, 


T(b,0) =T,(), 0 <6 <2r, 


where 7, is a known function of the angle 6. We also assume that the temperature at 
the inner pipe radius is a known constant; that is, 


T@, 6) =T,, 0 <6 <2rz. 


Since the coolant is to draw heat from the exterior region, we assume that T,(0) > T,, 
0 <6 <2z. 

The problem is to determine the rate at which the coolant draws heat through 
the pipe from the exterior region. We first determine the temperature T(r, 0) within the 
annular cross-section of the pipe and then use this information to compute the required 
heat flow. 

Within the annular region of the pipe, the steady-state temperature must be a solu- 
tion of a partial differential equation known as Laplace’s equation. In polar coordinates, 
Laplace’s equation is 


YT lar lar _ 
arr ar? 807 


(2) 


To determine the steady-state temperature within the annular pipe region, we need to 
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FIGURE 8.7 


A cross-section of the pipe shown in Figure 8.6. We introduce polar 
coordinates into the problem because of the cylindrical geometry. 


solve partial differential equation (2) subject to the boundary conditions 
Ta,0)=T,, Tb,0)=T,(0), O0<6<2n. (3) 


It should be emphasized that the problems we ultimately solve in this exercise are not 
initial value problems since constraints are imposed at two different values of the inde- 
pendent variable. 

Once we find the temperature distribution within the annular region, 


T(r, 0), a<r<b, 0<8@ <2n, 


we will compute the heat transfer rate into the coolant at the inner radius a. Heat flows 
“downhill,” from hotter to cooler regions. Moreover, the rate of heat flow is proportional 
to the temperature gradient—the steeper the gradient, the greater the rate of heat trans- 
fer. At a point on the inner pipe radius, the rate of heat transfer per unit surface area is 
given by 
dT (a, 0) 
k—_—__,, 
or 

where « is a positive constant (known as the thermal conductivity) that depends on the 


nature of the pipe material. It follows that the rate of heat transfer per unit axial length 
of the pipe can be found by integrating (4) around the inner pipe radius, obtaining 


2a 20 
| pon Ol ae = ca | cee a do. (5) 
0 or 0 or 


(4) 


1. The Case of Constant Exterior Temperature Assume that the temperature at the outer 
pipe radius is constant; that is, 


T,() =T,, 0<6 <2n. 


Since neither boundary condition varies with angle, we expect the temperature in the 
annular pipe region to likewise be independent of 6. Assume a solution of the form 
T=T(r),a<r<b. 


(a) Substitute T = T(r) into Laplace’s equation (2), obtaining 


dr? . r dr 


2 
CIO Eh eed: (6) 
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Obtain the general solution of this Euler equation, and impose the boundary 
constraints 
T(@)=T,, T(b)=T,. (7) 
The constraints (7) will determine the two arbitrary constants in the general 
solution. 
(b) Compute dT /dr, and evaluate the integral (5). 


(c) Let T, = 40°F, T, = 120°F, a = 1 in., and b = 1.5 in. For these parameter values, 
plot T(r) versus r for a < r < b. Do the maximum and minimum temperatures 
occur where you expect them to occur? 


. The Case of Varying Exterior Temperature Assume now that the temperature distri- 


bution at the outer pipe radius is not constant. As a specific case, assume that 
T(b,0)=(14asin0)T,, 0<6 <2z, 
where T, = 120°F and where 0 < a < 1. 


(a) Do you think the heat transfer rate will differ from that obtained in part (a) of 
the constant exterior temperature case? 
(b) Assume a solution of Laplace’s equation of the form 
T(r, 0) =T)(r) + T, (7) sind (8) 


within the annular pipe region. The unknown functions 7,(r) and T,(r) must be 
determined. Substitute (8) into (2), obtaining 


See n en) 


@T,@) .1a7,@) 1 
dr’ r ar dr’ + yaa 2 T,(r)| siné = 0, 


a<r<b, 0 <6 <2n. 


Assume for the moment that the radial variable has an arbitrary but fixed value. 
The set of functions {1, sin 6} is linearly independent in 0 < @ < 27, and so this 
equation implies, for the particular fixed value of r, that 


@T(r) 7 1 dT, (r) 


arty a =O (9a) 


and 


@T(r) 1dT 1 
aun + ia ne r T(r) = 0. (9b) 


Since r is assumed to be arbitrary, these equations must hold for a < r < b. Find 
the general solution for each of the two Euler equations (9a) and (9b). 
(c) Apply the boundary constraints (3). In particular, we have 
T(a, 9) =T)(a)+T,(@) sind =T, 
T(b, 0) =T)(b) + T,(b) sind = T, +T,o@ sind, 0<6 <2rz. 
Use the same linear independence argument employed in (b) to obtain boundary 


conditions for the functions T, and T,. Impose these boundary conditions on the 
general solutions of the Euler equations obtained in (b), and determine T(r, 6). 


(d) Determine the heat transfer rate at the inner pipe radius. Is the heat transfer rate 
the same as that obtained for the constant exterior temperature case? 
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Introduction 


In this chapter, we begin a discussion of partial differential equations. Such 
equations involve a dependent variable (often denoted by u) that is a function 
of two or more independent variables. Frequently, the independent variables 
are time tf and one or more of the spatial variables x, y, z. For example, u(x, y, z, f) 
might represent the temperature of a three-dimensional solid at spatial point 
(x,y,z) and time ¢. 

A partial differential equation is an equation involving a dependent vari- 
able and its partial derivatives. Partial differential equations often arise when 
we model phenomena that change in both space and time. Although the prob- 
lems we consider in this chapter may seem complicated, the techniques we use 
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to solve them are familiar. The method of separation of variables, discussed 
in this chapter, and the method of characteristics, discussed in Chapter 10, 
ultimately reduce to problems involving ordinary differential equations. 

The present chapter focuses on second order partial differential equations 
and the technique of separation of variables. Chapter 10 is concerned with first 
order partial differential equations. To provide maximum flexibility, we have 
written Chapters 9 and 10 so that they can be read in any order. In Section 
9.2, we introduce partial differential equations with a discussion of the heat 
equation. Section 9.2 also features a qualitative discussion of what to expect 
of solutions of the heat equation and a brief introduction to the main solution 
technique in this chapter, separation of variables. In Section 9.3, we examine 
the eigenvalue problems that arise from separation of variables and determine 
the building-block solutions that will ultimately form the basis for an infinite 
series representation of solutions of the heat equation. Sections 9.4 and 9.5 
complete the discussion of the heat equation, describing the theory of Fourier 
series, the Fourier convergence theorem, and the Gibbs phenomenon. 

Having used the heat equation to introduce the major ideas of Fourier series 
and separation of variables, we then consider other boundary value problems: 
the wave equation in Section 9.6 and Laplace’s equation in Section 9.7. Finally, 
in Section 9.8 and its Exercises, we look at higher-dimensional problems and 
problems involving nonhomogeneous partial differential equations. 


Second Order Partial Differential Equations 


The order of a partial differential equation is the order of the highest partial 
derivative appearing in the equation. For example, 
du(x,t) du(x,t) 
Ox ot 
is a first order partial differential equation, while 


=ftsinx 


du(x,t) au(x,t) 
2 = 0 
ot ax 


is a second order partial differential equation. 

Consider the special case where the dependent variable u is a function of 
two independent variables, a spatial variable x and a temporal variable ¢. In 
this case, the general second order linear partial differential equation has 


the form 
d7u(x, t) a7u(x, t) a7u(x, t) 
A414 (x, ae a + a42(x, ae + An (X, ar a 
(1a) 
+b, (x,t) — ee ees — BD S50, Pike =F Ga, 


In equation (1a), a, ; (x,t), 419%, 0), dy9(«, 1), b,(«, 1), bo (x, 0, cx, and f (x, f) are 
known functions of the independent variables x and f. 

In order to simplify notation, it is common to use subscripts to denote 
partial derivatives. Thus, we may write equation (1a) as 


Ay (%, DU, (X, 1) + Ay9(%, Uy (X, 1) + Az (X, NUy (%, t) 


1b 
+b «,0u,(x, 0) + b5(x, Hu, +e, Dua, =f, d. ati 
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Note the special structure of the partial differential equation (1b) that makes 
it a linear partial differential equation. The coefficient functions as well as 
the right-hand side, f(x,t), are functions only of the independent variables. 
Moreover, the dependent variable u and its partial derivatives occur only to 
the first power. If f(x,f) = 0 in (1b), the equation is called a homogeneous 
equation. If f(x, t) £4 0 in (1b), the equation is nonhomogeneous. In many of 
the applications we consider, the coefficient functions are constant. 


Superposition 


Linear homogeneous partial differential equations satisfy the same principle of 
superposition as linear homogeneous ordinary differential equations. In par- 
ticular, whenever we form a linear combination of solutions, the resulting func- 
tion is again a solution. For example, suppose 1, (x,t), U(x, f),...,Uy(x,f) are 
N solutions of the linear homogeneous equation 


A441 (X, t)u,,.(%, t) + a42(X, tu, (X, t) + ag (%, Duy, ft) 


2 
+ b,x, 0u,(x, 0) + b5(x, Hu,«,t) +c, Dux, ft) = 0. ” 


Ifk,,k,,...,k, are N arbitrary constants, then the function 
u(x,t) =k,u,(%,1) +k,u,@,+---+kyugt,t 


is likewise a solution of the linear homogeneous equation (2). 


Examples of Linear Partial Differential Equations 


The class of second order linear partial differential equations contains some 
of the most important equations of mathematical physics. Three such equa- 
tions discussed in this chapter are the heat equation, the wave equation, and 
Laplace’s equation. 


The Heat Equation KU, (%,t) -—u,%,t)=0 or u,(x,t) = Ku,,(x, 0) (3) 


In (3), the dependent variable u(x, t) represents the temperature at position x 
and time ¢ ina structure (such as a thin, laterally insulated bar) in which heat is 
constrained to flow in only one dimension (along the x-axis). The positive con- 
stant x, called the diffusivity, depends on the thermal properties of the material. 
The appendix of Section 9.2 outlines a derivation of the heat equation. 


1 
The Wave Equation u(x,t) - uy, =0 or uy(x,t)=c*u,,(x,0) (4) 
c 


The wave equation arises in modeling phenomena, such as the small-amplitude 
vibrations of a taut string. In contrast to the heat equation, the wave equation 
involves a second order partial derivative with respect to time, u,,(x, t). In this 
model, the dependent variable u(x, t) represents the displacement of the string 
at position x and time ¢. As we shall see, the positive constant c is the speed of 
the wave. 


Laplace’s Equation Ux (X,Y) + Uy, Y) = 0 (5) 


In equation (5), the dependent variable u(x, y) is not a function of time; in- 
stead, it is a function of two spatial variables. In applications, solutions of 
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Laplace’s equation often represent potentials, such as electrostatic or gravita- 
tional potentials. Laplace’s equation also arises in modeling steady-state (that 
is, time-independent) heat flow in two or more dimensions. (Recall Project 2 
in Chapter 8, which studied steady-state heat flow in a cylindrical pipe.) 

The heat equation, the wave equation, and Laplace’s equation each have 
straightforward generalizations to higher spatial dimensions. For example, let 
u(x,y,Z,t) represent the temperature within a solid object at location (x, y, z) 
and time ¢. The three-dimensional heat equation modeling temperature within 
the object is 


u,(X,¥,2,t) =K[U,,(%, y, 2,0) + Uy, (%,y, 2,0) +u,,(%,y, Zz, 0]. 


Similarly, three-dimensional versions of the wave equation and Laplace’s equa- 
tion are, respectively, 


U(X, y, Zs t) => C7 [Uy (X,Y, zy t) + Uyy (X,Y, Zs t) + Uu,,(x, y, Zs t)] 
and 
Uxx(X,Y,Z) + Uyy (X,Y, Z) tu, (x,y, Z) = 0. 


[When a steady-state temperature exists—that is, when u,(x, y, z,t) = 0—the 
heat equation reduces to Laplace’s equation. ] 


Separation of Variables 


We begin by describing separation of variables, a technique for solving partial 
differential equations. The discussion of Fourier series in Section 9.5 addresses 
some of the mathematical questions arising from using separation of variables. 

Our discussion of the relevant mathematical theory is not complete, how- 
ever. We do not present a detailed discussion of two important issues that are 
typically addressed in more advanced studies; in particular, we do not ad- 
dress the question of existence and uniqueness of solutions. The existence- 
uniqueness theory for the range of problems we will study is too extensive to 
permit a meaningful and succinct summary. Instead, we tacitly assume the 
problem under consideration has a unique solution and simply concentrate on 
the task of computing it. 

In addition, we sidestep most of the mathematical questions that arise from 
forming an infinite series of functions. For example, the solutions we construct 
in this chapter typically have the form 


ie, t= > aut, , 2): (6) 


n=0 


Separation of variables will tell us how to form the functions u,,(x, ft), and the 
theory of Fourier series will tell us how to determine the values of the coeffi- 
cients a,,. Some questions then arise: What kind of function is actually defined 
by the infinite series (6)? Does the series converge for all points (x, 7?) in the 
region of interest? If so, is the function defined by the infinite series a solution 
of the partial differential equation? 

When we apply the method of separation of variables, each of the functions 
u,,(x, t) in equation (6) will be a solution of the given homogeneous partial dif- 
ferential equation. With respect to series (6), however, recall that the superpo- 
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sition result cited earlier applies to a finite sum of solutions. Demonstrating 
that the infinite sum of solutions (6) is also a solution requires that we justify 
interchanging partial differentiation and infinite summation operations. The 
validity of such interchanges is typically addressed in multivariable advanced 
calculus. In this chapter, we will simply assume that interchanging operations 
is permissible and that the series solution we construct is, in fact, the solution 
of the problem of interest. 


Exercises 1-10: 
Determine the values of the constant a, if any, for which the specified function is a 
solution of the given partial differential equation. 


. u(x,t) =4t—ax’, u,—u,, =0 2. u(x,t) =e sin2x, u,—Uu,, =0 


at cosax, U, —U,, =0 4. u(x,t) =sin@x+at), uy, —4u,, =0 


. u(x,t) =e 
- u(x,t) =2cos@+at), Uy—Uu, + 2u=0 
. u(x,y) =e sinay, u,, + Uy, = 0 

. u(x, y,z) =e sinz, u,, + Uy, +U,, = 0 


. u(x,y,t) =e" sin(x) cos(2y), U,, + Uy —u, =0 


onan anauw wo = 


. U(x, t) = sin(ax) cos(2t), uy, —Uy, —4au =0 


10. u(x,y) =a+e “cosy, u,, + Uy, —2u=4 
Exercises 11-15: 
In each exercise, 


(a) Show by direct substitution that the linear combination of functions is a solution 
of the given homogeneous linear partial differential equation. 


(b) Determine values of the constants so that the linear combination satisfies the given 
supplementary condition. 


11. u@,p= ce sinx + oe sin2x, u,,—Uu, = 0; 
u(x, 0) = 3sin2x — sinx 


12. u(x,t) =c, +c,e' cosx+c,e" cos2x, u,, —u, = 0; 
u(x, 0) = 2 — cos 2x 


13. u(x,t) =c, sinxsin2t+c,sinxcos2t, 4u,,.—Uu, = 0; 
u(x,0) = —2sinx, u,(x,0) = 6sinx 


14. u(x,t) =c;e* sinx +c,e" sin2x, u,, —u,—2u = 0; 
u(x, 0) = sinx — 4sin 2x 


15. u(x,t) =c, +e, —th+c,(x+t), u, —Uuy, = 0; 
u(x,0)=1+2x, u,(x,0)=0 


16. Let u,(x, t) and u,(x, t) be solutions of the linear homogeneous partial differential 
equation (2). Show that the linear combination u(x, t) = c,u, (x, t) + c,u,(x, t) is also 
a solution of equation (2). 


17. Let u, (x, t) bea solution of the linear homogeneous partial differential equation (2), 
and let u(x, t) be a solution of the linear nonhomogeneous partial differential equa- 
tion (1b). Show, for any constant c,, that u(x, t) = c,u,(x, t) + u,(x, f) is also a solu- 
tion of the nonhomogeneous equation. 
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Exercises 18-21: 


In each exercise, the function u is known to be a solution of the given nonhomogeneous 
partial differential equation. Determine the function f. 


18. u(x, t) = 2 sin(x) cos(2t) — x’t, 4u,, —Uy =f, 
19. u(x, y) =xy+ 2xy3 +2sinhxsiny, u,,+ Uyy = f(x,y) 
20. u(x, y, HD = et? 4 o> sin x sin 2Y, Uy, + Uy, —U, = f(x,y, t) 


21. u(x, y) =34+x—y + 2xy — x’, Ux. + Uy, =f(x,y) 


9.2 Heat Flow in a Thin Bar; Separation of Variables 


In this section, we consider two different problems involving heat flow. Besides 
being of intrinsic interest, these problems serve to introduce a useful solution 
technique known as separation of variables. Once it is clear how this technique 
is used to solve the heat equation, we will apply variations of the same basic idea 
to other partial differential equations, such as the wave equation and Laplace’s 
equation. This section and Section 9.3 concentrate on the one-dimensional heat 
equation, 


u,(x,t) = Ku,,.(%, ¢). (1) 


The remaining sections of this chapter focus on other partial differential equa- 
tions, using separation of variables to solve them. 


Problem Formulation 


Consider a bar having constant cross-sectional area A and length /, as shown 
in Figure 9.1. We assume that the bar is 


(a) thin (its length / is much larger than its cross-sectional area A), 


(b) homogeneous (it has uniform heat-conducting properties characterized by 
its thermal diffusivity constant «), and 


(c) laterally insulated (so that no heat can flow through its sides). 


Bar Insulation 
_——— x 
es i , 


Cross-sectional 
x=] areaA 


FIGURE 9.1 


A thin bar having cross-sectional area A and length /. 


For such a thin bar, it is reasonable to assume, at a given point x on the longi- 
tudinal axis, that temperature is constant throughout the corresponding cross- 
sectional area A. Given this assumption, the temperature in the bar depends 
only ona single spatial variable x and on time t. Since no heat can enter or leave 
through the lateral surface, heat is constrained to flow along the bar’s axis. Let 
u(x,t) represent the temperature of the bar at axial location x and time t. We 
assume that at an initial time, say t = 0, the temperature distribution along the 
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bar is known. That is, u(x, 0), 0 < x <1, is a known function of x. Our goal is to 
determine how the initial temperature distribution evolves in time. 

The appendix to this section gives a derivation of the one-dimensional heat 
equation. In addition to partial differential equation (1), two supplementary 
conditions are needed to completely specify the problem. The first condition is 
the initial temperature distribution in the bar, u(x, 0), 0 < x <1. The second isa 
description of how temperature behaves at the bar ends. That is, what happens 
atx = Oandx =/? 

We consider two different endpoint constraints. In Problem 1, we assume 
that the temperature at both ends is maintained at the value zero for all t > 0. 
In Problem 2, we assume that the ends of the bar are insulated so that no heat 
can enter or leave. The mathematical statements of these two problems follow. 


Problem 1 (Zero Temperature Ends) Solve the heat equation 
u,(x, t) = Ku,,(x, d), 0<x <i, 0<t<o 
subject to the boundary conditions 
u(0,t) = u(l,t) = 0, 0<t<a (2a) 
and the initial condition 
u(x, 0) =f (x), 0<x <i. (2b) 


This type of problem is often referred to as an initial-boundary value problem. 
The problem domain is the shaded xt-plane strip shown in Figure 9.2. Bound- 
ary conditions are specified on the semi-infinite vertical lines x = 0 and x =1, 
while the initial condition is specified on the horizontal line segment 0 < x <1. 
Geometrically, the graph of the solution is a surface z = u(x, tf), where the func- 
tion u(x, t) satisfies the heat equation (1) as well as the initial and boundary 
conditions specified by (2a) and (2b). 


u(0, t) = 0 u(l, t) = 0 


u(x, 0) = f(x) 


FIGURE 9.2 


The domain for Problem 1 is the shaded strip bounded on its sides by the 
semi-infinite lines x = 0 and x = / and below by the line segment 0 < x <1. 


Note that the boundary and initial conditions impose a compatibility con- 
straint on the function f(x). This constraint occurs at the two corners of the 
domain shown in Figure 9.2. On the one hand, the boundary conditions at time 
t = 0 require that (0, 0) = u(/, 0) = 0. On the other hand, the initial condition 
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reduces to u(0, 0) =f (0) and u(/, 0) = f (2) at the domain corners. For compat- 
ibility, therefore, we require that the function f (x) satisfy f(0) =f (1) = 0.! 


Problem 2 (Insulated Ends) Solve the heat equation 
u(x,t) = KU,,.(x, 0), 0<x <1, 0<t<o@ 
subject to the boundary conditions 
u,(0,t) =u,(1,t) = 0, 0<t<o (3a) 
and the initial condition 
u(x, 0) =f (x), O0<x<il. (3b) 


Problem 2 is also an initial-boundary value problem. As was the case in Problem 
1, an initial temperature distribution u(x, 0) = f(x), 0 < x </is specified. 

The boundary conditions in (3a) arise because we assume that the rate at 
which heat flows across a bar's cross-section is proportional to the temperature 
gradient. That is, at a given point x =a, the rate of heat flow is proportional 
to u,(a,t). (See the appendix of this section.) Since the ends of the bar are 
insulated, there is no heat flow across the bar endfaces and therefore u,. is zero 
at the bar endpoints. Imposing compatibility between (3a) and (3b) requires 
that f’(0) = f’(1) = 0. 


What Should We Expect of a Solution? 


We all have a qualitative, intuitive understanding of heat flow. Can we use our 
familiarity to develop some simple checks for the problem solutions we obtain? 

Experience dictates that heat flows “downhill” from regions of higher tem- 
perature to neighboring regions of lower temperature. Suppose we “take a snap- 
shot” at some instant of time, ¢ = ¢*, and record a temperature profile u(x, t*), 
such as the one shown in Figure 9.3. Consider the two points x, and x,. We 
expect the temperature at x = x, to increase at the instant t = f*. Similarly, we 
expect the temperature at x = x, to decrease at that instant. Mathematically, 
we expect that u,(x,, 7") > 0 and u,(x>, t*) < 0. Exercise 1 shows that the heat 
equation does indeed impose this type of behavior on a solution. It seems rea- 
sonable, therefore, to expect that any initial undulations in the temperature 
profile will tend to flatten out as time increases. 

Can we use this qualitative observation about temperature variations being 
flattened to infer anything about the long-time behavior of solutions? In Prob- 
lem 1 (the case where both ends of the bar are maintained at zero degrees), 
thermal energy can flow through the bar ends. If the temperature distribution 
flattens out as time passes, it seems reasonable to expect the temperature to 
approach zero degrees at all points within the bar. Thus, we should expect that 


lim u(x,t) = 0, O<x<l. (4) 


‘Compatibility constraints such as these are usually present in physical problems. Sometimes, 
however, it is desirable to impose boundary conditions for 0 < t < oo that are not consistent with 
the endpoint behavior of the specified initial condition. 
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u(x, t*) 


FIGURE 9.3 


At time t = 7°, the temperature distribution in the bar is given by u(x, t*), 
0 <x <1. As illustrated, the value u(x,, t*) is a local minimum in the 
x-direction, while u(x}, t*) is a local maximum in the x-direction. Since 
heat flows “downhill,” we expect that u(x,,t) will be an instantaneously 
increasing function of t at t = t* while u(x,, t) will be an instantaneously 
decreasing function of t at t = t*. Thus, as time passes, temperature 
undulations in the bar tend to flatten out. 


In physical terms, we expect that any heat initially present will eventually leak 
out through the bar ends and therefore the temperature throughout the bar 
will approach zero degrees (the temperature of the bar ends). 

For Problem 2 (the case where both ends are insulated), heat can neither 
enter nor leave the bar. In this case, all the thermal energy initially present is 
“trapped” in the bar. Assuming the initial temperature is nonzero, we expect 
that the temperature will tend toward a constant nonzero value throughout the 
bar. Stating the assumption mathematically, we should expect that 


lim HET) = Hh ag O0<x <i, (5) 


where u,, denotes the (constant) limiting value of temperature. 

We can infer more about solutions of Problem 2; we can actually anticipate 
the limiting temperature value u,,. As noted in the appendix of this section, the 
total thermal energy initially present within the bar is proportional to the area 
under the initial temperature curve: 


1 1 
| u(x, 0)dx = | f (x) dx. 
0 0 


Since the thermal energy is trapped within the bar, this area remains constant 
in time (see Exercise 5). In particular, we expect that 


1 
E {QjdeSu 1 (6) 
0 


Combining (5) and (6), therefore, we anticipate that 


1 
u,, = limu(x,t) = if f (x) dx. 
t>oo 1 0 


The limit observations made in equations (4) and (5), as well as some additional 
observations made in the Exercises, provide simple useful checks on both the 
problem formulation and any solutions we obtain. If we obtain a solution con- 
sistent with these checks, that fact alone does not guarantee that the solution 
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we found is correct. However, if we find a solution that is not consistent with 
these checks, then it is probably wrong. 


Separation of Variables 
Consider the one-dimensional heat equation, 
u,(x,t) = Ku, (x,t). 


Our initial aim is to construct solutions of this equation that can be used as 
building blocks. Ultimately, we will construct a solution of the initial-boundary 
value problem of interest by forming an appropriate linear combination of 
these building blocks. Recall that the solution of Problem 1 or Problem 2 must 
also satisfy the corresponding homogeneous boundary conditions [(2a) or (3a), 
respectively] and initial condition [(2b) or (3b), respectively]. 

We begin by looking for solutions of the heat equation having the special 
structure 


u(x,t) =X(x)T(t). (7) 


In (7), the function u(x,t) is the product of X(x), a function only of spatial 
variable x, and T(t), a function only of time ft. (In this sense, the independent 
variables are “separated.”) Substituting expression (7) into the heat equation 


leads to 
X(x)T' (1) = KX" (x)TO), 
or 
T(t) _ X"@) 
FO > XQ)’ 0<x <I, 0<t<om. (8) 


In equation (8), we use a prime to denote differentiation. Since each of the 
functions X and T is a function of only one independent variable, there should 
be no confusion or ambiguity. 

We now ask “How can the equality 


T(t) — X"@) 
KT(t) X(x) 


remain valid for 0 < x </1,0 <t < oo?” If the left-hand side were actually to 
vary with time, we could destroy the equality by varying ¢ and leaving x fixed. 
Likewise, if the right-hand side actually varied with x, the equality would be 
destroyed by varying x while leaving ¢ fixed. Therefore, the only way equality 
(8) can be valid is for both sides to equal a common constant, call it 0. Looking 
for solutions of the heat equation having the structure (7) therefore leads us to 
consider the following two ordinary differential equations for the constituent 
functions X(x) and T(t): 


ro xo. 5 
KT(th X(x) 


or 
X"(x) —oX(x) = 0, O0<x<l (9a) 
T(t) —oxT(t) = 0, 0<t<om. (9b) 
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The ordinary differential equations in (9) are constant coefficient linear equa- 
tions that can be solved using the methods of Chapters 2 and 3. Each different 
value of o leads to a different solution. The constant o appearing in equa- 
tions (9) is often called a separation constant. We will refer to the two dif- 
ferential equations in (9) as separation equations. The heat equation itself 
imposes no constraints on the separation constant; for now, 0 can assume any 
value, and it can be real or complex. However, as we shall see in Section 9.3, 
imposing the boundary constraints and requiring nonzero solutions will limit 
the possible values of o. 


Imposing Homogeneous Boundary Conditions 


As noted in the preceding subsection, a solution u(x, t) = X(x)T(t) will also 
be required to satisfy homogeneous boundary conditions—conditions (2a) in 
the zero temperature ends problem and conditions (3a) in the insulated ends 
problem. 

To illustrate the ideas, we consider the zero temperature ends problem; we 
leave the insulated ends problem to the Exercises. Holding the ends at zero 
temperature imposes the boundary conditions u(0, t) = 0 and u(1,t) = 0 and 
leads to two requirements on u(x, t) = X(x)T(0): 


X(O)T()=0 and X()T)=0, O0K<t<o. 


In each case, one or both of the factors in the product must vanish. If the 
constant factor X(0) and/or X(/) is nonzero, then T(t) = 0,0 < t < oo. In that 
event, the separation of variables solution u(x, t) vanishes identically. Since we 
are interested in nontrivial solutions, we require instead that 


X(0)=0 and X(1)=0. 


These two constraints are homogeneous boundary conditions that must be 
imposed on differential equation (9a). Thus, the problem for X(x) gives rise 
to a two-point boundary value problem involving a homogeneous differential 
equation and homogeneous boundary conditions: 


X"(x) — oX(x) = 0, X(0) = 0, X(1) = 0. (10) 


Observe that the zero function X (x) = 0,0 < x < lis a solution of equation (10). 
We are interested, however, in finding nontrivial solutions. Thus, our first task 
is to determine those values of the separation constant o for which nontrivial 
solutions of problem (10) exist. For each value of the separation constant that 
leads to a nontrivial solution of (10), we then need to solve separation equation 
(9b) for T(t). 

Boundary value problem (10), consisting of a homogeneous differential 
equation and homogeneous boundary conditions, is actually an eigenvalue 
problem (see Section 4.4). Instead of seeking nontrivial solutions of the ma- 
trix equation Ax = ix , we now look for nontrivial solutions of the differential 
equation X” (x) = oX(x). Put informally, the role of the square matrix A is now 
played by the differential operator d? /dx*. In looking for nontrivial solutions of 
X" (x) = oX(x), we must restrict our search to functions that vanish at both in- 
terval endpoints, x = 0 and x =/. A value of the separation constant o for which 
a nontrivial solution of problem (10) exists is also called an eigenvalue. A cor- 
responding solution X (x) is called an eigenfunction [as before, eigenfunctions 
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EXERCISES 


are not unique, since any scalar multiple of a solution of equation (10) is also 
a solution]. For brevity, we again refer to the pair (o, X(x)) as an eigenpair. 


Exercises 1-7: 


These exercises examine some basic properties of the heat equation and accompanying 
homogeneous boundary conditions. 


1. 


. (a) Show, for any choice of constants c, and c,, that u(x,t) =c, +c,e7 


Suppose we record the temperature profile along a thin, laterally insulated bar 
at some instant of time, say t =7¢,, and the smooth curve shown in Figure 9.3 is 
obtained. Use the concavity of the curve and the heat equation to show that 


du(x,, to) ih eed JU(X>, ty) es 
ot at 


0. 


. Suppose that the temperature profile of a segment of a thin, laterally insulated bar 


at time ¢ = f, is given by u(x, tp) = x?(2 —x), 0 <x <2. Determine those values of x 
on the interval 0 < x < 2 for which 


oy du(x, to) <0 (b) du(x, ty) 0 (c) du(x, to) . 


ot ot ot : 


. Consider the heat equation u,(x, t) = Ku,,.(x, t), where x is a positive constant. 


(a) Suppose we make the change of time variable t = «t. Show that the heat equa- 
tion transforms into du/dt = d?u/dx*. Therefore, if we know a solution of 
du/dt = 0’u/dx?, we can obtain a solution of u, = «u,, by replacing ¢ with «t. 


(b) Show that u(x, t) = e-" ' sin rx is a solution of the initial-boundary value prob- 
lem 


u,(x, t) = u,,(x, 0), 0<x<l, 0<t<o 
u(0, t) = u(1,t) = 0, 0<t<o@ 
u(x, 0) = sinzx, 0O<x <1. 


(c) Use the information in (b) to solve the initial-boundary value problem 


u,(x,t) = 3u,,(x, 0), 0<x <1, 0<t<o 
u(0, t) = u(1,t) = 0, 0<t<o 
u(x, 0) = 5sinzx, O<x <1. 


TT 


*t cos rx is 
a solution of the problem 

u, (x,t) = u,,(x, 0), 0<x <1, 0<t<o 

u,(0,t) =u,(1,t) = 90, 0<t<o. 


(b) Use the information in part (a), along with Exercise 3(a), to obtain a solution 
of the initial-boundary value problem 


u,(x,t) = 2u,,.(x, ft), 0<x<l, 0<t<o 
u,(0,f) =u,(1,t) = 90, 0<t<o 
u(x, 0) = 3 — cosrx, O<x <1. 


. The thermal energy contained within a thin, laterally insulated bar of length / is 


i 
E(t) = oo | u(x, t) dx, 
0 
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where Cy is the heat capacity per unit volume of the bar material and A is the cross- 
sectional area. If both ends are insulated, one would expect E(t) to be a constant, 
since heat can neither enter nor escape. Use the heat equation to show that this is, 
in fact, the case. 


. If the temperature within the bar remains constant in time, then u = u(x) and the 
heat equation reduces to 


2 
one) =0= Pa ae or u’(x)=0. 
ot ox 


Such a temperature distribution is called a steady-state temperature distribution. 


(a) Determine the possible steady-state temperature distributions in a bar of length 
1 when 


(i) the bar ends are both kept at zero degrees 
(ii) the bar ends are both insulated 


(b) For the two initial-boundary value problems considered in this section, a physi- 
cal argument was given for the existence of the limits in equations (4) and (5). How 
do the conjectured limiting distributions compare with the steady-state distribu- 
tions computed in part (a)? 

. Consider the partial differential equation u,(x, t) = u,,,(x, t) + au(x, t), where a is a 
constant. 

(a) Suppose we introduce a new dependent variable w(x, t) by defining u(x, 1) = 
e'w(x,t), where 6 is a constant. Show that if 6 is chosen properly, then w(x, 1) is a 
solution of w,(x, t) = kw,,,(x, t). What is the value 5? 

(b) Show that w(x, t) = e~*"! cos 2x is a solution of the initial-boundary value 
problem 


w,(x, t) = w,.,,(x, ft), 0<x<1l, 0<t<o@ 
w,(0, 7) =w,(1,f) = 0, 0<t<o@ 
w(x, 0) = cos 27x, O<x <1. 


(c) Use parts (a) and (b) to solve 


u,(x, t) =u,,(x, 1) + 4u(x, 0), O0<x<l, 0<t<aw 
u,(0,t) =u,(1,0) =0, 0<t<a@ 
u(x, 0) = cos 27x, O<x <1. 


. Apply separation of variables to the insulated ends problem. Look for nontrivial 
solutions of the form u(x,t) = X(x)T(t). Require this solution to satisfy boundary 
conditions (3a). Derive the separation equations for X(x) and T(t). What are the 
boundary conditions that X (x) must satisfy? 

. Consider a bar of length / whose left end (at x = 0) is kept at zero degrees and whose 
right end (at x = /) is insulated. 

(a) State the initial-boundary value problem appropriate for this situation. 

(b) Suppose we apply separation of variables and look for solutions of the form 
u(x,t) =X(x)T(d) satisfying the heat equation and homogeneous boundary condi- 


tions. What are the separation equations for X(x) and T(t)? What are the boundary 
conditions that X(x) must satisfy? 
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Exercises 10-20: 


Assume a solution of the linear homogeneous partial differential equation having the 
“separation of variables” form given. Either demonstrate that solutions having this form 
exist, by deriving appropriate separation equations, or explain why the technique fails. 


10. u,@,t) =u,,.@)0+u,4,0, u@,t) =X TO 

11. u,(x,) =u, 0 +27u(x,0, ue.) =X@TO 

12. u,%,t)= (1+ mye! +27 )U, (x, t), u(x,t) =X(x)T(t) 

13. u,(x,t) = CU, t), u(x,t) =X(x)T@, ca positive constant 
14. u,(%,0 —u,@%,0 =u,,,0, ut) =X(«)TO 

15. u,(x,t) =u,,(x,t) +xu,(%,t, uw, =X(a«)TO 

16. u,,(%,y) + Uy, (X,Y) = 0, u(x,y) =X(@)Y(y) 

17. u,,(0,y) +e Pu, (x,y) =0, ue, y) =X(«)Y(y) 

18. u,,(%,y) +e? uy, y) =0, ux, y) = X@)Y(y) 


du(r, t) a i) au(r, t) - 
me ats Or (" ar ) , ur,t)=ROTO 

d ( au(r,0)\ | 1?u(r,0) _ ee 
aN: or (« ar ) + a 0, u(r,éd)=RTr)O) 


Exercises 21-22: 


Separation of Variables in Higher Dimensions The following two exercises show how the 
separation of variables technique can be used to construct solutions of linear homoge- 
neous partial differential equations involving three independent variables. 
21. Consider the two-dimensional heat equation u,(x, y, t) = u,,(x, y, t) + Uy, (x,y, t). 

(a) Assume a solution of the form u(x, y, t) = X(x)Y(y)T( and show that 


TO _X"@) YO) _, 
TO” X@ " YO) 


where o is a separation constant. What is the separation equation for T(t)? 
(b) Now consider the equation 


X"(x)  ¥"() 
~ =o 
Xx)  -Y(y) 


Perform algebraic manipulation so that the separation of variables argument can 
be applied again. This leads to the introduction of a second separation constant, 
call it 7. What are the resulting separation equations for X(x) and Y(y)? 


22. Laplace’s equation in three dimensions is u,,.(x, y,z) + U,,(«,y, Z) + u,,(%, y, Zz) = 0. 
Assume a solution of the form u(x, y,z) = X(x)Y(y)Z(z). Repeat the separation of 
variables approach outlined in Exercise 21 to derive separation equations for 
X (x), Y(y), and Z(z). These equations will again involve two separation constants. 


Exercise 23 establishes a result that is often useful in obtaining differential equations 
from conservation law arguments (as in the following appendix, which derives the heat 
equation). 


23. Assume that f(x) is a continuous function defined on the intervala < x < b. Suppose 
it is known that 


in f(x)dx =0 
a 
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for all choices of x, and x, satisfying a < x, < x, <b. Prove that f(x) =0,a<x <b. 
[Hint: You can use a contradiction argument; that is, you can assume that the 
hypotheses hold but that the conclusion is false. For example, assume that f (c) > 0 
at some point c,a <c < b. The continuity of f guarantees there is a value 6 > 0 such 
that (c — 6,c + 4) lies within (a, b) while at the same time f(x) > sf (c) for all x in 
(c — 6,c + 6). Show that this fact leads to a contradiction. ] 


Appendix Derivation of the One-Dimensional Heat Equation 


In this appendix, we derive an equation governing the behavior of temperature in the 
thin, homogeneous bar shown in Figure 9.1. The lateral surface of the bar is insulated, 
and its temperature, u(x, t), is assumed to depend only on axial position x and time ¢. 
The basic principle underlying the derivation is conservation of thermal energy. 

Select an arbitrary segment of the bar, say 0 < x, <x <x, <I. To this segment, we 
apply the conservation law 


Rate of change Rate at which Rate at which 
of thermal energy =  energyenters -_ energy leaves (11) 
within a bar segment the bar segment the bar segment. 


Let cy denote the heat capacity per unit volume of the material forming the bar. 
This positive constant is the amount of heat required to raise the temperature of a unit 
volume of the material by one unit of temperature. 

The rate of change of thermal energy within the bar segment can be expressed as 


d f*2 2 du(x, ft) 
af Co(x, NAdx = cA i 7 dx. (12) 


Since the lateral surface is insulated, heat can enter and leave the bar segments only 
through the segment ends at x = x, and x = x,. The flow of heat across these interfaces 
is described in terms of a second positive constant, the thermal conductivity k, which 
characterizes the material. We assume that the rate at which heat flows in the positive 
x-direction across the bar's cross-section at position x and time ¢ is given by 

du(x, t) 


—kA a (13) 


As expression (13) indicates, we are assuming the flow of heat is proportional to the 
temperature gradient. The minus sign reflects the fact that heat flows “downhill,” from 
a region of higher temperature to a neighboring region of lower temperature. Thermal 
conductivity k describes the effectiveness of the material as a conductor of heat. In 
terms of expressions (12) and (13), conservation law (11) becomes 


oa [2 ue gy pad) pq UG (14) 
a at 


Ox ox 


a 
Note that heat flowing in the positive x-direction at x, is leaving the bar segment. The 
right-hand side of (14) can be rewritten as kA [2a ucx, t)/ ax?]dx. Therefore, defining 
1 
k =k/cy, we can rewrite (14) as 


ba 2 
cot [|e ote] a9 (45) 


at ax? 


My 
Equation (15) holds for all ¢ in the time interval of interest, say 0 < t < oo. Since we are 
assuming the integrand in (15) is a continuous function of (x, £), it follows, for each fixed 
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t, that the integrand is a continuous function of x for all x along the bar. In general, if x, 
and x, were two fixed points for which (15) were true, we could not conclude that the 
integrand itself must be zero (for example, iv sinx dx = 0, but sinx is not identically 
zero). However, x, and.x, are arbitrary points, and therefore (15) is true for every possible 
choice of x, and x,,0 <x, <x, <1. In this case (see Exercise 23), we can conclude that 
the integrand is identically zero: 


au(x, t) a7u(x, t) 
kK = 
ot ax? 


0. (16) 


9.3 Series Solutions 


In Section 9.2, we modeled heat flow in a thin rod using the one-dimensional 
heat equation. As noted, the heat equation is generally supplemented with 
boundary conditions and an initial condition, giving rise to an initial-boundary 
value problem. We considered two different sets of supplementary conditions 
and obtained the following two problems: 


Zero Temperature Ends u, (x,t) = xu,,(x, t), 0<x<l, QO<f<c 
u(0,t) = u(1,t) = 0, 0<t<o (1a) 
u(x, 0) =f (x), O<% <1. 


Insulated Ends u,(x,t) = Ku,,(x, ft), O0<x<l, 0<t<© 
u,(0,t) =u,(1,t) = 0, 0<t<oo (1b) 
u(x,0)=f(x), Os<x<l. 

The separation of variables idea introduced in Section 9.2 led us to look for 

solutions of the form u(x, t) = X(x)T(t). Substituting u(x, tf) = X(x«)T() into the 

heat equation leads to the pair of ordinary differential equations 
X" (x) — oX(x) = 0, O0<x<l (2) 
T(t) —oxT(t) = 0, 0<t<oM, (3) 
where the same separation constant o is common to both equations. Imposing 


the boundary conditions leads to the following two boundary value problems 
for X (x): 


Zero Temperature Ends = X"(x) —oX(x) = 0, X(0) = 0, X(1) =0 (4) 


Insulated Ends X"(x) — 0 X(x) = 0, X'(0) = 0, X'(1)=0. (5) 


An Overview of the Solution Process 


The solution process for the two initial-boundary value problems, (1a) and (1b), 
consists of three steps. 


Step 1 Solve the appropriate boundary value problem—either (4) or (5)—for 
X (x). In each case, we are seeking nontrivial solutions X (x). Therefore, as noted 
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in Section 9.2, each of these boundary value problems constitutes an eigen- 
value problem. If X (x) is a nonzero function, then a pair (oc, X(x)) satisfying the 
equation is called an eigenpair. As we shall see, each of these boundary value 
problems has infinitely many eigenpairs, (o,,, X,,(x)),n = 1,2,3,.... 


Step 2 Fora given eigenvalue, g,,, solve the first order linear equation (3), find- 
ing a solution 7,,(¢). Forn = 1, 2,3,..., form the functions u,, (x, t) = X,,(«)T,,(, 
obtaining an infinite set of solutions of the heat equation. Each solution u,, (x, t) 
satisfies the appropriate homogeneous boundary conditions—those in equa- 
tion (1a) for the zero temperature ends problem or those in (1b) for the insu- 
lated ends problem. 


Step 3 Form an infinite series of these functions, 


u(x,t) = Salty (x, f). (6) 


n=1 


The coefficients a,, must be chosen to satisfy the initial condition. If we can find 
coefficients a,,,n = 1, 2,... such that 


u(x, 0) = S 9 a,Uy(X, 0) =f (x), 


n=1 


then the function u(x, t) defined by the infinite series (6) is the solution of the 
initial-boundary value problem. 


In the remainder of this section, we deal with relatively simple cases where 
the coefficients a,, can be determined by inspection. In Section 9.4, we develop 
the computational techniques needed to solve the general problem. The theory 
of Fourier series, which provides the justification and theoretical underpin- 
nings for these computations, is outlined in Section 9.5. 


Solving the Eigenvalue Problems 


Zero Temperature Ends Consider the eigenvalue problem (4). We need to find 
values of the separation constant o such that nontrivial solutions exist for the 
boundary value problem 


X"(x) -—oX(x) =0, X(0)=0, X()=0. 
The general solution of the differential equation X" (x) — oX(x) = 0 is 
Cy + 05x, o =0 
Jox _ fox (7) 
cyev* +ce,e%%", oo £0, 


where c, and c, are arbitrary constants. We now impose the two boundary 
conditions. 
Consider first the case where o = 0. From (7), we obtain 


X(0)=c,=0 and X(l)=c,+c,l=0. 
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The unique solution of this system of equations is c, = c, = 0, which in turn 
implies that X (x) = 0. Since we are seeking nontrivial solutions, it follows that 
o = Ois not an eigenvalue. 

When o £ 0, the general solution is 


X(x) = c,ev™ Pee, 


At this point, o can be any nonzero real or complex constant. Imposing the 
boundary conditions in (4) leads to the following system of homogeneous equa- 
tions: 

cy +c, =0 


cev™ + eeu = 0. 


In matrix terms, the system has the form 


= eal lb 


This homogeneous system of equations has a nontrivial solution (and therefore 
o is an eigenvalue) if and only if the determinant of the coefficient matrix 
vanishes. Thus, we are led to the following condition on the value o: 


1 1 
— p-vel vol _ 
tet a =e =e O, 
e e 
or 
geval — 1. (8a) 


From Euler’s formula (see Section 3.5), we know that e“** = e“(cos 6 + isin B). 
Therefore, 


e=1 ifandonlyif z=i2nz, n=0,+],+2,.... 


Consequently, o is an eigenvalue if and only if fol = inz,n = +1, +2,43,. 
(Here, the choice n = 0 has been eliminated since we are considering only. 
nonzero values of a.) 

Solving for o, we find o,, = (inx /l)? = —(nr/l)*?, n = £1, +2, +3,.... Since 
the values of o,, for negative n equal those for positive n, it follows that the 
eigenvalues of boundary value problem (4) are 


o=-("), nn he ee (8b) 


Having found the eigenvalues, we determine the corresponding eigenfunc- 
tions, X,,(x), by computing nontrivial solutions of the boundary value problem 


” 
Xx) + (—) X(@)=0, X@)=0, X()=0. (9) 
The general solution of the differential equation in (9) is 


X,, (x) =A,, cos (=) +8, sin (=) : 


9.3 Series Solutions 583 


Imposing the boundary conditions leads us to 
A, =0. 


The boundary conditions impose no constraint on the coefficient B,,. Without 
loss of generality, we can take B,, = 1, obtaining 


X,(x) =sin(*), a ea eee (10) 
Thus, the eigenpairs of boundary value problem (4) are 


o=—(") X,(x) = sin (=), et ee 


Insulated Ends Consider boundary value problem (5). We need to find values of 
the separation constant o such that nontrivial solutions exist for the boundary 
value problem 


X"(x) — oX(x) = 0, X'(0) = 0, x (1) = 6, 


The general solution of the differential equation is again given by (7). Consider 
the case where o = 0. Imposing the boundary conditions, we obtain 


X'(0) =X'(D) =c, =0. 


Note that the constant c, is unconstrained. Therefore, unlike in the zero tem- 
perature ends case, 0 = 0 is an eigenvalue. We take the corresponding eigen- 
function to be the constant function Xp(x) = 1. 

Next, consider the case where o 4 0. From (7), the general solution is 


X(x) =cyev™ +c,e°-¥™. 


Imposing the boundary conditions leads to the homogeneous system of equa- 
tions 


X'(0) = Jolc, —C,|=0 
X Daa/e leyev™ - ce "| = 0; 


1 =] Cy 0 
lem cal [2] = [of 


Requiring the determinant to vanish leads to 


or, in matrix terms, 


oO -ew™ +ev7! =0. (11) 


Since o #0 by assumption, (11) again leads to the eigenvalue equation 
e°V*! — 1. Thus, as in the problem of zero temperature ends, we obtain eigen- 
values 


0. =-("")", ee ac See 
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To find the corresponding eigenfunctions, we impose the boundary condi- 
tions on the general solution of 


My ni \ 2 
X"(x) + (™*) X(x) =0. 
As before, the general solution is 
X,, (x) = A,, Cos ) +B, sin (=) ‘ 


Imposing the boundary conditions yields 


; nm ; a {nr 
X/(0) = Se =0, X=" ( ; )B, = 0. 
Therefore, B,, = 0 but A,, is unconstrained. Choosing A,, = 1 leads to eigenfunc- 
tions 
X,(x) = cos (=), n= 1,2, 33.34% (12) 


Thus, the eigenpairs of problem (5) are 
o=0, X(x)=1 


o=— (“EY X,(x) = cos (=), ee ie a ee 


Forming the Basic Solutions 


We are now ready to carry out step 2, solving equation (3) and then forming 
the building-block solutions u,,(x, t) = X,,(x)T,,(f). Equation (3) has the form 


T, (t) — 0, kT, (t) = 0, 


where o,, is an eigenvalue of equation (4) in the zero temperature ends problem 
or equation (5) in the insulated ends problem. 


Zero Temperature Ends Equation (3) reduces to 


nq \2 


; ) «T,()=0, n=1,2,3,.... 


The general solution of this linear homogeneous first order differential equation 
is 


T,,@) + ( 


_ —(nzx/l)? xt _ 
LOoHCce rr’. gS 1,23: 
Choosing C,, = 1 forn = 1, 2,..., we obtain nontrivial solutions 
‘ . NT 
u, (x,t = er ID? Kt gin 7% n=1,2,3,.... (13) 
A direct calculation shows that u,,, (x, t) is a solution of the heat equation and that 


it also satisfies the homogeneous boundary conditions u,,(0,t) = u,,(1, 1) = 0, 
0<t<ow. 
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Insulated Ends Equation (3) reduces to 
7 =o. 
F nm \2 
T(t) + (+) MO=0, w= 1 Qin 


The general solutions are 


T,() =C,e C7", nn =1,2,3,.... 
Choosing C,, = 1 forn = 0, 1, 2,..., we obtain nontrivial solutions 
; ; nm 
u, (x,t) = eo AID? KE Cog x, n=0,1,2,.... (14) 


l 
As with the solutions in equation (13), direct substitution shows that each func- 
tion in equation (14) is a solution of the heat equation and that it also satisfies 
the homogeneous boundary conditions 
du,(0,t)  au,,(1,t) 
ax iia” 


0, 0<t<ow. 


Satisfying the Initial Condition 


For each of these problems, in addition to satisfying the heat equation and the 
homogeneous boundary conditions, the solution u(x,t) must also satisfy the 
associated initial condition u(x, 0) = f(x), 0 < x <1, wheref (x) is the prescribed 
initial temperature distribution. In an attempt to satisfy the initial condition, 
we construct an infinite series having the form? 


be, = Sat Cut), (15a) 
n=0 


Imposing the initial condition, we obtain the following requirement on the 
coefficients a,,: 


u(x, 0) = So aU, (x, 0) =f (x), <x <1. (15b) 


n=0 


Two obvious questions arise: 


1. What functions f(x) have an infinite series representation such as that 
given by (15b)? If our overall solution approach of separation of vari- 
ables is to be useful, we need to be able to represent a wide class of initial 
temperature functions by such an infinite series. 


2. Suppose, for a particular function f(x), that we are somehow assured 
that the representation (15b) is possible. How do we go about computing 
the coefficients a,,, 1 =0,1,2,...? 


In order to have a uniform notation for the infinite series (15a), we include an n = 0 term. For 
the case of zero temperature ends, we have not defined a function u(x, t) and therefore we are 
implicitly assuming that ay = 0. 
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EXAMPLE 


1 


EXAMPLE 


2 


We conclude this section with two simple examples where the coefficients 
dy, 4 ,,4,... in (15b) can be determined by inspection. In Section 9.4, we ad- 
dress the general case. 


Solve the initial-boundary value problem 


u,(x,t) = 3u,,.(%, ft), <x <2, 0<t<aw 
u(0,t) = u(2, t) = 0, 0<t<@w 
u(x,0) =—sinzx+ 3sin3zrx, O0<x <2. 


Solution: In this example of zero temperature ends, we have « = 3,/ = 2, and 
f(x) = —sinzx + 3 sin 37x. Thus [see equation (13)], the eigenfunctions are 


. NT 
“u,(4,0= e712)" 3t gin zs n= 1,2,3,..., 
and we seek a solution of the form 


CO 
_ 2 . AT 
u(x, = SY a,e 7/2) * sin —x. 
u 2 


n=1 


Imposing the initial condition leads to 


[o.@) 
YIT 
u(x,0)= Soa, sin > -* = —sinax + 3 sin 3nx, O0<x <2. 
n=1 
We can satisfy this constraint by inspection; simply choose a, = —1, a, = 3, and 


set the remaining coefficients a,, equal to zero. The solution is therefore 


2352 A ot! 2 . 
u(x,t) = —e>" ‘sinax + 3e7?"" ‘sin3ax. + 


Solve the initial-boundary value problem 


u,(x,t) = u,,(%, f), 0<x <4, 0<t<o 
u,(0,t) =u,(4,t) = 0, 0<t<o 
u(x, 0) = 5 —cosmx — 3 sin? 27x, O<e=4, 


Solution: In this example of insulated ends, we have x = 1,1 = 4, and f(x) = 
5 — cosx — 3sin? 27x, 0 <x < 4. Thus [see equation (14)], the eigenfunctions 
are 


_ 2 A 
e 7/4)" cog —_x, 120, 1,2, 3... 


u, (x,t) = q 


and we seek a solution of the form 


CO 
-_ —( 4)21¢ V1LIT 
u(x,t) = S/a,€ i sedate 4% 
n=0 
Imposing the initial condition leads to 
= nn 
u(x, 0) = ) (a, cos Z-x = 5 — cosmx — 3sin’ 2nx, O0<x <4. 
n=0 
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At first glance, the term —3 sin? 27x appears troublesome. However, we can 
use the trigonometric identity sin? 9 = (1 — cos 26)/2 to express the initial con- 
dition as 


u(x, 0) = $ —cosmx + 3.cos4nx. 
Therefore, we can satisfy the initial condition by choosing 
dy = 5, a,=-l1, dig = 3: and a,=0, n#0,4, 16. 
The solution is 


—72 = 2 
u(x,t) = 4—e" ‘cosmx + $e lom"t cos4ax. 


Useful Trigonometric Identities 


Much of this chapter deals with trigonometric functions, so we list some iden- 
tities that will prove useful. 


Sum and Difference of Angles 
sin(A + B) = sinAcosB+cosAsinB 


; : (16) 
cos(A + B) =cosAcosBF sinA sinB. 
When A = B = @, (16) reduces to the following double-angle formulas. 
Double-Angle Formulas sin 20 = 2sin@ cosé 
(17a) 


cos 20 = cos’ 6 — sin? 6. 


Since cos” 6 + sin? @ = 1, the second equation in (17a) yields the additional 
formulas 


1 20 
cos? @ = aus 
2 
(17b) 
22 1 — cos 26 
sin’ @ = a 


The Exercises pose a number of initial-boundary value problems for which 
these trigonometric identities can be used to obtain the solution. Recall from 
Section 9.2 that some checks were formulated as to how solutions should be- 
have, particularly as t > oo. In the Exercises, we apply these checks to many 
of the problems considered. 


Exercises 1-8: 
(a) As in Example 1, use (13) and (15) to solve the initial value problem 
u, (x, t) = U,,(x, t), O0<x <li, 0<t<o 
u(0,t) = u(l, t) = 0, 0<t<o 
u(x, 0) =f (x), O<x<l. 
The series coefficients can be evaluated by inspection. In some exercises, trigono- 
metric manipulation may be required. 


(b) Evaluate the solution at (x, t) = (1/2, 1). 
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1. 


3. 


5. 


7. 


fx) = sin (77) 2. fa) = 3sin (27) 
f(x) = sin (=) 2 sin (=) 4. f(x) =sinx+4sin2x, l=x 
(HX Xx ae = 
f(x) =4sin (=) cos (=) 6. f(x) = 2 sin(3mx) cos(rx), 1=1 
3 
f(x) = Son! sin(nx), 1=1 8. f(x) =sin’ax, 1=1 


n=1 


Exercises 9-16: 


(a) 


15. 


17. 


18. 


19. 


As in Example 2, use (14) and (15) to solve the initial value problem 
u(x,t) =u,,(x, 0), 0<x <i, 0<t<a 
u,(0,t) =u,(1,t) = 0, 0<t<o 
u(x, 0) =f (x), O0<x<l. 
The series coefficients can be evaluated by inspection. In some exercises, trigono- 
metric manipulation may be required. 
Evaluate the solution at (x, t) = (1/2, 1). 


For the solution u(x, t) found in part (a), show that lim 
tol f(x) dx. 


u(x, t) exists and is equal 


t>0o 


UX WX 2ux 
. f(x) =3 + 2c0s (=) 10. fx) = 4 cos (7) + 200s (5%) 
. f(x) =cos (5) +2cos(rx), 1=2 12. f(@x)=3cosx, l= 
. f(x) =cosax+cos* ax, 1=1 14. f(x) =2-sin’ ax, 1=2 
1 a nx 3 (MX 
fx)= oe (=) 16. f(x) =2cos (=) 
The ends of a thin, laterally insulated bar of length 2 are maintained at a temperature 


of zero degrees. At time ¢t = 0, the temperature profile is 
(HX 
u(x, 0) = 100sin (=) ‘ 


At time ¢ = 1, the temperature at the center of the bar has decreased to a value of 
70; that is, w(1, 1) = 70. 


(a) What is the thermal diffusivity « of the bar? 
(b) What is w,(2, 1)? 


The ends of a thin, laterally insulated bar of length 4 are insulated. At time t = 0, 
the temperature profile is 
1X 


u(x, 0) = 10+ 100 cos ( 5 ie 


At time t= 1, the temperature at x = 1 has decreased to a value of 60; that is, 
u(1, 1) = 60. 

(a) What is the thermal diffusivity « of the bar? 

(b) What is (0, 1)? 

(c) At what time ¢ is u(0, t) = 40? 


For the case where the left end of the bar is kept at zero degrees and the right end 
is insulated, we saw in Exercise 9 of Section 9.2 that the boundary value problem 
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for X (x) is 
X"” —oX =0, 0<x« <i, X(0) = 0, X'(1) = 0. 
(a) Show that o = 0 is not an eigenvalue. 
(b) Show that eigenvalues are solutions of the equation exp(2,/o 1) = —1. 
(c) Use Euler’s formula to show that 2./o, 1 = (2n — 1)wi,n = 1,2,.... 
(d) Given o,, from part (c), determine a corresponding eigenfunction X, (x). 


(e) Solve T)(t) — xo,,T,,¢) =0, and form the building-block solution u,,(x, 1) = 
X,, («)T,, (t). 


20. Use the results of Exercise 19 to solve the problem 


u, = 0.5u,..5 0<x <3, 0<t<o 


u(0,t)=0, u,3,0=0, O0<t<c 


u(x, 0) = 2sin (=), O0<x <3. 


9.4 Calculating the Solution 


In Sections 9.2—9.3, we saw how to use separation of variables to find functions 
u,,(x,t) that solve the heat equation and that also satisfy the homogeneous 
boundary conditions associated with the zero temperature ends problem or 
the insulated ends problem. Then, in order to obtain a solution u(x, t) that also 
satisfies the initial condition, we considered using an infinite series of the form 


UX) = > ae, (x, f). (1) 
n=0 


Assume that the initial condition is given by u(x, 0) = f (x). Imposing the initial 
condition on series (1) requires that the coefficients a,, be chosen so that 


CO 
u(x,0) = Se aaa 0) =f (x). (2) 
n=0 
We illustrated these calculations in Section 9.3, using examples and exercises 
where the coefficients of infinite series (2) could be determined by inspection 
and a judicious use of trigonometric identities. 

In this section, we examine the general case, where inspection and simple 
trigonometric manipulations are not sufficient to obtain the solution u(x, t). We 
emphasize again that we are using the heat equation to introduce the general 
concept of separation of variables. Once the special case of the heat equation 
is understood, it will be easy to generalize the ideas to other problems, such as 
Laplace’s equation and the wave equation. 

In Section 9.5, we present results from the theory of Fourier’ series that will 
justify the calculations performed below. The zero temperature ends problem 
and the insulated ends problem will be shown to involve special types of Fourier 


3Jean Baptiste Joseph Fourier (1768-1830) conducted much of his mathematical work while en- 
meshed in the political turmoil of the French Revolution and the Napoleonic era. Fourier is remem- 
bered today for his work on the mathematical theory of heat propagation and on the trigonometric 
series that bears his name. 
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series, known as the Fourier sine series and the Fourier cosine series, respec- 
tively. Anticipating this fact, we use this terminology in the present section. 


The Fourier Sine Series 


Consider the zero temperature ends problem, 


u,(x, t) = Ku,,(x, 0), 0<x <1, 0<t<o 
u(0,t) = u(l,t) = 0, 0<t<o 
u(x, 0) =f (x), O<x<l. 


For this problem, the functions u,,(x, t) are 


—(nx/l)* xt 


_ nw 
u, (x,t) =e sin +-%, al Ge eee 


and infinite series (1) becomes 
= 2 VLITX 
u(x,t) = Ya.e7"7/)""* sin (=) . (3 
(x, t) 2 ; j ) 


Imposing the initial condition u(x, 0) =f (x) in (3) leads to the following re- 
quirement on the coefficients a,,: 


fo) = Yoaysin(“F*). O0<x« <i. (4) 


The theory of Fourier series given in Section 9.5 describes the sense in which 
(4) is valid. The theory also assures us that the following simple process can be 
used to find the coefficients: 


Step 1 Multiply both sides of (4) by sin(kzx/l), obtaining 
_ (krx 
fsin (S* |= Ya, , sin (> ~) sin (=) : (5) 


Step 2 Integrate both sides from x = 0 to x =/, obtaining 


[eosin (& *) as -[ Ya,sin (" wo) sin (=) dx. 


Interchange the order of integration and summation on the right-hand side: 
mx\ . (kax 
i: f (x) sin & *) dx = Ya, [ sin (=) sin (=) dx. (6) 


The integrals appearing within the sum can be evaluated using trigonometric 
identities (see Section 9.3). In particular, 


sin (=) sin =) — Z cos (S — aoe cos (S =e] 
l l ~ 2 l l : 


EXAMPLE 


1 
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Therefore, 


1 0, ns&k 
i sin (=) sin (3) dx =< | 


All terms of the summation in equation (6) are therefore zero except for the case 
where the summation index, n, is equal to k. Thus, infinite series (6) collapses 
to a single term, and we obtain 


! . (krx 1 
| f (x) sin (=) dx = aK: 


Solving for the coefficient a, yields 


1 
a= 5 [ fesin() ee Pao. (7) 


Solve the initial-boundary value problem 
u(x,t) = Tx, t), 0<x <2, 0<t<o@ 
u(0, t) = u(2,t) = 0, 0<t<o 
x, 0<x<l 
u(x, 0) = 
2-x, 1l<x<2. 


Show graphically how the partial sums of series (2) converge to the triangle- 
shaped initial temperature profile. Also, show graphically how the solution 
u(x,t) behaves on the time interval 0 < t < 2. 


Solution: The initial temperature distribution, u(x, 0), is given by the piecewise- 
linear function f (<) whose triangle-shaped graph is shown in Figure 9.4. 


> xX 


FIGURE 9.4 


The initial temperature distribution for the initial-boundary value 
problem in Example 1 is given by u(x, 0) = f(x), 0 <x < 2, where 
f (x) is the piecewise-linear function whose graph is shown. 


Since this is a zero temperature ends problem, the solution is represented 
by the series (3), with / = 2 and x = i: Therefore, we can express the solution 
as 


CO 
2 . NITX 
u(x,t) = y ae PY GAM sin (= ) . 
n=1 


(continued) 
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(continued) 


The coefficients of this series are found by evaluating integral (7), 


a, = 2 [resin (=) dx 
= [xsin(") ac+ [ @—xsin ("%) dx 
8sin (|) 


nn? 


(n—1)/2 
BC) nodd 
— YN It 


0, n even. 


Simply inserting this final expression for a,, into solution (3) leads to an 
inefficient representation of the solution, since half the terms being summed 
are zero: 


00 -1)/2 
8(-1)" 221/10) os, (EX 
u(x,t) = POY cig (=) . 

> n2 nw? 2 

n=1 

n odd 
We can improve computational efficiency by changing the summation index. 
Let n= 2m—1,m=1,2,3,.... As the index m takes on all positive integer 
values, 1 takes on only odd positive integer values. With this change of index, 
the solution can be expressed as 


nae 5 iS 


m=1 


(<1) Te (Dar aoe ; (2m — 1)mx 
5 in ( ) : (8) 
(2m — 1) 2 

Modern computational software lets us conveniently evaluate and display 
the partial sums of expressions such as (8) and thereby gain quantitative and 
visual insight into the behavior of the solution. In particular, let u,,(x, t) denote 
the Mth partial sum of series (8). Figure 9.5 depicts, for M = 5, 10, and 50, the 
behavior of 


8 YS ey”! | (Qm—1)ax 
Uy (x, 0) = 2 » Om — Lb sin ( 5) ), (9) 


m= 


Notice how the graph of the partial sums “sharpens” at the triangle vertex as M 
increases. For M = 50, the partial sum approximates the initial condition quite 
well. 

Figure 9.6 displays the graph of z = us9(x, t) for 0 < x < 2,0 <t <2. This 
graph is a good approximation to the graph of the solution surface, z = u(x, f). 

Figure 9.7 on page 594 shows the graph of u(x, ¢) at times ¢ = 0.0, 0.5, 1.0, 
2.0; these graphs are snapshots of the solution at the indicated times. Geomet- 
rically, the graphs in Figure 9.7 are obtained by slicing the solution surface with 
planes perpendicular to the t-axis. 
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Uus(x, 0) U(x, 0) 


FIGURE 9.5 


Three of the partial sums, u,,(x, 0), of series (9). As M increases, the partial 
sums approach the initial temperature distribution shown in Figure 9.4. 


Uso PERE 
GLE PP 
LL 


Y 


FIGURE 9.6 


The graph of the function z = uso(x, t), where u,,(x, t) is the Mth partial 
sum of the series (9). The partial sum u)(x, t) is a good approximation of 
the solution, u(x, t), of the initial-boundary value problem in Example 1. 


One striking characteristic of Figures 9.6-9.7 is the smoothing effect of 
the heat equation on the initial temperature profile. In particular, the triangu- 
lar vertex of the initial temperature profile is rapidly smoothed over as time 
passes. It can be shown mathematically that this type of smoothing behavior is 
characteristic of solutions of the heat equation. The behavior illustrated in the 
figures is also consistent with everyday experience. For the thin bar treated in 
this example, we expect (as heat diffuses) that any sharp edges in the tempera- 
ture profile will be smoothed over. Moreover, as time increases, we expect the 
heat initially present to leak out of the bar ends and the temperature u(x, ft) to 
approach the zero temperature steady-state solution. 


(continued) 
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(continued) 


Usg(x, 0) Uso(x, 0.5) 


FIGURE 9.7 


The graph of u(x, f) at times ¢f = 0.0, 0.5, 1.0, 2.0. Geometrically, these 
graphs can be viewed as snapshots of the solution at these times. The 
graphs are obtained by slicing the surface in Figure 9.6 with a plane 
perpendicular to the f-axis at the indicated times. 


0, 
“~ 


The Fourier Cosine Series 

Consider the problem of insulated ends, 
u(x,t) = KU,,(x, 1), 0<x <i, 0<t<o 
“Oa iid) = 0, 0<t<o 


u(x, 0) =f (x), O<x<il. 


For this problem, we know from equation (14) in Section 9.3 that the following 
functions satisfy the heat equation and the homogeneous boundary conditions: 


2 nit 
wah = e MTD’ Kt cog — x, n=0,1,2,.... 


Infinite series (1) becomes 


ioe) 
2 nx 
u(x,t) = yee" *' cos (=) : (10) 
n=0 


EXAMPLE 


2 
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Imposing the initial condition u(x, 0) = f(x) leads to 
fx) = >a, cos (=), 0<x<il. (11) 
n=0 


If we can find coefficients a,, that satisfy (11), we obtain a solution of the 
form 


lee) 
nx 
u(x,t) = sae Cie cos ee ; (12) 
n=0 


As in equations (5)-(7), we can determine the values a,, in equation (11) 


if we multiply both sides by cos(nzx/l) and integrate from x = 0 to x =/1. The 
result is 


1 1 
ay = a f (x) dx 


a. NIX 
Ay, if f (x) cos (=) dx, 


Example 2 illustrates the calculations. In this example, the initial temperature 
distribution has a jump discontinuity. 


(13) 
‘a ee aa 


Solve the initial-boundary value problem 


u,(x,t) = (0.1)u,.@, £), 
u,(0,t) =u,(2,t) = 0, 


2, OQ8x%<= 1 
u(x, 0) = 


0 <x <2, 0<t<ca@ 


0<t<o 
4, 1<x <2. 


The initial temperature distribution, u(x, 0), is the piecewise-constant function 
whose graph is shown in Figure 9.8. 


u(x, 0) 
A 
5 bas 
4- O——2 
3b 
2-0 
il Le 
L ! ! | yy 
0.5 1 15 2 
FIGURE 9.8 


The graph shows the initial temperature profile for the initial-boundary 
value problem treated in Example 2. The initial temperature distribution, 
u(x, 0), is a piecewise-constant function. 
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(continued) 


Solution: The coefficients are 


1 2 
dy = 5f f(x)dx = 


1 
2 
i= ° | *FOe) cos (>) as| 
0 
) 


A(-1 (n+1)/2 
eS eda 


= nt n=1,2,.... 


0, n even, 


Using the change of index n = 2m — 1, we obtain the solution 


oe) (—1)e~ @m— Dx /2y’ 1/102 (2m — 1)mx 
cos - (44) 


4 
(a 
4,8) a i=l 2 


m=1 


Let u(x,t) denote the Mth partial sum of the series (14). Figure 9.9 shows 


us(x, 0) U49(x, 0) 
A A 
SF 5b 
4-F Ae 
37F 3 
2 2 
ian IF 
L L L eer L ! ! | yy 
0.5 1 1.5 2 0.5 1 1.5 2 
Uso(x, 0) Uyqq(x, 0) 
A 
5h 5st 
4- 4b 
3 3F 
2 2 
ian TF 
L L ! | yx L L L | yy 
0.5 1 sy 2 0.5 1 1.5 2 
FIGURE 9.9 


Four of the partial sums, u,,(x, 0), of series (15). 
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graphs of the partial sums, u,,(x, 0), for M = 5, 10, 50, and 100, where 


ee i (2m — 1)nx . 
ty(0) = 3429) 00s ( 5 ? ‘ (15) 


m=1 


Observe that the partial sums (15) appear to be converging to the initial 
temperature profile. In particular, partial sum w499(x, 0) closely approximates 
the initial temperature profile except in the immediate vicinity of the disconti- 
nuity. As can be seen in Figure 9.9, the partial sum tends to undershoot and then 
overshoot the correct values in the immediate neighborhood of the jump. This 
phenomenon, known as the Gibbs* phenomenon, is characteristic of Fourier 
series behavior at jump discontinuities; it will be discussed further in the next 
section. 

Figure 9.10 displays snapshots of ujo9(x, t) at times ¢ = 0.5, 1.0, 2.0, and 
10.0. We expect that the partial sum 1 ;99(«, t) closely approximates the solution 
u(x, t) for allt > 0. The graphs suggest that the solution becomes flatter and that 


Ujqq(x, 0.5) Ujgo(X, 1) 
A 
SF Ss 
4-r 4b 
3 3 
2 2 
IP IP 
Ujo9(xX, 2) Ujo9(x, 10) 
A A 
I 5st 
4r 4+ 
2F 2 
IP IF 
L L L | iy L L L Lyx 
0.5 1 1.5 2 0.5 1 1.5 2 
FIGURE 9.10 


These graphs show snapshots of 11,99 (x, t) at the times indicated. The 
partial sum wj99(x, t) closely approximates the solution u(x, t). The solution 
approaches a constant value of 3 as ¢ increases. 


4Josiah Willard Gibbs (1839-1903) graduated from Yale in 1863, earning the first doctorate in 
engineering conferred in the United States. In 1871, he was appointed professor of mathemati- 
cal physics at Yale, a position he held for his entire career. Gibbs is remembered for important 
contributions to thermodynamics, chemistry, vector analysis, and statistical mechanics. 
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the temperature across the bar approaches a constant value of 3 as ¢ increases. 
That is, we expect 


lim u(x, t) = 3, O<x <2. 


In the limit as t approaches oo, the exponential terms in series solution (14) 
decrease in magnitude and cause the entire series to grow smaller; all that 
remains in the limit is the constant term. This limiting behavior is consistent 
with the conjecture made in Section 9.2, based on physical grounds. 


The Constant Temperature Ends Problem 


We now consider a problem where the ends of the bar, instead of being kept 
at zero degrees, are maintained at two constant temperatures. The initial- 
boundary value problem we consider is 


u,(x, t) = Ku,,(x, d), 0<x<l, 0<t<o 
u(0,f) = Tp, u(l, t) = T,, 0<t<a@ (16) 
u(x,0) =f (x), O<x<l. 


We assume that f(x) satisfies the compatibility conditions f(0) = 7, and 
f (1) = T;. It is important to note that the boundary conditions in (16) are non- 
homogeneous. Therefore, we cannot blindly follow the separation of variables 
technique used in Sections 9.2—9.3 for solving the zero temperature ends prob- 
lem and the insulated ends problem. 

In particular, suppose we were to find functions u,,(x,t),n = 1,2,3,... that 
solved the heat equation and that also satisfied the nonhomogeneous boundary 
conditions in (16). If we formed a linear combination 


g(x, t) = » au, (x,t), 


then the function g(x, f) would also be a solution of the heat equation, since 
the heat equation is linear and homogeneous. However, the linear combina- 
tion y(x,f) will not, in general, satisfy the boundary conditions of (16) (see 
Exercise 13). 

In order to solve initial-boundary value problem (16), we use the simple 
device of introducing a change of dependent variable that transforms problem 
(16) into a problem with homogeneous boundary conditions—a problem we 
already know how to solve. 

Consider the linear function defined by 


v(x) =f [1T) + x(T; — T,))- (17) 


Note that v(0) = T, and v(/) = T;. Note further that v(x) is a solution of the heat 
equation; it is the time-independent steady-state solution of the heat equation 
that satisfies the given nonhomogeneous boundary conditions. We now define 
a new dependent variable w(x, t) by setting u(x, t) = v(x) + w(x, 1), or, equiva- 
lently, 


w(x, t) =u(x,t) — v(x). (18) 


It follows (see Exercise 16 in Section 9.1) that w(x, ft) is a solution of the heat 
equation that vanishes at x = 0 and x =1. In fact, w(x, 1) is a solution of the 


EXERCISES 
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following initial-boundary value problem: 
w,(x, t) = Kw,,(x, t), 0<x <i, 0<t<o 
w(0,t) = 0, w(1,t) = 0, 0<t<o (19) 
w(x, 0) =f (x) — v(x), O<x<l. 

We have already solved the zero temperature ends problem formulated in (19). 


Using the known solution of (19), we can express the desired solution of prob- 
lem (16), w(x, t), as u(x, t) = v(x) + w(x, t). In particular, we have 
CO 
_(an/Dtat +. (WX 
u(x,t) = v(x) + So a,e NE cay (=) ; 


n=1 


where [see equation (7)] 


2 1 
a, =F | if) — v(x)] sin ( 
0 


a) dx, n=1,2,3,.... (20) 


Exercises 1-6: 
In each exercise, 
(a) Sketch the graph of the given initial condition f(x) and determine its Fourier sine 
series. 
(b) For the given initial condition f(x), solve the initial-boundary value problem 
u, = KU,,, 0<x <i, 0<t<ao 
u(0,t) =u(1,t) = 0, 0<t<o 
u(x, 0) =f (x), O0<x<l. 


0, O<x<l/4 
1. f(x) = sin? (™*) 2fw@=—_h1, Wa<x<3l/4 
0, 31/4<x<l 
3. f(x) =x cos (=) 4. f(x) =x(1—-x) 
2x, O<x«x<l1/2 2sin (7), 0<x<1/2 
5. f@) = 6. f(x) = l 
0, l/2<x<l 
0, I/2<x<l 


Exercises 7-12: 
In each exercise, 


(a) Sketch the graph of the given initial condition f (x) and determine its Fourier cosine 
series. 


(b) For the given initial condition f(x), solve the initial-boundary value problem 


Uu, = KU,.,, O0<x<l, 0<t<oo 
u,(0,t) =u,(1,t) = 0, 0<t<o 
u(x, 0) =f (x), O0<x<l. 
1, O0<x<l1/2 1, 0<x < 21/3 
ee = 8. = 
f@) fs l2<x<l F@) ie U/3<x<1 
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0, 0<x« <1/3 cos (=7*). O<x<1/2 
9. f@=%3, 1/3 <x < 21/3 10. f(x) = l 
0, 21/3 <x<l 0, l/2<x<l 
0, 0<x<l1/2 
UX 
11. f(x) = |cos ( — 12. f(x) = 
f | (F) i cost (77%). l/2<x<l 


13. Let u,(x, t) and u,(x, t) be solutions of u, = xu,,.. Assume that both solutions satisfy 
the same nonhomogeneous boundary conditions at x = 0 and x =/. In particular, 
suppose that w, (0, t) = u,(0, t) = Ty andu,(/,t) =u,(1,t) =T,,0 <t < oo. Let d(x, 0d) 
denote the linear combination @ (x, t) = a,u, (x, t) + a,u,(x, t). For what values of the 
constants a, and a, (if any) will ¢(, f) be a solution of the heat equation that also 
satisfies both boundary conditions? 


Exercises 14-17: 


In each exercise, solve the initial-boundary value problem 


u, = KU,,, 0<x<l, 0<t<o 


u(0,t) = Tp, u(l,t) =T,, 0<t<a 
u(x, 0) =f (x), O0<x<l 
for the given parameter values and initial condition. Note that, as in equation (16), 
the boundary conditions are nonhomogeneous. Use the ideas outlined in equations 
(17)-(20) to solve these initial-boundary value problems. 
14.«=0.5, 1=4, T,=0, T,= 100, f(x) = 25x + 80sinzx cos 2x 
15.«=1, 1=1, T)=50, T, =50, f(x) =50-25sin? xx 
16.«=0.1,/=2, Ty) =200, T, = 100, f(x) = 200 — 50x + 40sinxzx 
17.«=1, 1=2, T,=0, T,=100, f(x) =50x 
18. Assume a thin, laterally insulated bar of unit length has its two ends maintained at 
constant temperatures T,) = 20°F and T,. At time t = 0, the initial temperature in the 
bar is known to be u(x, 0) = 20+ (T, — 20)x + 50 sinzx. A probe inserted into the 
bar center measures the temperature and finds it to be 135°F and 95°F at times t = 0 


and ¢ = 2, respectively. Determine the unknown endpoint temperature T,. What is 
the thermal diffusivity «? 


19. Select one of the initial-boundary value problems from Exercises 1-12. Assume 
that « = 0.1 and / = 2. Let u(x, t) denote the solution of the initial-boundary value 
problem. Use computer software to plot u(x, 0) = f(x), u(x, 1), and u(x, 5). Make 
a change of summation index, if necessary, to avoid summing terms that are zero. 
Determine, by trial and error, a partial sum large enough to adequately approximate 
f (x), and use this same partial sum to plot the solution at times t= 1 andt=5. 


9.5 Fourier Series 


To set the stage for a discussion of Fourier series, we begin with a brief review of 
the solution process for the zero temperature ends problem and the insulated 
ends problem, as presented in Sections 9.2—9.4. In each case, the problem of 
interest starts with the heat equation 


u,(x, t) = Ku,,(x, d), 0<x </l, 0<t<o. (1) 
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For the zero temperature ends case, boundary values are prescribed by 
u(0,t) =u(l,t) = 0, 0 <7 < co, (2a) 
For the insulated ends case, boundary values are prescribed by 
tO O=n tp =0, 0<t<oo. (2b) 
In both cases, an initial temperature distribution is also prescribed: 
u(x, 0) =f (x), 0<t<o. (3) 


As described in Sections 9.2—9.3, the method of separation of variables can be 
used to determine functions u,,(x, ft) that satisfy the heat equation (1) and that 
also satisfy the homogeneous boundary conditions. 

For boundary condition (2a), the functions u,, (x, t) are given by 


nm 
itis end? Kt in 7 (4a) 


For boundary condition (2b), the functions u,, (x, t) are 
nIv 
u, (x,t) = e 7/9" cog 7% (4b) 


[see equations (13) and (14) in Section 9.3]. 

Although the functions u,,(x, t) satisfy the heat equation and an associated 
boundary condition [(2a) or (2b)], they do not (in general) satisfy the initial 
condition u(x, 0) = f(x). However, by the principle of superposition, we know 
that linear combinations of u,,(x, t) satisfy the heat equation and the homoge- 
neous boundary condition. Thus, it seems reasonable to attempt to satisfy the 
initial condition by using a linear combination of the functions u,, (x, f), 


ae, t)= Sat, Gest). (5) 
n=0 
When we impose the initial condition u(x, 0) = f(x), equation (5) leads us to 


u(x, 0) =f (x) = Say tty (x, 0). (6) 


n=0 


When u,,(x, f) is given by (4a), equation (6) reduces to 


f(x) = ya sin aK. (7a) 


n=0 


When u,,(x, t) is given by (4b), equation (6) reduces to 


f(x) = so d,, COS re. (7b) 


n=0 


In Section 9.4, formulas were given for the coefficients a,, in equations (7a)— 
(7b). In the next subsection, we present Theorem 9.1, which gives a theoretical 
foundation for the solution process outlined by equations (1)-(7). Theorem 
9.1 assures us, for “reasonable” functions f (x), that we can represent f(x) ina 
Fourier sine series such as (7a), a Fourier cosine series such as (7b), or even a 
Fourier series containing both sine and cosine terms. 
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In later sections, when we study Laplace’s equation and the wave equation, 
we will encounter initial-boundary value problems similar to those associated 
with the heat equation. Theorem 9.1 applies to these problems as well. 


The Definition of Fourier Series and a Fourier 
Convergence Theorem 


An infinite series of the form 


o.e) [o.e) 
a 7 
= + 2 a, cosné + s b,, sinnd (8a) 


n=1 


is called a Fourier series. Expression (8a) uses notation that is often encoun- 
tered in references. However, since we are interested in the case where the 
variable 6 is given by 6 = zx/l, we rewrite series (8a) as 


[o.e) [o.e) 
2 + x a, COS % + ¥ b,, sin +4. (8b) 


n=1 n=1 


We represent the constant term in (8b) as a)/2 rather than a, for convenience, 
since it leads to a single concise formula for all the cosine coefficients 
dy, 4,,...,a,,.... Note that series (4) and (11) in Section 9.4 are special cases 
of series (8b). In particular, series (4) has only sine terms while series (11) has 
only cosine terms. We see later how these two special cases arise. 

Below we state Theorem 9.1, which discusses convergence of the Fourier 
series for f (x). The hypotheses of Theorem 9.1 ask that f (x) and f(x) be periodic 
and piecewise continuous on (—oo, oo). Therefore, before stating Theorem 9.1, 
we comment on these hypotheses. 

Observe that every partial sum of Fourier series (8b) is a periodic function 
having period 2/ (periodic functions are discussed in Sections 3.6 and 5.4). 
Thus, if Fourier series (8b) converges to a function F(x), then F(x) also has 
period 2/; that is, F(x + 21) = F(x) for all x in the interval —oo < x < oo. 

The definition of a piecewise continuous function is given in Section 5.1. We 
repeat that definition here. A function f (x) is a piecewise continuous function 
on [a, b] if 


(a) The function f(x) is continuous at each point x in the interval a < x < b 
except possibly for a finite set of points, saya <x, <x, <-+-- <x, <b. 

(b) The only discontinuities are jump discontinuities. That is, at a point of 
discontinuity x;, both of the following one-sided limits exist: 


fj) = lim f(x) and f(x) = lim f@). 


If a discontinuity occurs at an endpoint, a or b, we require only the interior 
one-sided limits to exist. In the definition of piecewise continuity, we also allow 
for the possibility that f(x) is not defined at a point of discontinuity, x;. Figure 
9.11 shows the graph of a function that is piecewise continuous on the interval 
fa); 

A function f (x) is said to be piecewise continuous on (—oo, 00) if it is piece- 
wise continuous on every finite subinterval [a, b] of (—0o, 00). 
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f(x) 
A 


FIGURE 9.11 


The graph of a piecewise continuous function, f (x), defined 
on the interval [—1, 1]. 


Theorem 9.1 gives conditions on a function f (x) that are sufficient to guar- 
antee that f(x) can be represented as a Fourier series. A proof can be found in 
an advanced text such as Rudin’s Principles of Mathematical Analysis.° 


Let f(x) and f’(x) be periodic functions having period 2/, where f (x) and 
f'(x) are piecewise continuous on —oo < x < oo. Let the Fourier coeffi- 
cients be defined by 


1 
a, al f (x) cos ex de, n=0,1,... (9a) 
-I 


i 
b, al f(x) sin xd n=1,2,.... (9b) 
-l 


Then the Fourier series 


=o pa Cos x + 2 b,, sin ex (10) 


n=1 


converges at each x in (—oo, 00). Series (10) converges to the value f(x) 
at each point x in (—oo, 00) where f (x) is continuous. If x; is a point of 
discontinuity, however, series (10) converges to the value 


sf Oj) +f GP). (11) 


Discussion of the Fourier Convergence Theorem 


As we saw in Section 9.4, integral expressions (9a) and (9b) for the series co- 
efficients a,, and b,, are what we would “naturally expect.” Theorem 9.1 states 
that Fourier series (10) converges to the value f(x) at each point in (—oo, 00) 
where f (x) is continuous. At a point of discontinuity, the Fourier series need not 
converge to the value f(x) (assuming that the function is even defined at this 
point). For example, the periodic function f (x) whose graph is shown in Figure 
9.12 is not continuous at x = 0,+1,+2,.... Theorem 9.1 states that, at a point 
of discontinuity x;, the Fourier series converges to the average of the one-sided 


>Walter Rudin, Principles of Mathematical Analysis, 3rd ed. (New York: McGraw-Hill, 1976). 
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limits f (x; ) and f (x;"). For example, at x = 0, the Fourier series converges to 
the value 


sf) + f(0")] = $[1 + (-1)] = 0. (12) 


Note that f(x) is defined at x = 0 but f(0) = —1. The fact that a Fourier series 
does not converge to f(x;) at a point of discontinuity x; is not surprising, how- 
ever; Fourier series (10) is completely determined by the coefficients, a,, and 
b,,, which in turn are prescribed by (9) as integrals over a period. Since chang- 
ing the value of an integrand at a single point has no effect on the value of 
an integral, it makes sense that the value of the Fourier series is insensitive to 
the particular value of f(x) at a point of discontinuity. Further illustrations are 
given in the examples that follow. 


f(x) 
A 
——. o———_ 1 ——- e— 
L l L | | |» x 
-3 —2 -1 1 2 3 
— —= -1e—— e—_—— 
FIGURE 9.12 
A periodic piecewise continuous function f (x) with discontinuities at 
x=0,+1,+2,.... This function, often referred to as a square wave, 
is sometimes used to model periodic switching of a device between 
two states. 


At this point, you are probably wondering how our discussion of Fourier 
series relates to the initial-boundary value problems considered in Sections 
9.2-9.4. For these two problems, the domain of interest was the extent of the 
bar, 0 < x <1. However, Theorem 9.1 is phrased in terms of functions that are 
piecewise continuous on (—oo, oo). We will address this issue shortly, following 
some examples. 


Examples of Fourier Series 


In this subsection, we present three simple examples of Fourier series. Recall 
that a function f (x) defined on (—oo, co) is an even function if f(—x) = f (x) for 
all x. A function f(x) defined on (—oo, 00) is an odd function if f(—x) = —f (x) 
for all x. As in Section 9.4, we refer to a Fourier series of the form 


= ni 
S b,, sin —x 
1 
n=1 
as a Fourier sine series and a Fourier series of the form 
oe) 
ao nT 
= y a,, COS —-x 
2 1 
n=1 


as a Fourier cosine series. 


EXAMPLE 


1 
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Note that sin(mzx/l) is an odd function, while cos(nzx/1) is an even func- 
tion. As you may recall from calculus, 


/ g(x)dx =0 when g(x) is an odd function. (13a) 


ii g(x) dx = 2 | g(x)dx when g(x) is an even function. (13b) 
c 0 


Moreover, 


The product of two odd functions is even. 
The product of an odd function and an even function is odd. 
The product of two even functions is even. 


These observations enable us to conclude that 


(a) The Fourier series of an odd function is a sine series; all a,, coefficients are 
Zero. 


(b) The Fourier series of an even function is a cosine series; all b,, coefficients 
are zero. 


(c) The Fourier series of a function that is neither even nor odd contains both 
sine and cosine terms. 


The first example involves the function whose graph is shown in Figure 
9.12. As defined in Example 1, the function f(x) is not an odd function. How- 
ever, it can be transformed into an odd function by redefining its values at 
x =0,+1,+2,... to be zero. Since such a redefinition at isolated points does 
not affect the value of the Fourier coefficients, we can (for purposes of compu- 
tation) consider f(x) to be an odd function. We anticipate, therefore, that the 
Fourier series of f (x) is a sine series. 


Consider the periodic function f (x), where 


; i —-l1<x<0O, 
ro=| f(x+2)=f(@), —0O <x <0O. 
—l, Ox <I, 


(a) Determine the period 2/ and find the Fourier series. 
(b) For each point x in the interval —/ < x < 1, determine the value to which 
the Fourier series converges. 


Solution: 


(a) For this example, 2/ = 2 and so/ = 1. The Fourier coefficients are 
1 1 
t= al f (x) cos ox dx 
} 


1 
= f (x) cosnx dx, n=0,1,... 
= 


(continued) 
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EXAMPLE 


2 


(continued) 


and 


l 
ps al f (x) sin ex de 
-l 


1 
-/ f (x) sinnax dx, (el Ee eee 
-1 
As noted above, the function f(x) is essentially odd, and hence the prod- 
uct of f(x) and the even cosine function is (essentially) odd. Therefore, by 


equation (13a), we expect that a,, = 0 for all ; a direct calculation verifies 
this. Similarly, 


1 1 
b, = / f(x) sinnaxdx = 2 | [—1] sinnax dx 
-1 0 


0, n=2,4,... 


Therefore, the Fourier series for f (x) is given by 


4 “ sinnax 4 © sin[(2m — 1)rx] 
1 ps nn os ; 


n=1,3,5,... m=1 2m—1 


(b) The function f(x) is discontinuous at x = 0, +1, +2,... and continuous at 
all other points. The Fourier series will converge to f(x) at every point of 
continuity. To describe how the Fourier series behaves at points of discon- 
tinuity in —1 <x < 1, we need only consider the points x = —1 and x = 0. 
At these points (see Figure 9.12), 


f-l)=-1, fCM=1, fO)=1, fO)=-1. 


Thus, by (11), the Fourier series converges to the value 0 at x = —1 and 
x = 0. (This fact is also obvious from the series itself, since all the sine 
terms are zero atx = —landx=0.) * 


Consider the function f (x) = | sinx|. Note that f(x) is an even periodic function. 
(See Figure 9.13.) We anticipate the Fourier series will be a cosine series. 


(a) Determine the period 2/ and find the Fourier series. 


(b) For each value x in the interval —/ < x < 1, determine the value to which the 
Fourier series converges. 


Solution: 


(a) For this example, 2/ = 2. (See Figure 9.13.) Thus, / = 2/2. The Fourier co- 
efficients are given by 
m/2 


2 
a,=— f (x) cos 2nx dx, n=0,1,... 
HT J—n/2 


EXAMPLE 


3 
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FIGURE 9.13 


The graph of the function f(x) = | sinx|. This function, often called a fully 
rectified sine wave, is an even periodic function with period z. The 
function f (x) arises in describing signals present in electric circuits that 
convert alternating current to direct current. 


and 

2 m/2 
bo = — f (x) sin 2nx dx, n=1,2,.... 

HT J—n/2 
As noted earlier, the product of the even function f(x) and the odd sine 
function is odd. Therefore, by equation (13a), we know b,, = 0 for all n. 
(This fact also follows by direct computation.) 

The product of the even function f(x) and the even cosine function is 

even. Therefore, by equation (13b), we have 


2 m/2 4 m/2 
a, = =| | sin x| cos 2nx dx = - | sinx cos 2nx dx 
U J_n/2 wT JO 


2 m/2 
= = | [sin(2n + 1)x — sin(2n — 1)x]dx 
0 


4 
—— D> n=0O,1,.... 
(4n* — 1)x 
Therefore, the Fourier series for f (x) is 
2 4—= 1 
ys 3 cos 2nx. 
cu 4n* — 1 


n=1 


(b) The function f (x) is continuous for all x in (—oo, 00). Therefore, the Fourier 


series converges to f(x) at every point in [—7/2, 7/2). * 


Consider the function f (x), where 


f(x) = 1, -l<x <0, ; es 
es x, O=x:= L, f(x+2)=f(), —-0O <x <M. 


The graph of f(x) is shown in Figure 9.14. Note that f(x) is neither even nor 
odd. 


(a) Determine the period 2/ and find the Fourier series. 
(b) For each point x in the interval —/ < x < 1, determine the value to which the 


Fourier series converges. 


(continued) 
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(continued) 


f(x) 


FIGURE 9.14 


The graph of the function f(x) treated in Example 3. This function is 
piecewise continuous and periodic with period 2. It is neither an even nor 
an odd function. The function has discontinuities at x = 0,+2,+4,.... 


Solution: 


(a) For this example, / = 1. The Fourier coefficients are given by 


1 
a, = | f (x) cosnx dx, n=0,1,... 
4 


and 


1 
a f (x) sinnax dx, n=1,2,.... 
4 


Therefore, 


0 1 
i= i cos nix dx + i x cosnmx dx 
= 0 


2’ 
—1+(-1)" 


nn? 


n=0 


12263 


0 1 
b= 1 sin nx dx + | x sinnmx dx 
= 0 


1 
—1 
nn’ 


The Fourier series for f (x) is 


3 i —1+(-1)" 


f= 1,2, vii 


(This form is not computationally efficient, since a,, = 0 for even n. In Exer- 
cise 25, you are asked to rewrite the summation involving the cosine terms.) 


(b) The function f(x) is discontinuous at x = 0, 


2, 


4,... and continuous at 


all other points. To describe how the Fourier series behaves at points of 
discontinuity in —1 <x < 1, we need only consider the point x = 0. At this 


point (see Figure 9.14), 


fO)=1, fO")=0. 


Thus, by (11), the Fourier series converges to the value 5 atx=0. 


2, 
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Let S,,;(x) denote the Mth partial sum of the Fourier series (10), 


M M 
Sy) = 2 + Dae cos x + S- b,, sin 4. 
n=1 


n=1 


Figure 9.15 shows graphs for some of the partial sums of the Fourier series in 
Examples 1-3. The figures show that the partial sums for Example 1 and Exam- 
ple 3 exhibit the Gibbs phenomenon, the tendency to overshoot and undershoot 
the function values in the immediate vicinity of a point of discontinuity. (See 
the appendix at the end of this section.) 


S3(x) So(x) Soo(x) 
10h) O15 O15 
> xX > xX > xX 
5 5 5 
(a) 
S5(x) Sig(x) Syo9(x) 
A A A 
1- TF 
0. 
02 
\ \ L i yey >x 
-6 —2 2 6 -6 —2 2 6 
So(x) 
A 
raat 
a a_i“ y 
4 2 4 


FIGURE 9.15 


Parts (a), (b), and (c) show the graphs of S,,(x) over four periods. (a) The 
partial sums for the Fourier series found in Example 1, with M = 3, 9, and 
99. The Fourier series is converging to the square wave shown in Figure 
9.12. (b) The partial sums for the Fourier series found in Example 2, with 
M = 2, 10, and 100. The Fourier series is converging to the fully rectified 
sine wave shown in Figure 9.13. (c) The partial sums for the Fourier series 
found in Example 3, with M = 2, 10, and 100. 
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Applying the Theory 


What relevance does the Fourier convergence theorem have to the heat con- 
duction problems formally solved in Section 9.4? The Fourier series considered 
in this section deal with 2/-periodic functions defined on the infinite interval 
—oo < x < oo. By contrast, the initial temperature distributions for the heat 
conduction problems treated in Section 9.4 were defined on a finite interval, 
0 < x <1. We now show that the calculations performed in Section 9.4 can be 
justified within the Fourier series framework. Our approach is based on the 
idea of a periodic extension of a function. 

The fact that a periodic function is completely determined by its behavior 
over a single period leads to the closely related idea of a periodic extension of a 
function. Consider a function g(x) initially defined on an interval 0 < x < 2/. We 
can create a 2/-periodic function on —oo < x < oo by extending the definition 
of g(x) using the formula 


g(x + 21) = g(x), —00 <x <0. (14) 


This newly defined function is called the periodic extension of the original 
function. From a graphical perspective, creating a periodic extension amounts 
to replicating the graph of the function g(x) over 0 < x < 2/ on all adjacent inter- 
vals of length 2/. Figure 9.16 shows a function g(x) and its periodic extension. 


g(x) g(x) 


. < = Hi 7 7 a aa 
(b) 


21 
(a) 
FIGURE 9.16 


(a) The graph of a function g(x) defined on 0 < x < 21. (b) The graph of the 
periodic extension of g(x). 


We now consider an example that illustrates how to apply the Fourier 
convergence theorem to justify the calculations made in the heat conduction 
problems of Section 9.4. Consider the triangular function describing the ini- 
tial temperature distribution for the zero temperature ends example in Section 
9.4. (See Example 1 and Figure 9.4 in Section 9.4.) Suppose we first extend 
the domain of the function from 0 < x </ to —1 < x <1 by requiring that the 
function be an odd function on —/ < x <1. We next take this odd function, 
defined on —/ < x <1, and extend it to an odd periodic function of period 2/ 
on —oo <x < oo. The original function and the two extensions are shown in 
Figure 9.17. 

The periodic function shown in Figure 9.17(c) is one to which the Fourier 
convergence theorem applies. Note that since the function is an odd function, 
its Fourier series is a sine series. In addition, since the function is continu- 
ous everywhere, Theorem 9.1 assures us that the Fourier series converges to 
the function everywhere on —oo < x < oo. In particular, therefore, the theorem 
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f(x) f(x) f(x) 
A A 
1/2 1/2 l 1/2 
x Se eae >x 
t INA Loi 
(a) (b) (c) 
FIGURE 9.17 


(a) The graph of a triangular function f(x) describing an initial 
temperature distribution in a bar, 0 < x < 1. (b) The graph of the odd 
extension of f(x), defined on —/ < x < I. (c) The periodic extension of the 
odd function shown in (b). Since the extension is odd, its Fourier series 
consists only of sine terms. 


tells us that the Fourier series converges everywhere on 0 < x </ to the initial 
temperature distribution shown in Figure 9.17(a). 

Note that the two extensions, first to an odd function on —/ < x </ and 
then to an odd 2/-periodic function on —co < x < oo, are conceptual. We do 
not perform the actual calculations. Rather, the extensions provide us a way of 
seeing how to use the Fourier convergence theorem to justify the calculations 
of Section 9.4. 

Finally, note that we made the choice of moving from the original function 
f (x) in Figure 9.17(a) to the odd extension in Figure 9.17(b) because we wanted 
to use a Fourier sine series to represent f (x) [recall equation (7a)]. If we had 
wanted a Fourier cosine series representation for f(x), as in equation (7b), 
we would have used an even extension of f(x) to the interval —/ < x <1. This 
possibility is illustrated in Figure 9.18. (Note that, for this particular example, 
the periodic extension actually has fundamental period / rather than 21.) 


f(x) f(x) 


FIGURE 9.18 


(a) The graph of a triangular function f (x) describing an initial 
temperature distribution in a bar, 0 < x < /. (b) The graph of the even 
extension of f(x), defined on —/ < x < I. (c) The periodic extension of the 
even function shown in (b). Since the extension is even, its Fourier series 
consists only of cosine terms. 


An even extension of an initial temperature distribution f(x) can be used 
to justify the calculations made in the insulated ends problem (see Example 2 
of Section 9.4 and Figure 9.8). 
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EXERCISES 


Exercises 1-10: 


In 


(a) 


ua & WwW N 


each exercise, 


Sketch the graph of f(x) over four periods. Find the Fourier series representation 
for the given function f(x). Use whatever symmetries or other obvious properties 
the function possesses in order to simplify your calculations. 


Determine the points at which the Fourier series converges to f(x). At each point 
x of discontinuity, state the value of f(x) and state the value to which the Fourier 
series converges. 


2, OK<x<1, ji 
{= 5. exao te rare 


. f(x) =|cosmx|, O<x <1, f*+1=f@) 
.f)=x, -l<x<1, f~+2)=f(@) 
~fx)=x, O<x<1, fe+1) =f) 
-f@)=1-|xl, -1l<x« <1, f@+2)=f(@) 
Ga eee 
tem {oe STS fot 2m) =f) 
0, u<x<2n, 
2, -$<x<45, 
-f@)= : 2 f@+2)=f@) 
0, 5 <X <5, 


8. fa) =e", O<x<1, fe«4+1) =f) 
9. f(x) = cos(rx/2), O<x <1, fe+1) =f) 


10. 


f@)=2—-x, -1<x<1, f@+2)=f@) 


Exercises 11-20: 


In 


each exercise, 


(a) The given function is defined on an interval of the form 0 < x < /. Sketch the graph 


of the specified periodic extension. 


(b) At what point(s) in the interval 0 < x < /, if any, does the Fourier series fail to con- 


11. 


12. 


13. 


14 


15. 


verge to the value of the function? 


: O0<x<1 
f@)= . Graph the even periodic extension for —6 < x < 6. 
x-1, 1l<x<2 
0, x=0 tay ; 
f@= . Graph the odd periodic extension for —4 < x < 4. 
1l-x, O<x<1l 
x, ORxee1 a. . 
f(x) = ‘ . Graph the even periodic extension for —4 < x < 4. 
; x= 
. f(x) =|sin(22x)|, 0 <x < 1. Graph the odd periodic extension for —4 < x < 4. 


5" Graph the odd periodic extension for —6 < x < 6. 


2sin2n7x, O<x<1 
{n= 
0, 1l<x< 
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16. Consider the function f (x) defined in Exercise 15. Graph the even periodic extension 
for —6 <x <6. 
; x=0 
17. f(x) = . Graph the even periodic extension for —27 < x < 27. 
cosx, O<x<a7/2 


18. Consider the function f (x) defined in Exercise 17. Graph the odd periodic extension 
for —2n <x <2nz. 
Xx, O<x<l 
19. f(x) = . Graph the odd periodic extension for —6 < x < 6. 
4—2x, 1<x<2 


20. Consider the function f (x) defined in Exercise 19. Graph the even periodic extension 
for -—6 <x <6. 


Exercises 21-24: 


Let f (x) be a periodic function having Fourier series 


$+ cos (= *) +>, sin (=). 


Use the given information to deduce as much as you can about the values of the Fourier 
coefficients. 


21. f(x) — 2 is an even function. 22. f(x) + 2 is an odd function. 
23. f(x) — 3sin(27x/l) is an even function, and fife) dx = 0. 

24. f(x) is an even function, and f(x) + 2 — cos(x/l) is an odd function. 
Exercises 25-29: 


For each of the given series, make a change of summation index so that the new sum 
contains only nonzero terms. Replace constants expressed in terms of trigonometric 
functions by a numerical values [for example, cosnz = (—1)"]. 


25. eS = ~ . Eeolued 26. see ie = CANO ine) 
m=1 
2 sin’ eae oe 
27. a ae sin(kmx/3) 28. eee cos(n7x) 
m+1 
29. eae ee eS oy cos(mzr) sin[(2m + 1)zx] 


m=1 


Appendix Gibbs Phenomenon 


At a jump discontinuity, the partial sums of a Fourier series overshoot the function 
values at the upper side of the discontinuity and undershoot the function values at 
the lower side (see Examples 1 and 3). This behavior is not restricted to Examples 1 
and 3; it is generic behavior and has been named the Gibbs phenomenon. The Gibbs 
phenomenon has been extensively studied using the tools of basic calculus.® 


®See the article by Edwin Hewitt and Robert E. Hewitt, “The Gibbs-Wilbraham Phenomenon: An 
Episode in Fourier Analysis,” Archive for History of Exact Sciences, Vol. 21, 1979, pp. 129-160. 
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Consider the square wave analyzed in Example 1: 


1, -l<x<0O, 
roo=4 f(x+2)=f(@), —00 <x <0. 
—1, 0<x <1, 


Figure 9.19 shows a portion of the graph of the square wave f (x). As we saw in Example 1, 
f (x) has a Fourier series with partial sums 


4 sin{(2m — 1)2x] 
fou-1@) = =a m1 . 


m=1 


f(x) Magnified 
region 


FIGURE 9.19 


The graph of the square wave f (x). Figure 9.20 gives enlarged views of the 
graphs of f,),_,(x) in the circled region, near the upper side of the 
discontinuity at x = 2. 


In Figure 9.19, a portion of the graph of the square wave f(x) is circled. Figure 
9.20 (a)-(c) shows enlarged views of the graphs of f,,,_,(«) in this circled region for 
M = 50, 100, and 200, respectively. As M increases, more terms are added to the partial 
sum and the ripples to the left of the highest final peak are seen to increase in frequency 
and decrease in amplitude. This is to be expected, since we know the Fourier series must 
converge to f(x) = 1 for 1 <x < 2. Correspondingly, the highest peak (the overshoot) 
both narrows and moves closer to x = 2. What is somewhat surprising, perhaps, is the 
fact that the amplitude of this overshoot does not simultaneously increase as its width 
decreases. Rather, the amplitude seems to approach a height of about 1.18. Although 
not shown in Figure 9.20, the behavior of the partial sums near the undershoot (to the 
right of the discontinuity at x = 2) is essentially the mirror image of that shown at the 
overshoot. 

In 1906, Bocher (who introduced the term Gibbs phenomenon) proved that the 
behavior displayed in Figure 9.20 is generic. If a function f (x) has a jump discontinuity 
atx = x,, then the graphs of the partial sums approach a configuration similar to the one 
shown in Figure 9.21. [Figure 9.21 illustrates the case where f (x; ) > a (x;" ).] In particular, 
the vertical span extending from the top of the overshoot to the bottom of the undershoot 
approaches the value 


2 
a SUOIF Oy) — Fgh] © 1.17898 fo) — FOP 


where Si(x) denotes the sine integral function, 


Si(x) = i ky 
0 t 
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(a) The graph of the partial sum f(x). (b) The graph of the partial sum 
fi99(x). (c) The graph of the partial sum f39)(x). Note how the overshoots 
increase in frequency but decrease in amplitude as x approaches 2 from 
the left. 


The vertical segment shown in Figure 9.21 is centered at If a; +f (x; )]/2; this is the 
value to which the Fourier series converges at x = x;. Therefore, the size of both over- 
shoot and undershoot is approximately equal to 


0.09 f;) — f (x) : (15) 


For the square wave example illustrated in Figure 9.20, we see that f(2~) — f(2*) = 2. 
Therefore, (15) predicts (in the limit) an overshoot having approximate height 0.18. This 
prediction is confirmed in Figure 9.20, where the graphs show that f,,,_; (x) has a peak 
value of about 1.18 for x near x = 2. 
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FIGURE 9.21 


Gibbs phenomenon for a function with a jump discontinuity at x = x,. 
This graph shows a case where f (x; ) > f (x;"). The vertical span extending 
from the top of the overshoot to the bottom of the undershoot is 
centered at the value y = [f (x7) + ik (x; )]/2. The vertical span has length 
2Si(a If; ) — FO )1/m © 1.17898If &) — f D1. 


9.6 The Wave Equation 


The term wave conjures up the image of a ripplelike disturbance moving along 
some path. We use the term to describe the water surface at a beach, the prop- 
agation of sound and light, and even the antics of a crowd at a sporting event. 
In this section, we study the one-dimensional wave equation, 


U(x, t) = C7 Ugg (X, t). (1) 


In equation (1), c is a positive constant that we will see represents the speed of 
the wave. In contrast to the heat equation, the wave equation involves a second 
partial derivative with respect to time, u,,(x, f). 

The wave equation arises in modeling certain acoustic and electromagnetic 
signals. It also is used to describe the small vibrations of a taut string. A vibrat- 
ing string is perhaps the most familiar and intuitive application and is the one 
we focus on in this section. We will consider the problem of a taut vibrating 
string that is pinned down at both ends. The solution, u(x,t), represents the 
displacement of the string from its unstretched equilibrium state at position x 
and time t. The appendix to this section presents a brief derivation of the wave 
equation in the context of this application. 


What Should We Expect of a Solution? 


Our experience with waves suggests that they travel along their path, preserving 
their basic shape as long as no obstructions are encountered. Such waves are 
referred to as traveling waves. When waves encounter an obstruction, they are 
reflected. (Think of an echo in the case of sound waves.) Consider what happens 
when a taut string, pinned down at both ends, is plucked. The initial disturbance 
will travel outward in both directions. When the disturbances reach the pins, 
they are reflected and begin to travel in the opposite direction. In this way, a 
sequence of multiple reflections from both ends is generated. As the result of 
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this endless bouncing back and forth, a pattern known as a standing wave is 
created; the solution u(x,t) appears to be “standing still.” In other words, the 
solution has a fixed spatial profile that simply vibrates up and down in time. 
(Think of a plucked guitar string.) 


Problem Formulation and Solution by Separation of Variables 


In this subsection, we formulate the initial-boundary value problem for the 
vibrations of a pinned string and solve it using the technique of separation of 
variables. Consider a taut string of length /, pinned at its ends x = 0 andx =1. 
At time t = 0, the string is set into vibratory motion. The displacement of the 
string from its undisturbed rest position, at location x and time f¢, is denoted 
by w(x, t). (See Figure 9.22.) The function u(x, f) is assumed to satisfy the wave 
equation. 


| u(x,, t) > 0 U(X», t) < 0 
x 


FIGURE 9.22 


A taut string of length /, pinned at its ends x = 0 and x = /. At time ¢, the 
displacement of the string from its undisturbed rest position is given by 
u(x,t). 


The pinned-ends condition requires (0, t) = u(1,t) = 0 for 0 <t < oo. In 
order to obtain a unique solution, we must also specify displacement u(x, f) 
and velocity u,(x, t) at each point along the string at the initial time t = 0. The 
initial-boundary value problem we consider follows. 


Problem Solve the wave equation 
Uu,(x, 1) = C ti, t), 0<x <1, 0<t<o@ 
subject to the boundary conditions 
u(0,t) = u(l,t) = 0, 0<t<a (2a) 
and the initial conditions 
u(x, 0) =f (x), u,(x,0) = g(x), O<x <i. (2b) 


For compatibility in (2), we require that the initial displacement and velocity 
functions be such that f(0) = g(0) = 0 andf(/) = g(1) =0 

The wave equation involves the second partial derivative with respect to 
time. Therefore, in contrast to the case for the heat equation, two initial con- 
ditions (initial position and initial velocity) must be specified. 

Our goal is to construct nontrivial solutions of the wave equation that also 
satisfy the homogeneous boundary conditions (2a). Then, as with the heat equa- 
tion, an infinite series of these building-block solutions can be formed that will 
satisfy the initial conditions. Applying the technique of separation of variables, 
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we look for solutions of the form u(x, t) = X(x)T (0). Substituting this expression 
into the wave equation, we obtain 


X(x)T" (1) = c?X" (x) TO), 
or 


Te 7 X"(x) 


Tm ~ Xe)’ 0<x <i, 0<t<o. (3) 


In (3), the prime denotes differentiation with respect to argument. The only way 
that equation (3) can hold is if both expressions equal a common constant, o. 
Therefore, we obtain the separation equations 


X"(x) — oX(x) = 0, 0<x<l (4a) 
T" (t) —c’*o T(t) = 0, 0<t<™, (4b) 


where o denotes the separation constant. Imposing the homogeneous boundary 
conditions on u(x, t) = X(x)T(t) leads to the constraints X (0) = X(1) = 0. There- 
fore, the function X(x) must be a nonzero solution of the two-point boundary 
value problem 


X" (x) — 0X (x) = 0, O<x<l 


(5) 
X(0) = X(1) =0. 


As we saw in Section 9.2, problem (5) is an eigenvalue problem. We must 
find those values of o (the eigenvalues) for which there exist corresponding 
nonzero solutions X (x) (the eigenfunctions). Problem (5), however, is precisely 
the same as the eigenvalue problem arising in the zero temperature ends heat 
conduction problem [see equation (9a) in Section 9.2]. The eigenpairs are 


o,=-("), X,(x) = sin(), p= 4 FB: (6) 


With o =o, =—(na /l), equation (4b) becomes 


2 
ros (=) POG. O2re xe. (7) 


The general solution of (7) is 


nizct . ni«ct 
T,@) =a, cos >— +b, sin ——, n= 1, 2,3, 6.0 (8) 
In (8), a, and b,, are arbitrary constants that we will ultimately specify. From 
(6) and (8), we obtain an infinite set of building-block solutions, u,,(x, t) = 
T,, (OX, (x): 


nizct niwct| , “mwx 
u, (x,t) = }a,, cos 


i + 6, sin — sin —_, n=1,2,3,.... (9) 
We now look for a solution of the initial-boundary value problem in the form 
of the infinite series 
a nict nict nNITX 
u(x,t) = ‘> o, aa cel b,, sin ae sin —. (10) 


n=1 


EXAMPLE 


1 
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When we use series (10) to represent string displacement, string velocity is 
given by 


u,(x,t) = S |- eo a,, sin a + () b,, cos ae) sin a (11) 


n=1 


In (11), we have assumed that the operations of partial differentiation and 
infinite summation can be interchanged. 

Requiring series (10) to satisfy the two initial conditions in equation (2b) 
leads to 


u(x, 0) =f@)=)7a,sin—, O0<x<l (12a) 


n=1 


CO 
u,(x, 0) = g(x) = > (=) sin ee O<x <i. (12b) 
n=1 
Equations (12a) and (12b) are Fourier sine series expansions. Since f (x) and 
g(x) model string displacement and string velocity, they are continuous func- 
tions defined on the interval 0 < x <1. Theorem 9.1 assures us that the series 
(12a) and (12b) will converge to their respective left-hand-side values when the 
coefficients are given by the formulas 


1 
a =F | feysin = ax 
"1 Jo 1 
(13) 


2 1 
b, = —— gx) sin dr, no ae ee 


Series (10), with the coefficients evaluated by (13), is the solution of the initial- 
boundary value problem. 


Examples 


We consider two examples. The first example illustrates a case where the series 
coefficients can be determined by inspection. The second example requires the 
use of equation (13). The second example also shows that the wave equation, 
in contrast to the heat equation, does not tend to smooth out initial conditions 
as time increases. 


Solve the initial-boundary value problem 
Uy, (x,t) = 9u,.,.(x, 0), O0<x <4, 0<t<o 
u(0,t) =u(4,t) = 0, 0<t<o 


1 
u(x, 0) = ssn, u,(x, 0) = -sin=, O<x<4. 


Solution: For this problem, c = 3 and /=4. Therefore, series solution (10) 


assumes the form 


= 3nmt . 3nmt| . nmx 
a= S a, COS | + 6, sin —— sin —. 


n=1 


(continued) 


620 


CHAPTER 9 Second Order Partial Differential Equations and Fourier Series 


(continued) 


Imposing the initial conditions leads to the equations 


TX NX 
— sin — = a, sin —— 
2 4 n 
n=1 
oe) 
. Xx 3n1 . UMX 
—sin — = —— |b, sin —_, O<x <4. 
2 a 4 4 


While we could use (13) to evaluate the coefficients, it is simpler in this special 
case to observe that equality is obtained by setting 


Hall = 
a,=%, a,=0, nl 


(F)o.=-1. b, =0, n#2. 


With the coefficients so specified, the solution is given by the finite sum 


1 3xt _ Xx 2 . 30t _ Ux 
u(x,t) = 5 (cos =) (sin 4 ) 3x (sin 5) ) (sin >) : 
Having u(x, t), we see that the velocity is 
3 3xt 3nt 
u,(x,t) = - (sin ) (sin 7) (cos “ ) (sin 5) : 


Figure 9.23 shows a sequence of three snapshots of position u(x, tf) and veloc- 
ity u,(x, t) for t= 0,¢ = 2, and ¢ = +. Note that, for any fixed value of x, these 


u,(x, 0) 
A 


ef ey 
OS 1 Us 2-25 3 3.5 4 


(a) (d) 


FIGURE 9.23 


The position u(x, t) and velocity u,(x, t) of the string in Example 1 at 
selected times. In each case, 0 < x < 4. 
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u,(x, 1/6) 
A 


0.8 - 


u(x, 1/6) 
A 


0.6 
0.5 
0.4 
0.3 
0.2 
0.1 


05 115 2.25 3-35 4 
(b) (e) 


u,(x, 1/3) 


u(x, 1/3) 
A L 


0.6 
0.5 
0.4 
0.3 
0.2 
0.1 


0.5 115 2 25 3 35 4 
(c) (f) 


FIGURE 9.23 


Continued. 


functions are periodic in ¢; that is, u(x,t + t) = u(x,t) andu,(x,t+ 1) =u,(, 2), 
where tT = S. The initial conditions correspond to the string initially being dis- 
placed upward. At the initial time, the left and right halves of the string are 
moving downward and upward, respectively. A short time later, at t = Z, the 
string has assumed a configuration where the displacement on the left side has 
decreased while that on the right side has increased. At the last time shown, 


t= i, the velocity at every interior point of the string is downward. 
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EXAMPLE 


2 


Suppose we pluck a string by pulling it upward and releasing it from rest. 
We model the initial displacement in an idealized manner, using a triangular 
function defined on 0 < x </. Since the string is released from rest, its initial 
velocity is zero. Therefore, the problem to be solved is 


U(x, 1) = C7, (x, t), 0<x <i, 0<t<o 
u(0,t) = u(l,t) = 0, 0<t<o 

ala O<x<5 
u(x,0) =f) = 3 

Uy l 

7 ¢-», z eel 


u,(x,0) = g(x) = 0, O0<x<l. 


The positive constant wu is the maximum initial string displacement (occurring 
at the midpoint of the string). 


Solution: The general separation of variables solution is given by (10). Since 
the initial velocity is zero, we see from (13) that b,, = 0 for all n. Therefore, the 
solution is 


[o.@) 
nmct| , nx 
u(x,t) = ¥, (a, cos | sin ——. (14) 


l 
n=1 


The coefficients a,, in (14) are given by 


l 
a, = 7 [ foo sin as 
L Jo l 


4 1/2 4 1 

= = [ xsin dx + wet (1 x) sin = dx 
l Er Juy2 l 

8u, sin 

(any 
8uy(—1) "VY? 
= or oe nN odd 
0, n even. 


These calculations are basically the same as those in the zero temperature ends 
example considered in Section 9.4. Changing the index of summation to include 
only the odd-indexed terms, we obtain a Fourier sine series solution 


m—1 
ie Di “ ay (— _ (2m — 1)xct a. (2m — tmx 


Gua cos ] ] (15) 


m=1 


The solution (15) is shown at a sampling of different times in Figure 9.24 for 
the case where / = 1, u) = 4, andc = 1. To obtain the graphs in Figure 9.24, we 
approximated solution (15) using a partial sum over the first 100 terms. 
Comparing Figure 9.24 with analogous snapshots obtained in Figure 9.7 
in Section 9.4 reveals an important difference in the behavior of solutions of 
the heat equation and the wave equation. In contrast to the heat equation, the 
wave equation does not tend to smooth initial data. Note in Figure 9.24 that 
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the “corners” persist. In fact, at time ¢t = 1, the string profile has completely 
flipped from its initial triangular profile to a negative mirror image. This ex- 
ample also illustrates some of the shortcomings of equation (1) as a model of 
a string. Admittedly, the initial condition we have used is a somewhat artificial 
idealization. Our everyday experience suggests that real strings do not behave 
as Figure 9.24 suggests. However, incorporating more realism into modeling a 
string leads to a fairly complicated nonlinear model (see Antman’). 


Uoo(X, 0) Uj90(Xx, 0.25) 
A 
0.2 F 
0.1 - 
>x | L L ! se 
L 0.2 0.4 0.6 0.8 1 
-~O.1 4b 
-0.2- =O: 
(a) (b) 
Ujoo(%, 0.45) Uy99(%, 0.75) 
A A 
0.2 + 0.2 F 
0.1 - O1b 
ee a a a eT aes. Meer x 
| 02 04 06 08 1 IN. 0.2 04 06 08 1 
-0.1 F 0.1 
-0.2 -~0.2- 
(c) (d) 
Uyoo(x, 1.0) 
A 
0.2 F 
O.1- 
> Xx 
-0.1 
-0.2 
(e) 
FIGURE 9.24 


The position u(x, t) of the string in Example 2. In each case, 0 < x <1. 
(a) At time t = 0. (b) At time ¢ = 0.25. (c) At time ¢ = 0.45. (d) At time 
t = 0.75. (e) At time ¢ = 1.0. 


% 
oO 


7S. A. Antman, “The Equations for Large Vibrations of Strings,” American Mathematical Monthly, 
Vol. 87, 1980, pp. 359-370. 
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Traveling Waves and D’Alembert’s Solution 
of the Wave Equation 


So far, we have considered wave motion in a bounded region, between the two 
pinned ends of a string having finite length. To obtain waves that travel along 
without disruption, we need to consider an infinite domain. 

Consider the wave equation in an infinite one-dimensional medium, 


U,(x,t) = Cts, t), -—00 <x <M, 0<t<o. (16a) 
We assume initial conditions of the form 


u(x, 0) =f (x), oo <x <0Oo poe 
u,(x, 0) = g(x), —00 <x < O. 
In problem (16), unlike the problem of a taut string pinned at both ends, an 
initial disturbance continues on forever and is not reflected, since there are no 
obstructions. As noted earlier, such solutions are called traveling waves. 
It can be shown (see Exercise 11) that the general solution of the wave 
equation (16a) is 


u(x,t) = p(x —ct)+q(x+ct), (17) 


where p and q are arbitrary (twice continuously differentiable) functions. Solu- 
tion (17) was first found by D’Alembert.® The fact that each of the compositions 
in (17) is a solution can be verified by direct substitution. 

We can use the solution (17) to solve the initial value problem (16a)-(16b). 
By equation (17), u(x, 0) = p(x) +. q(x) and u,(x, 0) = —cp’(x) + cq’ (x). Imposing 
initial conditions (16b), we have p(x) + q(x) = f(x) and —cp'(x) +. cq'(x) = g(x). 
Solving these two equations for the functions p and q, we find (see Exercise 11) 


| 1 x+ct 
u(x,t) = <f @=—ct)+f@+ch)]+ x / g(s) ds. (18) 
2 2¢ Jx—ct 
In (17), the solution u(x, t) = p(x — ct) represents a wave traveling to the 
right with constant speed c, while the solution u(x, t) = g(x + ct) is a wave trav- 
eling to the left with the same speed. Figure 9.25 illustrates this behavior for 
the particular case where c = 1,f(x) =e ~* , and g(x) = 0. Here, the initial dis- 
turbance splits into two equal parts that travel in opposite directions with unit 
speed. The solution is shown at times t = 0,t = 2, and t = 5. The solution sur- 
face, z = u(x,t), is also shown, where —10 < x < 10,0<t<5. 
When we used separation of variables to find the solution of the taut string 
with pinned ends, we found building-block solutions of the form 


nizct . nact| , nx 
At) = a, Se b,, sin “| sin = — 
(19) 
nawct| | nmx . “nq«ct| . nx 
=u: cos i | sin —— + D;, sin “| sin —>— 


[recall equation (9)]. Each of these solutions can be represented in the form 


8Jean Le Rond D’Alembert (1717-1783) had a scientific career characterized by notable achieve- 
ments and constant squabbling with his contemporaries. He made significant contributions to 
mechanics and to the application of partial differential equations to physics and mathematical 
analysis. 


EXERCISES 
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u(x, 0) u(x, 2) u(x, 5) 

A A ry 
12 12 1:2.- 
0.8 0.8 - 0.8 - 
0. 0.4- 

>x >Xx 1 >Xx 
-8 -4 4 8 -8 -4 4 8 
(a) (c) 


Ay 
\y 

i 
AY 


\\ 
AN 


z= u(x, t) 


(d) 


FIGURE 9.25 


x2 


The wave equation u,,(x, t) = u,,.(x, t) with initial conditions u(x, 0) =e” 
2 
and u,(x, 0) = 0 has solution u(x,t) = (e+e )/2. 


(17). For example, using trigonometric identities, we can express the second 
term as 


| : ae _ nmx Ob, | nix (x — ct) nm (x + ct) 
b,, |sin i in cos — cos ———— 


l 2 l l 


Therefore, a standing wave solution such as (19) can be viewed as a superposi- 
tion of two traveling waves, moving in the opposite direction with speed c. They 
combine to form a wave that has a stationary spatial profile, one that moves 
up and down as time evolves. 


Exercises 1-10: 

Consider the initial-boundary value problem 
Uy — CU, = 0, 0<x <li, 0<t<oo 
u(0,t) = u(l, t) = 0, 0<t<o 
u(x,0)=f(x), u,~,0)=gx) Osx. 
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(a) 


Solve this problem for the given parameter values and the given initial condition. 


(b) Assume the solution u(x,t) represents the displacement at time ¢t and position x. 


OP ND OB WN 


—= 
= © 


Determine the velocity, u,(x, t). (In Exercises 7-10, assume the series can be differ- 
entiated termwise.) 


c=2, 1=4, u(x,0)=0, u,v, 0) = 2sin(rx/4) 

c=2, 1=4, u(x,0)=sin(rx/2), u,(x,0)=0 

c=3, l=1, u(x,0)=sin(rx), u,(x, 0) = —2 sin(rx) 
c=1, l=1, u@,0)=2sin3zrx), u,(x, 0) = sin(rx) 
c=2, l=1, u(x, 0) =sin(rx) — sin(27x), u,(x,0) =0 
c=2, l=x, u(x,0)=-sinx, u,(x, 0) = sin 2x + sin 3x 
c=1, l=nx, u(x, 0) =2sin’x, u,(x,0) =0 

c=1, l=x, u(x,0)=0, u,(x, 0) = —4sin* x 


c=1, 1=1, u@,0)=sin(rx), u,(x,0) = sin? (sx) 


.c=1, 1=1, u(x, 0) = sin? (rx), u,(x, 0) = — sin(27x) 


. D’Alembert’s Solution of the Wave Equation Given the partial differential equation 


u,, (x,t) —c?u,,(x, t) = 0, define new independent variables € =x —ct, n =x +ct. 
(a) Find constants a,,a,,b,, and b, such that x = a,n +a, andt = b,n + b,€. Show 
that the determinant of this transformation, a,b, —a,b,, is nonzero [establishing 
that there is a unique correspondence between points in the xt-plane and points in 
the €7-plane]. 

(b) In terms of the new variables, show that the wave equation transforms into 
u;, = 0. You will need to use the chain rule—for example, 


du dude du dn du dud— — du dn 
ax OE Ax AN x’ dt o0E «Ot ~~ AN At’ 


(c) Show that the general solution of uz, = Oisu=p(&)+4q(n), where p and g are 
arbitrary, twice continuously differentiable functions. Since § =x —ct,n =x +ct, 
equation (17) follows. 


(d) Establish the formula in equation (18) for the solution u(x, ft). 


Exercises 12-14: 


Consider the initial value problem 


U, (x,t) — 4u,,.(x, t) = 0, —-0O <x% <M, 0<t<@w 
u(x, 0) = f(x), u,(x, 0) = g(x), —00 <x <O. 
(a) Solve this initial-boundary value problem for the given initial conditions. 


(b) Graph the solution, u(x, 1), at time t = 1 for -—5 <x <5. 


12. f(x) = 10xe~* , g(x) =0 13. f(x) =0, g(x) = 8xe* 
cos*mx, —4$<x< 3, 

14, f(x) = g(x) = 0 
0, pels. 
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Appendix Derivation of the Wave Equation 


In this appendix, we derive the wave equation as an approximate description of the 
dynamics of a taut vibrating string. The equation is derived by applying Newton’s second 
law of motion to a differential segment of string, such as the one shown in Figure 9.26. 
The string has a constant linear mass density p. The tension in the string is denoted 
by T. We assume the differential string segment executes plane motion, moving up and 
down in the vertical direction. 


FIGURE 9.26 


A differential segment of a string. The tension in the string is denoted T. 


Applying Newton’s second law to the differential segment, we see that the sum of the 
forces acting on the segment in the x-direction must vanish, while the sum of the vertical 
forces must equal the product of the mass of the segment and the vertical acceleration. 
Summing the forces in the x-direction yields 


dx dx dx dx 
7 (x4 F.1) cos fo (2+ F.4)] r(« Ft) cos |e (x- F.1)] =o. 


This equation implies that 


are, t) cos(O(x, t))] = 0. (20) 


Summing the forces in the vertical direction yields 


dx . dx dx . dx 
£ (x+ >t) sin le (x+ 5 .t)| T (« 5 +) sin c (x- $1) = pdsu,,(x,t). 


This equation implies that 


0 ; Os 
—IT (x, t) sin(6(x, t))] = p—u,(, 0). 
Ox Ox 


Rewriting the above equation, we obtain 
a] a 
aq lh t) cos(6(x, t)) tan(@(x, t))] = pty t). (21) 


It follows from equation (20) that T cos @ is independent of x. In addition, 


a a 
= =secd and ue = tang, 
ax ox 


and therefore we can rewrite equation (21) as 
T cos 6 u,,(x, t) = psecOu, (x,t), 
or 


T cos? 6 


U,.(%,t) = u,(x, t). (22) 
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If we assume the vibrations have small amplitude, then cos@ ~ 1. Therefore, equa- 
tion (22) reduces to the wave equation with 
Tcos’6 = T | 2 
p p 
Since c = ./T/p, it follows that the speed of the wave (equivalently, the frequency of 
string vibrations) increases if the tension increases and decreases if the string is made 
heavier. Do these observations agree with what you would expect? 


9.7 Laplace's Equation 
Laplace’s equation in two spatial dimensions is 


U(X, 9) + Uy, (x,y) = 0. (1) 


In contrast to the case for the partial differential equations studied thus far, 
time ¢ is not one of the independent variables. Note that Laplace’s equation 
involves a sum of second partial derivatives, while the wave equation involves 
a difference. Not surprisingly, this structural difference leads to solutions of 
Laplace’s equation that have properties markedly different from those of the 
wave equation. In fact, the types of problems appropriate to Laplace’s equa- 
tion are different from those associated with the wave equation and the heat 
equation; we will study Laplace’s equation in the context of a boundary value 
problem where the solution u(x, y) is prescribed on the boundary of a region D 
in the xy-plane. Our task is to find the solution within the interior of D. 

Laplace’s equation often arises in the study of phenomena that can be de- 
scribed in terms of a potential function. Examples include problems in elec- 
trostatics, gravitational attraction, and fluids. Solutions of equation (1), called 
harmonic functions, also have an important role in the theory of complex vari- 
ables. A familiar application of Laplace’s equation, the one that we use as the 
basis of our discussion, is modeling steady-state heat flow. Project 2 in Chapter 
8 also discussed an application of this type. 


The Dirichlet Problem 


Consider a two-dimensional region D in which heat flows. The two-dimensional 
heat equation associated with D is 


U,(€, 9,0) = Kl (X,Y, + Uy, (0,9,0], (2) 


where u(x, y, f) is the temperature at point (x, y) at time f. In (2), the positive 
constant « denotes the thermal diffusivity of the material. 

The problem we consider is one in which we are given a temperature distri- 
bution f (x, y) on the boundary of region D. The temperature distribution f (x, y) 
is allowed to vary as we move along the boundary, but it remains constant in 
time. Under these circumstances, as time increases, the solution u(x, y, t) ap- 
proaches a steady-state (time-independent) temperature distribution. For such 
steady-state equilibrium solutions, u,(x, y,f) = 0 and therefore the heat equa- 
tion (2) reduces to Laplace’s equation (1). 


Problem Solve Laplace’s equation 


Ux. (X,Y) + Uyy(X,y) = 0 for (x,y) in the interior of D 
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subject to the boundary condition 
u(x,y) =f (x,y) for (x,y) on aD. (3) 
In (3), we use the notation aD to denote the boundary of D. 


The boundary value problem consisting of Laplace’s equation and the 
boundary condition (3) is called a Dirichlet problem.’ Figure 9.27 illustrates 
the Dirichlet problem. We will employ separation of variables to construct so- 
lutions of the Dirichlet problem for two special cases—where the boundary of 
D is a rectangle and where the boundary of D is a circle. 


y 
A u= tA 


prescribed on dD 


FIGURE 9.27 
The Dirichlet problem. 


What Should We Expect of a Solution? 


The fact that solutions of a Dirichlet problem can represent steady-state temper- 
ature distributions in a heated region allows us to predict some of the properties 
possessed by these solutions. For example, the simple physical observation that 
heat flows “downhill,” from hotter to cooler regions, enables us to anticipate 
one important feature of solutions of the Dirichlet problem. Consider the func- 
tion z = u(x, y) whose graph is shown in Figure 9.28. Such a function cannot 
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FIGURE 9.28 


The function z = u(x, y) whose graph is shown here cannot be the 
solution of a Dirichlet problem on the rectangle D defined by 
-1<x<3,-l<y<l. 


°Johann Peter Gustav Lejeune Dirichlet (1805-1859) is remembered for his contributions to num- 
ber theory, trigonometric series, and potential theory. In his first paper, he proved a special case of 
Fermat’s last theorem, an accomplishment that gained him immediate and widespread recognition. 
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represent a steady-state temperature distribution, since heat would flow from 
the local maximum into its surrounding neighborhood. Likewise, heat would 
flow into the local minimum from its surrounding region. Thus, a tempera- 
ture configuration u(x, y) such as the one shown in Figure 9.28 cannot remain 
constant in time and hence cannot be the solution of a Dirichlet problem. 

The example illustrated in Figure 9.28 points to an important property 
possessed by solutions of Laplace’s equation. Unless the solution is a constant, 
maximum and minimum solution values cannot occur in the interior of a re- 
gion; they must be assumed at points on the boundary of the region. As a 
consequence, the range of values that a solution u(x, y) can attain within D is 
bounded by the maximum and minimum values of f(x, y) on aD. 


The Dirichlet Problem for a Rectangle 
Consider the case where the region D is the rectangle shown in Figure 9.29, 
D={(,y)|0 <x <a,0 <y <5}. (4) 


We must obtain a solution of Laplace’s equation that reduces to the prescribed 
boundary values shown. The boundary values are specified in terms of four 
functions, each defining the value of the solution on one side of the rectangle: 


faw=ho, Ffeb=he), fOrv=hO), fe,0) =f,@). 
We assume that the four functions f; are continuous and that they match up 
continuously at the vertices; that is, f,(b) = f,(@), f,(0) = f3(b). f,(0) = f, (0), and 
f,(a) =f, (0). 


fe 


u(x, b) = fo(x) 


WO, y=f0) | dy ty =O JuCa,y) =F,0) 


> xX 


u(x,0) =fx(x) a 
FIGURE 9.29 


The rectangle D defined in (4). On the jth side, the boundary values are 
prescribed by the function f;. 


The Dirichlet problem for D will be solved in two steps. In the first step, the 
boundary value problem is transformed into an equivalent problem in which 
the solution assumes zero values at the four boundary corners. In the second 
step, we solve this new problem using the separation of variables technique. 
At the heart of the overall solution approach is the superposition principle: If 
U(X, V), Uz (X,Y), ...,Uy (x,y) are each solutions of Laplace’s equation, then the 
sum 


N 
u(x,y) = > u,(x,y) 
i=1 


is likewise a solution. The following example illustrates the solution process. 


EXAMPLE 


ad 
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Solve 
Uxx(X,Y) + Uy, ¥) = 0, 0<x <2, O0<y<l 
subject to the boundary conditions 
u(2,y) = cos2zy, O0<yv<l 
u(x, 1) =2-0.5x, Q0<x <2 
u0,yy=1t+y, Ox<ys<l 
u(x,0)=1+sin2zx, 0<x <2. 


(5) 


Solution: We break the solution process into two steps. 


Step 1 The first step is to transform this Dirichlet problem into an equivalent 
problem having boundary values that are zero at the four corners. To accom- 
plish this, we first take note of the boundary condition values at the four corners 
and then find a simple solution of Laplace’s equation, call it v(x, y), which takes 
on these four corner values. Once we have v(x, y), the difference function 


U(x, y) = u(x,y) —v(x,y) 


is likewise a solution of Laplace’s equation, since it is the difference of two 
solutions. Moreover, U(x, y) is zero at the four corners, since u(x, y) and v(x, y) 
have the same values there. 

You can verify by direct substitution that each of the four functions 1, x, y, 
and xy is a solution of Laplace’s equation. Define 


V(X, V) = hy +4X + Oy + yxy. (6) 


We will choose the constants a, ,a3, and a, so that u(x, y) and v(x, y) have 
the same values at the corners. By (5), we see that v(x, y) needs to satisfy the 
conditions 


v(0, 0) = 1, v(2,0) = 1, v(2, 1) = 1, v(0, 1) =2. 
Imposing these constraints on expression (6) leads to a system of four equations 
for the four unknown constants: 

v(0,0) =a, =1 

v(2,0) =a, +2a,= 1 

v(2, 1) =a, + 2a, +a3+ 2a, = 1 

v(0, 1) =a, +a; = 2. 
In Exercise 1, you are asked to show that this system has a unique solution for 
the @;’s. You are also asked to show, for any rectangle D and for any prescribed 
boundary condition f (x, y), that there is a unique set of values a; such that the 
function v(x, y) in (6) takes on the prescribed values at the four corners. There- 
fore, we can always construct the desired function v(x, y). For the particular 
boundary conditions posed in this example, we obtain 

va,y=1l+y- 5xY. 
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(continued) 


Step 2 Having formed v(x, y), we now define U(x, y) = u(x, y) — v(x, y). Once 
we determine U(x, y), the solution of interest is given by u(x, y) = U(x,y) + 


v(x, y). 
The boundary value problem for U is 


U4, Y) + U,, (x,y) —(): 0 <x <2, O0<y<l (7a) 
subject to the boundary conditions 


U(2,y) =u(2,y) —v(2,y) = cos(2ry) — 1, O<y<l 
U(x, 1) =u, 1) —v@, 1) = 0, O<x<2 

U(O,y) =u(0,y) — v0, y) = 0, O<y<l 

U(x, 0) = u(x, 0) — v(x, 0) = sin(27x), O0<x <2. 


(7b) 


Notice that each of the four functions in (7b) vanishes at the endpoints of its 
domain interval; these endpoints correspond to the corners of the rectangle. 

To solve problem (7) by separation of variables, we again use superposi- 
tion and view U as being decomposed into the sum of four functions U;(x, y), 
i= 1,2, 3, 4. We require each function U; to be a solution of Laplace’s equation. 
On the rectangle boundary, U; is required to satisfy the ith boundary condition 
in (7b) on the ith rectangle side and to be zero on the other three sides (see 
Figure 9.30 for the case i = 1). In terms of these functions, 


U=U,+U,+U0,+U, 
will be the solution of problem (7). 


Separation of Variables Solutions Consider the boundary value problem for 
U, shown in Figure 9.30. In particular, U,(2, y) = cos(27y) — 1,0<y <1 and 
U, = 0 on the other three rectangle sides (the top, bottom, and left sides of the 
rectangle D). 


A 
U, =0 2,1) 
U, =0 D U, =cos(27y)- 1 
>Xx 
U, =0 
FIGURE 9.30 


The domain D of the boundary value problem for U, is the rectangle 
defined by 0 <x <2,0<y <1. 


We use the separation of variables technique to generate building-block 
solutions of Laplace’s equation. Assuming a solution of the form 


U, (x,y) = X(x)Y(y), 
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we obtain 
a°U,  97U, 


+ = X"(x)¥(y) + X(x)¥"(y) = 0, 
ay 


or 
X" (x) = Y"(y) = 
X (x) Y(y) 


(8) 


In equation (8), « denotes the separation constant. In addition to requiring 
that these building blocks satisfy Laplace’s equation, we also require that they 
satisfy the three homogeneous boundary conditions associated with U, = 0 
along the top, bottom, and left sides of rectangle D. These three homogeneous 
conditions lead to 


X(O)Y(y) =0, O<y<l, X(x)Y(0) =X@YU)=0, OK<x <2. (9) 


It follows that X(0) = 0, Y(0) = 0, and Y(1) = 0. Therefore, our objective is to 
obtain nontrivial solutions, X(x) and Y(y), of the following two problems: 
X" (x) +oX(x) = 0,7 0<x<2 


10 
xX(0) =0 _— 


Y"(y) —oY(y) = 0, O0<y<1l 


(10b) 
Y(0) = Y(1) =0. 


Eigenvalue problem (10b), in particular, is identical to the problem we saw in 
the zero temperature ends heat conduction problem and in the pinned string 
wave equation problem. (The variable y and constant 1 replace x and /, respec- 
tively.) The eigenvalues and corresponding eigenfunctions are 


o,=-—-n'r’, Y,,(y) = sinnzy, Wm; 235.835 (11) 
With o determined in equation (11), problem (10a) becomes 


X"(a)—n’n?X, (x) =0, O<x<2 


(12) 
X,(0)=0, n=1,2,3,.... 


The solutions of (12), conveniently expressed in terms of hyperbolic functions, 
are 


nwXx nx 


X,) =~" — = sinhnax), = 2 = 1,2,3,.... (43) 
Therefore, the building-block solutions are 
u,, (x,y) = X,,(«)Y,,(y) = sinh(nzx) sin(uzy), n=1,2,3,.... (14) 


Using superpositions of X,,(x)Y,,(y), we look for a solution of the form 


U, (x,y) = Sau (x,v) = S “a, sinh(nzx) sin(uzy). (15) 
n=1 


n=1 
(continued) 
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(continued) 


The coefficients a,, in (15) will be determined by imposing the remaining (non- 
homogeneous) boundary condition at x = 2. In particular, we require 


lo @) 
U,(2,y) = cos(2zy) — 1 = Sa, sinh(2nz) sin(zy), O<y<1. (16) 
n=1 
Equation (16) is a Fourier sine series. Since the coefficient of sin(nzy) is 
a,, sinh(2nz), it follows from equation (7) in Section 9.4 that 


2 ! 
= = i —j See 17 
a, = aoa | [cos(2zry) — 1] sin(uzy) dy, n= 1,2, 3, (17) 


Note that sinh(2nz) > 0 for all positive integers n, and so no problems arise in 
determining these coefficients. 

Similarly, separation of variables can be used to solve the boundary value 
problems for U,, U3, and U,. In Exercise 2, you are asked to show that 


U,(x,y) =0 

U3(x, y) = 0 
= . (NX , ni(1—y) 

Us, y) = bas sin ( —— )sinh eS , (18) 
ye 5 


1 a _ (VIX 
d, => sana I sin(27x) sin (>) dx. 
Therefore, the solution of the boundary value problem is 
u(x,vy) = U(x, y)+ v(x, y) = U(x, y) + Ug(x,y) +, y). (19a) 


Evaluating the coefficients a,, and d,, in equations (17) and (18), we find 


0, n even 
ay a nn odd 
n(n? — 4) sinh(2nz) 
: 0, n#4 
= —__ = n ; 
4 sinhQz)’ m : 


Using these results in equation (19a) gives for the solution of the boundary 
value problem 


u(x,v) =1+vy—0.5xy 


sin(27x) sinh(27(1 —y)) rs SD 16 sinh(wzx) sin(nzy) —(19b) 
sinh(2z) narys. nm(n? — 4) sinh(2nz) 

Figure 9.31 shows the solution surface defined by (19b). The infinite series 
in (19b) converges rapidly, and the solution obtained by summing the first 10 
nonvanishing terms is virtually indistinguishable from that obtained by sum- 
ming the first 100 terms. Notice, in Figure 9.31, that the maximum and mini- 
mum values of the solution occur on the boundary of the rectangle, in accord 
with our previous observations. 
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FIGURE 9.31 


The graph of the solution of Example 1. Note that the maximum and 
minimum values of the solution are achieved along the boundary of the 
rectangle D. 


.o, 
w 


In Example 1, we solved a Dirichlet problem on the rectangle D defined by 
0 <x < 2,0 <y < 1. This same solution process is also valid for a rectangle of 
arbitrary dimensions, 0 < x <a,0<y <b. 


The Dirichlet Problem for a Circular Region 


Consider the case where the region D is a circular disk of radius p. For this ge- 
ometry, it is convenient to use polar coordinates, (r, 6), rather than rectangular 
xy-coordinates. In terms of polar coordinates, the region D is defined by 


D=([(r,0)|0 <r < p,0 <6 < 2z}. 


Laplace’s equation must likewise be expressed in terms of polar coordinates. 
It can be shown (see Exercise 11) that Laplace’s equation in polar coordinates 
has the form 


2 
1a (ee 4 d“u(r, 0) a; (20) 
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The Dirichlet problem amounts to finding the solution u(r, 0) of equation (20) 
that satisfies the given boundary condition 


u(p,0) =f), 0<6<2n. (21) 


In (21), we assume that f (0) = f (27) so that the function f defining the bound- 
ary condition is single-valued and has a 27-periodic extension. We require the 
solution u(r, @) to be bounded within region D and to have a 27-periodic ex- 
tension when it is viewed as a function of 6. 


Separation of Variables 


We look for solutions of Laplace’s equation having the form u(r, 6) = R(r)O(@). 
Substituting this expression into (20), we have 


1 1 
RYO) + ZROO'©) =0. 
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Rearranging yields 
rR @))  @'@) _ > 
Rr) @@) 


where o denotes the separation constant. 
From (22), we obtain the separation equations 


r(rR’(r)) +oR(r) = 0 
@"(6) —c@(6) = 0. 


(22) 


(23) 
(24) 


In contrast to the situation in problems previously considered, there are no ho- 
mogeneous boundary conditions to impose. We do, however, require u(r, 9) to 
be a single-valued function. In particular, we must have u(r, 6 + 27) = u(r, 8). 
Therefore, we require solutions of the © equation to be periodic with period 
2x. Such solutions will exist only for certain values of o. We examine the pos- 


sibilities. 


(a) If o = 0 in equation (24), then the general solution of the © equation is 
@(6) =c, + c,0. This function is not 27-periodic unless c, = 0. We therefore 


obtain the eigenpair o) = 0, ©)(8) = 1. 


(b) Ifo # 0, the general solution is @(@) = c,e-V +. c,e¥°", where c, andc, are 


arbitrary constants. The constraint of 27-periodicity requires that e7 


bn /O2 __ 


1. This equation, in turn, implies that ./o must be imaginary. From Euler’s 


formula, it follows that /6, = +in, and thus 


o, = —n’, WHI? Sy seen 


(25) 


Since o,, = —n’, the © equation is 8” (0) + n*©,, (0) = 0. A fundamental set of 


solutions is sinn@ and cosné@. Therefore, 


for each eigenvalue 
o, =—n’, we obtain two corresponding eigenfunctions sinné and 


Given (a) and (b), the set of eigenvalues for equation (24) can be succinctly 
represented as o,, = —n°,n =0,1,2,.... We now examine equation (23) when 


o = —n’. In this case, (23) becomes 


r(rR()) —1n?R,(r) = 0. 


(26) 


Note that (26) can be written as rR’ (r) + rR) (rn) - nR,, (r) = 0. Therefore, (26) 
is an Euler differential equation (see Section 8.3). We require that solutions of 
this Euler equation be bounded on the interval 0 < r < p. The possibilities for 


solutions of (26) are as follows: 


/ 


(a) If n=0, the general solution of r(rRo)’ =0,0<r<a 


is Ro(r) = 


c, + c,In(r). Since In(r) is unbounded as r approaches 0, we must set c, = 0. 
Thus, we take Ry(r) = 1 as the radial solution corresponding to the eigen- 


value 0. 


(b) Ifn = 1,2,3,..., the general solution of (26) is R,,(r) =c,r-" + c,r". Since 


—n 


r_" is unbounded as r approaches 0, we must set c, = 0. Thus, we take 
R,,(r) =r" as the radial solution corresponding to eigenvalue o,, = —n*,n = 


152535508 


EXAMPLE 


2 
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In summary, the building-block solutions R,,(r)©,,(@) obtained by separa- 
tion of variables are the constant function 1 and the functions 


r” cosné, r" sinné, n=1,2,3,.... 


We therefore look for a series solution of the boundary value problem having 
the form 


CO 
a 
u(r, 6) = = 4 S- r"(a, cosné +b, sinn6), (27) 
n=1 
where the coefficient of the constant function is written as a,)/2 in anticipation 
of the connection between (27) and Fourier series. Imposing the boundary 
condition gives 


oe) 
u(p, 6) =f) = > +S > p"@,cosn6 +b, sinn6), O<O<2n. (28) 
n=1 
Equation (28) is the Fourier series expansion of the 27-periodic function f. 
From Section 9.5, equations (9a) and (9b), we obtain the following formulas 
for the coefficients: 


1 2n 
i=—, f (0) cosné do, a ie ee (29a) 
rTP Jo 
1 2n 
b,=—> f(@) sinné do, ee eee see (29b) 
mp Jo 


Series (28), with coefficients given by (29), is the solution of the Dirichlet prob- 
lem. We now illustrate this solution approach with an example. In Exercises 
19-24, we show how these ideas also can be used to solve the Dirichlet problem 
for an annulus. 


Solve the boundary value problem 
1a / aur, 6) 1 da°u(r, 0) 
r + — 
r or or r- 062 
u(2, 0) = sin’ 6 + sin 46, 0 <6 <2n. 


0, 0 <r <2, 0<6<2z 


Solution: The solution of Laplace’s equation is given by (27). For this problem, 
the boundary is a circle of radius p = 2. Therefore, the boundary constraint is 


u(2, 0) = sin’ 6 + sin 46 


CO 
= z +52 2"G@,cosné +b, sinnd),  0<6<2z. 


n=1 


We can use formula (29) to evaluate the coefficients. However, we can also use 
the fact that 


sin? 6 +sin46 = + — +cos 26 + sin 40 


(continued) 
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EXERCISES 


(continued) 
to conclude 
dy = 1, 27a 
2*b,=1, »b 
The solution is therefore 


i i 7r52 pre. 
u(r,6)=>-5(5) cos 26 + (5) sin40, O<r<2, 0<6<2z. 


Figure 9.32 shows the resulting solution surface for this problem. Note again 
that the maximum and minimum values of the solution surface occur on the 
boundary. 


tN 


FIGURE 9.32 


% 


The solution of the Dirichlet problem solved in Example 2. “ 


1. As in Figure 9.29, consider the rectangular region D defined in the xy-plane by 0 < 
x <aand0 <y <b. Letv(@,y) =a, + a,x + a,y + a,xy, and choose the coefficients 
Q,,@, a3, and a, so that v(x, y) takes on prescribed boundary values at the corners; 
recall Example 1. These requirements lead to the system of linear equations 

a, +a,a =u, 
a, +a,4+0,b + a,ab =u, 
ay + a3b =U, 
Oy = Ug, 
where the u; represent the boundary corner values. By explicitly solving the system, 


show that this system has a unique solution for any positive values of a and b and 
for any choice of u,,u,u3, and u,. 


2. Use separation of variables to show that U,(x,y) = U;(x,y) = 0 and to derive the 
expression for U,(x, y) in equation (18). 
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Exercises 3-10: 

In each exercise, a rectangle is given. Consider the Dirichlet problem 
Uxy(X,¥) + Uy (X,) = 0, 0 <x <a, O0<y<b 
u(x, y) specified on the boundary of the given rectangle. 


(a) Determine the function v(x, y) that has the prescribed boundary values at the four 
vertices. 


(b) Form U(x, y) = u(x, y) — v(x, y). Then formulate and solve the corresponding bound- 
ary value problem for U(x, y). 


(c) Form the solution u(x, y) = U(x, y) + v(x, y) and use computer software to display a 
partial sum approximation of the solution surface. 


3. The rectangle is defined by 4. The rectangle is defined by 
O<x<1l, O<y<l. O<x<2, 0<y<2. 
The boundary values are The boundary values are 
#.y=1, sy <1 u(2,y)=y, Oxy <2 
u(x, 1)=1, O<x<1 u(x,2)=4—-x, O<x<2 
u(0,y)=y, O<y<1 u(O,y)=2+y, O<ys2 
u(x,0) =x, O<x <1. u(x,0)=2—x, O<x <2. 
5. The rectangle is defined by 6. The rectangle is defined by 
O<x<1, O<y<2. O<x<1l, O<y<l. 
The boundary values are The boundary values are 
u(l,y)=4y, O<y <2 u(l,y)=0, O<y<1 
u(x, 2) = 8x, O<x<1 u(x, 1)=4sin2ax, 0<x<1 
u(0,y)=0, 0O<y<2 u(0,y)=0, O<y<1 
u(x,0)=0, O<x <1. u(x,0)=0, O<x <1. 
7. The rectangle is defined by 8. The rectangle is defined by 
O<x<1l, O<y<l. O0<x<2, O<y<1l. 
The boundary values are The boundary values are 
u(l,y)=0, 0<y<1 u(2,y)=1, O<y<1 
u(x,1)=0, O<x<1 u(x, 1)=1, O<x<2 
u(0,y) =2sinzy, 0O<y<1 u(0,y)=1, O<y<l 
u(x,0)=0, O<x <1. u(x,0) =cos2mx, 0<x <2. 
9. The rectangle is defined by 10. The rectangle is defined by 
O<x <3, O<y<2. O<x<1, O<y<l. 
The boundary values are The boundary values are 
u(3,y)=1+sinmry, 0O<y <2 u(l,y)=sin2zy, O<y<1l 
u(x, 2) = 1—2sin(rx/3), 0O<x <3 u(x, 1) =sin3mx, O<x<1 
u(0,y)=1, O<y<2 u(0O,y) =sin2zry, O<y<1 


u(x,0)=1, O<x <3. u(x,0) =sin3mx, O0O<x <1. 
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11. Laplace’s Equation in Polar Coordinates Use the chain rule to transform Laplace’s 
equation from Cartesian coordinates to polar coordinates; recall equation (20). 


(a) Show that 


Ux oP Uy, = A a ry) oF 2Uyg (1,0, es 1,9) “re Ugg Cs a 6) tr Uy. (Hex als Ky) ate Ug (O,-. aa A). 


(b) Show that mtr = 1,7,0, + 17,0, = 0,07 + 6 =P ty thy, =r 0 


a" KK yy , a Fy = 0 
to obtain 


Ux. + Uy = Uy, + PU, + thes = ¢(u:), + ae 

Exercises 12-18: 
In each exercise, a circular disk of radius p is given, as well as a function f (6) defined 
on the boundary of the disk. Solve the corresponding Dirichlet problem, 

r‘(ru,(r,9)), tr "Ugg (7, 8) = 0, O<r<p, 0<0<2n 

u(p,0) =f (@), 0<6 <2nz. 
12. p =3, f(@) =4cos20 13. p= 3, f(@)=2-siné 
1, O<@0<_z 


14. p=1, f(0)=1+4sin’ 6 + sin’ 20 15. p=2, f@)= 
0, 7<0<2n 


{a 0<0<z 


16. p=1, f(@)= 17. p=1, f(6) =|siné| 


0, n<O0<2n 

0, —m <0 <-n/2 
18. p=2, f@)=<6, -n/2<O0<7/2 

0, w/2<0<z 


The Dirichlet Problem for an Annulus Consider the annulus shown in the figure. 


u = f(@) 


u = (0) 


vy 


Figure for Exercises 19-24 


The boundary value problem to be solved is 


rl(ru,(r, 6)),.+ Pu 0) =0, 0<b<r<a, 0<60<2n 


(30) 
u(b,0)=2(6), ula,o)=f(@), O<6<2z. 


There are two boundary conditions to be satisfied in this Dirichlet problem. This time, 
since the origin is not in the problem domain, there is no reason to discard the separation 
of variables solutions Inr andr” as we did in the analysis following equation (26). 


19. Show that the separation of variables solution for the Dirichlet problem (30) is 


ao 


u(r, 0) = 5 


A CO ioe) 
+ sine + ba (a, cosné + b,, sinné) + i (A,, cosné + B,, sinné). 
n=1 n=1 


(31) 
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20. (a) Evaluate the separation of variables solution found in Exercise 19 at r = b and 
r =a, and set u(b,6) and u(a,@) equal to g(@) and f (6), respectively. Derive the 
following systems of equations for the coefficients in (31): 


2m 
(i) ag+A,Inb= - | 2(0) do 
wT Jo 


2a 
ay + Ap Ina = : : f (0) do 


1 2n 
(ii) a,b" +A,b° = =| g(0) cosné dé 
Jo 


iT 20 
a,a" +A,a" = — f (0) cosné dé, n=1,2,3,... 
uw Jo 


20 
(iii) b,b°+B,b" = - | 2(8) sinné de 
0 


rT 20 
b,a"+B,a" = — f(@) sinné dé, n=1,2,3,.... 
uw Jo 


(b) The system (i) in part (a) is a system of two linear equations in two unknowns. 
Similarly, for each fixed integer n, system (ii) and system (iii) consist of two linear 
equations in two unknowns. Prove that the coefficient matrix for each of these 
systems has a nonzero determinant. Hence, the coefficients in (31) are uniquely 
defined by the equations in part (a). (Assume that 0 < b < a.) 


Exercises 21-24: 

In each exercise, solve the Dirichlet problem for the annulus having a given inner radius 
b, given outer radius a, and given boundary values u(b, 0) = g(8) and u(a, 6) =f (6). 

21. b=1, a=3,u(1,6) = 1, u(3,0)=3, 0<0<27 

22.b=1, a=2, u(1,6) = 0, u(2,0) = 14+ cosé, 0<0< 27 

23. b=1, a=2, u(1,6) =24+sin26, u(2,@) =1+cosé, 0<¢6<27 

24. b=2, a=6, u(2,0) =2sin’6, u(6,0)=0, 0<0< 27 


9.8 Higher-Dimensional Problems; 
Nonhomogeneous Equations 


Up to now, our study has centered on homogeneous partial differential equa- 
tions having two independent variables. In this section, we present examples 
that illustrate how the separation of variables technique can be applied to prob- 
lems having three or more independent variables and to problems involving 
nonhomogeneous partial differential equations. The Exercises provide further 
illustrations of the underlying ideas. 


Time-Dependent Two-Dimensional Heat Flow 


Consider heat flow within the rectangle 0 < x < a,0 < y < b. The temperature 
u(x, y, t) isa function of three independent variables, the two spatial coordinates 
and time f. At time t = 0, an initial temperature distribution, u(x, y, 0) = f(x, y), 
is present within the rectangle. We constrain the temperature to be zero on 
the boundary of the rectangle. The goal is to determine how the temperature 
within the rectangle evolves in time. 
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Problem Solve the two-dimensional heat equation 
u, (x,y, t) = k[U,,(%,y, 0) +Uu,, (4%, y, OD], O<x<a, O<y<b, 0<t<o 


subject to the boundary conditions 


u(x, 0,2) = ux, b,t) = 0, 0 <x <a, 0<t<o 
u(0,y,t) =u(a,y,t) = 0, 0<y<b, 0<t<a@ — 
and the initial condition 
u(x,y,0)=f,y), O<x<a, Ox<ysb. (1b) 


We assume that the initial temperature distribution f (x, y) satisfies the bound- 
ary conditions given in (la). 


Separation of Variables 


We look for building-block solutions of the two-dimensional heat equation 
having the form u(x, y, t) = X(x)Y(y)T(t). We also require that each solution 
satisfy the homogeneous boundary conditions (1a). Substituting u(x, y,f) = 
X(x)Y(y)T(t) into the heat equation leads to 


X(x)¥(y)T'O = KIX" OY (WTO +X@)Y"(V)TOI. (2) 
Dividing both sides by X(x)Y(y)T(f) and rearranging terms, we arrive at 
X" (x) 2 T(t) Y"(W) -— 
X(x) «TQ Y(y) 
Both terms are set equal to the separation constant o, since one is a function 


of independent variable x while the other depends on t and y. Rearranging the 
second equation, we obtain 


Y"(y) = T'(0) 
Y(y) «TO 
In (3b), 7 is a second separation constant, arising because the left-hand side of 
(3b) is a function of y while the right-hand side is a function of t. We ultimately 


obtain three separation equations. Imposing the homogeneous boundary con- 
ditions leads us to the following three problems: 


X" (x) — oX(x) = 0, O0<x <a 


(3a) 


o=). (3b) 


(4a) 
X(0) = X(a) =0 
y” —7nY(y) =0, 0 b 
(y) — nY(y) <y< (4b) 
Y(O)=Y(b) =0 
T(t) =klo+nJT, O<t<oo. (4c) 


Problems (4a) and (4b) are eigenvalue problems that we have encountered 
before; see equation (9a) in Section 9.2. Solutions consist of the eigenpairs 


on =— (™2)’, X,,(¢) = sin(=*), oe (5a) 
a a 
m=-(). Y, (9) =sin(=*), TDS, aks (5b) 
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With o,,, and ,, from (5a) and (5b), equation (4c) becomes 


ra) = (7) + (32) to 


A nontrivial solution is 
Lunt) = e lonn/a)? +(x /b)*] xt (6) 


The separation of variables approach has therefore generated a doubly infinite 
collection of functions 


WIITX VLIT 
Urn (Xs t)= eo lemn fay +(n/by? ]«t sin (=) sin eS , m,n =1,2,3,.... 
a 
(7) 


Each of these functions is a solution of the heat equation that vanishes on 
the boundary of the rectangular domain. However, the solution of the initial- 
boundary value problem must also satisfy the initial condition. Toward this 
end, we look for a series solution of the form 


CO [o.@) 
UK, = DIY Cintinn Is) 


m=1n=1 


lo e) CO 
2 2 _ (MAX\ . (nT 
= S S Eg ere ee sin ( ) sin (=) . 
a 


m=1n=1 


(8) 


To satisfy the initial condition, we must determine constants c,,,, such that 


f(x,y) = u(x, y, 0) 


=> ey sin (=) sin (22), O<x<a, 0<y<b. (9) 


m=1n=1 


The right-hand side of (9) is a doubly infinite Fourier sine series. We assume 
that such a representation of f(x, y) is valid and focus on how to calculate the 
coefficients c,,,,,. 

Consider (9), viewed as a function of x, with y held fixed. We multiply both 
sides of (9) by the function sin(pmx/a), where p is some positive integer, and 
then integrate both sides from x = 0 tox =a: 


[ fe.ssin (PE) a See [sin ("2 sin (PS) a] sin (2) 


m=1 n=1 
Pn nmry 
= ae sin ( (10) 
n=1 


In evaluating the right-hand side of (10), we have assumed that the operations 
of infinite summation and integration can be interchanged. We have also used 


the fact that 
a 2, = 
[sn (75) sin (PE) d= {0% 
0 a a 0, me#p. 


Multiply both sides of (10) by sin(gzy/b), where q is some positive integer, 
and integrate both sides from y = 0 toy = b: 


[ [Fessrsin P) sin (&) dx xdy = we Cg 
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From this calculation, 


——— SE [tensin() sin (=) dx dy, m,n =1,2,3,.... 


(11) 
Note that the integral in (11) can be viewed as a double integral over the rectan- 
gular domain. The separation of variables formalism has thus led us to series 
solution (8), with the coefficients determined by (11). We now apply this for- 
malism to a specific example. 


EXAMPLE 
1 Consider the heat flow problem on the rectangle 0 < x < 1,0 <y < 2. Obtain 
and plot the solution when the initial temperature distribution is given by 


10, 4<x<? 


1 3 
4 2 


SVS 5 


fen ={ 


0, otherwise. 


Solution: The initial temperature surface is shown in Figure 9.33. The initial 
temperature has a constant value of 10 units in the central rectangular region 
and is zero elsewhere. Since the boundary temperature is maintained at zero for 
0 < t < 0, we expect the thermal energy initially confined to the central “hot” 
region to diffuse and leak out through the rectangle boundary as time increases. 


FIGURE 9.33 
In Example 1, the initial temperature u(x, y, 0) = f(x, y) has a constant 
value of 10 in the inner rectangle, ; <x< 3, 5 <y< 3. 


For the initial distribution shown, the coefficients c,,,,, become 


3/4 3/2 
Cn = 20 | sin(mz.x) sin(nmy/2) dy dx 
4 J1/2 

0 


; m and/or n even 
= 160 mmr nw 
——,; cos (+) cos (+) , mandn odd. 


To obtain graphical information about the series (8) corresponding to the so- 
lution of this example, we define the partial sum ux ; (x,y, t) by 


MNT 


K OL 
Ux LI) = SY cyt, y, D.- (12) 
k=1 [=I 
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Figure 9.34 shows how well the partial sum w 99 ;99(x, y, 0) approximates the 
initial data. In addition to a surface plot, we exhibit two one-dimensional cuts 
through the center that show the Gibbs phenomenon. '° 


4499,100 Y, 9) 


(a) 


4490,100(0-5, y, 0) U490,100(%, 1, 0) 
A 


FIGURE 9.34 


(a) The graph of the partial sum 1199 199 («, y, 0). The graph approximates 
reasonably well the initial condition u(x, y, 0) = f(x, y) shown in Figure 
9.33. (b) The graph of t1499 199(0-5, y, 0), a cut through the center of the 
graph in (a) along the line x = 0.5. (c) The graph of t1499 199(x, 1, 0), a cut 
through the center of the graph in (a) along the line y = 1. The graphs in 
(b) and (c) show the Gibbs phenomenon, which is discussed in Section 9.5; 
see Figure 9.15. 


o, 
+ 


Figure 9.35 shows the solution surface defined by 1499 j99(X, y, t) at xt = 0.1. 
As the figure indicates, the initial temperature surface has been smoothed and 
decreased considerably in maximum value (from a value of 10 to a value of 
about 2). Thermal energy is diffusing outward from the initial hot core and 
leaking out through the boundaries. The seeming rapidity with which this oc- 
curs should not be surprising. For any positive value of «t, the term uy )(x, y, t) 
in (12) having the largest exponential term is u, , (x,y, 4), and this exponential 
term is 

oe Or? /A)Kt x oe 12.3Kt 


'0The manifestation of the Gibbs phenomenon in multidimensional Fourier series is a fascinating 
subject. For an indication of some recent research findings, consult Pinsky and the references 
therein: M. A. Pinsky, “Pointwise Fourier Inversion in Several Variables,” Notices of the AMS, Vol. 
42, 1995, pp. 330-334. 
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FIGURE 9.35 


The graph of 14199 499, y, 4) in the case where xt = 0.1. Note how the initial 
temperature surface, as shown in Figure 9.33, has been smoothed out. As 
well, the maximum temperature has decreased from 10 units to about 

2 units. 


One of the drawbacks of using the separation of variables approach to 
analyze multidimensional problems is the number of functions that must be 
evaluated and summed to get an accurate approximation of the solution. The 
partial sum W199 199 (x, y, 4) used to create Figure 9.35 involved 2500 functions. 
Even with today’s software and fast computers, the running time required for 
sums of this size is substantial. However, for heat flow problems such as the 
one considered in Example 1, the number of functions needed for an adequate 
partial sum approximation decreases rapidly as xt increases, since the expo- 
nential functions in (8) quickly make the contributions from the higher index 
terms insignificant. Figure 9.36 illustrates this point. It shows the graph of the 
partial sum uw, 4(x,y,t) for xt = 0.1. Compare the surface plot in Figure 9.36 
with the graph of 11199 j99(«, y, 1) shown in Figure 9.35. 

As is illustrated in Figures 9.35 and 9.36, in heat flow problems we can re- 
duce the size of the partial sums needed as time increases. However, such a re- 
duction is generally not possible in multidimensional wave equation problems. 


y 


u(x, y, t) 


FIGURE 9.36 


The graph of wu, ,(x, y, t) for the case where «t = 0.1. Comparing this graph 
with the one in Figure 9.35, we see little difference. The graphs are so 
similar because the series (12) converges rapidly as a result of the presence 
of the decaying exponential terms in (8). 
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Nonhomogeneous Partial Differential Equations 


We now consider an application of separation of variables to the following 
nonhomogeneous insulated ends heat flow problem: 


u(x,t) = KUu,,(x, 0 +2(%,0), 0<x <i, 0<t<o 
u,(0,t) =u,(L,0 =0, 0<t<o 
u(x, 0) =f (x), O<x<l. 


The principal difference between this problem and those considered in Sec- 
tion 9.2 is the nonhomogeneous term, g(x, t), in the heat equation. Such non- 
homogeneous terms usually model an embedded mechanism that somehow 
introduces or drains heat. 

We assume the nonhomogeneous term can be expanded in a Fourier cosine 
series 


e(x,t) = ye (t) cos (=) ; (13a) 


n=0 


where 


2 7 nx 
g,0 = if g(x, t) cos (=) dx. (13b) 


(Since g is a function of both x and f, the coefficients in expansion (13a) are 
functions of ¢ rather than constants.) Accordingly, we look for a solution of the 
form 


u(x, f) -S7r, (cos (“ a). (14) 


n=0 


Our building blocks are therefore the functions cos(nzx/l) multiplied by 
functions of time, T,,(t), which must be determined. There are several reasons 
for this choice. First of all, each of the functions T,,(t) cos(nzx/l) satisfies the 
insulated ends boundary conditions. In addition, at time t = 0, (14) reduces to 


f(x) =u(x,0) = yor, (0) cos (“ =). 
n=0 


The above series is a Fourier cosine series, and we know how to determine the 
constants 7,,(0). Lastly, observe that 


«2, [r,cocos (™2)] =-« (8")° 1, 0008 ("%). 


Therefore, when substituted into the nonhomogeneous heat equation, the sec- 
ond partial derivative with respect to x will simply produce a constant multiple 
of the original function. This fact ultimately leads to a relatively simple set of 
ordinary differential equations for the functions 7, (¢). 

The next example illustrates a specific application of these ideas. The ex- 
ample features a simple form of g(x, f). 
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EXAMPLE 


2 


Solve the initial-boundary value problem 


u(x,t) = Ku,,(x,) +e~ sin? (rx/l), 0<x <i, 0<t<o 
w(0,1) =H) =0, 0<t<o 
u(x, 0) = 2 —cos(rx/l), O0<x<il. 
Solution: As mentioned, we assume a solution of the form 
u(x, t) -dr (0)cos (= =). (45) 
Note that 


g(x,t) =e‘ sin” (=) = s [ cos (=*)| . 


Therefore [see (13a)], 
—t =f 


=" ge 
80 ae §20 = 2” 


Expression (15) is a Fourier cosine series in the spatial variable x with coef- 
ficients that are unknown functions of time t. Each of the spatial functions 
cos(nzx/l) satisfies the homogeneous boundary conditions. Substituting (15) 
into the nonhomogeneous heat equation u,(x, ft) — Ku,,(x,t) =e" sin? (1x/l), 
we obtain 


ST) cos () “Dr, (0 [- (FF) cos (“54)| <er'sin? (FF). 


n=0 


and g,()=0, n#0,2. 


Collecting terms and using the trigonometric identity for sin? (1x/l), we have 


> 7400 +k (F)7.0| cos (=) = 2 i cos (*)| . (16) 


n=0 


Multiply both sides of (16) by cos(pzx/l), where p is a nonnegative integer, and 
then integrate from x = 0 to x =1 while keeping t fixed. The fact that 


l, n=p=0 


[cos (>) cos (7*) dx = 1/2, n=p>1 
0 


0, n£zp, 


means that the sum on the left produces a single nonzero term when n = p. 
Therefore, we obtain a set of ordinary differential equations for the unknown 
functions T, (t): 


2 e! 
) T,(t) = ea 


T,QO+« (F 
Ti)+« (mY T,,(t) = 0, 


n #0, 2. 
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From the initial condition, 


u(x, 0) = Y-1,.0)e08 (“5 =) =2 cos (=*), 


we conclude that 
TO) 2 
T,(0) =— 
T,(0)=0, n2=2. 
These equations lead to a set of first order linear initial value problems: 
-t 


e 


1 = : T)(0) = 2 


2 
TiQ+« =) rox Fos~ 
(17) 


7) 
2 —t 
TQ+« (+) Ch=-—, B= 


; nm \2 
Ti (t)+« ( ) T,(t)=0, T,(0)=0, nz3. 

The solutions of (17) are 

T)() = 2.5 —0.5e% 

T; (t) = eo a/b et 

ete e 2n/l) xt 

2 [1 — «(2n/l)? 
T,)=0, n>3. 


T,(t) = 


In solving the initial value problems in (17), we have assumed that « (27 / 1)? #1. 
The solution (15) of the initial-boundary value problem therefore reduces to a 
finite sum 
u(x,t) = T(t) + T,@) cos(rx/l) + T>(t) cos(27x/l) 
-t —(2n/l)? Kt 18 
= 2.5—0.5e% — e /)"*t cos(arx/l) + fhe eae cos(21x/l). on 
2f1 — «(2x/1)7] 
It follows from (18) that the temperature approaches the limiting value 2.5 at 
all points of the bar as «ct > oo. Figure 9.37(a) shows a plot of the solution 
surface for the case / = 2. Figure 9.37(b) displays the temperature variation in 
the bar at three fixed points, x = 0.5, 1, 1.5. These graphs more clearly portray 
how the temperature approaches its limiting value. 

Note that the limiting behavior of the temperature is completely determined 
by the asymptotic behavior of the function 7)(¢). In the Exercises, we observe 
that this fact could have been deduced directly from the structure of the prob- 
lem itself. 


(continued) 
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(continued) 
u(0.5, t) u(1.0, t) u(1.5, t) 

A A A 

3b 3b 3F 
_—_———— bL——— L 

2r 2 2 

TF TF TF 
i je es ee es ee [: a es eel el i coast eee ef ee 

123 4 3 123 4 5 123 4 § 
(b) 
FIGURE 9.37 


(a) A graph of the solution u(x, t) of the initial-boundary value problem in 
Example 2 for the case / = 2. (b) Graphs showing the time variation of 
temperature, u(x, t), at the points x = 0.5,x = 1.0, and x = 1.5. At each fixed 
point x in the bar, the temperature approaches a value of 2.5 as t > oo. “ 


Exercises 1-4: 

In each exercise, use representation (8) to obtain the solution of the two-dimensional 
heat equation u,(x,y,0) = K[Uy,,9,0 +u,, 9,0], O<x <a, O<y< b, 0<t<o, 
where u vanishes on the boundary of the rectangle 0 < x < a,0 < y <b and satisfies 
the given initial condition u(x, y,0) =f(,y),0<x <a,0<y<b. 


1. f(x,y) =4sin (=) sin (=) 


b 
2. f(x,y) = 8sin (=) sin (>) sin 7") sin (=) 
3. f(x,y) = 2 sin? (=) sin (>) 4. f (x,y) = 8 sin? (=) sin? (F) 


5. Insulated Boundary Consider the following problem, which models heat flow in a 
rectangle with insulated boundary: 


U(x, V,t) = K[Uy. (9,1) + Uy (x, 9, 0], 0 <x <a, 0<y<b, 0<t<o 
u,(0, y, t) =u,(a,y, t) = 0, 0<y<b, 0<t<oo 
u,(x, 0,t) = u,(x, b, t) = 0, O0<x <a, 0<t<a 


u(x,y, 0) =f (x,y), O<x <a, O<y<b. 
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(a) Apply separation of variables, looking for solutions of the form u(x, y, 1) = 
X(x)Y(y)T(t) that satisfy the homogeneous boundary conditions as well as the heat 
equation. Show that the separation equations are given by (3), the eigenpairs are 


om = (“)’, X,,(%) = cos (="*) , 
m=-(@). Y,(9) = cos (=), m,n =0,1,2,..., 


and 
a —[(mx/a)? +(nx/b)? |t 
T,,,(t) =e : 


(b) Form u,,,,,y,0 =X, @)Y,,(y)T,,,,(@ and the series representation of the solu- 
tion, 


u(x,y,t) = > Ss SdlN t). 


m=0 n=0 


Impose the initial condition on this series, and obtain formulas for the coefficients. 
(Since both sums begin at 0, it is probably more convenient to give separate formulas 
for Co9+Cmo> Con» AN Cys M,N = 1,2,3,...). 


mn? 


Exercises 6-10: 


In each exercise, use the separation of variables representation developed in Exercise 5 
to solve the insulated boundary problem for the given initial temperature distribution. 
(In Exercises 6-8, the coefficients can be determined without evaluating any integrals.) 
Compute lim ,_,.,u4(x, y, f), and compare your answer to [> i f (x, y) dy dx. Can you relate 
your comparison to the principle of conservation of energy? How should the answer to 
Exercise 10 relate to the answer in Exercise 9? 


6. 


7. 


8. 


10. 


11. 


1, 
” f(,y) = 


f(«,y) =2+ cos (=) + 3cos (=) cos (>) 


f (x,y) = cos (=) cos” (>) 


= 24 sin? (™ 
f(x,y) =2+sin ( 5 ) 
O<x<a/2, O<y<b/2 
0, otherwise 
0, O<x<a/2, O<y<b/2 
fay) = 
1, otherwise 
Mixed Zero Temperature and Insulated Boundaries We consider heat flow in a rect- 
angle having a pair of opposite boundary sides maintained at zero degrees while 
the other pair of sides is insulated: 
U,(x,V, 1) = K[Uy. (9,1) + Uy (x, 9, O], 0 <x <a, 0<y<b, 0<t<o 
u,(0,¥,t) =u,(a,y,t) =9, 0<y<b, 0<t<o 
“wen 0O0=0ybo=0, C2zx=<4, Nato 
u(x,y,0)=f(,y), O<x<a, O<y<b. 


(a) Use separation of variables. Show (form = 0,1,2,... andn = 1, 2,...) that the 
separation equations are given by (3), the eigenpairs are 


On =-(™Y’, X,,(X) = Cos (=). 1,=- ee Y,,(y) = sin (=) 
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and 


T (t) =! eo lina /ay? +n /b)? Jet 
mn : 


(b) Form u,,,, (4%, 9,0) =X, C0Y, (NT nn and 
u(x,y,t) = > ett: t). 
m=0 n=1 


Impose the initial condition and determine appropriate formulas for the series co- 
efficients. 


(c) For these boundary conditions, does lim ,,,,u(x, y, t) exist or not? If so, what is 
the limit? 
Exercises 12-15: 


Use the separation of variables representation developed in Exercise 11 to solve the 
mixed boundary condition problem for the specified initial temperature distribution. 


12. f(x,y) = cos (=) sin (=) 13. f(x,y) = 2cos” (=) sin (=) 
1, O<x<a, b/3 <y< 2b/3 

14. f(x,y) = 
0, otherwise 


1, a/3<x <2a/3, b/3 <y < 2b/3 
0, otherwise 


15. f(x,y) = 


16. Small Amplitude Vibrations of a Rectangular Membrane Assumea thin membrane is 
stretched over a rectangular domain 0 < x < a,0 < y < band pinned down along the 
boundary perimeter. Let u(x, y, t) represent the displacement of the membrane from 
its equilibrium rest position at location (x, y) and time t. We model the vibrations 
of this membrane with an initial-boundary value problem for the two-dimensional 
wave equation: 

Uy (x,y, t) =c"[U,,(«, 9,1) + Uy (*,y, O), 0 <x <a, 0<y <b, 0<t<@ 
u=0 onthe rectangle boundary, 0<t<ao 

u(x, y, 0) =f (x,y), u,(x,¥, 0) = g(x,y), O<x <a, O<y<b. 

The initial conditions f (x, y) and g(x, y) specify the initial displacement and velocity, 
respectively, at every point on the membrane. 


(a) Show that separation of variables leads to eigenpairs 


oman ("Js Xy@)=sin(™), 
m=-(). Y, (9) = sin (=), Wn = 1,253,005 


and that 


Tint) = Aj COS ( (™)’ + ("rye + B,,, sin ( ey + ("Fy e) : 


(b) Form a series representation of the solution, impose the initial conditions, and 
determine formulas for the coefficients A,,,, and B,,,,,. 


Exercises 17-20: 


In each exercise, use the separation of variables representation developed in Exercise 16 
to determine the membrane displacement u(x, y, t) for the specified initial displacement 
and velocity. 
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17. f(x,y) =sin (=) sin (>) » 2(x,y) =0 


18. f(x,y) =0, g(x,y) =—sin (=) sin (=) 


19. ae ~) sin (=), g(x,y) = 2sin (=) sin () 


0. f(x,y) = 2sin’ ( =) sin (>). g(x,y) =0 


Exercises 21-23: 


These exercises deal with nonhomogeneous equations. 


21. 


22. 


Consider the heat flow problem 


u,(x,t) — KU,,(x,0 = U,h(t — t) sin’ (=). 0<x <i, 0<t<c 
u,(0,t) =u,(1,t) = 0, 0<t<o 
u(x,0) =0, 0<x<l, 


where U, and 1 are positive constants and h is the Heaviside step function (see 
Section 5.2). Recall, in particular, that 


{0 O0<t<r 
htt -th= 


0, t<t<o. 
Therefore, the insulated bar is heated internally in the manner indicated for the 
time interval 0 < t < t, and then the heating source is turned off. 
(a) Assume a solution of the form 
u(x,t) = yor, (cos (= *) ; 
n=0 
and determine the functions T,,(),n =0,1,2,.... 


(b) Let « = 0.1 m’/hr,/ = 0.5 m, and U, = 150°C. How long must the bar be heated 
in order for its center to reach a maximum temperature of 75°C? (Note that time is 
being measured in hours.) 


Consider the zero temperature ends heat flow problem 


u,(x, t) — Ku,,.(x, 0) = U, sin (=). 0<x<l, 0<t<c 
u(0,t) = u(1, t) = 0, 0<t<o 


u(x, 0) = Uysin(=*), 0<x <i, 


where U, and U) are positive constants. The nonhomogeneous source term intro- 
duces heat into the bar; at the same time, heat can leave through the two ends. 
We examine the question of whether a balance between these two effects can be 
achieved so that the temperature remains constant in time. 


(a) Look for a solution of the form 
u(x,t) =>, (sin (* a) - 


and determine the functions 7, (t),1 = 1,2,3,.... Is it possible to choose the con- 
stant U, so that the temperature will remain constant in time—that is, so that 
u(x,t) = U,sin(rx/l),0 <t < 0? 


(b) As an alternative approach, look for an equilibrium solution. In other words, 
assume a solution of the form u(x, ft) = u(x, 0) = Up sin(zx/l). Substitute this as- 
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sumed form into the left side of the nonhomogeneous heat equation, and determine 
whether a value of U, exists to achieve equality. 


23. Forced Vibrations of a String Suppose a taut string, initially at rest and pinned at 
its ends, is put into motion by an applied force. Consider the simple model 


WX 
Uj (X, t)—c7u,, (Gs, i) = sin (™ i 


u(0,t) = u(1,t) = 0, 0<t<a@ 
u(x, 0) = 0, u,(x,0) = 0, 0<x<l, 


) cos(wr), O<x% <1, 0<t<a 


where u(x, t) is the displacement of the string from its equilibrium position and the 
positive constant w is the radian frequency of the applied force (see Section 3.6). 
Assume a solution of the form 


u(x,t) = 3 T,,(t) sin (=) ; 


n=1 


and show that 
2 
T(t) + (7) T,(t)=cos(wt),  1,(0)=0, Ti (0)=0 


2 
Ta) + (F*) LH=0 Pij—0; PO=0. w= 2,34)... 


(The solution of the initial value problem for T, will depend on whether or not 
w = mc/I. These two cases are referred to as the resonant and nonresonant cases, 
respectively.) 


Exercises 24-25: 


In each exercise, use the procedure outline in Exercise 23 to determine the solution 
u(x,t). Plot displacement at the string center, u(//2,1), as a function of time. Use the 
given values of w and mc/l. Select a time interval sufficiently large to display the basic 
features of the motion. 


24.0=2, ac/l=2n 25.w=7, mc/fl=n 


26. Poisson’s Equation The nonhomogeneous Laplace’s equation is often called Pois- 
son’s'' equation. We consider a simple boundary value problem involving this 


equation: 


2 
Helts9) + tig (ty) = asin (2) 0 <x <a, O0<y<b 


u = 0 on the rectangle boundary. 


(a) Look for a solution of the form 
u(x,y) = yx, (x) sin (“ —). 


Show that the functions X,,(x) are solutions of the following two-point boundary 


'l Simeon Denis Poisson (1781-1840) conducted his mathematical studies in France during and 
after the Napoleonic era. A lack of coordination and manual dexterity thwarted Poisson’s early at- 
tempts to become a surgeon and prompted him instead to study mathematics, where his enormous 
talent quickly became evident. Poisson studied problems relating to ordinary and partial differen- 
tial equations. He is remembered for his contributions to mathematical physics and probability 
theory. 
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value problems: 


2 2 
Xx) — (=) X@=x, X,(0)=X,@ =0 
nim 
b 


[Note that the supplementary conditions are imposed at two distinct points, the 
endpoints of the interval. ] 


Xie) - ( ) X,@) =0, X,0)=X,@)=0, n#2. 


(b) The theory of two-point boundary value problems is discussed in Chapter 11. 
Nevertheless, the problems developed in part (a) can be solved by obtaining the gen- 
eral solution and then imposing the two boundary conditions. Determine X,, (x), = 
1,2,3,... and the solution u(x, y). 


27. Use the ideas developed in Exercise 26 to solve the boundary value problem 


Ux (X,Y) + Uy (x,y) =e” sin wx, 0<x<l, O0<y<1l 


u = 0 on the boundary of the unit square. 


In this case, assume a solution of the form 


u(x,y)= S— sin(nzx)Y,,(y). 


n=1 


PROJECT 


Cooking Meatballs 


Consider a solid homogeneous sphere immersed in a liquid. At initial time tf = 0, both 
the sphere and the surrounding liquid are at the same constant temperature. As time 
passes, we assume the temperature of the liquid rises. Our goal is to determine the 
temperature within the sphere, as a function of position and time. 

The problem we consider is suggested by the familiar experience of taking a pot of 
meatballs, immersed in sauce, from the refrigerator and placing it on the stove to simmer 
and cook. We shall pose a mathematical problem and solve it using the techniques 
developed in this chapter. This problem, while a significant simplification of the cooking 
problem, is of interest in its own right. 

Assume that a homogeneous sphere of radius R and thermal diffusivity « is initially 
at constant temperature 7,. Because of the problem geometry, we adopt spherical coor- 
dinates. At each point on the spherical boundary, the increase in temperature with time 
will be specified as a known function of time t. The problem is to determine how the 
temperature changes within the sphere. 

Since both the initial condition and the boundary condition are independent of the 
two spherical coordinate angles, we will assume a solution that likewise is independent 
of these two angle coordinates. Let u(p, tf) denote the temperature within the sphere at 
radial coordinate p and time ft. 


Problem Obtain the solution of the heat equation 


at ce 


du(p.t) _ aru(p,t) , 2 du(o.t) 
ap p 9p 


iL 0<p <R, 0<t<@ (1) 
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that satisfies the boundary condition 
u(R,t)=T,-(T,-Tye", 0<t<0co (2) 
and the initial condition 
u(p,0)=Thp, O<p<R. (3) 


The sphere is initially at constant temperature 7,. At every point on the boundary of 
the sphere, the temperature increases according to boundary condition (2). As time in- 
creases, the boundary temperature approaches an asymptotic value of T, where 
T, > T). The positive constant a in (2) governs the rate of increase in boundary tem- 
perature. (For a cooking example, 7, would represent the refrigerator temperature and 
T, the temperature at which the sauce simmers and the meatballs cook.) 

Mathematically, this problem differs from the other heat conduction problems stud- 
ied in this chapter; only one boundary condition is prescribed, and this boundary con- 
dition is both nonhomogeneous and time varying. 

It is clear that the solution we seek must be a well-behaved function within the 
sphere, most notably at the origin p = 0. This observation plays a key role in the solution 
process. 


1. The first step in solving this problem is to transform the partial differential equation. 
Introduce a change of dependent variable by defining 


v(p,t) = pu(p,t). 


Use equations (1)-(3) to develop an equivalent initial-boundary value problem for v. 
In particular, 


(a) Show that the equation satisfied by v is v,=«v,, (the heat equation we have 
studied in this chapter). 


(b) Show that the variable v satisfies a homogeneous boundary condition at p = 0 in 
addition to a nonhomogeneous time-varying boundary condition at p = R. 


(c) Determine the initial condition appropriate for v. 


Except for the time-dependent boundary condition at p = R, the new problem for v 
is similar to other problems considered in this chapter. 

The problem for v, involving a homogeneous heat equation with a nonhomoge- 
neous time-dependent boundary condition, can be transformed into an equivalent 
problem, involving a nonhomogeneous heat equation with homogeneous boundary 
conditions, by another change of dependent variable. The virtue of this additional 
transformation lies in the fact that we can use superposition and separation of vari- 
ables to solve the transformed problem. 


2. Define 
w(p, 8) = v(p,1) — EVR, t) = v(p,1) ~ plT, - (1, - Tye). 
Show that w is a solution of the problem 


w,(p, t) = «w,,(p,t) — ap(T,; —Tye™, 0<p<R, 0<t<a@ 
w(0,t) = w(R, t) = 0, 0<t<a (4) 
w(p, 0) = 0, O<p<R. 
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3. Solve problem (4) as follows: 


(a) Expand the function p ina Fourier sine series on the interval of interest, 0 < p < R. 
In other words, assume a representation 


co 
. (np 
p= dro, sin(=*), 

n=1 
and determine the coefficients c,,. Do you anticipate the presence of the Gibbs 
phenomenon anywhere on the interval 0 < p < R? If so, why? [Hint: Consider the 
odd periodic extension of this function.] 

(b) Check your coefficients c,, in (a) by assuming R = 1 and using computational 

software to plot the partial sum 


100 


) c, SInnNITp 
n=1 


on the interval 0 < p < 1. 
(c) Assume a solution w(p, t) having the form 


w(p, 2) 25 40st (=*). (5) 


n=1 


Note that representation (5) satisfies the homogeneous boundary conditions. 
Show that the unknown functions ,(f) are solutions of the initial value prob- 
lems 
w(t) +k (=) w,(t) = —ac,,(T, — Tye ™ 
R 6 
(6) 
w, (0) = 0, = 1; 23. 33s 85 
(d) Assume that a 4 Kn 7 /R? for any value of the integer n. Solve the initial value 
problems in (6), and form w(p, 2). 
(e) Form the desired solution u(p, ft). 


(f) Recall the limit 
lim S122 


x-0 Xx 


= 1. 


Use this fact to show that the solution obtained in (e) remains bounded as p > 0. 
(Assume that the operations of infinite summation and limit can be interchanged.) 


4. Assume the following parameter values: 
T,=34F, 7T,=212°F,  «=00lcm’/s, w=0.01s', R=2cm. 


We would like to use computer software to plot w(1, tf) and u(0, f) (in °F) versus time t 
for 0 < t < 500s. To do so, we typically use a partial sum approximation of the form 


sin (42) 
p 


N 
Uy(p.t) = 5° @,(t) 


n=1 


if ho je 


for the actual calculations. 

(a) Determine a suitable value of N for the desired computations. What criterion did 
you use to decide on this value of N? 

(b) Use u,,(p, t) as an approximation to evaluate and plot u(1,¢) and u(0,t) for 0 < 
t< 500s. 


(c) How long does it take before the center of the sphere reaches a temperature of 
200°F? 
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10.1 Introduction 


First Order Partial Differential Equations 


A partial differential equation involves the partial derivatives of a dependent 
variable (often denoted by u) that is a function of two or more independent 
variables. Frequently, the independent variables are time ¢ and one or more of 
the spatial variables x,y,z. The order of a partial differential equation is the 
order of the highest partial derivative appearing in the equation. In this chapter, 
we focus on first order partial differential equations of the form 


a(x, pee + b(x, t) eG) 


= c(x,t, u(x, f)). (1) 


In equation (1), a(x, f) and b(x, t) are known functions of the independent vari- 
ablesx andt, and c(«, t, u) isa known function, possibly involving the dependent 
variable u. 
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An example concerning pollutant flow in a stream will serve as an intro- 
duction. This application also suggests what the appropriate supplementary 
conditions should be. Equation (1), together with appropriate supplementary 
conditions, will form the problem of interest, called the Cauchy problem. 


An Example: Pollutant Flow in a Stream 


Suppose we want to monitor the flow of a pollutant, such as agricultural fertil- 
izer, in a narrow stream. For simplicity, assume that the stream bed is oriented 
along the x-axis, that the stream has constant cross-sectional area A, and that 
water flows in the positive x-direction with constant speed v. (See Figure 10.1.) 
Assume the stream is sufficiently narrow that a “well-stirred” approximation is 
reasonable in the two directions perpendicular to the flow. In other words, we 
assume that pollutant concentration within the stream is a function of time t 
and the spatial variable x. Let the concentration be denoted u(x, t). The goal 
is to determine how the pollutant concentration, u(x,t), evolves in space and 
time. 


Arbitrarily chosen 
stream segment 


Constant 
cross-sectional 
area A 


FIGURE 10.1 


The conservation law stated in equation (4) holds for the arbitrary stream 
segment x, <x <X>. 


We obtain the governing partial differential equation by applying a “conser- 
vation of pollutant” principle to an arbitrary segment of the stream. As shown 
in Figure 10.1, we arbitrarily select two points x, and x,, where x, > x,. To the 
corresponding stream segment x, < x < x,, we apply the principle 


Rate of change Rate at which Rate at which 
of pollutant in = pollutantenters — pollutant leaves 
the stream segment the stream segment the stream segment. 


At any time ¢, the amount of pollutant in the stream segment is 


X2 X2 
/ u(x, )Adx =a | u(x, t) dx, 
Xx x1 

and the rate of change of this quantity is 


d a 7 2 Qu(x, ft) 
7 af Hs =a ff ap (2) 


The right-hand side of equation (2) is now set equal to the rate at which the 
pollutant enters the stream segment minus the rate at which it leaves. Since the 
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stream is flowing in the positive x-direction, the pollutant enters the segment 
x, <x <x, atthe upstream position x = x, and leaves the segment at the down- 
stream position x = x,. We also allow for the possibility that the pollutant may 
enter or be removed along the banks of the stream. Let c(x,t) represent the 
net rate of this input per unit length of stream at location x and time ft. Thus, 
c(x, t) > 0 if the pollutant is actually entering the stream and c(x,t) < 0 if the 
pollutant is being removed. Under these assumptions, 


Rate at which Rate at which 
pollutant enters the — pollutant leaves the 
stream segment stream segment 


= u(x,,HAv+ / : c(x, thdx — u(x>, Av. 


x1 


Therefore, 


af me de = ey nav + | “e(x, t) dx — u(Xxp, t)Av. (3) 


XI 


Applying the fundamental theorem of calculus, we can express the term 
Av[u(x,,t) —u(x,, t)] as 


*2 Qu(x, Ct) 


A Jt) - O]=—A dx. 
v[u(x,,t) —u(x>, 0)] vf ox x 
Thus, conservation law (3) can be written as 
2 T aux, t) du(x,t) 1 _ 
[ | a +v a qc o| dx = 0. (4) 


Equation (4) holds for all ¢ in the time interval of interest, say 0 < t < oo. Since 
we are assuming the integrand in (4) is a continuous function of (x, £), it follows, 
for each fixed t, that the integrand is a continuous function of x for all x along 
the stream; for simplicity, we assume —oo < x < oo. Since x, andx, are arbitrary 
points and since (4) is true for every possible choice of x, and x,, it follows that 
the integrand must be identically zero: 


u(x, fr) de u(x, t) 1 
Vv = 
ox ot A 


Partial differential equation (5) must be augmented by supplementary con- 
ditions. These conditions arise from different scenarios that we might want to 
model. For example, suppose we know pollutant concentration along the entire 
length of the stream at time ¢ = 0. In this case, equation (5) would be supple- 
mented by a condition of the form 


c(x, bt), —00 <x < WW, 0<t<o. (5) 


u(x, 0) = u(x), —0O <X < OO. (6a) 


In (6a), 49(x) is the known initial concentration. 

Another application might be one where the stream is initially pollutant 
free and a pollutant spill begins at a certain location, say x = 0, at time t = 0. 
If we assume we know the time history of the spill, our goal is to determine 
pollutant concentration at downstream locations as time evolves. In such a 
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case, we supplement equation (5) with the conditions 
u(0,t) =u), 0<t<w, u(x, 0) = 0, 0<x <a, (6b) 


where u,(t) is the known spill history function. 

These two problems are shown schematically in Figure 10.2. For the prob- 
lem consisting of equation (5) with supplementary condition (6a), the solution 
is specified along the x-axis, and we want to solve for w(x, t) ina domain consist- 
ing of the upper half of the xt-plane. For the problem consisting of (5) and (6b), 
the solution is specified along the first quadrant boundaries of the xt-plane, and 
we want to solve for u(x, ft) in the first quadrant of the xt-plane. 


Domain 
of 
interest 


u(x, 0) = uo(x) u(0, t) = u,(t) 


interest 


(a) (b) 
FIGURE 10.2 


(a) The supplementary condition u(x, 0) = ug(x) is specified for 
—oco <x < oo. (b) The supplementary conditions u(0, t) = u, (0), 
0<t <oandu(x, 0) =0, 0 <x < ware specified. 


10.2 The Cauchy Problem 


The pollutant-flow example serves as a guide for formulating the mathemati- 
cal problem of interest, the Cauchy problem. We then consider the geometric 
aspects of this problem. 

For simplicity, we focus on the special case of two independent variables, x 
and f, so that the solution surface can be sketched and visualized. Understand- 
ing the problem geometry enables us to appreciate the hypotheses guaranteeing 
the existence of a unique solution. This understanding also allows us to develop 
an approach for solving the Cauchy problem. The solution technique, known 
as the method of characteristics, is developed in Section 10.4. 

The problem we consider is the first order partial differential equation 


ead pee t) Gd ae t) 


=c(x,t,u(x,f)). (1) 


The domain of the solution u(x, f) is a portion of the xt-plane. For equation (1), 
supplementary conditions are specified along some curve lying in the xt-plane; 
this curve is denoted by y in Figure 10.3. Plotting the points (x,t, u(x, t)) for 
(x,t) on y generates the space curve denoted by F in the figure. 

The problem illustrated by Figure 10.3 consists of equation (1), together 
with a prescribed space curve I’. This problem is known as a Cauchy problem. 
The graph of the solution is a surface determined by partial differential equation 
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FIGURE 10.3 


The solution, u(x, t), of partial differential equation (1) is a smooth surface 
in xtu-space. Initial conditions are specified on a curve y lying in the 
xt-plane. The space curve I consists of the points (x, t, u(x, f)) for (x, ft) on y. 


(1) that also contains the specified space curve I. To see a snapshot of the 
solution at some time f = t,, we can envision cutting the solution surface with 
a plane perpendicular to the t-axis at t =t,, obtaining u(x,t,). To see a time 
history of the solution at some point x = x,, we cut the solution surface with a 
plane perpendicular to the x-axis at x = x,, obtaining u(x,,t). These ideas are 
illustrated in Figure 10.4. 


X,, t, U(x, f)) 
a on (x, ty), u(x, t))) 


(x,. ty, 0) 


FIGURE 10.4 


The curve consisting of points (x, ¢,, u(x, t,)) gives a snapshot of the 
solution at time t = ¢,. The curve consisting of points (x,,¢, u(x, 0) 
gives a time history of the solution at the point x = x,. 


Parametric Curves and the Cauchy Problem 


Space curves such as I in Figure 10.3 are often described by parametric equa- 
tions. Let t denote the parametric variable, and assume, for the sake of the 
present discussion, that t takes on values in the interval a < t < B. A paramet- 
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EXAMPLE 


1 


ric description of the space curve ' = (x, t, u(x, t)) has the form 


x = $(T), t= w(t), u(P(T), W(T)) = (7), a=t <p, (2) 


where ¢,¥, and w are known functions. The two parametric equations 
x= (t) and t=w(t),a <t < B define a curve y in the xt-plane. The third 
equation, u(¢(t), (t)) = w(t), describes how the dependent variable u varies 
along the curve y. (In general, the parameter interval can be finite or infinite and 
need not include its endpoints. The interval might be, for example, a < t < £, 
—oo <Tt < B, or -c <T <o@.) 

To simplify the notation, we denote partial derivatives by subscripts. In ad- 
dition, we begin with the homogeneous differential equation a(x, thu, + 
b(x, thu, = 0. Once we understand the homogeneous problem, we can general- 
ize to the nonhomogeneous problem, a(x, thu, + b(x, Nu, = c(x, t,u). Consider 


a(x, thu, + b(x, Hu, = 0 
u(o(t), W(T)) = @(7). 


Geometrically, we want to find the surface determined by differential equa- 
tion (3) that contains the space curve I defined in (2). 


(3) 


An example of a Cauchy problem is 
u,(x,t) +u,(,t) = 0 
subject to the supplementary condition 


u(t, 1—t)=1-—sin2zT, O<t<l. * 


Later, in Section 10.4, we solve the Cauchy problem posed in Example 1. 
The geometry of the problem is illustrated in Figure 10.5. Note that initial data 
are specified for the points (x,t) lying on the curve y, where y is described 
parametrically by 


x= 7, t=1-rt, O0<7r<l. 


FIGURE 10.5 


The supplementary condition for the Cauchy problem in Example 1 
is specified on the line segment y. The space curve I’ defines the 
supplementary condition for the problem. 
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Thus, the curve y is a line segment connecting the points (x,t) = (0, 1) and 
(x,t) = (1, 0). For all points (x, t) = (t, 1 — t) lying on y, we require the solution 
u(x, t) to satisfy 


u(t, 1—t) =1-—-—sin2zT, O0<7<l. 


The supplementary condition is the space curve [ shown in Figure 10.5. 


An Euler-like Process for Approximating the Level Curves 
of the Solution Surface 


When we discussed the initial value problem y’ = f(t,y), y(to) = Yo, Euler's 
method provided a simple, heuristic way to understand how the differential 
equation developed the initial condition point into the solution curve (see Sec- 
tion 2.10). It is instructive to have a similar heuristic understanding of how a 
first order partial differential equation develops the given space curve I" into 
the solution surface. 

Consider the first order partial differential equation 


a(x, thu, (x,t) +b, Hu, (x,t) = 0. (4) 


The key observation is the fact that the left-hand side of equation (4) can be 
viewed as the dot product of two vectors. Suppose, at an arbitrary point in 
the xt-domain of u, we form the vector a(x, f)i + b(x, t)j, where i and j are unit 
vectors in the x and ¢ directions, respectively. Suppose we likewise form the 
gradient of u, Vu(x,t) =u,(x, tHi+u,(x, tj. Using these expressions, we can 
rewrite equation (4) as 


a(x, thu, (x,t) +b, Hu,(x, t) = [a(x, Hit bx, Hj] - Vu(x, ft) = 0. (5) 


The geometric interpretation of equation (5) is that, at (x, t), the projection of 
the gradient is equal to zero in the direction determined by a(x, t)i + b(x, Hj. 
Therefore, the directional derivative of u evaluated at (x,t) vanishes in the 
direction a(x, fi + b(x, Hj. This means that the solution u has a zero rate of 
change at (x, f) in the direction defined by this vector; geometrically, the vector 
a(x, thi + b(x, fj is tangent to a level curve of the solution surface (recall that 
level curves are contour lines—that is, curves of constant elevation). Therefore, 
we can imagine creating the solution surface by generating a family of polygo- 
nal approximations of level curves. Euler constructions can be used to develop 
an approximate contour map of the surface. 

The constructions proceed as follows. Select any point (x, t)) on y, the 
curve in the domain on which solution u is specified; the value u (x9, fo) specifies 
the elevation. Evaluating a(x, t)i + b(x, Hj at the point (x9, fy) defines a direction. 
March out in the domain a short distance in this direction to a point (x,,1,), 
and evaluate a(x, t)i+ D(x, tj at (x,,¢,). This evaluation defines a new direction 
in which uw has the same constant value. The process can be iterated. 

In a similar fashion, the idea of direction fields (see Section 6.2) can also 
be used to visualize the level curves of the solution surface. At each point (x, f) 
on a suitable grid in the xt-domain, we place a small filament having slope 
b(x, t)/a(x, t). The level curve passing through the point (x, f) is tangent to the 
filament at the point (x, t). The elevation of the solution surface associated with 
the level curve is dictated by the value of the solution uw at the point where the 
level curve intersects the curve y. The following example illustrates these ideas. 
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EXAMPLE 


2 


Consider the Cauchy problem 
xu, — (t+ Iu, = 90, 0<t<ow, —0O <x < 0O 
u(x, 0) = aan —00 <X < OO. 


Construct the direction field for this problem. 


Solution: The direction field is shown in Figure 10.6. At each grid point, a 
filament is placed having slope 


ba). = +) 
a(x,t) x — 


For example, the filament drawn at the point (x, t) = (2, 2) has slope —3. The 
direction field can be used to visualize the level curves of the solution surface. 
As t increases, the direction field indicates that the level curves move toward 
the t-axis. Correspondingly, the solution surface should “pinch together” as t 
increases. 


t 
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FIGURE 10.6 


The direction field for the Cauchy problem in Example 2: 
xu, — (t+ lu, = 0, u(x, 0) =e™ , —00 < x < ow. The direction field 
suggests that the solution surface pinches together as f increases. “ 


We show, in Section 10.4, that the solution of the Cauchy problem in Ex- 
ample 2 is u(x,t) =e~“*!”*”. (You can check by direct substitution that this 
function satisfies both the partial differential equation and the initial condi- 
tion.) The graph of the solution, shown in Figure 10.7, exhibits the features 
suggested by the direction field in Figure 10.6. 

Although the geometric arguments in this section are heuristic, they do 
provide an intuitive insight into how the solution surface is generated. The 
arguments also highlight the importance of the curves in the domain, called 
characteristic curves, that are determined by the direction field. In Section 
10.3, we survey the conditions needed to have a well-posed Cauchy problem. 
In Section 10.4, we develop the method of characteristics, a computational 
procedure for obtaining an explicit solution of the problem. 
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FIGURE 10.7 


The graph of the solution of the Cauchy problem in Example 2. As the 
associated direction field shown in Figure 10.6 suggests, the solution 
surface pinches together as f increases. 


EXERCISES 


Exercises 1-6: 

A Cauchy problem is given in each exercise. 

(a) Determine the unspecified constant a. 

(b) The values of u are prescribed along a curve y in the xt-plane. Sketch the curve y. 


(c) Determine the function w(t) . 


1. u,+u,=0 

u(2t, 0) = a(t), —1 <7 <1. The solution is u(x, t) = (x + at)’. 
2. —2u,+u,=0 

u(t,tT) = a(t), O<tT <2. The solution is u(x, t) = sin(« + at). 
3. u, tau, =0 

u(t, 2t) = a(t), 0 <1 < oo. The solution is u(x, t) = (2x +0)’. 
4. u,+au,=0 

u(t, 2t) =a@(t), —1 <1 <1. The solution is u(x, ft) =e”. 
5. xu, +u, =0 

u(t, T) = a(t), 2<t <4. The solution is u(x, f) = (xe)?. 
6. u, +atu,=0 

u(t, 1) = a(t), 0< Tt < o. The solution is u(x,t) =x —2Int, 0 <t. 

Exercises 7-9: 


In each exercise, the solution of a partial differential equation is given. Determine the 
unspecified coefficient function. 


7. a(x, Du, +x0u,=0; u@,d=20 
8. xu, +b(x, Hu, =0; u(x,t) = xe 

9. u,+d(x,Hu,=0; uxo=f (x? — t), where f (z) is continuously differentiable 
Exercises 10-14: 


Direction fields can be used to approximate the level curves of the partial differential 
equation a(x, Au, +b, Hu, = 0. 
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(a) Consider the rectangular region in the xt-plane described by —2 <x <2, 
0 <t <2. In this region, sketch the direction field for the given partial differen- 
tial equation, and use the direction field to sketch estimates of the level curves of 
the differential equation. 


(b) Suppose we require that u(x, 0) = x, —2 < x < 2. This constraint sets the actual ele- 
vations of the level curves constructed in part (a). In particular, note that u(0, 0) = 0. 
Consider the point (x, t) = (0, 1) in the domain and the corresponding value of the 
solution, u(0, 1). Based on the construction made in part (a), do you anticipate that 
u(0, 1) will be greater than, equal to, or less than zero? 


10. u, — 5u,=0 11. u,=0 12. u,+2u,=0 
13. xu, +u,=0 14, ¢+ lhu,+u,=0 


10.3 Existence and Uniqueness 


In this section, we state a theorem that guarantees the existence of a unique 
solution of the Cauchy problem. The hypotheses take into account the geometry 
of the initial data space curve I and guarantee the existence of a unique solution 
surface containing I’. An extensive discussion of existence and uniqueness can 
be found in Dou! or John.” 


Let a(x, t) and b(x, t) be continuously differentiable on the entire xt-plane 
and consider the Cauchy problem 
a(x, thu, + b(x, Hu, = 0 iis 
u(P(T), W(T)) = w(T), a<t<B. 
Suppose that 


(a) law, | + |b, | > 0 for all @, 1), 
(b) (7), W(t), and w(t) are continuously differentiable functions for a < 
tT < B, 


(c) Ip I+ 1W'@|>O00<t <8, 
(d) the curve y defined by (x, t) = (¢(t), w(t)), a < t < Bisasimple curve, 
and 


(e) the curve y satisfies the transversality condition 


g(t) w(t) 


t P eee 
alo(e), We) b(b(e), w(e))| * a<t<B 


Then there is a unique solution of the Cauchy problem (1). 


‘alberto Dou, Lectures on Partial Differential Equations of First Order (Notre Dame, IN: University 
of Notre Dame Press, 1972). 
?Fritz John, Partial Differential Equations, 4th ed. (New York: Springer, 1995). 
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Although we do not present a proof, the hypotheses of Theorem 10.1 should 
seem reasonable. We would expect that a certain degree of continuous differ- 
entiability would be required of the functions defining the differential equation 
and the initial data. Several of the hypotheses of Theorem 10.1 have geometric 
interpretations. For example, condition (a) guarantees that the direction field 
is defined at each point (x, t). Requirements (c)-(e) relate to the curve y. A curve 
y having a parametric description that satisfies requirement (c) is a smooth 
curve, a curve for which arc-length is a strictly increasing function of the pa- 
rameter t. Requirement (d), that y is a simple curve, ensures that y does not 
intersect itself. 

Transversality condition (e) also has a geometric interpretation. At each 
point (x, f) in the domain, the vector a(x, t)i+ b(x, fj defines the direction field 
filament orientation, which is tangent to the level curve of the solution surface 
at that point. However, we are permitted to specify the supplementary data as 
part of the problem formulation. We can specify the curve y in the xt-domain 
and the way in which the solution u varies along y. The transversality condi- 
tion ensures that no incompatibility arises from these two separate demands on 
the solution. (Consider Figure 10.8.) The vector ¢’(t)i+ y'(r)j is tangent to the 
curve y at the point (x, t) = (¢(t), W(t)). At that point, the specified initial data 
u(o(t), W(t)) = w(t) determine the directional derivative of u in the tangential 
direction. The vector a(¢(t), w(t))i + D(¢(t), w(t))j determines the level curve 
orientation at this point. Therefore, the solution has a vanishing directional 
derivative at the point (x,t) = (@(t), w(t)) in the direction a(@(t), w(t))i + 
b(¢(t), w(t))j. The transversality condition simply ensures that the two direc- 
tions, ¢'(t)i + w'(t)j and a(d(z), W(t))i + D(M(t), W(t))j, are not parallel. 


Tangential direction 


a(x, Di+ bx, Dj 


FIGURE 10.8 


At the point (x, t) = (¢(t), w(t)), the directional derivative of u in the 
tangential direction, ¢’(t)i+ w’(t)j, is determined by the supplementary 
data, w(t). At the point (x, f), the directional derivative of u in the direction 
a(o(t), W(t))i + D(P(t), W(t))j, is zero. The transversality condition (e) of 
Theorem 10.1 ensures that these two directions are not parallel and thus 
eliminates the possibility of a contradiction. 


It is important to understand what Theorem 10.1 states, but it is equally 
important to appreciate what it does not say. Theorem 10.1 does not say that a 
unique solution cannot exist if the hypotheses are not met. Moreover, the theo- 
rem does not guarantee that the solution exists over any specific portion of the 
xt-domain. The theorem assures us of the existence of a solution surface con- 
taining the supplementary data space curve. However, as the following example 
shows, we may not be able to predict the extent of the solution surface. 
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Consider the Cauchy problem 
u,(x,t) — (1 — t)?u, (x,t) =0 


u(t, 0) =T, —-COO<T< OM. 


(a) Show that this problem satisfies the hypotheses of Theorem 10.1. 
(b) Verify that u(x,t) =x +t(1 —t)~' is the solution. 


Solution: 


(a) For this problem, a(x, t) = 1 and b(x, t) = —(1 — 1)”. These two functions are 
continuously differentiable on the entire xt-plane. A parameterization for 
the curve I is given by 


x= o(T) =T, t=y(t)=0 
u(P(t), W(T)) = @(t) =T, —0O <T < OO. 
Clearly, hypotheses (a) and (b) of Theorem 10.1 hold. Note that ¢’(r) = 1 
and y'(t) = 0. Therefore, hypothesis (c) of Theorem 10.1 holds. To verify 
hypothesis (d), observe that the curve y is the entire x-axis, and hence y is 
a simple curve. Turning to the transversality condition, we have 
¢'(t) w'(r) 1 0 1 0 
a(p(t), w(t) b(P(t), W(r)) a(t,0) b(t, 0) 1. =] 
Thus, hypothesis (e) of Theorem 10.1 holds, and we are guaranteed the 
existence of a unique solution of the given Cauchy problem. 


(b) For u(x,t) =x+t(1—1)7!, we obtain u,(x,t)=1 and u,%,) = (1 - i, 
Therefore, 


u(x,t) — (1 — t)?u, (x,t) = 0. 


The function u(x,t)=x+t(1—1)7' also satisfies the initial condition 
u(t,0) =Tt and therefore is the unique solution. The graph of the solu- 
tion surface is shown in Figure 10.9. The solution exists in the positive 
t-direction only for ¢t < 1; it does not exist fort > 1. 


FIGURE 10.9 


The unique solution of the Cauchy problem in Example 1 is 
u(x,t) =x+t(1 —t)7!. The solution is undefined for t > 1. % 
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EXERCISES 


Exercises 1-8: 


In each exercise, a Cauchy problem is given, with initial data specified on a curve y. 


(a) 
(b) 


(c) 


oO anmont au BW NN 


10. 


Sketch the curve y. 


Determine the values of the parameter t, if any, where the transversality condition 
fails to hold. 


Assume that w(t) is continuously differentiable on the given interval a < t < f. Are 
all the hypotheses of Theorem 10.1 satisfied? If not, which hypotheses do not hold? 


-u, tu, =0~, u(t, tT?) =a(t), O<1t <4 
-u,—u,=0, u(cost,sint)=w(t), O<t<2/2 

. 2u,t+u,=0, u(t,t/2)=a(t), O<t< 10 
.u,+2u,=0, u(t,t)=a@(t), O< t< 10 
.tu,t+u,=0, u(t,2tT)=o(t), -2<1<4 

.7u, +tu,=0, u(t,1)=(t), -10<1 <10 

. tu, —xu,=0, u(cost,sint)=a(t), —m/2<t<7/2 
.u,+e°u,=0, u(t,t/2)=a@(t), O< tr <2 


. Consider the Cauchy problem 


u, +u, =0 
u(t,t) = 0, —0O <T<O. 
(a) Verify that the transversality condition is not satisfied for any value of rt. 


(b) Let f be any continuously differentiable function satisfying f (0) = 0. Show that 
the composition f(x — t) is a solution of the Cauchy problem. 

(c) Are the observations made in parts (a) and (b) consistent with the conclusions 
of Theorem 10.1? Explain. 


Consider the Cauchy problem 
u, +u, = 0 
u(t, 2t”) =t — 21’, —00 <T<O. 


(a) Show that the transversality condition is satisfied for all values of t except 


ad 
T= 4: 


(b) Show that u(x, t) = x —t is a solution of the Cauchy problem. 


(c) Are the observations made in parts (a) and (b) consistent with the conclusions 
of Theorem 10.1? Explain. 


10.4 The Method of Characteristics 


In this section, we first develop a solution procedure for the Cauchy problem 


a(x, thu, + b(x, Hu, = 0 (1a) 
u(o(t), W(T)) = w(t), a<t<f. (1b) 


The basic idea is to introduce a new coordinate system in the xt-plane and 
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interpret the differential equation in terms of the new coordinates. We then 
build on this approach to solve the nonhomogeneous equation. 


Characteristic Coordinates 


We will use (s, t) as new coordinates for the region of interest in the xt-plane. 
The variable t is the parametric variable used in (1b) to describe the curve y 
where the supplementary data are specified. The variable s is introduced by 
considering the following initial value problem: 


sal T) = a(x(s, T), t(s, T)), x(0, t) = 6(t) 
a (2) 
i. T) b(x(s, tT), t(s, T)), 1(0, t) = wz), eeee 


In (2), the parameter Tt is fixed. For each value of 1, (2) is essentially an initial 
value problem involving a system of two ordinary differential equations. We 
assume, for each value of t in [a@, 6], that problem (2) has a unique solution 
over some s-interval. Therefore, the family of solutions of (2), when graphed in 
the xt-plane, will consist of a nonintersecting family of curves covering some 
portion of the plane. This family of curves is referred to as the family of char- 
acteristic curves. When s = 0, the solution point lies on the curve y since 
(x(0, t), t(0, T)) = (H(t), W(t)). In the next subsection, we show, as s varies with 
t fixed, that the (x, f) solution point moves along a contour curve of the partial 
differential equation. 


Determine and graph the family of characteristic curves for the Cauchy problem 
u,(x,t) +u,(x,t) =0 


u(t,1—t) =1-—sin2zT, O0<r<l. 


Solution: For this problem, the initial data are specified on the curve y defined 
by x = ¢(t) =t andt= w(t) =1-—1,0<1 <1. The characteristic curves are 
found by solving the system 


0. 

Ab) = 1, x(0,t)=T 
ds 

t 

MON Pee t=s. wsect 
os 

The solution is 
x(s,T) =S+T, t(s,t) =s+1-—rT, O=<t = 1. 


Geometrically, the family of characteristic curves is a family of parallel lines. 
Eliminating the variable s, we see that these lines have the form t = x + (1 — 2r). 
Figure 10.10 illustrates some of these characteristic curves. 


EXAMPLE 


2 
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FIGURE 10.10 


The characteristic curves for the Cauchy problem in Example 1 form a 
family of parallel lines having the form (x,t) = (s +1,s+1—1),0<1t<1. % 


Determine and graph the family of characteristic curves for the Cauchy problem 
xu, (x,t) — (t+ Lu,(x,t) = 0 
u(t, 0) = a, —-OO<T<OM. 

Solution: For this problem, the initial data are specified on the curve y defined 


by x = (t) = t andt= y(t) = 0, —oo < t < ow. The characteristic curves are 
found by solving the system 


dx(S, 
aT) =x(S;T); x(0,tT)=T 
Os 
at(s, 
<. ») = —(t(s,t) + 1), t(0, tT) = 0, -OO <T<O. 
The solution is 
x(s,T) = Te’, t(s,t) =e *—1, —-0O <T<O. 


Geometrically, the family of characteristic curves is a family of hyperbolas. 
When the variable s is eliminated, the curves have the formt = —1 + t/x. Figure 
10.11 illustrates some of these characteristic curves. 


t 
A 


5 


FIGURE 10.11 


The characteristic curves for the Cauchy problem in Example 2 form a 
family of hyperbolas, t = —1 + t/x. (Note that —oo < x < oo and 
-l<t<o.) 


o, 
? 
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Characteristic Curves Are Level Curves for a Solution 


The characteristic curves are level curves of the solution surface of a(x, tu, + 
b(x, thu, = 0. To establish this fact, we show that u(x(s, tT), t(s, T)) remains con- 
stant when 1 is held fixed and s is allowed to vary. Using the chain rule and 
equation (2), we obtain 


0x(s, T) Leite Ds dt(s, T) 
os Os 
= U,(x(S, T), t(S, T))a(x(S, T), t(S, T)) 
+u,(x(s, T), t(s, T))b(x(s, T), t(s, T)) 
= 0. 


*ulxls, tT), t(s, T)) =Uu,(X(S, T), tS, T)) 


The last equality follows because u is a solution of a(x, thu, + d(x, tu, = 0. 
Therefore, when t is held fixed and s is allowed to vary, the solution uw re- 
mains constant. This shows that the characteristic curves are level curves of a 
solution u. 


Obtaining the Solution of a Cauchy Problem 


The solution of a Cauchy problem has a simple representation in terms of 
characteristic coordinates; in fact, the solution is simply u = w(t). To see why 
this is so, let w(x(s, tT), t(s, t)) denote the solution of (1). For a fixed value of 1, 
we saw in the previous subsection that u(x(s, tT), t(s, T)) remains constant as s 
varies. Therefore, 
u(x(s, T), ts, T)) = u(x(O, T), (0, 7) 

= u(P(T), Y(T)) (3) 

= (Tt). 
Representation (3) is unsatisfactory, however, since we want the solution ex- 
pressed in terms of the original variables x and t. To obtain the desired solution 
u(x,t) we must solve for s and t as functions of x and f¢. If we can explicitly 


perform this calculation, obtaining s = a(x, ft) and t = B(x, ft), then the desired 
solution is u(x, t) = w(B(x,t)). 


Summary 


The procedure for solving the Cauchy problem (1) consists of three steps: 


1. Formulate and solve initial value problem (2), finding solutions x(s, r) 
and f(s, T). 


2. Solve for s and t as functions of x and ¢, obtaining s = a(x,t) and 
t= B(x,t). 
3. Form the solution, u(x, t) = w(B(x, t)). 


EXAMPLE 
3 Solve the Cauchy problem 
u,(x,t) +u,(x,t) =0 


u(t, 1—t) =1-—sin2zT, 0<7r<l. 


EXAMPLE 


4 
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Solution: In Example 1, we carried out step (1) of the solution procedure, 
finding x(s, tT) =s +t andt(s,t) =s +1-—T, where 0 < t < 1. Carrying out step 
(2), we solve for s and 1, obtaining 

t-—1 —t+1 

Vga = oad ease ee 

2 2 
Since w(t)=1-—sin2zt, the desired solution is u(x,t) =a@(B(x,t)) = 
1 — sin[z(« —t+ 1)]. A portion of the solution surface is shown in Figure 10.12. 


FIGURE 10.12 


A portion of the graph of the solution of the Cauchy problem considered in 
Example 3. 


o, 
° 


Solve the Cauchy problem 
xu,(x,t) — (t+ 1)u, (x,t) = 0 
u(t, 0) = er, —-COO<T<O. 
Solution: In Example 2, we found the characteristic curves x(s, tT) = te’ and 
t(s,t) =e ° — 1, -00 < t < ov. Solving for s and t, we obtain 
s=a(x,t)=—In(?t+1) and t=£(x,t)=(t4+1)x. 


Since w(t) =e" , the desired solution is u(x,t) = w(B(x, t) =e”. This 
solution was illustrated in Section 10.2, Figure 10.7. 


The Nonhomogeneous Equation 

We now consider the nonhomogeneous partial differential equation 
a(x, thu, + B(x, Hu, = c(x,t, u) 
u(p(t), W(T)) = w(t), a<t <8. 


With appropriate hypotheses on the function c(x, t, u), the existence-uniqueness 
theorem given in Section 10.3 can be extended to cover the nonhomogeneous 
problem (4). Characteristic curves also play an important role in determining 
the solution of the nonhomogeneous problem. In the nonhomogeneous case, 
however, the characteristic curves are not contour curves. To understand why, 
assume initial value problem (2) has been prescribed and solved. Suppose that 


(4) 
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t is held fixed and s is allowed to vary. In this case, using the chain rule and 
equations (2) and (4), we obtain 


0 ay dx(s, T) aa at(s, T) 
ds ti( OOS ' as 


= u,a(x(s, T), t(s, T)) +u,b(x(s, T), t(s, T)) 
= c(x(s,T), t(s, T), U). 


Along a characteristic curve, u is a solution of the initial value problem 
0 
au =c(x(s,T), (S,T), U4), 
as 


Therefore a solution procedure for solving Cauchy problem (4) can be sum- 
marized as follows: 


u(x(0, tT), ¢(0, T)) = w(t). (5) 


1. Formulate and solve initial value problem (2), obtaining solutions x(s, rT) 
and f(s, T). 


2. Solve initial value problem (5) for u, and let u = U(s, t) represent the 
solution expressed as a function of s and t. 


3. Solve for s and t as functions of x and ft, obtaining s = a(x, ft) and 
t= B(x,t). 
4. Form the desired solution, u(x, t) = U(a(x, t), B(x, t)). 


Example 5 provides an illustration of the procedure. 


Solve the Cauchy problem 
u,(x,t) —u,(, t) = xt 


u(t, 0) =’, —0 <T<O. 


Solution: The characteristic curves are found by solving the system 


dx(s, T) = il x(0, t) = tT 
os 
% (6) 
G.t) =-—1, t(0, rt) = 0, —0O <T<a@. 
Os 
The solution is x(s,t) =s +1 and t(s,t) = —s. 


The nonhomogeneous term is c(x, t, 2) = xt. Therefore, initial value prob- 
lem (5) becomes 


ou 2 
a x(s, T)t(S,T) = (S +T)(—S) = —s* — TS 


u(x(0, t), t(0, T)) = tr’, 


—-CO <T< OW. 


The general solution of this differential equation is 


3 2 
S: Ss 
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Imposing the initial condition u(x(0, tT), (0, t)) = t”, we obtain 
u= s = i (7) 
==5 ; ; 
From the solution of (6), we have x(s, tT) =s +7 and f(s, tT) = —s. Solving for s 


and t in terms of x and, we finds = —t and t = x +t. Thus, by (7), the solution 
is 
3 2 3 2 
=f _ t t 
( 7 nae » +(«+t? = oe = te 4 ate? 
As acheck, verify directly that this expression satisfies both the partial differ- 


% 


ential equation and the initial condition. “ 


u(x,t) = 


Exercises 1-8: 


Obtain the solution of the Cauchy problem. [In Exercise 6, what happens to the solution 
u(x, t) as t increases toward 0? In Exercise 8, for what values of t does the solution u(x, t) 
exist? ] 


1. u, — 2u,=0 2. 2u,+3u,=0 
u(t,0) =sint, —coo <T < oo u(0,t) =e ', —-~O <T<©CO 
3. xu, +u, =0 4. u, —2u,=0 
u(t, 1) = 7’, -—0O <T<@ u(t, Tt) =T°, —-0O <T<@ 
5. u,—u,=0 6. xu, +tu, =0 
u(t, 2t) =T’, -—0 <T<© u(t,—1) =cosmt, —© <T < © 
7. 1 —x)u, +u,=0 8. u,+t?u,=0 
u(t,0)=t, -—cO <t<c u(t,1)=t, -woO<t<@ 


Exercises 9-15: 


In each exercise, 


(a) Solve the Cauchy problem consisting of the given nonhomogeneous equation 
together with the supplementary condition u(t, 0) =e" ,-co < tT < &. 

(b) Consider the upper half of the xt-plane, R = {(x, t) : —oo < x < 00,0 <t < oo}. 
On what portion of R does the solution u(x, t) exist? 


9.u,+u,=1 10. u, +u, = xt 11. u, + 2u, = —u 
12. u,+2u, =tu 


15. u,+ (2t—1)’u, =1 


13. u,. + 2u, =u+2t 14, tu. —u,=x 


Exercises 16-18: 


Consider the mathematical model of stream flow developed in Section 10.1, where w(x, f) 
represents the concentration of pollutant at position x and time t. Flow occurs in the 
direction of increasing x with constant speed v. 


16. Assume the stream is long enough that we can idealize its length as —0cO <x < 
oo. At time ¢ = 0, the concentration of pollutant is w(x, 0) =e“ , —co < x < oo. As 
the flow occurs, pollutant concentration is reduced at a rate proportional to the 
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17. 


18. 


concentration (because of natural processes or human intervention). We assume 
pollutant flow is modeled by the Cauchy problem 
vu, +u, = —ku 
2 
u(x,0)=e* , —00 <X < ©, 0<t<o, 


where k is a positive constant. 
(a) Solve this Cauchy problem. 


(b) Suppose the stream flow speed is v = 5 mph. At a monitoring station 20 miles 
downstream, the measured peak value of pollutant concentration is 0.05. At what 
time is this peak value detected at the monitoring station? What is the value of the 
constant k? 


Assume the stream is initially pollutant-free. At time ¢ = 0, a pollutant spill begins 
at x = 0. The time history of the spill is modeled by 


167(1-07?, O<t<1 
u(0,t) = (8) 


1l<t<o. 


The mathematical problem modeling the pollutant flow is 
vu, +u, = 0, 0<x<o, 0<t<o, 


with 1(0, ft) prescribed by (8) for 0 < t < oo andu(x, 0) = 0,0 <x < o. 


(a) Show that the characteristic curves are straight lines of the form x — vt =a, 
where a is a constant. 


(b) Solve the following Cauchy problem for pollutant concentration in the region 
t>x/v: 
vu, +u, =0 
u(0, t) = 1677(1 — tr)’, O<t<1 
u(0, tr) = 0, 1l<t<om. 
(c) Solve the following Cauchy problem for pollutant concentration in the region 
t<x/v: 
vu, +u, = 0, 
u(0, tT) = 0, 0<tT<omM. 
(d) Sketch what a pollution monitor, located at downstream position x, > 0, would 
record [that is, sketch the graph of u(x, f)]. 


Reconsider Exercise 16. Now assume that pollutant concentration is reduced at a 
rate proportional to the square of the concentration. Thus, the partial differential 
equation becomes 

vu, +u, = —ku’. 
Answer the questions posed in Exercise 16 for the same initial condition and this 
new differential equation. How does the value of rate constant k compare to that 
obtained in Exercise 16? 
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PROJECTS: EXTENDING THE METHOD OF CHARACTERISTICS 
We solve two problems that extend the method of characteristics developed in this 
chapter. 
Project 1: Higher Dimensions 
Solve the Cauchy problem 
Uu,(x,¥, 0) +yu,(%, y, t) — xu, (x,y, t) = —2tu(x, y, £) 


xy (1) 


u(x,y,0) = , CO <X,V<&. 
(x,y (ax oP y 


The dependent variable in (1) is a function of three independent variables: the spatial 
variables x, y and time t. The domain itself is three-dimensional; we would need a fourth 
dimension to plot the solution. 

Initial data are specified on the plane t = 0. We can envision a two-parameter family 
of characteristic curves emanating from this plane and filling the three-dimensional 
domain. These characteristic curves can be determined by solving a three-dimensional 
system of characteristic equations. 


1. Describe the initial data in terms of two parametric variables, say t and n, as follows: 


x=T 

y=”, —0O <T,N <0O 

t=0 (2) 
™ 

u(t, n, 0) = ——,—.,.. 

(t, n, 0) ieee 


Although this parameterization is a trivial one, it will prove useful for bookkeeping 
purposes. 


2. Introduce the characteristic variable s and solve the initial value problem 


Ox(T, n, S) 

METS) Lyans),  x(t,n,0) = 
Os 

ov(T, ,S 

DOU) wens, geet =# (3) 
os 

t 

Lae ee ee ee 
Os 


The set of equations comprising (3) is a linear first order system that can be solved 
using the theory developed in Chapter 4. 


3. Use the chain rule to show that u(x(t, 7, s), y(t, n, S), {(t, n, S)) isa solution of the initial 
value problem 


ou 21 ) | ™ 
3 = T4ET, 1, SU, Ul\s_9 = : 
0 1 3 2 4: n° 


os 
Solve this initial value problem, obtaining u as a function of the variables (rt, n, s). 
Let u = U(t, 7, s) represent this solution. 
4. To obtain the solution in terms of the desired variables (x, y, t), invert the map defined 
by (3), solving for (t, 7, s) as functions of (x,y, 7). For the particular system defined 
by (3), this can be done explicitly. For the sake of discussion, let 


T=a(x,y, Ft), n= B(x, y,0), S= x(x, y, 2). 
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In terms of these functions, the solution is given by 


u(x,y,t) = U(a(x, y, 2), B(x, yt), x,y, 0). 


Determine this solution explicitly. 


Project 2: Equations with Solution-Dependent Coefficients 
We now consider a first order partial differential equation of the form 
a(x,t,u)u, + b(x,t,u)u, = c(x,t,u). 


In this case, the coefficient functions a and D are allowed to be functions of the dependent 
variable u. As before, initial data are prescribed by specifying a space curve in xtu-space. 
Guided by the chain rule, we define a system of characteristic equations 


ox 
= if, 
ae a(x, t,u) 
at 
— =b(x,t,u) (4) 
as 
a = C(K 0:0): 


In this case, the family of characteristic curves depends on the solution u. We cannot 
first solve for (x,t) as functions of (t,s) (where the parameter t is again assumed to 
parameterize the space curve). Rather, we must solve three-dimensional system (4) for 
(x,t, u) as functions of (t, s). Suppose we represent these solutions as 


x =X(t,S), t=T(t,s), u = U(t,S). (5) 
If we can invert the relations x = X(t, s),t = T(t, s) and solve for (t,s) as functions of 
(x,t), sayt = a(x, t),s = B(x, ft), the solution we seek will be given byu = U(a(x, t), B(x, 0). 
Generally, this procedure is quite difficult to implement explicitly. In certain 
cases, such as in the problem below, we can obtain an explicit solution. 
1. Solve the Cauchy problem 
u,+uu, = —2 
u(x,0) =x, -W <XK <M. 


2. On what positive t-interval does the solution exist? 


Boundary Value Problems 
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Two-Point Boundary Value Problems for Linear Systems 


Sturm-Liouville Boundary Value Problems 


11.1 Introduction 


We again consider linear ordinary differential equations, both mth order scalar 
equations and first order systems. We studied linear differential equations in 
prior chapters in the context of initial value problems, where all the supple- 
mentary constraints were imposed at the same value of the independent vari- 
able. We now consider linear differential equations in the context of two-point 
boundary value problems, where the supplementary constraints are imposed 
at two separate values of the independent variable. In many cases, these two 
points are the endpoints of the domain of interest. 


The Centrifuge Problem Revisited 


Consider again the simple mechanical system shown in Figure 11.1. We now 
pose a different question about its operation. At time t = 0, a frictionless tube 
of length / begins to rotate in the horizontal plane about a fixed pivot point with 
a constant angular acceleration of a rad/s’. A particle of mass m is injected into 
the tube at the pivot point at time ¢ = 0 with a certain radial velocity. What must 
this initial radial velocity be if we want this particle to exit the tube at some 
prescribed later time, t = T? 
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FIGURE 11.1 


At time t = 0, a frictionless tube having length / begins to rotate about the 
pivot point with a constant angular acceleration of a rad/s’. A particle of 
mass mm is inserted into the tube at the pivot point at time t = 0 witha 
certain radial velocity. How do we choose the initial radial velocity if we 
want the particle to exit the tube at a prescribed later time, t = T? 


Let r(t) denote the radial position of the particle at time t. The domain of 
interest for this problem is the time interval 0 < t < T. Newton's second law 
leads to the differential equation 


r” —(at)’r = 0, O0<t<T. (4) 


Since the particle is injected into the tube at the pivot point at time t = 0, we 
require that the initial radial position be r(0) = 0. We also require that the 
particle exit the tube of length / at the prescribed time t = T. Therefore, we 
must also have r(T) = 1. The mathematical problem of interest is 


r” — (at)’r = 0, 0<t<T 


2 
r(O) = 0, ral. i 


To answer the question posed, we must solve problem (2) for r(¢) and then com- 
pute r’(0). Notice how this problem differs from those considered in Chapters 3 
and 4. Here, supplementary constraints, called boundary conditions, are im- 
posed at two different values of t. In this case, the two points are the endpoints 
of the interval of interest, and thus problem (2) is called a two-point boundary 
value problem. 


11.2 Existence and Uniqueness 


Two-point boundary value problems are intrinsically interesting from a math- 
ematical point of view; the underlying existence-uniqueness theory is different 
from that for initial value problems. Consider the two-point boundary value 
problem 

y+ pOy+qOy=8O, a<t<b 

Ay y(a) + ayy'(a) =a (1) 

boy(b) + byy'(b) = B. 


EXAMPLE 


1 
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In (1), the functions p(t), q(t), and g(t) are assumed to be continuous on the 

closed intervala < t < b, and the constants dy, a,, bg, b;, a, and 6 are known. In 

order for the two boundary conditions to be meaningful, we assume that 
|ag| + |a,| > 9, |bo| + |by| > 0. 


(These inequalities are a shorthand way of saying “a, and a, are not both zero 
and also by and b, are not both zero.” If the preceding inequalities are not 
satisfied, then the boundary conditions are either contradictory or vacuous.) 

The two boundary conditions in (1) are called separated boundary con- 
ditions since each of the constraints involves the dependent variable and its 
derivative at a single point f. The centrifuge problem discussed in Section 11.1 
fits the structure defined by (1); see equation (2) in Section 11.1. 


Solution Possibilities 
Chapter 3 showed that the initial value problem 
y+ pOy+qOvy=8), vb) =o, (fp) = 


has a unique solution existing on the entire interval [a, b] whenever p(t), g(t), 
and g(f) are continuous on a < t < b and the initial conditions are imposed at 
some point fy) within the interval. 

The following example illustrates that the situation is more complicated 
for two-point boundary value problems. It is possible for problem (1) to have 
a unique solution, no solution, or infinitely many solutions. 


Solve the two-point boundary value problems. 


(a) y"+y=1, 0<t<a2/2 
y(0) = 0, y(mr/2)= 1 
(b) y+ y=1, O<t<z 
y(0) = 0, y(r) = 1 
(c)y"+y=1, Ox<t<az 
y(0) = 0, y(w) =2 
Solution: In each case, the general solution of the given differential equation 
is 
y(t) =c, cost+c, sint + 1, 
where the first two terms form the complementary solution and the constant 
function 1 is a particular solution. 
(a) Imposing the boundary conditions on the general solution leads to 
y(0) =c,+1=0 
y(r/2) =c,+1=1. 


(continued) 
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(continued) 


The unique solution of this system of equations is c, = —1 and c, =0. 
Therefore, the boundary value problem has a_ unique solution, 
y(t) =1-—cost,0<t<7a7/2. 


(b) Imposing the boundary conditions on the general solution leads to 
y(0) =c,+1=0 
yr) = —-c, +1=1. 


This system of equations has no solution. Therefore, the boundary value 
problem has no solution. 


(c) Imposing the boundary conditions on the general solution leads to 
y(0) =c,; +1=0 
yr) = —c, +1 =2. 


This system of equations has infinitely many solutions, c, = —1 andc, arbi- 
trary. Therefore, the boundary value problem has infinitely many solutions, 


y(t) = 1 —cost+c, sint, 0<t<z, 


where c, is an arbitrary constant. 


Given the relatively complicated situation illustrated by Example 1, it is nat- 
ural to ask “What conditions on the coefficient functions and/or the constants 
in problem (1) will guarantee existence of a unique solution to the boundary 
value problem?” We first present an important dichotomy theorem, known as 
the Fredholm alternative theorem. We then conclude this section with two the- 
orems providing sufficient conditions for the existence of a unique solution. 


Fredholm Alternative Theorem 


We now state and prove Theorem 11.1, the Fredholm! alternative theorem. 
As its name suggests, Theorem 11.1 presents an either/or dichotomy charac- 
terizing the existence of a unique solution to the two-point boundary value 
problem (1). This important theorem also involves the homogeneous two-point 
boundary value problem 


z’+pO2+qi)z=0, a<t<b 
dgz(a) + a,z'(a) = 0 (2) 
boz(b) + byz'(b) = 0. 


Note that problem (2) is simply problem (1) with the function g(t) and the 
constants a and £ set equal to zero. 


'Brik Ivar Fredholm (1866-1927) was a Swedish mathematician best remembered for his work on 
integral equations and spectral theory. He was appointed to a chair in mechanics and mathematical 
physics at the University of Stockholm in 1906. 


Theorem 11.1 
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Let p(t), g(t), and g(t) be functions continuous on a <t <b, and let 
ay, 4, by, b, be constants, where |dg| + |a,| > 0 and |b9| + |b,| > 0. Either 


y" + py + qMy = g(0), a<t<b 
ayy(a) +a,y'(a) =a (3a) 
byy(b) + byy'(b) = B 


has a unique solution for any values of « and £ or the associated homo- 
geneous boundary value problem, 


z+ p(t)z’ + qz=9, a<t<b 
ayz(a) + a,z (a) =0 
boz(b) + b,z'(b) = 0, 


has a nonzero solution. 


© PROOF: Let y, (0), y(t), and Y(‘) be the solutions of the following three 
initial value problems: 


yi + pOy, + ay, = 9, y@=a,, y{@ =a 
¥3 + py, + ay. = 0, yo(b)=—-b;,, —-y9(b) = by (4) 
Y’+pOY’+q®0Y=e0, Y@=0, Ya=o. 


As noted previously, each of these initial value problems has a unique solution 
that exists on the entire interval a < t < b. Note that the initial conditions in (4) 
are such that 


aj ¥1(a)+a,y,@)=0 and byy,(b)+b,y5() =0. 


Let W(t) denote the Wronskian of the solution set {v,, 5}. The either/or di- 
chotomy in Theorem 11.1 arises because the Wronskian is either always zero 
in [a, b] or never zero in [a,b] (see Theorem 3.6). To prove Theorem 11.1, we 
examine each of these cases—showing that problem (3a) has a unique solution 
when the Wronskian is nonzero and showing that problem (3b) has nonzero 
solutions when the Wronskian vanishes throughout the interval [a, b]. 


Case 1: The Wronskian is never zero in[a, b]. To show that problem (3a) has a 
unique solution, we first note [see equation (4) in Section 3.7] that the super- 
position 


yt) =cyy,O+ey.H+YO0 (5) 


is the general solution of the differential equation y” + p(t)y’ + q@®y = g(t). We 
now show that there are unique constants c, andc, such that y(f) in (5) satisfies 
the boundary conditions 


ay ya) +ayy'(a) =a 
boy) + byy'(b) = B. 
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Calculating the left-hand sides of the boundary conditions, we obtain 


dy y(a) + ayy (a) _ dle1¥,@ + CyV(a) + Y(a))+ a,leyy; (a) + C55 (a) +Y'@] 
= clap, @ +4,y@] + colagyr@ + ayy,@)] 
+[a)¥ (a) +.4,Y'(a)] 
and 
by y(b) + b,y'(b) = boleyy,(b) + CoV (b) + Y(b)] + by ley (b) + Cx95(b) + Y'(b)] 
= €,[bo¥, (6) aa by (b)] + C5[by y2(b) ae b,y5(b)] 
+ [bo Y(b) + b,Y'(b)]. 


Substituting the initial condition values from (4) into these expressions, we find 


dy ¥(a) + ayy’ (@) = ¢4[0] + €y[aq 92 (@) + 4,93 (a)] + [0] 
= c2[—y @y2(@) +91 @)y5(@)] 
and 
byy(b) + yy’) = cy [boy (b) + by (6)] + €3[0] + [bo YG) +5, Y')] 
= c,[y5(b)y,(b) — y2(b)y'(6)] + [bo ¥ (b) + by Y'(B)]. 

Imposing the boundary conditions, we obtain the following equations for c, 
and c,: 

eoly1 @)y3(a) — y @)y2(a)] = a 

C1 1¥1(b)5(b) — y (b)y2(6)] = B — [bp ¥ (b) +b, YB). 
In (6), the coefficient multiplying c, and the coefficient multiplying c, consti- 


tute the Wronskian of the solution set {y,,y,}, evaluated at t=a and t=), 
respectively. Thus, the equations in (6) are 


(6) 


c,W(a) =a 


/ (7) 
cyW(b) = B — [bop Yb) +b, YH). 


Since the Wronskian is never zero in the case under consideration, we obtain 
unique solutions forc, andc, from (7). These values determine the unique solu- 
tion of the boundary value problem (3a). Note that, in this case, homogeneous 
problem (3b) has only the trivial solution. 


Case 2: The Wronskian is zero throughout [a, b]. In the case where the Wron- 
skian is zero everywhere in [a, b], let 


Zt) = C4¥, 0) + ¥(0). 


Since z(t) is a superposition of solutions of the homogeneous differential equa- 
tion in problem (3b), z(t) also solves that differential equation. We now show 
that z(t) satisfies the homogeneous boundary conditions 


ayz(a) + a,z'(a) = 0 
boz(b) + b,z'(b) = 0, 


no matter what values we choose for c, and c,. In particular, just as in case 1, 
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we obtain 
Agz(a) + az’ (a) = €,[0] + cya ¥2(@) + 414 (@)] 
=c,[-y, @y,(@) +, @y5@] 
=c,W(a) 
=0 
and 


boz(b) + b,z'(b) = C;[by ¥, (0) + by’ (b)] + c,[0] 
=c,[y7(b)y, 6) —y2(b)y(0)] 
=c,W(b) 
=0. 
Therefore, the boundary conditions impose no constraint on c,; and c,. Be- 
cause of (4) and the conditions |a,| + |a,;| > 0 and |by| + |b, | > 0, both y, (4) and 
y>(t) are nontrivial solutions of the differential equation y” + p(y’ + q@y = 0. 


Hence, we know there are nontrivial solutions of problem (3b); for instance, 
choosing c, = 1 andc, = 0 leads us to the nontrivial solution z(t) = y,(t). ®@ 


If problem (3b) has one nontrivial solution, then it has infinitely many 
nontrivial solutions (see Exercise 12). The Fredholm alternative theorem can 
be rephrased to say “Problem (3a) has a unique solution if and only if problem 
(3b) has only the trivial solution.” 

The utility of the Fredholm alternative theorem rests on the fact that if one 
of the two possible alternatives can be ruled out, then we know the other must 
hold. For example, we can establish the existence of a unique solution of the 
two-point boundary value problem (1) by showing that the only solution of 
homogeneous boundary value problem (2) is the trivial solution, z(t) = 0. 

Consider Example 1. In part (a), the homogeneous boundary value problem 


y"+y=0, O<t<3 
IU 
y(0) = 0, ¥(5) =0 


has only the trivial solution, y(t) = 0. Hence, if g(t) is continuous on 0 < t < 2/2, 
every boundary value problem 


a ae 

y +y=e(t), vate 

IE 
y(0) =a, y(F) = £6 
has a unique solution. 
However, the homogeneous boundary value problem 

y"+y=0, O<t<az 
y(0) = 0, y(r) = 0 


has nontrivial solutions of the form y(t) = c sint, where c is an arbitrary con- 
stant. Therefore, given any boundary value problem of the form 


y"+y=g(0), O<t<z 
y(0) =a, y(r) = B, 
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we know that either the problem has no solution or it has infinitely many so- 
lutions. 


REMARK: The solution possibilities exhibited in Example 1 (one solution, no 
solution, or infinitely many solutions) should have a familiar ring to those who 
have studied systems of linear equations. Fredholm alternatives have exact 
analogs in linear algebra. In particular, a linear system of 1 equations in n 
unknowns, written in matrix form as Ax = b, has precisely the same solution 
possibilities (one, none, or infinitely many solutions). Likewise, the same al- 
ternatives hold; either the system of equations has a unique solution for every 
right-hand side b (if A is invertible) or the homogeneous system Ax = 0 has 
nontrivial solutions (if A is not invertible). One of the beauties of mathematics 
is the presence of such common structures underlying topics that appear to be 
different. 


Existence and Uniqueness Theorems 


We would like to be able to identify classes of two-point boundary value prob- 
lems that have unique solutions. As Example 1 suggests, however, boundary 
value problems are difficult to characterize in any great generality. The follow- 
ing theorems, presented without proof, give some partial results. 


Let p(t), g(t), and g(t) be functions continuous ona < t < b, where q(t) < 
0 ona <t<b. Let dy,a,,b9,b, be constants, where |dg| + |a,| > 0 and 
\bo| + |b, | > 0. In addition, suppose that 


apa, < 9, bob, > 0, and = |ao| + |bo| > 0. 


Then, for any values a and £, the boundary value problem 
y+ pOy'+qOy=e80, a<t<b 
aj y(a) + aya) =a 
boy(b) + byy'(b) = B 


has a unique solution. 


A companion result is given in the following theorem. 


Let g(t) and g(t) be functions continuous on a < t < b, where q(t) < 0 on 
a <t <b. Then, for any values a and £, the boundary value problem 


y" + ay = gtd), a<t<b 
ya) =a, y(b) = 8B 


has a unique solution. 


EXAMPLE 


2 
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Note that the hypotheses of Theorem 11.2 require the function q(t) to be 
strictly negative ona < t < b, while those of Theorem 11.3 require only that q(4) 
be nonpositive. The centrifuge problem, given as an example in Section 11.1, 
fits the structure of the boundary value problem in Theorem 11.3. 

Two-point boundary value problems do not lend themselves to existence- 
uniqueness statements of sweeping generality. Theorems 11.2 and 11.3 are pre- 
sented to give you a sense of what can be said.” 

In Section 11.3, we will consider two-point boundary value problems for 
first order linear systems. Recall from Chapter 4 that an nth order scalar linear 
differential equation can be recast as a first order linear system. We shall see 
that boundary value problems of the type considered in this section can thus be 
reformulated as corresponding boundary value problems for linear first order 
systems. The question of existence-uniqueness will be revisited in that context. 

It is important to realize that when we know the boundary value problem 
has a unique solution, the ideas of Chapter 3 already provide us with all we 
need to solve the problem—vwe need only form the general solution of the dif- 
ferential equation (as the sum of complementary and particular solutions) and 
then impose the boundary conditions to evaluate the arbitrary constants. The 
following example illustrates this point. 


Solve the two-point boundary value problem 
y" — 2y' + y = 2t, O0<t<1l 
y(0) =2 (8) 
yl) = -4. 
Solution: This problem possesses the structure of boundary value problem (1), 
where dy = 1,a,; =0,a =2,b, =0,b, = 1, 8B =—4. Although Theorems 11.2 
and 11.3 do not apply to this problem [since q(t) = 1 > 0], we can use the Fred- 


holm alternative theorem to show that the problem has a unique solution. We 
do so by showing that the associated homogeneous boundary value problem, 


z’ —22/+z=0, O<t<1 
z(0) = 0 (9) 
z(1) = 0, 
has only the trivial solution. The general solution of the differential equation 
in (9) is 
z(t) =cye’ + cote’. 
Imposing the homogeneous boundary conditions leads to 
z(0) =c, =0, 
z'(1) =c,e + 2ec, = 0, 
and hence c, = c, = 0. We conclude that z(t) = 0,0 <¢ < 1. By the Fredholm 
alternative theorem, boundary value problem (8) has a unique solution. 


(continued) 


?Herbert B. Keller, Numerical Methods for Two-Point Boundary Value Problems (Waltham: Blais- 
dell Publishing Co., 1968) and Peter Henrici, Discrete Variable Methods in Ordinary Differential 
Equations (New York: Wiley, 1962). 
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(continued) 


In order to construct this unique solution, we first determine the general solu- 
tion of the nonhomogeneous differential equation in (8), finding 


y@ =c,e' +c,te' + 2t4+ 4. (10) 
Imposing the boundary conditions on the general solution, we have 
y(0)=c,+4=2 
y'(1) =cye + 2ec, +2 = —4. 


Solving for c, and c,, we obtain the unique solution of boundary value prob- 
lem (8), 


y(t) = (t — 2)e! — 3te 4 2 +4, 0<f< 1. 

Figure 11.2 presents a graph of this solution. 
y 
A 
2.56 

2 
1L5- 
il = 
0.57 
Pop yp py yp yp py 
0.5 l 
FIGURE 11.2 
The graph of the solution of boundary value problem (8) in Example 2. ~ 


Exercises 1-7: 


In these exercises, the boundary value problems involve the same differential equation 
with different boundary conditions. 


(a) Obtain the general solution of the differential equation. 


(b) Apply the boundary conditions, and determine whether the problem has a unique 
solution, infinitely many solutions, or no solution. If the problem has a solution or 
solutions, specify them. 


Ley" + Gy=l 2.y"+ gyal 3. y+ Gy=l 

y(0) =0, y(t) =2 y'(0) =0, y'(z) =0 y'(0) =-2, yr) =0 
4.y"+ iy=1 5.y"+iv=1 

y(0) =0, y'(z) = 1 y(0) + 2y'(0) = 0, yr) + 2y'Gr) = 0 
6. y"+iy=1 7.y"+iy=1 


y(0) + 2y'(0) = 0, yr) — 2y'(x) =0 y(0) + 2y'(0) = 4, yr) — 2y'(x) = 0 
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Exercises 8-10: 


In each exercise, the unique solution of the boundary value problem is given. Determine 
the constants a, 8, and y. 


sinh 2t 
Jy" = 0, =a, y(2)= 8. The solution is y(t) = ———. 
8 y+ yy=90, yO)=a, y(2)=6 e solution is y(t) Saha 
9.y"+ vy=0, y(O)=a, y(1)=8. The solution is y(t) = 2t — 1 
10. y+ yy=2e', yO)=a, y (5) = p. The solution is y(t) = e’ + sint. 


11. The unique solution of the boundary value problem 


yty=l 
y(0) +a,y'(0) =5,  y(a/2) + y(t /2) = B 


is shown in the figure. Find the integer constants a, and B. 


Figure for Exercise 11 


12. Suppose it is known that the homogeneous two-point boundary value problem (3b), 


2+ pz’ +qhHz=0, a<t<b 
apz(a) +.a,z'(a) =0 
boz(b) + b,z'(b) = 0, 
has a nontrivial solution z(t). Prove that cz(t) is also a solution, where c is any 
constant. 
13. Show that the general solution of the Euler equation fy" — 2ty’+2y=0 is 
yt) =eyt tet”, t > 0. 
Exercises 14-19: 


Each exercise gives a two-point boundary value problem for which the general solution 
of the differential equation was found in Exercise 13. 


(a) Formulate the associated homogeneous boundary value problem (3b). 


(b) Find all the nonzero solutions of the associated homogeneous boundary value prob- 
lem, or state that there are none. 


(c) Using the Fredholm alternative theorem and the results of part (b), determine 
whether the given two-point boundary value problem has a unique solution. 
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(d) If the Fredholm alternative theorem indicates there is a unique solution of the given 
boundary value problem, find that solution. 


(e) If the Fredholm alternative theorem indicates the given boundary value problem 
has either infinitely many solutions or no solution, find all the solutions or state 
that there are none. 


14, ty” — 2ty’ + 2y =0 15. ty” — 2ty’ + 2y =0 16. y" — 2ty’+2y =0 


yi) +y'() = 9 2y(1) —y'(1) = 1 3y(1) — 2y'(1) = 2 
y(2) -y'(2) =3 y(2) -y'(2) = 1 5y(2) — 6y'(2) = 3 
17. ty" — 2ty'+2y =0 18. ty” — 2ty’ + 2y =0 19, ty” — 2ty' + 2y =0 
y(1) — 2y'1) = -5 yi) -y()=1 4y(1) — 3y'(1) = 1 
2y(2) —y'(2) =7 y(2) — 2y'(2) = 4 3y(2) — 4y'(2) = 3 


Exercises 20-28: 

In each exercise, 

(a) Can you use Theorem 11.2 or Theorem 11.3 to decide whether the given boundary 
value problem has a unique solution? 

(b) If your answer to part (a) is yes, find the unique solution. 


(c) If your answer to part (a) is no, use the Fredholm alternative theorem to decide 
whether the given boundary value problem has a unique solution. 


(d) If the Fredholm alternative theorem indicates there is a unique solution of the given 
boundary value problem, find that solution. 


(e) If the Fredholm alternative theorem indicates the given boundary value problem 
has either infinitely many solutions or no solution, find all the solutions or state 
that there are none. 


20. y’-y=—4 21. y"-y=-4 22. y"-y=—4 
y(0) =7 y(0) + (0) = 5 y(0) —y'(0) = 0 
y(In2) =7 y(In2) + y'(n2) = 8 y(n 2) + yn 2) = 12 
23. y’-y=—4 24. y+ y=2 25. y"+y=2 
y(0) = 11 yO) +y'(0) =7 y(0) +y'(0) =7 
yn 2) = 4 y(x) +(x) = -3 y(t) +(x) = 3 
26. y+ y=2 27. y"+y=2 28. y"+ y=2 
yO) =7 y(0) = 8 yO) =8 
y(t) = 3 ya) +y'(z) =5 y(a) = —4 


Exercises 29-30: 
These exercises outline an approach to solving linear two-point boundary value prob- 
lems known as the shooting method. Exercises 31-34 apply this method to solve specific 
problems. 
We assume that the linear two-point boundary value problem, 
y" + pOy' + qOy =e), a<t<b 
dy v(a) +. ayy (a) =a 
bo y(b) + byy'(b) = B, 


has a unique solution. As earlier, we assume that |dg| + |a,;| > 0 and |by| + |b,| > 0. 
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29. Let y,(¢) and y,(¢) denote solutions of the following two initial value problems: 


Vit POY +9Oy=EO |, Yat POY, + Wy, =0 
¥{(@) = ac, yi(@) = —acy y2(@) =a, y(a) = —ap, 
where cy and c, are any two constants satisfying a,c, — a,c) = 1. 


(a) Under what circumstances is solution y,(f) a nonzero solution? Explain why 
y>(t) is a nontrivial solution. 


(b) Form the function y,(t) = y, (0) + sy,(t). Here, s is a constant known as the shoot- 
ing parameter. Show, for any value of the constant s, that 


y+ pOy, + Oy, =e, a<t<b 
ay ys(a) +.a,y.(a) = a. 


30. Consider the function y,(¢) formed in Exercise 29. If we can select a value of the 
constant s so that 


byy.(b) + by, (b) = B, 


then the function y,(¢) will be the unique solution of our problem. 


(a) Use the Fredholm alternative theorem (and the fact that our problem has a 
unique solution) to show that 


by y2(b) + byy5(b) #0. 
(b) Use the result of part (a) to show we can always find a value of the shooting 
parameter s so that b,y,(b) + b,y,(b) = B. For that value of s, the function y,(4) is 
the unique solution of our problem. 
Exercises 31-34: 
In each exercise, 
(a) Prove that the given boundary value problem has a unique solution. 


(b) Use the shooting method to obtain this solution. In Exercises 33-34, you will need 
to use a numerical method to solve the initial value problems for y, (¢) and y,(¢). 


(c) Use computer software to graph the solution of the boundary value problem. 


31. fy" —ty’+y=2, l<t<2 32. y’ + 4y =3sinz, O<1<4 
y(l) =3, ¥Q)=0 hon (EV (BY 
0) +90) =3, y(F) +y' (F) =8 
33. r’-?r=0, O<t<1 34. y’+ ty’ -y=0, 0<t<1 
r(0)=0, r(1)=1 y(0)=0, yA)=1 


11.3 Two-Point Boundary Value Problems 
for Linear Systems 


In Chapter 4, we saw that the theory of initial value problems for first order 
systems forms a conceptual framework that includes the theory for nth order 
scalar initial value problems. In particular, scalar problems can be recast as 
problems for first order systems. A similar result is true for two-point boundary 
value problems. In this section, we will formulate a two-point boundary value 
problem for first order linear systems and show how the scalar boundary value 
problems we have considered thus far can be recast in that framework. 
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The Problem of Interest 


Let A(t) be an (n x n) matrix whose components a,(t), i,j =1,...,m are con- 
tinuous on the interval a < t < b. Let g(t) be an (n x 1) vector function whose 
component functions g,(t),i = 1,...,” are continuous ona < t < b. We are in- 
terested in the linear nonhomogeneous first order system 


y =AMy+s@), ax<t<b, (1a) 


where y(t) is an (n x 1) vector of dependent variables. 

Let P| and Pl?! be given constant (n x n) matrices, and let a be a given 
constant (n x 1) vector. We require that the solution y(t) of equation (1a) satisfy 
the boundary condition 


P!ly(a) + P®ly(b) = a. (1b) 


Equations (1a) and (1b) form the two-point boundary value problem of interest. 


Reformulating a Scalar Two-Point Boundary Value Problem 
as a System 


We give three examples showing how to write two-point boundary value prob- 
lems in the form of problem (1). 


Rewrite the scalar two-point boundary value problem so that it fits the frame- 
work of problem (1): 


y+ p@y +qMy=e0, a<t<b 
ay y(a) +.a,y'(a) =a 
by v(b) + b,y'(b) = B. 
Solution: Let y(t) = Ve 
2 


yi=V =), yy =y" =-pOy’ —qOy +g = —pOy. —qOy, +80. 


| , with y,() =v), yo) = y(t). Then 


These equations can be rewritten in matrix form as 


; 0 1 4 0 eh (2a) 
= 5 a= << : a 
y lat) pol lew 


Since p(t), g(t), and g(t) are continuous ona < t < b, A(t) and g(¢) are continu- 
ous matrix functions on the same interval. The two separated scalar boundary 
conditions can be rewritten as the single matrix equation 


ay ay 0 O a 
y(a) + io 2 y(b) = Ab (2b) 
0 1 


0 O 
Thus, problem (2) has the form of problem (1). “ 


EXAMPLE 


2 


11.3 Two-Point Boundary Value Problems for Linear Systems 695 


Our study of a time-periodic loading of an Euler-Bernoulli beam, cantilever- 
connected at x = 0 and x =/1 (see Project 4 in Chapter 3), led to the following 
two-point boundary value problem for the beam deflection envelope y(x): 


d'y 
dx* 
y(0) = 0, y'(0) =0 
y(1) = 0, y'(L) = 0. 


— py =f (x), O0<x<l 


In this equation, « is a positive constant depending on the radian frequency 
of the periodic loading and the physical properties of the beam, while f(x) 
represents the strength of the loading at point x along the beam. Rewrite this 
scalar two-point boundary value problem so that it fits the framework of prob- 
lem (1). 


Solution: Let 
y1 (x) 


y(x) = ae) uh ¥i(X) =X), 3X) = Y"(@), 


aw 


yy @=y@), 4) =y"@), 
V4 (x) 
Then we have 

Y=HVY=% W=" =¥_ Ve=V" =o, 


4 


, a 
Y= = py +f (x) = wy, +f (@). 


dx* 


These equations can be rewritten in matrix form as 


0 10 0 0 
; |, 0 1 4 lo | 
y= i, oa y+ a 0<x <l. (3a) 
hw 0 0 0 (x) 


The boundary constraints arising from the cantilever connections can be ex- 
pressed as the single matrix equation 


1000 000 0 0 
0 1.0 000 0 0 
000 of Ot 0 0 0 = Io 
0000 010.0 0 


Thus, problem (3) has the same form as problem (1). “ 
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The following two-point boundary value problem has been proposed as a simple 
model of how radiation (such as light) travels through a slab of scattering 
medium (such as fog):? 


d [To (x) -1 1 [To (x) 
= = l 
dx pee ? —1 1) [2O@]|? eo a 


POsI™, 1° O=H=0: 


The slab thickness is /, and J‘ (x) and I (x) represent forward- and backward- 
propagating radiation intensities, respectively, at location x within the slab. The 
positive constants £ and J'"* represent, respectively, the scattering coefficient 
and the radiation intensity incident on the left face of the slab. 

For this example, differential equation (4) is already in the form of (1a), 
with 


Pes (x) 


JO *) = y(x). 


It remains only to point out that the boundary conditions can be expressed as 


1 0] [7 () . OF 0) eT. re 
0 Oo} [OM] [oOo 1] Ow] [Lo] 


Thus, this problem has the same form as problem (1). 


Problem Solution 


We take as our starting point the variation of parameters formula derived in 
Section 4.8 for the general solution of the linear nonhomogeneous system (1a). 
Once we have this, the problem becomes simply a matter of analyzing the 
implications of boundary condition (1b). 

Recall from Section 4.8 that a fundamental matrix W(t) is an invertible 
(n x n) matrix solution of the homogeneous differential equation 


w= AHW. 


Given that A(‘) is continuous ona < t < b, we can, in principle, construct such 
a fundamental matrix. In terms of this fundamental matrix, we found that the 
general solution of y’ = Ay + g(t) is 


t 
y(t) = We+ vo | wl(s)g(s)ds, = a<t<b, (5) 
a 
where c is an (v x 1) vector of arbitrary constants. For our problem, we must 


now impose boundary condition (1b); this will lead to a linear system of equa- 
tions with ec serving as the column vector of unknowns. We have 


b 
yia)=Waje and yib)=W(b)e+ ve | w-!(s)g(s) ds. 


3 Arthur Schuster, “Radiation Through a Foggy Atmosphere,” The Astrophysical Journal, Vol. 21, 
No. 1, January 1905, pp. 1-22. 
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Thus, boundary condition (1b) becomes 
[Plwia) 4 PPly(b)| c= —P"lw(b) | : wl (s)g(s) ds +a. (6) 
We now simplify the notation to help us focus on the important issues. Define 
p= [P"lwa) ea Ply (b)| and f= —P®ly(b) [ wl(s)g(s)ds +a. (7) 


With this, equation (6) becomes 
De = f. (8) 


Note that D is an (n x n) constant matrix determined by the matrices P'“! and 
pel along with the fundamental matrix ¥; D does not depend on either the 
nonhomogeneous vector function g or the nonhomogeneous constant vector o. 
However, (n x 1) constant vector f depends on both g and @ (as well as W). Note, 
in particular, that f = 0 if both g and & vanish. 


The Fredholm Alternative Principle 


Equation (8) presents us with a simple system formulation of the Fredholm 
alternative principle: 


(a) If the matrix D is invertible, then equation (8) has the unique solution 
c = D“'f and boundary value problem (1) has the unique solution 


b 
y(t) = W(O)D 'f+ vo | wl (s)g(s) ds, a<t<b. (9) 


In this case, note that the corresponding homogeneous boundary value 
problem 


z' =A(t)z, a<t<b 


(10) 
P'z(a) + P’!z(b) = 0 


has only the trivial solution, z(t) = 0,a <t <b. 

(b) If the matrix D is not invertible, then equation (8) has either no solution 
or infinitely many solutions. In that case, boundary value problem (1) will 
correspondingly have either no solution or infinitely many solutions. If the 
matrix D is not invertible, the homogeneous system of equations De = 0 has 
infinitely many nonzero solutions. In that case, the homogeneous boundary 
value problem (10) has nontrivial solutions of the form z(t) = W(t)c, where 
c#0. 


REMARKS: In formulating the solution of boundary value problem (1), we as- 
sumed that W(t) is a fundamental matrix. However, we know from Chapter 4 
that fundamental matrices are not unique. Therefore, it seems reasonable to 
ask two questions: 


1. Does the invertibility of matrix D depend on the particular choice of 
fundamental matrix? Suppose W, (t) and W,(¢) represent any two funda- 
mental matrices satisfying ¥’ = A®W. Let D, = (Pw, (@) + P“lw, )] 


698 CHAPTER 11 


EXAMPLE 


4 


Linear Two-Point Boundary Value Problems 


and D, = [P“w, (a) + P”!w,(b)]. Is it possible for D, to be invertible but 
D, to be noninvertible? 

The answer to this question is no. The reason stems from the fact 
(see Theorem 4.9) that if Y,(4) and W,(¢) are any two fundamental ma- 
trices, then there exists a constant invertible (n x n) matrix C such that 
W(t) = VY, @)C. It follows therefore that D, = D,C. Since C is invertible, 
the matrices D, and D, will either both be invertible or both be nonin- 
vertible. 

2. Expression (9), which purports to be the unique solution of boundary 
value problem (1), should not depend on the particular choice of funda- 
mental matrix. Is that, in fact, the case? 

The Exercises outline an argument showing that expression (9) is 
independent of the choice of fundamental matrix. The argument uses 
the relation W(t) = ¥,(OC [where W,(t) and W,(¢) are any two funda- 
mental matrices and C is invertible] and the fact that if A and B are two 
invertible (n x n) matrices, then the matrix product AB is invertible and 
(AB) '=B At. 


As examples, we now solve the two boundary value problems posed earlier. 


One-Dimensional Radiative Transport Theory 


Solve the boundary value problem formulated in system form in Example 3: 
d |I@) 10 1) fro) 
1 oO] [r@ (0) A 0 0 (dy ine 
0 Of Jo] JO 1] JM} {ol 


Solution: For this problem, 


As a first step, we find a (2 x 2) fundamental matrix W satisfying W’ = AW. 
Matrix A has 4 = 0 as a repeated eigenvalue but only one linearly independent 


eigenvector, | . Using the ideas of Section 4.7, we find 


1 x 


v= 1 
1 «+ ,p" 


is a solution matrix. Since det(W) = p! 4 0, we know that W is a fundamen- 
tal matrix. The general solution of the homogeneous differential equation is 


therefore 
IM (x) 7 ey 
IO@| — ec] 


1 x 


i aia 
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We determine c = i by imposing the boundary condition. In this case, 
2 


0 0 1 0 
Ds : w(0) + ' wl) = F aver 
Since D is invertible, the boundary value problem has a unique solution. We 
obtain 
inc 1 
c= D7 | pine 1 ; 
0 1+ po 
and thus 
(l=x)+p™ Bu—x)+1 
I (x) : {= Bp! ; Bl +1 
= U(x)e = Je = jine <x<l. 
Fa) bas BU —x) 
(eas. pl+ 17 
(41) + 


Note that solution (11) is a function of Bx and that the constants 6 and 
1 appear only as the product I. Also, the difference I“ (x) — I‘ (x) is a con- 
stant, independent of x. These features of the solution can be deduced from the 
structure of the differential equation and boundary condition itself (see Exer- 
cise 15). The fact that our solution possesses these necessary features serves 
as a check on its validity. These solution features also make physical sense. 
Recall that the positive constant B is a measure of the scattering that occurs 
per unit length. The fact that the solution depends on the products Bx and £1 
reflects the fact that what matters in determining the radiation intensities at 
any particular point in the slab is not physical distance per se but rather the 
scattering that occurs over that span. Likewise, the difference I™ (x) — I (x) 
represents a radiation flux, the net forward-propagating radiation at the point 
x within the slab. The fact that this flux remains constant within a slab of fixed 
length reflects the fact that no absorption of energy occurs within the slab. 

Solution (11) tells us further that the constant radiation flux is actually 

(+) (-) — yinc 1 
P(x) -—DP (x) = 1 Bit 1 

Therefore, for fixed 7", the flux tends to zero as fl — oo. Likewise, 
I (1) = '™°/(B1 + 1) tends to zero and I‘ (0) = I'"°p1/(61 + 1) tends to I'™* as 
fl — ov. Therefore, as slab scattering thickness f/ increases, the radiation that 
is transmitted through the slab tends to zero. In this limit, the slab becomes 
totally reflecting. 


A Centrifuge Problem 


We discussed a model for a simple centrifuge in Section 11.1 [see equations (1) 
and (2) in Section 11.1]. For simplicity, assume that the angular acceleration of 
the rotating tube is 1 rad/s* and that the tube in Figure 11.1 has length/ = 1. The 
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700 


CHAPTER 11 


Linear Two-Point Boundary Value Problems 


(continued) 


boundary value problem of interest is then 


r"() —tr(t) = 0, Gere i 


(12a) 
r(O) = 0, r(1)=1. 
Our goal is to determine the initial radial velocity r’(0). We know from Theorem 
11.3 that this two-point boundary value problem has a unique solution. 
Written in system form, withy, (0 =r(),y.(0 =r'@), and y(t) = P 1 3 , the 
2 
problem is 


0 1 
y= y, 0<t<il 


r 0 

- (0) + ia (1) : 

o o|* co, a 
We know the general solution of the homogeneous linear system (12b) has the 
form y(t) = (Hc, where W(t) is any (2 x 2) fundamental matrix solution of 
Ww’ = A@W and c is an arbitrary constant vector. However, since A(f) is time- 
variable, none of the constructive techniques developed in Chapter 4 for finding 
fundamental matrix solutions of constant coefficient problems apply. 

We can, however, construct a fundamental matrix numerically, using the 
techniques developed in Chapter 7. In particular, let ®(f) denote the funda- 
mental matrix that reduces to the (2 x 2) identity matrix J at t= 0. We now 
numerically solve the initial value problem 


(12b) 


©’ = A(t)®, (0) =/. (13) 


We proceed by separately solving the two initial value problems 
' 1 ; 0 
¢; =A, ¢, (0) = 0 and $, =A(t)d, $5 (0) = ae (14) 


We then form the corresponding fundamental matrix 


O40) 42) 
@(t) = t), L)| = 7 
ete ea hee jee 


Assume for the present that this numerical computation has been carried out. 
Then imposing the boundary condition (12b) on the solution y(t) = ®(A)c leads 


to 
1 0 0 (1) )e= 1,(0) $42(0) . 
0 0 0 1,0) $C) 


1 0 0 
= c= : 
$1101) $42) 1 
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Anticipating the fact that ¢,,(1) 4 0, we obtain 


0 
c= - | (15) 
dy2 C1) 
and the solution 

12(t) 
o=see2( 2 (16) 

bo9(0) 

$12) 


Note that solution (16) involves only the fundamental matrix components ¢,, 
and 55, the two components of column ¢,. Therefore, we need only solve the 
second of initial value problems (14) numerically to obtain solution (16). Re- 
calling that y,(t) = r(t) and y,(t) =r’ (0), we see that the initial radial velocity of 
interest is obtained as 


_ $29(0) 
$12) 


Figure 11.3 displays the results of our numerical computations. A fourth order 
Runge-Kutta algorithm, with a uniform step size of i = 0.01, was used for 
the calculations. Figure 11.3 displays graphs of ¢,,(f) and ¢,,(¢) over the time 
interval 0 <t < 1. We found that ¢,,(1) = 1.0507, and so, as anticipated, ¢,5(1) 
is nonzero. The required initial radial velocity, r'(0) = $55 (0)/,(1), is given by 
r'(0) = 0.9517. 


r’(0) 


0.5 - 


ar 
l ! >t — A SSSSSSSSsSSFSsssFT 
(a) (b) 
FIGURE 11.3 


The graphs of ¢,,(¢) and ¢,,(¢) in Example 5. 


o, 
“ 
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Exercises 1-5: 


Rewrite the given boundary value problem as an equivalent boundary value problem 
for a first order system. Your rewritten boundary value problem should have the form 
of equation (1): 


y =A@y+ gi), a<t<b 
P*ly(a) + P”ly(b) = a, 
where A(t), P!, and P!! are square matrices and g(¢) and @ are vectors. 
1. y" — 2y'+ y=cos2t, O<t<1 2, Wy ty = 41, Oet<2 
2y(0)-—y'(0) =—-1, vy) +9’) =2 y(0) = 2, y(2)—y'(2) =0 
3. (ty) +ey=2, 1<t<2 
y'(1) = -3, y(2)=1 
4. y” — 3y"+3y +y=e'+sint, 0<t<2 
y(0) —y"(0) =2, 20) +y'0) =—-1, y'2) — 3y"(2) =3 
5. Py” — 2ty’ 4+ 2y =3sint, -2<t<-l 
W-2) 49 -D+y-D=1, CY) 42-1) -"C)D=4, YON F3"CD =2 


Exercises 6-9: 


In each exercise, you are given boundary conditions for the two-point boundary value 
problem 


y =Ay+g(t), 0<t<1 
PMly(0) + Plly(1) =, 


where 


Note that 


i e! et 
a 
—e! et 


is a fundamental matrix for y’ = Ay. Form the matrix D = P™w 0) + P“lw(1), and de- 
termine whether the boundary value problem has a unique solution for every g(t) and a. 
6. y,0) =a, y,(1) =a, 7. ¥,(0) —y,(0) =a, yy) — 92.) = a, 
8. y,(0)—y,(0) =a, y,A)+y,0) =a, 9 9,0)=a,, y= a, 
Exercises 10-12: 
In each exercise, 
(a) Show that the given two-point boundary value problem has a unique solution. 


(b) Solve the problem. Note that a fundamental matrix for y’ = _ ; i y is 


et et 
W(t) = wel 


11. 


12. 


13. 


14. 
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1 
5 i y, ¥,(0) + 2y,(0)=1, y,(1) -y,0) =-1 


, | -& <2 
y= 


; 1 -2 
y= i y, y,(0)=1, y,(1) =0 


yr » ¥,(0) =90, y,1) =0 


—2 1 


Show that the two-point boundary value problem has a unique solution, and find 
it: 


—2 0 O 
y=] 0 2 Illy, y,(0) = 1, y(0) = 0, y3(1) = 1. 
012 


The objective of this exercise is to show that solution (9), 
b 
yt) = VD 'f+ vo | wl (s)g(s) ds, a<t<b, 


does not depend on the particular choice of the fundamental matrix W(t). Let W, (4) 
and W,(t) denote any two fundamental matrices. Use the following two facts: 


(i) There exists a constant nonsingular matrix, call it C, such that 
W,(0) = W, (OC. 


(ii) If A and B are any two (nv x v) nonsingular matrices, then the matrix product 
AB is nonsingular and (AB) '=B A". 


(a) Show that —P"'w, (b) [? Wy "(s)g(s) ds + a = —P”lw,(b) [? Wy"(s)g(s) ds + a. This 
shows that the (n x 1) vector f does not depend on the choice of fundamental matrix. 
(b) Let D, = Pw, (a) + P?!w, (6) and D, = PW, (a) + P“l, (b). Show that Dy! = 
C7'D;', and use this fact to show that the matrix product ¥(f)D~' does not depend 
on the choice of fundamental matrix. 

(c) Finally, show that , (f) ie Wy (s)g(s) ds = W,(t) hs W5 | (s)g(s) ds. [The argument 
is basically the same as that of part (a).] 


Exercises 15-17: 


These exercises explore some additional aspects of the radiative transport model pre- 
sented in Section 11.1. 


15. 


Consider the two-point boundary value problem 


d [To a4 1 To 
MOsr™,. Oso 
(a) Show directly from the structure of the differential equation that I (x) — I (x) 


is constant. 


(b) Suppose that the positive scattering coefficient 6 is not necessarily constant 
but can vary with position within the slab; then 6 = B(x), 0 < x </. Introduce the 
change of independent variable 


be i Bada, 
0 
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16. 


17. 


18. 


and let &, = fe B(A) dx. Show that the boundary value problem transforms into 


d [To —1 1 To 
(+) — sinc (-) = 
Peto I ha Ht 


When the solution is written in this form, it is clear that it depends only on € and 
&,. In the case where # is a constant, € = Bx and & = £l. 


Suppose we modify the radiative transport model solved in Example 4 to allow fora 
partial reflection of energy at the slab edge at x = /. A portion of the energy arriving 
at x =/ from within the slab is reflected backwards, while the rest exits the slab. To 
model this phenomenon, we adopt the boundary condition 


POSTE), 


where I, a positive constant satisfying 0 < T < 1, is often called a reflection coef- 
ficient. (Note that T = 0 is the case solved in Example 4, while the other extreme, 
Tr = 1, corresponds to placing a reflecting wall at x =/.) The new boundary value 


problem becomes 
d To —1 1 To 
dx re ad : 1 a . 


TO) = Fire, IO =TIO(W. 


To (x) 
To) (x) 
solution reduce to in the case where [ = 1? From a physical point of view, is your 
answer consistent with the presence of a reflecting wall at x = 1? Is your answer in 
this case an equilibrium solution of the differential equation? 


(a) Solve this boundary value problem for | As a check, what does your 


(b) Consider J“ (0), the amount of reflected radiation at the slab input, x = 0. For 
fixed values of J'"°, 8, and 1, show that I‘ (0) increases as the reflection coefficient, 
I, increases from 0 to 1. 


A Reflection Coefficient Riccati Equation In this exercise, we convert the radiative 
transport linear two-point boundary value problem into a scalar nonlinear initial 
value problem (more properly, a final value problem) for a reflection coefficient 
that we will define. The scalar differential equation is called a Riccati equation (see 
Section 2.6). Consider again the boundary value problem solved in Example 4: 


d [To = | 1 [To 
dx fo a ie 1 a aa 


10) = 7°, I (1) =0. 


(a) Define a reflection coefficient R(x) = 1 (x) /I(x),0 <x <1. At any point x 
within the slab, R(x) represents the ratio of reflected radiation to forward- 
propagating radiation at that point. Show that R(x) is a solution of the following 
problem: 


R' = -8(R- 1)’, O<x<l 
R(1) =0. 
(b) Note that the Riccati equation obtained in part (a) is also a separable equation. 


Solve this problem for R(x). Check your answer by comparing it with the quotient 
I (x) /I™ (x) formed from the solution obtained in Example 4. 


A Centrifuge Problem We consider the centrifuge problem of Example 5 with a 
different angular acceleration. Suppose the tube begins to rotate from rest at t = 0 
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with an angular acceleration a = e~ rad/s’, so the angular velocity becomes 2 = 
(1 —e“) rad/s. Our goal again is to determine the initial radial velocity needed for a 
particle, launched from the pivot at t = 0, to exit a tube of unit length at time ¢ = 1. 
The boundary value problem becomes 


r”—(1-e)’r =0, O0<t<1 
r(0)=0, r(=1. 
Use computer software to repeat the calculations of Example 5 for this problem. 


19. A General Nonuniqueness Result 


(a) Consider the linear two-point boundary value problem 
y =A@y+e®, a<t<b 
Plly(a) + Plly(b) = @, 


where y(t) is an (7 x 1) matrix function. Form the (v7 x 2m) constant matrix 
P =[P!!, pl), The first 2 columns of P are those of P!, while the latter 1 columns 
of P are those of P!”!, Suppose we know that the number of linearly independent 
columns of P (called the column rank of P) is strictly less than n. Show that the 
boundary value problem cannot have a unique solution. [Hint: Determine a (2n x 1) 
matrix, call it Q, such that the matrix D can be expressed as D = PQ. Use the fact 
from linear algebra that the column rank of PQ is less than or equal to the column 
rank of P.] 


(b) Let m = 4, and suppose the boundary conditions are y,(a) =a), y,(a) =a), 
y3(b) — 2y,(b) = a. Use part (a) to show that such a boundary value problem cannot 
have a unique solution. 


11.4 Sturm-Liouville Boundary Value Problems 


The separation of variables approach, when applied to the various problems 
studied in Chapter 9, often led to a homogeneous differential equation 


X"(x) — 0 X(x) = 0, 0<x <i, 


together with homogeneous boundary conditions, such as X(0) = X(1) = 0. The 
resulting problem is an eigenvalue problem. For this particular example, the 
eigenvalues o,, and eigenfunctions X,,(x) are 


ni \ 2 . (NIX 
o,=- (TF) and X,(x) = sin eo 
In Chapter 9, we saw that this problem has infinitely many eigenpairs and the 
eigenfunctions can be used to construct Fourier sine series representations. 

It is natural to ask whether this eigenvalue problem can be generalized. 
Is this problem, in fact, one member of a larger class of eigenvalue problems 
whose eigenpairs possess similar properties? The motivation for asking such 
questions is at least twofold. Mathematicians and scientists generally seek to 
understand phenomena at the most basic, unifying level. Much mathematical 
effort is devoted to identifying the common ground that unifies different results. 
A second reason for this question is that it naturally arises in the context of 
applications. 

For instance, recall the problem of one-dimensional heat flow in a thin, lat- 
erally insulated bar, discussed in Section 9.2. Suppose that the cross-sectional 
area of the bar remains constant along its length, but the thermal properties of 
the bar material (such as heat capacity and thermal conductivity) vary smoothly 
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with position along the bar. In that case, cy = Co(x), k = k(x), and the derivation 
outlined in the appendix of Section 9.2 leads to a heat equation of the form 
du(x,t) 1 k(x) mu t) 
ot =o wh ox 


(1a) 


In (1a), cg(x) and k(x) are positive functions over the extent of the bar, say 
0 <x <1. We typically require cy(x) and k(x) to be continuous and continuously 
differentiable functions, respectively. We also impose an initial condition and 
boundary conditions. A reasonably general class of homogeneous boundary 
conditions to adopt is 


a u(0, t) +a,u,(0, 2) = 0, boul, t) +b,u, (0 = 0, (1b) 


where dy, 4@,,b 9, b, are real constants. The boundary conditions in (1b) cap- 
ture the zero temperature ends (a, = b,; = 0,dy),b) #0) and insulated ends 
(ay = by = 0, a,,b, 4 0) boundary conditions as special cases. 

Suppose we use the separation of variables approach and attempt to find 
solutions of problem (1) having the form u(x, t) = X(x)T(t). In this case (see 
Exercise 24), we obtain the following eigenvalue problem for X (x): 


1 d (i 6 2) =o, 


Co(x) dx 
or 
d aX (x) 7 
i (ke ae ) OCy(x)X (x) = 0, 0<x<l 3 


aoX(0) +4,X'(0)=0, by X (1) +.B, X'(1) = 0 


The same questions we addressed with respect to the eigenvalue problems 
treated in Chapter 9 also require answers in the context of this new eigen- 
value problem (2): Do eigenpairs exist? If so, how many are there? Can the 
eigenfunctions be used as building blocks to represent an interesting class of 
initial conditions? Do analogs of the Fourier convergence theorem exist? 


Sturm-Liouville Systems 


The following homogeneous two-point boundary value problem is referred to 
as a regular Sturm-Liouville system:* 


d 
dx 


ajyy(a)+a,y'(a)=0, byy(b)+ b,y'(b) = 


(> (BE sO g@xy(x) +arQx)y(x)=0, a<x<b . 


4Jacques Charles Francois Sturm (1803-1855) was born in Geneva, Switzerland, but eventually 
traveled to France, where he conducted his most important research. Sturm achieved fame by 
providing a simple solution to the problem of determining the number of real roots of an equation 
on a given interval. He also made important contributions to geometry and to the problem in dif- 
ferential equations that today bears his name, together with that of Liouville. 

Joseph Liouville (1809-1882) was very prolific and wide-ranging in his mathematical endeav- 
ors. His interests and contributions ranged from physics and and astronomy to pure mathematics. 
Liouville was also active in politics. In 1836, he founded a journal, Journal de Mathématiques et 
Appliqués, that served as an important forum for nineteenth-century French mathematics. 
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In (3), we assume 


(a) The functions p, g, and r are real-valued, with p(x) > 0 and r(x) > 0 on the 
intervala <x <b. 

(b) The functions g and r are continuous, and the function p is continuously 
differentiable ona < x <b. 


(c) |dg| + |a,| > 0 and |b,| + |b,| > 0. 


Equation (3) expresses the problem in customarily used notation. Eigenvalue 
problem (2) represents a special case of problem (3). Note, in particular, that 
the eigenvalue parameter A in (3) corresponds to —o in (2). 

The assumptions underlying problem (3) should seem reasonable. They en- 
sure that the interval a < x < b contains no singular points (see Chapter 8) and 
that the differential equation has a fundamental set of solutions that exist on 
the entire interval. Assumption (c) simply ensures that the boundary conditions 
are not vacuous. As noted earlier, these boundary conditions are referred to as 
separated boundary conditions, since each boundary condition is imposed at 
an end of the interval of interest. The only assumption that might seem puz- 
zling at this point is the requirement that the coefficient function r(x), often 
called the weight function, be positive; the importance of this hypothesis will 
become apparent later. 

Differential equation (3) is often described as being in self-adjoint form. 
Although this may seem to be special, it is shown in the Exercises that a general 
second order linear equation can be recast in this form by using an integrating 
factor. 


Generalizations 
Recall the zero temperature ends problem studied in Section 9.2: 
"+ dy =0, O<x <l 
y y <a (4a) 
y(0) = 0, yl) = 0. 


The eigenpairs are 


ni \ 2 . (NW 
A, = Ge ; yy(x) = sin (*), WS 12, By hc (4b) 
Comparing (4a) with problem (3), we see that p(x) = r(x) = 1, q(x) = 0. Like- 
wise, we see that a = 0, b =1,ay = by = 1, a, =D, =0. 

For the insulated ends problem, we have 


y" + ay =0, O0<x<l 


, ; (5a) 
The eigenpairs are 
ni \2 NIX 
Ay = (>) 5 y, (x) = cos (=), 1 = 0.15253 5200. (5b) 


Comparing (5a) with problem (3), we see that p(x) = r(x) = 1, g(x) = 0. Like- 
wise, wesee thatd=0,b=(ag=0, = 0,0, =b; = 1, 
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The eigenpairs (4b) and (5b) correspond to two special cases of problem (3). 
Two questions arise: What features, if any, do they have in common? Might these 
features also characterize the general case represented by (3)? Eigenpairs (4b) 
and (5b) possess the following properties: 


(a) The eigenvalues 1,, are real-valued. 

(b) There are infinitely many eigenvalues. They can be enumerated according 
to size, starting with the smallest one. Moreover, the eigenvalues march off 
to infinity. Thus, we have 


hy < Ay <Ag <--> and —ilim,,_, A, = ©. 


(c) Associated with each eigenvalue is a single eigenfunction, unique to within 
a nonzero constant multiple. Such a situation is often described by saying 
that the eigenvalues are simple. 


(d) As the eigenvalues 4,, increase, the corresponding eigenfunctions y,, (x) be- 
come increasingly oscillatory within the interval 0 < x <7. 


(e) The eigenfunctions are orthogonal; that is, 
1 
i, Yun a)dx=0 if msn. (6) 
0 


The Fourier convergence theorem of Section 9.5 shows that sets of eigen- 
functions can be used to represent a wide class of functions on the interval 
0 < x <1. The eigenfunctions formed a set of building blocks, and integral re- 
lation (6) played a key role in enabling us to evaluate the series coefficients. 

Do similar properties characterize the eigenpairs of (3)? The development 
of affirmative answers to this question has led to a beautiful body of mathe- 
matics. We shall restrict our discussion to a brief description of some of the 
answers, two mathematical tools used to obtain the answers, and an illustrative 
example. The two mathematical tools are the Lagrange identity and the Prufer 
substitution. 


The Lagrange Identity 


The Lagrange identity is a formula derived using integration by parts. To sim- 
plify the notation, we use the symbol L to represent the differential operator on 
the left-hand side of equation (3). If u(x) is any function defined ona < x <b 
possessing two continuous derivatives, we define 


Liu) = (p(x)u'y’ — qu, a<x<b. (7) 
In terms of this notation, differential equation (3) becomes 
L(y) = —Ar(x)y. (8) 


If u(x) and v(x) are any two functions defined on a < x < b and having two 
continuous derivatives, integrating by parts twice leads to the equation 


x=b 
x=a’* 


(9a) 


b b 
/ (p(x)u' (x))'v(x) dx =i (p(x)v' (x))'u(e) dx + [p(x)(u' (xv (x) — u@)v'(«))] | 
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Subtracting i: q(x)u(x)v(x) dx from both sides of (9a), we obtain 


b b 
i Liwvdx = | uL(v)dx + [po(u'(vor) — u@v'ny) | 222. (9) 


a 
Equation (9b) is often referred to as the Lagrange identity. It is valid for any 
two sufficiently differentiable functions. Suppose we now additionally assume 
that both uw and v satisfy the boundary conditions in (3). In that event, you can 
show (see Exercise 1) that 


u'(a)yv(a) — ula (a) =0 and u'(byv(b) — u(b)v'(b) = 0. 


For such functions, the boundary evaluations vanish and (9b) reduces to 


b b 
[ twvar= | uL(v) dx. (10) 


a a 


Equation (10) provides a useful tool for deducing properties of the eigenpairs of 
(3). We will be able to use (10) to show that the eigenvalues of (3) are real, that 
corresponding real eigenfunctions exist, and that eigenfunctions belonging to 
different eigenvalues are orthogonal. 


The Eigenvalues of a Sturm-Liouville Problem Are Real 


The Lagrange identity can be used to prove that the eigenvalues of the Sturm- 
Liouville system (3) are real numbers. To show this, we first allow for the possi- 
bility that the eigenpairs of (3) may be complex. Suppose u(x) = u(x) + iu,(x) 
and v(x) = v, (x) + iv,(x) are complex-valued functions that satisfy the bound- 
ary conditions in (3). It can be shown (see Exercise 2) that 


b b 
[ ravar= | uL(v) dx, (11) 


a a 


where the bar denotes the complex conjugate. Because of (8), we have 


b b 
7 L(y) 50) dx = A | ry @yp(x) de. 


a a 


This result, when used in (11), leads to 


b 
(a3) / roly@)2 dx = 0. (12) 


Since r(x) is a positive continuous function, we know that 


b 
| r(x)|y(x)|? dx > 0. 


Therefore, by (12), we must have 4 = 4; in other words, the eigenvalue 4 is real. 


The Eigenfunctions of a Sturm-Liouville Problem Are Real 


Suppose that A, y(x) is an eigenpair of system (3). We know that A is a real num- 
ber and that y(x) satisfies the differential equation L(y) = —Ary as well as the 
homogeneous boundary conditions. Suppose we assume that y(x) is complex- 
valued, say v(x) = y,(x) + iy,(x), where y, (x) and y, (x) are real-valued functions. 
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Since the differential equation is linear, it follows that 


L(y, + ty) = L(Ky,) + iL(y2) = —Ary, — 1Aryp. (13) 


Since 4 and the coefficient functions p, q,r are all real-valued, it follows, from 
equating the real and imaginary parts on both sides of (13), that 


L(y,;) = —Ary, and L(y.) =—Ary. (14) 


In other words, both y, (x) and y,(x) are real-valued solutions of the differential 
equation. Since the coefficients defining the boundary conditions in (3) are 
real constants, it can be verified that y,(x) and y,(x) both satisfy the boundary 
conditions as well. Summarizing, we conclude that y,(x) and y,(x) are two 
real-valued solutions of the Sturm-Liouville system (3). At least one of the two 
solutions must be nonzero, since we assumed thaty = y, + iy, wasa (nontrivial) 
eigenfunction. Therefore, we can take the nonzero real function [y, (x) or y3(x)] 
as a real-valued eigenfunction corresponding to eigenvalue A. 


Eigenfunctions Corresponding to Distinct Eigenvalues of (3) 
Are Orthogonal 


We now use Lagrange identity (10) to derive an analog of (6). Suppose that 
Aine Yn (X) and A,,, y, (x) are eigenpairs of Sturm-Liouville system (3), where 1,,, 4 
A, Since both eigenfunctions are twice-continuously differentiable and satisfy 
the homogeneous boundary conditions, the Lagrange identity (10) applies, and 
we have 


b b 
[ tow»de= [ Vinl(V,) aX. (15) 


Since both functions are eigenfunctions, we have L(y,,) = —A,,ry,, and 
L(y,,) = —A,¢,- Substituting into (15), we find 


b b b 
-| Ain! Vin¥n dx = / Vin (Ant Vn) ax or Om _ om TY¥m¥n dx = 0. 
a a 


a 


Since i,,, — 4,, # 0, it follows that 


b 
/ r(x)y,, oy, (x) dx = 0, men. (16) 


Note that equation (6) is a special case of (16). The eigenfunctions are often 
described as being orthogonal with respect to the weight function r(x). 


REMARK: Note the similarity between the arguments presented here and the 
arguments presented in Chapter 4 establishing the facts that the eigenvalues 
of a Hermitian (or self-adjoint) matrix are real and that the eigenvectors corre- 
sponding to distinct eigenvectors are perpendicular (or orthogonal). 


The Prufer Substitution 


The Prufer® substitution is a change of dependent variable that replaces y(x) 
and y’(x) in equation (3) with an equivalent pair of variables R(x) and 6(x). The 


>Ernst Paul Heinz Prufer (1896-1934) was a German mathematician who made noteworthy con- 
tributions in the areas of algebra, Sturm-Liouville theory, and projective geometry. 
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new variables are defined by 
p(x)y' (x) = R(x) cos[6(x)], yx) = R(x) sin[6(x)]. (17a) 
It follows from (17a) that 
R2=(py+y*,  tand=—. (17b) 
py 


The variables R and 6 are polar coordinates in a (py’, y) phase plane; they are 
referred to as the amplitude and phase variables, respectively. In terms of these 
variables, equation (3) transforms into a pair of first order differential equations 
(see Exercise 18), 


do 2 1 2 
—=- = (Ar —q)sin a 6 


dx 
(18a) 
dR 1 ; 
== ( — dr +4) Rsin@ cosé. 
dx Pp 
The boundary constraints in (3) reduce to 
R(a) [a sin (a) + a cos 7) 0 
P (18b) 


R(b) b, cnc cos ob) =0. 
pb) 

Note that the first equation in (18a) involves only the dependent variable 6. 
Although it is a first order nonlinear equation, it satisfies the hypotheses of 
Theorem 2.2 for all values of the parameter 4. We are thus assured that, for any 
initial value 6(a), the corresponding initial value problem has a unique solution 
on the entire interval a < x < b. In principle, we can solve the equations in (18a) 
recursively; once we find 6(x), we can solve the first order linear differential 
equation for R(x), obtaining 


2 
R(x) = R(a)exp if (= —Ar(t)+ a) sin 6(t) cos 6(t) dt| . (19) 
a 

The requirement that the eigenfunction y(x) be nonzero implies that R(a) must 
be nonzero. [If R(a) were zero, it would follow that y(a) = y'(a) = 0and Theorem 
2.2 would force us to conclude that y(x) is the zero function.] Therefore, we can 
view the first of the boundary conditions in (18b) as fixing the initial value of 
6(a). Equation (19) implies that R(b) 4 0, and the second boundary condition 
in (18b) fixes a constraint on 6(b). The solution 6(x) can satisfy the constraint 
at x = b only for certain values of the parameter 1. These special values are the 
eigenvalues. 

As an illustration of these ideas, consider the special case where the bound- 
ary conditions are y(a) = y(b) = 0. From equation (17a), we conclude that 
sin (a) = sin@(b) = 0. Therefore, if we fix 6(a) = 0, we will obtain an eigen- 
value i,, for the value of A such that 6(b) = nz,n = 1, 2,3,.... Each such value 
yields an eigenvalue and a corresponding eigenfunction y(x) = R(x) sin 6 (x). 

Note that the parameter A appears on the right-hand side of (18a) multiplied 
by the positive function r(x) sin” 6(x). It seems plausible that as we continue to 
increase i, the value of 6(b) will likewise continue to increase; every time 0(b) 
equals an integral multiple of 7, we obtain a new eigenpair. 
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In more advanced treatments of this topic (such as Birkhoff and Rota), it 
is shown that the properties we previously cited do in fact generalize to Sturm- 
Liouville system (3). The eigenvalues are real, infinite in number, and simple. 
They can be enumerated, and they march off to infinity. The eigenfunctions 
are real-valued, and eigenfunctions corresponding to distinct eigenvalues are 
orthogonal with respect to the weight function. The eigenfunctions also form 
a collection of building blocks that can be used to represent members of a 
wide class of functions. In other words, if y, (x), y.(x),...,¥,(x),... is a set of 
eigenfunctions arising from (3), a representation of the form 


[oe] 
fx) =S ley), asx<b (20) 
n=1 
is possible, where the coefficients c,, are given by 


b 
| feor,coren de 
c= 24 


n 


b 
/ ye (x)r(x) dx 


a 


Determine the eigenpairs for the problem 


xy" + xy’ + ay =0, 1l<x<2 


yQ) =9, y(2) = 0. 


Rewrite the differential equation in self-adjoint form, and verify that the eigen- 
pairs possess the properties attributed to a regular Sturm-Liouville system. 


Solution: The differential equation is an Euler equation. Note, however, that 
the singular point at x = 0 lies outside of our interval of interest. Applying the 
solution procedure developed in Section 8.3, we find the general solution of the 
differential equation to be 


y(x) =cy sin(VA Inx) + Cy cos(VA Inx). 
Imposing the boundary conditions, we find 
y(1) =c, =0, y(2) =c, sin (va In2) + C5 cos(VA In 2) = 0. 
To obtain a nontrivial solution, we require 
sin(VA In2) = 0. 


Therefore, V/A In2 = nz, and the eigenvalues are 


an = (5) an oe ae 


Corresponding eigenfunctions are 


nz Inx 
In2 


To recast the equation in self-adjoint form, we rewrite it as 


v0) = sin ( ). S15 253. bbe 


a Ly A 
YY a ay 0 
x x 
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and then multiply by the integrating factor (x) = x to obtain 
‘\/ A 
(xy) + — 0. (21) 


We recognize (21), together with the boundary conditions, as defining a regular 
Sturm-Liouville system on 1 < x < 2, where 


1 
p(x) =x, q(x) = 0, go oa dy = by = 1, a, =b, =0. 


Note that the coefficient functions possess the requisite properties. In particu- 
lar, p(x) = x andr(x) = x! are positive on 1 < x < 2. As we saw, the eigenvalues 
are real and simple, and they march off to infinity as n increases. The eigenfunc- 
tions are real-valued and become increasingly oscillatory as n increases. Exer- 
cise 4 shows that they are also orthogonal with respect to the weight function. “ 


1. Let functions u(x) and v(x) satisfy boundary conditions (3) (with |a | + |a,| > 0 and 
|bo| + 18,| > 0). Show that u’(x)v(x) — v'(«)u(x) is zero at x =a and x = b. [Hint: If 
a, # 0, for example, then 


‘p , ao ao 
u(a)v (a) — u'(a)yv(a) = |——u(a)| v(a) — u(a) |-—— v(a)} . 
ay ay 
Consider all possibilities at both endpoints. ] 
2. Let L(u) = (p(x)u'y’ — q(x)u as in (7), and let u(x) and v(x) be twice-continuously 
differentiable functions. 
(a) Show that 


b b 
| L(u)o(x) dx — | u(x)L (6) dx = [p(x)w' )@) — ux)?" IE. 


(b) Suppose v(x) satisfies boundary conditions (3). Use the fact that a,,a,,b 9, and 
b, are real constants to show that 1(x) satisfies the boundary conditions as well. 


(c) Let u(x) and v(x) satisfy boundary conditions (3). Show that 


b b 
[ eeooede = | u(x)L(v) dx. 


a 


(d) Let v(x) = v, (x) + iv,(x). Show that Lv) = L(v,) + iL(v,), where L(v,) and L(v,) 
are real-valued. Use this fact to show that L(v) = L(v). 


3. Let v(x) = v, (x) + iv,(x) be an eigenfunction of system (3), corresponding to (real) 
eigenvalue i. 
(a) Use the fact that p(x), g(x), and r(x) are real-valued functions to show that 
L(v,) = —Ar(x)v, (x) and L(v,) = —Ar(x)v, (x). 
(b) Use the fact that dy, a,, bj, and b, are real constants to show that v, (x) and v, (x) 
each satisfy the boundary conditions. 


4. Show that the eigenfunctions in Example 1 are orthogonal on the interval 1 < x < 2 
with respect to the weight function r(x) = 1/x. 


5. Consider the linear differential equation u” + a(x)u' + B(x)u = —Ay(x)u, where a, B, 
and y are continuous ona <x <b. 
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(a) Multiply both sides of the equation by the integrating factor 


w(x) = ela as)ds 


and show that the resulting equation can be rewritten as L(u) = —Ar(x)u, where 
Liu) = p(a)u'y’ — q(x)u. 
Identify the functions p(x), g(x), and r(x). 


(b) Suppose y (x) > 0 on [a, b]. Verify that the functions p(x), g(x), and r(x) identified 
in part (a) satisfy the hypotheses assumed in the Sturm-Liouville problem (3). 


Exercises 6-17: 


In each exercise, 


(a) 


(b) 


(c) 


10. 


12. 


14, 


16. 


18. 


19. 


Recast the differential equation in the form L(u) = (p(x)u')' — q(x)u = —Ar(x)u if it 
is not already in that form. Identify the functions p(x), g(x), and r(x). 
Determine the eigenpairs. In those cases where an explicit formula for 4,, cannot 


be obtained, use computer graphing software and/or root-finding software to deter- 
mine the first three eigenvalues. 


Explicitly verify the orthogonality property possessed by eigenfunctions correspond- 
ing to distinct eigenvalues. 


.u’=—-hu, O<x<i1 7 u"=-hu, O0O<x<1 
u'(0)=0, u(1)=0 u(0)=0, u’(1)=0 

.u'+u=—h, 0O<x<1 9. u" —u=—-du, 0<x <2 
u'(0)=0, u’(1) =0 u(0)=0, u(2)=0 
u"=-au, O<x<1 11. uw" +4u=-2dau, O<x <3 
u(O)=0, u(1)+u'(1)=0 u(0) =0, u(3)=0 
u’+2u'+2u=—-du, O<x<1 13. u"+u'+u=-du, 0<x<1 
u(0)=0, u(1)=0 u(0)=0, u(1)+2u'(1) =0 
u"—u'’=-hu, 0O<x <2 15. u"+u'=-du, 1<x <2 
u(0)=0, u(2)=0 u(1)=0, u(2)=0 
xu" + xu’ =—hu, 1 <x <4 17. x7u" + xu' =—-Au, 1 <x <3 
u(1)=0, u(4)=0 u(1)=0, w’(3)=0 


(a) Derive equations (18a), the pair of nonlinear differential equations satisfied by 
the Prufer variables R and 9. [Hint: Differentiate cot@ = (py’)/y.] 


(b) Derive boundary conditions (18b). 
Consider the function f (x, 6), where 
f(x, 0) = [Ar(x) — q(x)] sin? 6 + ee a: 
pr) 


We view the right-hand side of the first differential equation in (18a) as a function 
of two variables, x and 6. Show that 


af (x, 0) 
00 
is bounded on the infinite strip a < x < b, —-oo < 6 < o. [Use the fact that r(x) and 


q(x) are bounded ona < x < b since they are continuous functions. Moreover, since 
p(x) is continuous and positive, 1/p(x) is likewise bounded on the interval.] 


TP) 1. + dx) 


Pe TG + dx) 


1SP(x) 1SP(x + dx) 


I(x) LO + dx) 


x x+dx 


FIGURE 11.4 
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Exercises 20-23: 


In each exercise, convert the given problem into a corresponding boundary value prob- 
lem for the Prufer variables R and 6; see equation (18). State both the differential equa- 
tions and the boundary conditions. Assume R(a) and R(b) are nonzero. 


20. u” +u=-dAu, O<x<1 21. uw” —2u=-—3d\u, O<x<1 
u(0)=0, u(1)=0 u'(0)=0, u(1)=0 
22. u” —2u’ =-dhu, 0<x <2 23. u" —2xu’ +u=—-dAu, 0O<x<1 


u(0)=0, u(2)=0 u(0) =0, u/(1)=0 


24. Derive differential equation and boundary conditions (2) from equations (1). 


PROJECT 


A Two-Mode Radiative Transport Model 


Think of a “mode” as a channel through which energy can travel or propagate. The 
Schuster model discussed in this chapter involved a single mode; its forward- and 
backward-propagating energies were designated by J and I“, respectively. There are 
many important applications, however, involving low-frequency acoustic waves travel- 
ing in the deep ocean, seismic waves traveling within the Earth, and very-high-frequency 
electromagnetic waves traveling in optical fibers in which the energy can travel in more 
than one mode. In a perfect world, the energy in each mode would travel independently 
of all other modes. In the real world, however, imperfections or inhomogeneities in the 
propagation medium (such as slight imperfections arising in the manufacture of an 
optical fiber) scatter the energy from one mode into another. Energy can be scattered 
or exchanged between different modes traveling in the same direction (called forward 
scattering) or between the same or different modes traveling in opposite directions 
(called backscattering). In this problem, we analyze the particular case of two-mode 
propagation. 

Consider a propagation path (such as a length of optical fiber) extending from 
x =0tox=Tl. Subscripts 1 and 2 identify the two modes. At any point x, J Mae and 
IS (x) represent the energies in the two modes traveling in the positive x-direction, 
while I” (x) and IS” (x) represent their backward-propagating counterparts. We neglect 
any dissipation of energy. To obtain a mathematical description of the problem, we 
introduce scattering coefficients that describe how the energy is exchanged and then 
apply a conservation of energy principle. 

A differential path segment, extending from x to x + dx, is shown schematically in 
Figure 11.4. Let a, B, and y be three nonnegative constants representing fractions of 
energy scattered per unit length. The constant a characterizes “same mode-opposite 
direction” scattering—that is, the conversion of i into i energy and vice versa, for 
j = 1,2. (For simplicity, we assume that the same constant applies to both modes.) The 
constant 6 characterizes “opposite mode-same direction” scattering, while y character- 
izes “opposite mode-opposite direction” scattering. 

We first focus on the forward-propagating energy J{* and equate its energy change 
over the dx path segment to the difference of energy gained and energy lost: 


IP @ +dx) — 1%) =-@+ B+ yi @ dx 


+ al\ (x) dx + BIS? (x) dx + yIS” (x) dx. (1) 


716 


CHAPTER 11 


Linear Two-Point Boundary Value Problems 


Equation (1) simply states that /‘* loses energy by virtue of scattering into I{”, IS”, 

and IS”, while J‘ gains energy by virtue of scattering from the same three sources. 
Therefore, 

on 

dx 


Applying the same conservation principle to J\” leads to 


= (a+ By + aI? + BIS? + yl. (2) 


T(x) — 1 @ + dx) = al (x) dx — (a+ B+ yt? (@) dx + yIS? (x) dx + BIS? (x) dx, 
or 
dl,” 
dx 


=-al\ +(a+B+y)y? -ylS? — ply”. (3) 


Applying the same conservation principle to JS” and IS” leads to the following first order 
linear system of differential equations: 


a —(w+ B+y) ow B y a 
d Ea 7 —a (a+B+y) ay -B oe ans 
dx ie B y -—(a+B+y) a 1s? 

i -Y —B —a @+6+y)] |? 


To complete the specification of the problem, we impose boundary conditions. Assuming 
that energy enters at x = 0 and exits without reflection at x = /, we obtain the boundary 
conditions 


LPO, Poet, I (1) =0, IS?(D) =0. (4b) 


Equations (4) constitute the two-point boundary value problem of interest. 
Assume, for simplicity, the following numerical values: 


a=p=y=1, J=2, rm=i1, PP =0. 


Let ®(x) represent the fundamental matrix for the first order linear system (4a) (with 
a = B = y = 1) that reduces to the (4 x 4) identity matrix at x = 0. Recall that (x) = e4 
is the exponential matrix (see Section 4.10) and that ®(x) = W(x) W~!(0), where W(x) is 
any fundamental matrix. Let 


10 0 0 00 0 0 
por [2 9 9 Of |, wy _ fo 1 0 0 
001 0 00 0 0 
000 0 0001 


The solution of the boundary value problem is I(x) = ®(x)e, where 


ISP (x) 1 
ion 0 
Ix) = | | ane [Pb (0) + PU! (2)Jc = [P! + P?!@(2)]e = De = | 
i? (x) 0 
TS (x) 0 


1. Demonstrate that the given boundary value problem has a unique solution by com- 
puting the matrix D and showing that it is nonsingular. Subsequently determine the 
constant vector c using computational software. [MATLAB has a built-in exponential 
matrix function that, given / and coefficient matrix A, will compute ®(/) = e4. Other 
software packages can be used to compute the eigenpairs, which can, in turn, be used 
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to construct ®(2). A third approach is to use numerical methods to solve the initial 
value problem ©’ = A®, ®(0) = J on the interval 0 < x < 2.] 


. Use your knowledge of ¢ to determine J‘ (0) and IS” (0) (the reflected modal energies 
at the input x = 0). Form ®(2)c and determine J red) and iO (2) (the transmitted 
modal energies at output x = 2). 

. At any point x, the quantity J ie (x) -—I =x) + Ee) _ i (x) (known as the energy 
flux) represents the net energy flowing to the right at that point. Show from the 
differential equation itself that the flux is a constant and does not vary with x. Use this 
fact to check your calculations in parts 1 and 2. Does 1 — I{)(0) — 1S (0) = 1(? (2) + 
ED)? 

. Compute the four components of I(x) at the set of points x, =0.1n,n =0, 1, 
...,20. Note that once the vector ¢ is known, the solution of the boundary value 
problem can be obtained by solving the initial value problem consisting of differential 
equation (4a) and the initial condition I(0) = e. Moreover, the solutions I(x,,) can be 
obtained recursively. That is, it follows from Section 4.10 that I(x,,,,) = &(0.1)1@,,), 
n=0,1,...,19. 

. Plot the forward-propagating energies, [{*)(x) and IS (x), on one graph and the 
backward-propagating energies, /‘”(x) and IS”(x), on a second graph. Interpret the 
graphs. Explain how energy is exchanged between the two modes as distance into 
the scattering medium increases from x = 0 to x = 2. 


Answers to Odd-Numbered 
Exercises 


CHAPTER 1 
Section 1.2, page 6 
1. Order is 2. 3. Order is 1. 5.k=-2 
7.k=} 9. (b) C = 2e7} 11. (b)C, =3, C, =1 
13.c=Oandc=1 15. r=landr=2 
17. y =e" +e-7 = 2 cosh 2t 19. y =3e7 
21.m=-2,y,>=lyoO=2-t 23. timpact = /2¥0/8; Vimpact = —/28Vo 
Section 1.3, page 12 
1. (a) Autonomous 3. (a) Autonomous 
(b) y=1 (b) y=0, y=4n, y=+2z,... 
(c) (c) 
Ba y 
A A 
% NaN \ % - c oe ‘ . 
154 154 
— a i= —— a i oe 1 Y x x 
0.54 0.54 
#44 4+ +, 4“ 4+ ~ » + }——_}+__+—} {+++ > f 
2 -1.5 -1 -0.5 05 1 #415 2 2 -1.5 -1 -0.5 05 1 15 2 
~0.5 + -0.5 + 
f -f J : \ &. alte \ * 
-15+ -15 4 
. ff ; : Ss XR % *% 
5. (a) Autonomous (c) 7 
(b) There are none. 
\ % 2K SS \ 
15+ 
\ \ TK \ \ 
0.5 + 
~ t L + N t ~ t q >t 
9" 1.5 <1 40:5 05 1 15 2 
-0.5 + 
\ \ Fl % % 
-15+ 
%& XK 2K < \ 
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A-2 Answers to Odd-Numbered Exercises 


7. (a) The requested isoclines are 


the lines y = 2,y = 1, andy = 0. 


(b) 
y 
A 


Y= 2ZABASass 


Sts 


yal 


y= O44 tte 


11. One possibility is y’ = —(y — 1)?. 
17. Direction Field B 


15. Direction Field F 


CHAPTER 2 

Section 2.1, page 17 
1. Linear and nonhomogeneous 
5. Nonlinear 


9. Linear and nonhomogeneous 
(b) —oo < 
(b) —2 <t< 


11. (a) —c0 <t< oo 


13. (a) 3<t<oo 
(e) -2<t<2 


15. p(t) = —2t and yy = 3 


Section 2.2, page 26 


Sf ce Det tees? 4 gan tteose 


1. (a) y =Ce* (b) y = —3e* 

5. (a) y=—2+ Ce* 

7. (a) y= te’ + Ce"? 

9. (a) y=-34+Ce™ —(b) 
11. y=cr* 13. y = Ces! 
19. y=te*+4+Ce* 

25.(a)2 (b)3 (c)1 
29. (a) B’ =-kB, B(0) =—A* 
(c) c = (1/k) In 20 
31. pt =2, g(t) =2t4+3 
35. g(t) = 2e'+sint+cost, yy=— 
39. A finite limit exists whenever A 
( Den Hteost, 
41.y= 


21. y= 40+Cr? 


9. (a) The requested isoclines 
are the hyperbolas 
y—-P=-1y—-?=0,andy-f=1. 
(b) 


y 


AA ASAP HSS t 


>t 


13. One possibility is y’ = sin (27). 
19. Direction Field E 


3. Nonlinear 


7. Nonlinear 


(c) —co <t <0 
(d) —oo <t < —2 


t< oo 


2 (c) -2<t<2 


17. yt) =0,a <t <b 


_pnt ate ay 
3. (a) y=Ce (b) y= 3e'e’ = 3e 


(b) y = —2 + 3e* 
(b) y= e' —e**)/5 


_ e795 sint 


3 
15. y=Ce! ** 


=-3 
17. y=0.5+ Ce 
23. y=t—14+Ce™ 
27. a=2 and yy = + 
(b) A(c) = A*(1 — e**). A(c) never exceeds A*. 


33.pH=t!, gd=t! 


1 37. lim, ,., ¥Q =-1 

> 0. In this case, the limit is equal to 1/A. 
O<t<z 

n<t<2n 
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se? O<t<1 
43. y = 23, ere3 
t, 3<t<4 


45.y= ef 2 + ae) 


Section 2.3, page 37 
1. (a) Q(10) = 20(1 — ee?) © 5.18 lb 
(b) lim,_,,, Q() = 20 and the limiting concentration is 0.2 lb/gal. 


3. The required inflow rate is r = (14,000/3) In (100) © 21,491 m?/min. 
The fraction vented per minute is r/v = (1/30) In (100) ¥ 15.4%. 


5. (a) Q(t) = 50077e~/°° mg 


(b) The maximum value occurs at t= 100 min. The maximum concentration is 
about 135.3 mg/gal. 


(c) Yes, a graph of concentration versus time shows that c(t) > 100 for 60 < t < 160. 
7. (a) t= 600 min 
(b) c(300) = Q(300)/V (300) = 197.5/400 = 0.494 lb/gal 
(c) 0.5 — (40/700) (1/49) + 0.4988 lb/gal 
9. (a) Q(0) = 0 (b) c,(t) = 0.05 lb/gal 
11. (a) Q' = (15/500)(a@ — 1)Q (b) a = 1 — (1/5.4) In 100 © 0.1472 


13. (a) Qi, = —1000(Q,/500,000), Q,(0) = 1000 
’, = 1000(Q,/500,000) — 1000(Q,/200,000), Q,(0) =0 


(b) Q,(t) = 1000e/° Ib, Q,(t) = (2000/3) (6? — e 7) Ib 
(c) The maximum value is attained at t = (1000/3) In 2.5 ¥ 305.4 hr. 
(d) About 4056 hours, or approximately 169 days, is required. 
15. (a) No, we do not expect the concentration to stabilize, since the inflow rate is 
varying. 
(b) Q' = 0.6(1 + sinf) — (3/200), Q(0) = 10 
(c) Q(t) = 40 — 30e7 9/2" + (1/1.000225)[0.6(e7 3/2 — cost) + 0.009 sin z] Ib 
17. An oven temperature of 70 — 80/(./15/23 — 1) © 485°F 
19. (a) 6(0) = 340°F (b) 6(t) > S, = 70°F ast > oo 
21. (a) 6(0) = 40°F (b) A(t) > Sp = 80°F ast > oo 
23. The times are the same. 


Section 2.4, page 45 
1. P(30) = 10,000,000e° " "-) — 17,715,610 


3. t= (2 In 3)/In 1.3 © 8.375 weeks 5. It will take an additional 9.6 days. 
7. Q(O) = 20V32 = 113.137... ¢g 9. After 45 days 


11. (a) For Strategy I, M,; =kP). For Strategy I, M,, = (ek — 1)Po. 


(b) For Strategy I, the profit will be 500,000(0.3172)(0.75) = $118,950. For Strategy 
IL, the profit will be 500,000(e°3!”7 — 1)(0.6) © $111,983. 


13. (a) t = (5730/In 2) In (10/3) © 9953 years (b) 9901 <t < 10,005 years 
(c) Q(60,000)/Q(0) = 7.04 x 10-4 


15. Approximately 38.9 micrograms 
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Section 2.5, page 53 


1. 
3. 
Ds 


11 


15. 


17. 


19. 


(a) f(t,y) = (1 — 2tcosy)/3 (b) fh@y) = (2tsiny)/3 (c) The entire ty-plane 
(a) f(t, y) = —2t/(1 +’) (b) f,@,¥) = 4ty/( +y’) (c) The entire ty-plane 


(a) fy) =—ty?+tant (6) hy) =— dey 
(c) -m/2<t<a/2, 0<y<o 


. (a) f(t,v) = (24+ tant)/cosy (b) fh@y) = (2+ tan?) secy tany 


(c) -w/2<t<am/2, -n/2<y<a/2 


. (a) 0<t< oo, -~ <y <0 


(b) There is no contradiction. Just because the hypotheses are not satisfied on the 
entire t-axis does not mean that “bad things must happen.” 


. ¥(t) = 2/1 — (¢ — 1). Therefore, ¥(0) = V2. 
13. 


(a) Using v = y~', we obtain v’ + 2v = 1, v(0) = 1. Solving for v and transforming 
back yields y = 2/(1 +e”). 

(b) —co <t <0o 
-1 


(a) Using v=y', we obtain v’ —v = —e’,v(—1) = —1. Solving for v and trans- 
forming back yields y = —1/[(¢ + le‘ + e’*'}. 


(b) —(1 +e) <t<o 


(a) Using v = y’, we obtain tv’ + 3v = 3f, v(1) = 1. Solving for v and transforming 
back yields y = [0.5(8 + t7-3)]'”. 


(b) 0<t<o 
(a) Following the hint, we obtain z’ = —z+ tz’, z(0) = 2. Using v = z?, we obtain 
v’ = —3v + 3t, v(0) = 8. Solving and transforming back to z and then to y, we have 


(b) —co <t < oo 


Section 2.6, page 60 


1 


17. 


19. 
23. 


25% 
27. 


1. (a) y =4—-2cost; y=—V4—2cost (b) —co <t < 

3. (a)  +2y4+2(t-1)=0; y=—-14+V73—2t (b) -co <t <1.5 
5: (a)y? +P =}; y=2/v1—42 (b) -$<t<} 

hs 
9 
1 


(a) tan!y=t—2/2; y=tan(t—a/2) (b)O0<t<ax 


(a) I+ D/Q—Di=3e; y=Ge —D/GBe +1) (b) -w0 <t <0 
(a) =e'+e-1; y=Ince’+e-1) (b) —co <t <o 

13. 
15. 


(a) tany=e"; y=tan'!(e) (b) —co <t <0o 


(a) ye” = 2e* + [1 — (t — 2)”]/2; there is no explicit solution. 
(b) Approximately —3.5 <t < 7.5 


(a) An implicit solution is In (1 + e”) =t—2+1n 2. This can be unraveled to yield 
y =In(2e’? — 1). 


(b) 2—In2 <t<oo 

¢=F,n=3,y=1 21. 1 +y)e’y’ +2t—cost=0, y(0)=0 
(a) The equation has the form [f(y)]"!y’ = 1. 

(b) y = 2e**4/(1 +674) 

y = —2 + tan [(t?/2) — 2/4], -V3/2 <t < V3x/2 

The half life is t = 3/ (2kQ3), and it does depend on Q). 
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29. (a) It is nonlinear and separable. (c) The two curves are 
(b) The two curves are the different and are 


same and are . 


y 2-15 -1-05 4 
A 


i | | | | Ly} 
—2 -15 -1 -0.5 OS. 1 LS -2 


31.S+KnS=~-at+S)+KInS, 


33. The equation has the form y’ = [(y/t) — 1]/[(v/t) + 1]. Using the change of variables 
z=y/t, we obtain z+ tz’ = (z— 1)/(z + 1), z(2) = 1. Solving for z and transforming 
back to y yields the solution tan ~!(y/t) + 0.5 In [1 + (v/t)?] + Int = (7/4) + 1.5 In 2. 


35. The equation has the form y’ = (y +t)’ — 1. Using the change of variables z = y + ¢, 
we obtain z’—1=z?—1, z(1) = 3. Solving for z and transforming back to y yields 
the solution y = (3 — 4¢ + 3t?)/(4 — 30). 

37. The equation has the form y’ = (2t + y) + 1/(2t+ y). Using the change of variables 
z=y+2t, we obtain 7’ -2=z+(1/z), z(1) =3. Solving for z and transforming 
back to y yields the solution (1 + 2¢+ y)7! + In |1+4+2t+y|=t-—0.754+1n 4. 


Section 2.7, page 68 


1. H, = 2t—y and, therefore, H = ¢* — yt + p(y). Since H, =—y +p’(y), it follows that 
p(y) =y’. Thus, a family of solutions is given by 1? — yt + y* = C. Imposing the ini- 
tial condition leads to the implicit solution #7 — yt + y? = 1. This solution can be 
“unraveled.” 

3. Rewrite the equation as (y? + 1) "'y’ — 30° +1) =0, y() = 1. H, = —(f +1) and, 
therefore, H = —(2 + 1) + p(y). Since H, = p(y), it follows that p(y) = tan ~ly. Thus, 
a family of solutions is given by —(¢ +) + tan~'y = C. Imposing the initial con- 
dition leads to the implicit solution —(¢? +) + tan ~!y = 2/4. This solution can be 
“unraveled.” 

5. H, =e'e” + 30° and, therefore, H = e'e’ +1° + p(y). Since H, = e'e” + p'(y), it follows 
that p(y) = y’. Thus, a family of solutions is given by e’e”’ + + y? = C. Imposing 
the initial condition leads to the implicit solution e’e” + 1 +” = 1. This solution 
cannot be “unraveled.” 

7. H, = ty? + cost and, therefore, H = sty? + sint + p(y). Since H, = Py + p'(y), it fol- 
lows that p(y) = se” . Thus, a family of solutions is given by S(?y? +e”) +sint=C. 
Imposing the initial condition leads to the implicit solution f’y* + e” + 2 sint = 3. 
This solution cannot be “unraveled.” 

9. H, =y* — land, therefore, H = (y? — 1)t + p(y). Since H, = 2yt + p'(y), it follows that 
p(y) =1n |y|. Thus, a family of solutions is given by (y* — 1)t + In | y| = C. Imposing 
the initial condition leads to the implicit solution (y* — 1)t + In |y| = 0. This solution 
cannot be “unraveled.” 

11. Mit, vy) = 2y+q@) 13. Mit,y)=e@ +v+q 
15. N(t,y) = —2y cost + p(y) 
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17. 
19. 
23. 
25. 


27. 


Yo = 2 oryy = —2; Mit, y) =H, (ty) = 3y +e, Ny) =A, (ty) =P + 2y 
yo = 1; M(t, y) = 2(2t +)! + 2t4+- ve", N(t, vy) = (2t + y)7! + te” 


(c) y= 4/34 20-7) 


(b) An integrating factor is u(t, v) = y. 


(c) 3y*t+y? = 27. Inprinciple, this implicit solution can be “unraveled.” In practice, 
unless we needed to evaluate y(t) at many times ¢, it would be more efficient to solve 
it numerically. 


(b) An integrating factor is w(t, y) =t. (c) y= —Vt-°(4 4 2e! — 2te') 


Section 2.8, page 74 


1 


1 
3 
) 
7. 
9 
1 


. It will take 55.645... years. 

. The initial population was about 1.791 x 10° individuals. 

. (a) The equilibrium populations are P = } and P = 3. (b) P(t) > ast > oo. 
(a) The equilibrium population is P = 5. (b) P(t) > 5 ast > on. 


. (a) The equilibrium population is P = 2. (b) P(t) > 2ast > o. 
. P, =3andM = —3. 13. P, =1landM =2. 

17. 
19. 


P=1/ (14 3e Hr Cros220/2n!) | P(t) > 1 ast > 00. 


The infected individuals will number about 1.3763 x 10°. 


Section 2.9, page 85 


1. 
3. 


De 


11 


13. 


15: 
17. 


19. 


21. 
23. 


v = —(mg/k) — e™/"); therefore, t = (m/k) In 2. 
(a) « = 0.2469... Ib-sec’/ft? — (b) 562.4 ft 


bin 
Vln) = | v@) dt = —(mg/k)t, + (m/k)lv9 + (mg/k) — en] 
0 


. The impact velocity is —,/2yog. 


. The transformed equation is dv/dx = —(k/m)xv. Thus, v(x) = vee 


2 
“&/2M) Since 


Vo > 0, xp =0Oo. 


. The transformed equation is dv/dx = —(k/m)(1 +.x)7'; v(x) = Vo — (k/m) In (14+ x), 


leading to a stopping position of x, = grr 4, 


(a) Let v, denote the impact velocity. Then «v7 = mg (1 —e77*0/"). 
(b) 400.11... ft 


(a) mv ss +x xv? =0 (b) Ky = (2m/d’) In 100 


(a) —187.26... ft/sec or approximately 127.7 mph 
(b) —128.18... ft/sec or approximately 87.39 mph 


Assuming the chute opens instantaneously, the dragster will slow to 50 mph after 
5.556... sec. In the other model, it requires 6.249... sec. 


Terminal velocity is —./mg/«; therefore, we need « = 0.929... Ib-sec’/ft*. 


7.39 radians/sec 


Section 2.10, page 98 


1. 


(8) Very = HH2Y — 1), tp = 1,%9 = 0 
(b) y, = 0.1000, y, = 0.2200, y, = 0.3600 
(c) y=" -t 
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3. (a) Ver = Ve — Ate Verto = 0,%9 = 1 
(b) y, = 1.0000, y, = 0.9900, y, = 0.9702 
(c) yao? 
5. (a) Yast =e +AY Es to = 05% = 1 
(b) %j= 1.1000, 4, 1.221095 = 1.3701... 
(c) y= 1/1 -4 
13. Q(2) = 23.7556... 0z 
19. (a) yF = 1.0000, y®* = 0.9950 (b) y(t) =e? 
21. (a) yf = 1.1000, ye* = 1.1111... (b) yD =1/U—-d 
23. y(2) © Voq = 0.6399... 25. y(5) * ¥4g = 4.0000... 27. (0.9) % yy = 9.9291... 


Chapter 2 Review Exercises, page 100 


1. y=Ce 43 3.y =2P +C ee 
7. ty+y4+P=C 9. y =4eo + 1. y= it? +c 
—2t 
13. tcosy =C is y= isn, ree 
17. y= J1/17 = 28) 19. y=Ce™ 41 
21. y= (4 + 140? + 65)/16 23. y=—8+Cev! 
25. y=12-—7e™ 27." =44-P +1 


29. y= 1+ 3e0"*? 


CHAPTER 3 
Section 3.1, page 112 


-—0 <t<0oo 3. -—oo <t<-l 


(a) 0<t<oco (c) No 


1. 
5. 
7. No, since Theorem 3.1 guarantees a solution on —oo < t < 3. 
9. y = —2cos2t 

1. 


11. (a) Note that y’(0) = 1. Thus, the solution is decreasing and concave up at t = 0. 
Graph B is the appropriate one. 
(b) Graph D 
(c) Graph A 
(d) Graph C 


13. (a) Drum 1 will bob more rapidly. 
(b) Drum 1 will bob more rapidly. 


Section 3.2, page 120 
1. (b) W(t) = —8. Therefore, the two functions form a fundamental set. 


—2t 


(c) The general solution is y = ce" +c,(2e“). The solution of the initial value 


problem is y =e~*". 


3. (b) W(t) = 0. Therefore, the two functions do not form a fundamental set. 
5. (b) Wi) =e”. Therefore, the two functions form a fundamental set. 


(c) The general solution is y = ce” + cyte”. The solution of the initial value problem 
is y = 2e" — 4te”, 
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11. 


13. 


15. 


17. 


. (b) W(t) = 2e*”. Therefore, the two functions form a fundamental set. 


(c) The solution of the initial value problem is y = 2e't! — eT), 


. (b) W(t) = —t | Iln3. Therefore, the two functions form a fundamental set. 


(c) The general solution is y = c, Int + c, In 3t. The solution of the initial value prob- 
lem is y = 18 Int — 91n 3¢t or, equivalently, y = 9 In (¢/3). 


(b) W(t) = 4t. Therefore, the two functions form a fundamental set. 


(c) The general solution is y = Cr +C, (—t~!). The solution of the initial value prob- 


lem is y = —0.577 + 0.5¢7. 


(b) W(t) = —3. Therefore, the two functions form a fundamental set. 


(c) The general solution is y = c,(¢ + 1) +.c,(—t + 2). The solution of the initial value 
problem is y = (¢+ 1) + 2(-t+2), ory=5-t. 


(b) W(t) =e”. Therefore, the two functions form a fundamental set. 


(c) The general solution is y=c,e* +c,te“/”. The solution of the initial value 
problem is y = 0.5e°"/7(1 + 0). 
(b) c, =24+1n3, c, =1 19.a=0, B=-9 


Section 3.3, page 125 


1. 


11. 


13. 


15: 


. (a) The general solution is y = cje +.c,e”. 


(a) The general solution is y = c,e~ +. c,e". 
(b) The solution of the initial value problem is y = 2e~* + e’. 


(c) lim, ,_,, y@) = co and lim, ,., y(t) = co 


. (a) The general solution is y = c,e' +c,e”. 


(b) The solution of the initial value problem is y = —2e' + e*. 


(c) lim, ,_,, y@ = 0 and lim, ,,, y(t) = oo 


. (a) The general solution is y = c,e' +cy,e". 


(b) The solution of the initial value problem is y = e™. 


(c) lim, ,_., ¥@ = oo and lim, ,,, vy) = 0 


2t 


(b) The solution of the initial value problem is y = —e* + 2e-7. 


(c) lim, ,_., y® = —oo and lim, ,,, v¥ = 0 


. (a) The general solution is y = cje- +. c,e”. 


(b) The solution of the initial value problem is y = 0e~* + Oe’, or y(t) = 0. 
(c) lim, , . y@ =O0and lim, ,., vy =0 

(a) The general solution is y = c, +c,e'™. 

(b) The solution of the initial value problem is y = 3 + 0e!™, or y(t) = 3. 
(c) lim, ,_., y@ =3 and lim, ,,, y(t) = 3 


(a) The general solution is y = ce?” +. c,e +2", 


(b) The solution of the initial value problem is y = —/2 gor EN a eee, 
(c) lim, ,_., y@ = —oo and lim, ,,, vy) = 0 


(a) The general solution is y = ee + ee 


(b) The solution of the initial value problem is y = —2e~’ so 


(c) lim, ,_., y@ = —oo and lim, ,., v¥ = 0 


17. 
19. 
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(a) y,(t) =e (b)a=-2, B=-3 (c)y =e" + 2e* 


_ 2t 3t 
y=ce+c,e" +c, 


Section 3.4, page 131 


1. 


. (a) The general solution is y = cye +c,te*. 


. (a) The general solution is y = cye 


. (a) The general solution is y = c,e 


. (a) The general solution is y = c,e*/” + c,te 


(a) The general solution is y = c,e + c,te™. 


(b) The solution of the initial value problem is y = te @), 


(c) lim,,_., y@ = —oo and lim, ,., vy = 0 
3t 


(b) The solution of the initial value problem is y = (2 + 4#)e7*. 


(c) lim, ,_,, y¥® = —oo and lim, ,., v¥H = 0 
2+ ote! 


(b) The solution of the initial value problem is y = (—6 + 2t)e"")””. 


(c) lim, ,_,, ¥@ = 0 and lim, ,,, y(t) = oo 


/4 1/4 


+c,tel*. 

(b) The solution of the initial value problem is y = (—4 + 4n)e“/ t 
(c) lim, ,_., y¥@ = 0 and lim, ,,, y(t) = oo 

5t/2 

(b) The solution of the initial value problem is y = (2 +He?*"). 


(c) lim, ,_,, ¥@ = 0 and lim, ,,, y(t) = oo 


.a@=—4, yo =0, 9 =4, y(t) = 4te"? 
. y(t) = (2—te”, and therefore y(0) = 2, y'(0) = —2. 


. (a) 7, =tln|t|, t 40 (b) Wt) =t,t 40 
. (a) ¥,) =@¢4+ 1? (b) Wa) =(¢+ 1)* 
. (a) y(t) = 1/¢ — 2° (b) W(t) = —4/@ — 2) 


Section 3.5, page 139 


l.(ajl+V3i = (b)-242i §=(©)-1-2i §=d—-(V64+V2i)/8 = (e)-2 +. 2V3i 
3. (a)A = 423 (b) y =c, cos 2t +c, sin 2t (c) y = —0.5 cos 2t — 2 sin 2t 

5. 

7. (a) A= (—14iv3)/2 


(a) A = +i/3 (b) y = c, cos(t/3) +c, sin(t/3) (c) y = 2V3 cos(t/3) + 2 sin(t/3) 


(b) y =c,e“” cos (V3t/2) + c,e“” sin (V3 1/2) 
(c) y= —2e” cos (V3t/2) — 2V3e~” sin (3/2) 


. (a) A= (-140/3 (b) y =c,e“? cos(t/3) +. c,e“? sin(t/3) 


(c) y = —e~ 3/3 sin(t/3) 


(a) aA=VJ2+i (b) y=c,ev?! cost +c,e%' sint 


(c) y = —0.5e%?' cost + 1.5V/2e%”' sint 


.a=0, b=1, yy=(V2—2)/2, yy = (V2 +2)/2 
.a=4, b=5, yy=1, yy =-3 

.a=0, b=n’, yo =—l, yy =—V34 
.a=-2, b=14n’, yy=2e, yy =2e 
.a=4 b=5, y=0, yy =3 
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23. y = V2 cos(xt — 71/4) 25. y = 2e cos(t — 27/3) 


y y 


45 67 8 9 10 


27.4=0, bax’ /4, 9532, = 0 
29.a=0, b=4, yy) = 0.5cos(52/6), yy = sin(57/6) 
31. y =c, cos3t+c, sin 3t 33. yeoe +c,e°" 


Section 3.6, page 151 


1. (a). (b) f(t 
f(t) mm 
A 
It : je il Ly i I 
cone. cone, ond O=b>—> t 
>t 32 714 116 158 
2 4 6 8 | 2 2, my 2 
(c) 4 (d) f(t) 
f(t) ri 
2 Ly 
Fie soe 
2 4 6 8 
-l 
(ec) f(d (f) 
2e% I 
2 KAI  d sin ¢ 
| | | | 1 
gett | | | I 
l l l [4 >t 
1 2 3 4 7 2a 3a An 


>t 


3.45 67 8 


3. (a) y=(cos10¢+sin101)/10 (b)t=2/40  (c) V2/10 


Di 
7. 
9. 


11. 
13. 


Answers to Odd-Numbered Exercises A-11 


(a) yp =—$ ft/sec — (b) period = 6 

yo = V3/8cm, yy=1/4cm/s, k=16N/m, T=ms 

(a) 10y’ + 7y’+ 100y =0, y(0) = 0.5, y'(0) =1 

(b) The general solution is y = c,e” cos Bt + c,e“ sin Bt, where w = —0.35 and 
B = V40 — 0.49/2 © 3.1428. The solution of the initial value problem requires 


c, = 0.5,c, © 0.3739. lim, ,,, y(t) = 0; this limit is to be expected since damping 
dissipates energy, causing the motion to decrease. 


(c) Zooming in on the graph shows that t is about 5.25 seconds. 


0.5 
0.4 
0.3 
0.2 
0.1 


-0.1 
-0.2 
-0.3 
-0.4 
-0.5 4 


y = /(1600) (0.44) /1.44 kg/s 
(a) Yerit = 2 


(b) As y increases, the solution tends to approach the constant solution y(t) = 1. 
This behavior is consistent with that predicted in Exercise 12. 


Section 3.7, page 156 


. (b) ye = c,e* +.e5€* (c) y = 1.5e7% + 0.5e* + 3¢-1 
. (b) yp = c,e* +.,e7 (c) y =e” — 3e*" + 2e* 
(b) ye =cye' +c, (c)y =2e 4%) 47 — 20 
(b) yp = c, cost +c, sint (c) y = —cost — 2sint + 2t + cos 2t 
. (b) ye = c,e' cost +c,e' sint (c) y = —5e’ cost — 5e’ sint + 5(t+ 1)” 
. (b) ye = ce’ +c, te" (c) y = —2e' + 4te' + t7e'/2 
Vp = 4uy + fu; 17. g@) = 5e" 4-272 
. g(t) = 3e' + OF 21. gH) =f +t+sint 
.a=1, B=0, g®=2+4+2t 25.a@=-2, B=2, g(t) =e'—2cost+sint 


Section 3.8, page 165 


(a) yo = ce +c,e" (b) yp = -? — 0.5 (c)y =c,e + c,e7%7 —2 —0.5 
(a)ve=c,cost+c,sint (b)yp=4e' (c)y=c,cost+c,sint + 4e' 
(a)ye=cye" +c,te" — (b) yp = 4t7e” 


(a) ve = ce cost +c,e‘ sint (b) yp = (# — 3¢? + 3t)/2 
(a) ve = ce cost +c,e sint (b) yp =e + (cost +2 sint)/5 
(a) ye = ce? +0,e% = (b) yp = 2te’”” 


A-12 
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13. 
15. 
17: 


19. 


21. 


23. 
29: 
21. 
29. 
35. 
37. 
39. 
41. 


(a)yc=cye?teztel? (b) yp = te? 

(a)yo=cyecost+c,e~sint  (b) yp = 2e-* + (cost + sint)/8 

(a) vo = cy cos 3t +c, sin 3t 

(b) yp = t(A,t? + A, t+ Ay) cos 3t + (BA t? + B,t + By) sin 3t + Ccost + Dsint 

(a) ye = c,e' cost +c,e' sint 

(b) yp = Ae‘ cos 2t + Be‘ sin2¢+C,t+Cy +e ‘(Dit+ Dy) cost +e ‘(E,t+ E>) sint 

(a) vo = cy cos 2t +c, sin 2t 

(b) yp = At cos 2¢ + Btsin2t+C+Dcos4t+ Esin4t 

a=-1, B=-2, y=c,e'+c,e% —2t+1 

a=4, B=4, y= oe + cyte *" — (4cost — 3sint)/5 

a=2, B=5, y=c,e'cos2t+c,e“ sin 2t + 2e° 

a=0, B=-4 31. y= fe" 33. y= 3 

o> 1/V3 

(a) Graph C (b) Graph E (c) Graph A (d) Graph B (e) Graph D 
1 1 x . 

(a) A=-;= (b) y = —= (cos 2t + isin 2r) 

(a) yp = je" 43. (a) yp = G(-2 +e" 


Section 3.9, page 173 


V7, 


. (a) Ye =C, Cos 2t +c, sin 2t (b) yp=1 


(alyc=cye't+e,t7e’ (b) yp = te’ /3 

(a) ye =cye' +c,e (b) yp = —(1/Ne! + (t/2)e' 
(a)yc=cye'te,te’ (b) yp = (t*/2)e" 

(a) ye =c,sint+c,tsint (b) yp = (7/6) sint 
(a)yve=eytte,e' — (b) yp = [(¢°/2) — tle! 

(a) ye =e,(t— 1)? +e,¢-1)? — (b) yp = Bt — 2)/6 
a=0, B=-1,y,=1, y= -1 


Section 3.10, page 184 


3. 


(b) y+ 100y = 2e", y(0)=0, y'(0)=0, y= 4 (—cos 10f + 0.1 sin 10t +e“) 
(c) |VYlmax © 0.035 m 


0.02 


-0.01 


—0.02 
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5. (b) y’+100y =2, y(0)=0, vW(O)=0, O<t<az 
y=a(1-—cosl10t), O<t<a 
y"+100vy=0, y(r)=0, W(x) =0, at 
yt)=0, wt 


(c) |VYlmax = 0.04 m 


7. (a) y= ~e“(9cos 6t — 13 sin 6t) + 35 (—3 cos 8f + 4 sin 84) 
(b) lim 
9. (a) y = 44e°-"(30 cos 6f + 5 sin 6t) + 4,(—30 cos 6f + 5 sin 6f) 
(b) lim,_,., y(@ does not exist. For large values of t, y ~ 4, (-30 cos 6¢ + 5 sin 6f) 
13. (b) Approximately 52.42 ft/sec (c) Approximately 85.86 ft 
15. I = 2[cos(t/2) — cos 3t] mA 17. V = 2e ‘(1 —cost) V 


too Y(t) does not exist. For large values of t, y ~ 5 (—3 cos 8t + 4sin 8f) 


Section 3.11, page 193 
1. (a) W(t) = 4. Therefore, the functions form a fundamental set on (—oo, ov). 
(b) y=44+2(¢-1) 
3. (a) W(t) = 32. Therefore, the functions form a fundamental set on (—o0, ov). 
(b) y= —1+1t+ cos 2t — sin 2t 
5. (a) W(t) = 2t-?. Therefore, the functions form a fundamental set on (0, 00). 
(b) y=2-t4r! 


y,Q) ¥.(1) 2 —4 
7,.WA)=]", ' = = 0. No, they do not form a fundamental set. 
yi) ¥5(1) -1 2 
1 0 2 
9. W(O)=]-1 0O 2| = 0. No, they do not form a fundamental set. 
0 2 1 


11. By Abel’s theorem [see equation (7)], W(t) = atm Therefore, W(4) =e™*. 
13. By Abel’s theorem, W(t) = e. Therefore, W(4) = e™*. 

15. By Abel’s theorem, W(f) = t? + 1. Therefore, W(4) = 17. 

17. y,() =cost+sint, ¥,(t) = cost —sint 

19. 9,0 =-e, ¥,0) =e" + te! 
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12 O 
21.(a) A=]-2 1 0 
0 0 e? 


(b) Since the determinant of A is equal to 5e~’, {¥,, 95,93} is a fundamental set. 
23. Wa) =e? 25. Wt) = 3t! 
Section 3.12, page 199 


. 3. (a) y=cye +c, cos 2t +c, sin2t 


1. (a) y=c, +e,e"% +.c,€7 
5. (a) y =c, cos(t/2) + c,t cos(t/2) +c; sin(t/2) + cyt sin(t/2) 
7. (a) y =c,e' +c,e7* +c,e7 

9. (a) y=cye +c,e' cos V3t+c,¢' sin /3t 

11. (a) y=c, +e, cost+c, sint 

13. (a) y=cye' +c,e7% +e"? [c, cos(/3t/2) + cy sin(/3t/2)] 


+e Ic; cos(/3t/2) + cg sin(V3t/2)] 


15. (a) y=c, +c,e' +¢,te* (b) y=1-—e7% -te™ 

17. (a) y=c,e* +c,te* +¢,0'e* (b) y=te?+fe7 

19. (a) y=cye“ +.c,te™ +,0°e™ (b) W(0) =2 

21. yO + 9y” =0 23. yO —2y"+y =0 
25. yO — 4y” + 6y" — 4y'+y =0 27. (a)n=5 

29. (a) n=7 31.a=-1, n=1 
33.a=0, n=4 35.a=-l1, n=3 


Section 3.13, page 204 
1. (a) ve =e, +0,e' +03e° (b) yp = te™ 
3. (a) ve =e, tcne +03e% (b) yp = —2¢° 
5. (a) ve =eC,te.tt+e,e' (b) yp = 6te™* 
7. (a) ve =C, +¢,e' +0, fe (b) yp= i? + 2t+ 2¢e! 
9. (a) vo = ce +e" [c, cos(V/3 t/2) +c; sin(V/3 t/2)] (b) yp = Fte' 
11. (a) ve=cye+o,e'+c;,cost+c,sint (b) yp=-t—-1 
13. (a) vo = ce! +e" [c, cos(V3 t/2) +c; sin(V3 t/2)] (b) yp =P —-6 
15. (a) yo =e, +¢,e7 +e,te% = (b) yp = t APO + BC 4+Ct+D) +7 EP +Ft+ Ge” 
17. (a) yo = ce" +c,e°7% +c; cos 2t +c, sin 2t 
(b) yp = 1 (At +.B) sin 2t + ¢ (Ct + D) cos 2t 
19. (a) ve = ce! +c,e' +c, cost +c, sint 
(b) yp =t(At+ B)e'+t(Ct+D) cost+t(Et+F) sint 
21. (a) ve = e'(c, cost +c, sint) + e ‘(c; cost +c, sin?) 
(b) yp = te’ (Acost+ Bsint) 
23. y"” —y" + 4y' — 4y = -2 + 8t — 47 25. By” — Py" = 1214 
27. (a) Calculating the Wronskian at t = 1, we obtain W(1) = 6. 
(b) y =cyt +c,t? +0,t* — 1641? 
29. y=c,t+c,f +c¢,t4 -30 31. y=0.5(e' + cost — sint) 
33. y=e (1414/3) 
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Chapter 3 Review Exercises, page 206 


1. y=e‘(c, cost +c, sint) 3. y = 3cos2t + sin 2t 

5. y=cye" +c,e" 7. y=cye" +c,e * +c, cos 3t +c, sin 3t 
9. y =c, cos3t+c, sin3t 11. y=cye' +c,te' + te’ Int 
13. y = 2e% + 3te'+8 15. y=c,+e,t+0° +20 


17. y =c,e' +c,e' +c, cost +c,sint — 4 
19. y=c, cost+c, sint + In (cost)(cost) +tsint+t 
21.y= ce + gyte™ 23. y= ce +¢c,e7 +P—4 


10t 


25. y=c,e'™ +c,te'!™ 


27. y=c, +c,e" 
29. y=c, +eot+c,e" +c,te' 


CHAPTER 4 


Section 4.1, page 220 


' —3f + 2t—2 207 + 3¢ 3. - 
4 S37 = 2749 1 
5. det( ABM] = det[A()]det[B(H] = —t(t + 1)(¢ + 2) 
7 At =-——_1 ae ee 
~ @-4(¢4+1)] -2. ¢ |’ ac a 


9. A(t) cannot be inverted for any value of t. 


0 0 
—2 I 


13. A(t) is defined for —co < t <0,0 <t<1.A(H= | 


11. 


0 1/t 
—$-a'?  3e*!’ 


0 -1/0 
Ate = | . / 


tq p73? al —oo <t<0,0<t<1l. 
4 


rt! Pst 


15. P(t) = ¥ a 


» 8H= e In j 


17. A@) = [t-1,5° + 1,e-]] 


24+Int 2°43 
19. A(t) = ; 

5t—4 t —3 

e/3 t+1-—sint 
21. 0= | / * aa 


fig sint  2t 
23. A(t) = : 
5t In|t+1| ¢ 


29. (a) For Tank 1, V,(¢) = 100 + 5¢ gal; for Tank 2, V,(¢) = 100 — 5¢ gal 
(b) 0<t < 20min 
10Q, 10Q, 
100+ 5¢ 100—5¢t’ 
i 100, 15Q, 
100+5t 100—5t¢ 


(c) Q, =2.5 


Q,(0) =0 
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31. (a) For Tank 1, V,() = 100 + 5¢ gal; for Tank 2, V,(4) = 100 gal 
(b) 0 <t < 80 min 


5Q 5Q 
5 1 = = 
(©) Qi =25—F99457 * 09? AO =9 
fi 2s 5Q, 5Q, _ 
Q2= 100+5t 100’ 2,0) =0 
Section 4.2, page 227 
1. w/2 <t < 3/2 3.0<t<a2/2 
1 5t et 
7. (a)A= A (b)y=c, oo + Cz | 
9 1 2 11. P(t) : (t) ‘ 
~C, =H 10o= a = F = 
, a 8 sint 
0 1 0 0 
13. Pt) = 0 0 1 », go=| 0 
-—e'tant —t'e? —5e e! 


15. y” —2y'4+ 3y =2cos2t, y(-1)=1, y(-1) =4 
17. y® — (y")(y" + siny) —y’ =0, y1) =0, ¥() =0, yD) =-1, vy") =2 


0 1 0 0 0 
ieee 4 ¢! -t sini) sia e* 
0 O 0 1 0 
1 O 0 —5 0 
0 1 0 0 0 
21.PQH=|7 > 71) gaa : 
0 0 0 0 
5 6 -2 1 —t 
Section 4.3, page 235 
0 1 1 
L@y=|" “ly 20 y'=| iy 5. (a) y'=|-6 -3 Iy 
15 -7 -1 1 3 _2 4 


7. Yes, they are solutions, and the Wronskian is W(t) = 2. 
9. No, they are solutions, but the Wronskian is W(f) = 0. 
11. No, they are not solutions. 


13. Yes, they are solutions, and the Wronskian is W(t) = 1. 


31 =f 
15. (b) WO =4e" — ©) y= B 2e | a 


3e* 5e*| |e, 


3 
q 3 |2e* 1 |2e* (3e —e)/2 
ae ER +4 na "4 ae ~ i —5e~/4 


17. (b) W(t) = 0; therefore, these solutions do not form a fundamental set. 


19. 


21. 


23. 


25: 


29, 


31. 


33. 


11. 


19. 


21. 
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e' e' | le, 
(b)WH=1 (c)y®= ' 4 
—2e 


—ée 


2e! 4 | & eT Ze! — e“ED 
(d) c= 2/8 y(t) = 2e _ret| © |_e-t| = —4e!! 4 p-@-0 


_ 2 jf =2t t=1) fe, 
(b) W(t) = -t (c) YO = 
2t 
2 


1 Cy 
a) 1 es ?? —2t 5 t—1 t?—4t+2 
C= 3 = _ = 
—2 m 2t 1 2t—2 
5e! e! e* Cy 
(b) W(t) = —11e’ (c) yt) = |—-lle’ OO  -e™! Ic, 
0 Ile’ 5e‘} Ic, 
1 5e! e! e! 4e' —e 
(d)c=]-1], y= |—-1le’] —| 0 | — |-e‘}] = | -1le’ +e 
al 0 11le‘ 5e —lle' —5e% 
(a) W(t) =2e" = (b) 6 27. (a) Wit) = —6e" ~— (b) 4 
1 oi 
2 e 
(b) C= | : | (c) W(t) is also a fundamental matrix. 
2 2 
0 O fe 
(b) C= ; (c) W(t) is not a fundamental matrix. 


| 


A,=-l, 4,=2 3.4,;=0, A= 5. A, =-2i, A, =2i 
A=-1 4 =4, = A,=0, 4,=2, A, =3 

i 1 -1 
x= | 13. x= | 15.x= 17. x= 7 


(b) gees jee. 
y,@ =e a]? y,(t) =e 8 
(c) Yes 


-1 1 
(a) 4,=-1, | AF A, = 1, al 


=i 1 
(b) y,(@) =e" | | > yp(t) =e | | 
1 1 

(c) Yes 


A-17 


A-18 


Ss -e' —e'| lc, 
. The general solution is y(t) = 4 , ; 
2e 3e 
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—2 —1 
23. (a) A, = -2, | | A, = 1, | | 


—2 —]1 
(b) y,@) =e | > y,(t) =e | i 


1 
(c) Yes 
0 —1 
25. (a) 4, =1, x, = F 27. (a) 4, =2, x, = 1 
1 0 
(b) A, =3, A,=5 (b) 4,=1, A, =-2 
1 1 -1 -1 
(c) x= {1}, x,= ]2 (c) x=] 2], w= 
0 0 6 
(d) Yes (d) Yes 


Section 4.5, page 252 


32°F) — ge? | 


The solution of the initial value problem is y(t) = bee 4 be) 


: : —e! oe! Cy 
. The general solution is y(t) = 4. a : 
e' e Cy 


3(+41) 
e 
The solution of the initial value problem is y(t) = | | ‘ 


2D 
5 2 
et —e% —e) [e, 
. The general solution is y(t) = |e” — e”” 0 C> 
et 0 et 
The solution of the initial value problem is y(t) = ile 2 
2e* + 4e! 
0 —2e* 27) fe, 
. The general solution is y(t) = | 0 2e-#* 6! Cy). 
e! e 507! C3 


The solution of the initial value problem is yf) = | 2e7*’ + 2e4 
e' +e-* — 10e” 
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nofel-ol 
QO; 1 -2]|a, 


ei s/Vyt ef /Vyt Ci 
(b) Q@ = eo 3r/Vt g(-r/V)t 


Co 


<I] 


(c) t © 250.55 sec, or about 4.18 min 


15. (b) y2) = 


17. (a) Direction Field 4 (b) Direction Field 3 (c) Direction Field 2 
(d) Direction Field 1 


19. The solution is y(t) = be . The phase plane solution trajectory is 


y2 


> 


(0, —2) 


_ pt 
21. The solution is y(t) = > :, | . The phase plane solution trajectory is 


a 

(3,3) 
(4, 2) 
>) 

Section 4.6, page 263 

-1 i 
3.4 1+ a ee 1 a 

=-1+i, x= : =-l-i, %= 
! el || oe 2 ee | ge 

-1+4+3i 


A-19 


A-20 


Answers to Odd-Numbered Exercises 


0 
O|}; A, =-14+0.57, x, = ]1]; 
1 


7.4,=2, X= A, =—-1-0.57, x, = | 1 
0 0 
-3 —5-i —5+4+i 
9.04,=-1, x, =] O]; A, =-1+4+i, x,=]-1-i]; A, =-1-i, x,=]-1+i 
1 2 2 
nies | 4 cos 2t | ae | 4 sin 2t | 
—cos 2t — sin 2t —sin 2t + cos 2t 
13. y,0 = = 2t + sin *] = Po 2t — sin *] 
cos 2t sin 2t 
1 —5 cos 3t — 3 sin 3t —5 sin 3t + 3 cos 3t 
15. y,) =e" | O], y,@ =e” | 3cos3t—3sin3¢ |, y3(t) =e” | 3sin3¢+3cos3t 
-1 2 cos 3t 2 sin 3t 
17. y(t) =e Hommes! 19. y(t) =e" ieeanie| 
7cost —4sint 2 cost — 6sint 


—2cost — 6sint 


an yt) =e | 4sint | 


54 — 42 cost + 76sint 
2cost+ 24sint 
—18+22cost — 26sint 


25. y(t) =e" 


23. yYO= 


e‘[—3 sin(¢/2) + 2 cos(t/2)] 
e‘[3 cos(t/2) + 2 sin(t/2)] 


—e7! 


29. (a) Real when 1 + 4u > 0 and complex when 1 + 4 < 0 


(b) For pw < 6 
31. (a) Real for all yw 
33. It moves around the origin on an elliptical orbit. 


35. It moves around the origin on an elliptical orbit. 


Section 4.7, page 274 


e 


1 
(a)ay=h=1, x= || (c) yO = 


3. (a) Ay =A, = —-2, 


0 =) 6t 
5. (a) Ay =A, = 6, aH © vo=| 


3e' + 2te' 
—e' — 2te' 

1 a aie 
x, = 0 (c) y@) = = 


| 


—4te® 


(b) For no values of ju 


e~(1 + 32) 


367! 


(c) yO = 


1 —t 
ve (a) Ay = Ay — —3, x, = Hl (c) y(t) = e 8t30 | : i 
1 0 
9. (a) Ay =A, =2, A,=1, x,=]0], x, = ]0 
0 


1 


—2e! 


Answers to Odd-Numbered Exercises A-21 


0 1 4 
11. (a) 4, =A, =3, A,=0, x,=]1], x= ]0/() y= | e*U+9 
2 0 ev (1+ 2t) 
1 
13. (a) A; =A, =), =2, x= , geometric multiplicity is 1. 
0 


1 0 
(b) 4, =A, =4, =2, x, = |0], x,=]0], geometric multiplicity is 2. 
0) 1 


15. (a) vy; =c,e", y,=c,e", y, =c,e" +c,te7 


e* te* 0| [e, 


(b) y)=|0 e*% O c,|,WO = e”, and therefore W(t) is a fundamental 


matrix. 
0 
17. A, =A, =A, =5, x, = 1|0]. Thus, geometric multiplicity is 1, and the matrix does 
1 
not have a full set of eigenvectors. 
1 0 
19.24, =’, =4,=5, x,= ]0], x,=|1]. Thus, geometric multiplicity is 2, and the 
0 0 


matrix does not have a full set of eigenvectors. 


21. The eigenvalues are 4 = 2 (algebraic multiplicity 2, geometric multiplicity 1) and 
A = 3 (algebraic multiplicity 2, geometric multiplicity 1). A does not have a full set 
of eigenvectors. 


23. The eigenvalues are 1 = 2 (algebraic multiplicity 3, geometric multiplicity 3) and 
A = 3 (algebraic multiplicity 1, geometric multiplicity 1). A does have a full set of 


eigenvectors. 
1 4 2 -1 
25.A= 27. A= 
-1 -3 1 0 


29. (a) Direction Field 3 (b) Direction Field 4 (c) Direction Field 1 
(d) Direction Field 2 


15 0 0 0 
31.A= 33. A= 
0 1.5 0 0 
0 0 3e% 
35.y,0Q=|/0], y@=|e” 1], y3 = |(-14 6te™ 
e* 3te™ ore" 
Section 4.8, page 285 
—e* elle, 1 lte‘+e* 
1. (c) YO = | eo le, #4 (d) y) = ot end 
e* el le,| et |-3 1 |e** + 2e' — 3e* 
3. H= — d Hh=- 
(c) y(t) ie Ale oe | <4 (d) y(t) Sa ost aos 


Answers to Odd-Numbered Exercises 


e -el lc, 1| e+3e7 
5. (c H= + d) v= — 
(c) y(t) i a ie - (d) y@ Gh een 
1 @90< -e -e'! Ic, n 1 |3sint — cost 
-(c = = 
- 2e ee "| Jes} 392] —4sinet 
1 |—-e' + 2e‘ + 3sint— cost 
d) y@#) = = 
() yO 2 2e' — 2e' — 4sint | 
e 0 te] [ c, t+1 te’+t+1 
9(c) y¥O=|/0 0 @€ c, | + |-t-1 (d) y= | eb -t-1 
0 e O C3 0 2e! 
11 ; (t) oe 13. P(t) = : 
MO | P|” fel 42 ; 0 
1 | e7 + 2te*% —1 1 | 3e%+2r+1 
15. y(t) = — 17 pj=- 
¥) 4 |—e7 + 2te% 41 yO) 4 |—3e%7 4 2r-—1 
19. y(t) = 1—cost+3sint 21. y@) 1 | —sin2t 
— —24+3cost+sint Mae 1+ cos 2t 
23. y(t) » 25. y(t) 
‘ t)= ‘ i= +c 
_ 3 » 2. 1 


2, 0 
sin2t —cos2t—sin2t 
27. yt) = |}0} +c ]-1 29. V(t = 
0 cos2t  —cos2t+sin2t 


ane) —e'+2e' 2e' —2e! 
: t)= 
-e'+e' 2et—e' 
1 |-2 1 5 
33. ——— 
wens? Joell 


—250e73!/100 _ 75Q2-t/100 1 4 1 
60 : | 50e 50e + 1000 en : 000 


2500-31109 _ 7501/10 4 500 


1 |-2 1 1 
35. re 5e72#/100 
(a) Q im | : Q+5e ‘ 


100 
—260e73/1 + 2600711 0 
(b) Qw) ee a 260e71/100 = er , Qi) te 4 
; —6 4 4e~?t e2 e7l0t 
7. @ T=], ltt} ) |, W=0 OH YO=| in 
2te —2t ne (e7" —e 1%) 714 
ec) IM= m 
( ) (¢t )= te~2! = (e7" _ e 1) 14 


Section 4.9, page 297 


2 3 
(b) t =k(0.01); k=0,..., 100 


6 4 _0.98 0.9594 
PFO | gle Fe | goal? F271) 4044 


1 
1. (a) Yeu =¥ +n 


Answers to Odd-Numbered Exercises A-23 


ht 
. (a) saat] 2-1, 0 ty 
(b) t, =1+k(0.01); k=0,1,...,300 
2 
0 


Ye 


(c) Yo = 


- (8) Vey =Ve +n 


(b) t, =1+(0.01); k=0,1,...,500 


19. 


21. 


23. 


() 0 0.00 0.00008... 
Cc = , = , = 
Yo= lol? %1= Joo1l’ 7 |0.02030... 
(a) y' 0 1 4s 0 #6) 1 
a = ; = 
7 uf aa|*™ lo y 1 
(c) 1 1.01 1.0201 
YW? NM Jrorl? %7 |1.0199 
eye 0 1 7 0 asi 4 
a = >. = 
y ao at? lS y 1 
(©) -1 —0.99 —0.9798 
Cc = 5 = : — 
Yo 1 M1 1.02 ¥2 1.0396... 
ties 0.00768...) _ 0.00762... 
Cc = = ’ n— Yn = 
7 Yon = | 00584...|° 22" %"~ |0,00577... 
ewe 0.1718...) _ —0.1693... 
Cc _ = 5 _ = 
? Yon = | _9 0624...|° 92" % = |_0.0583... 
,  [-15/(200-102) —5/(500 — 202) 40 
(a) Q’= Q, Q(0) = 
15/(200—10t) —35/(500 — 202) 40 
. Solid curve is y, (4), 27. Solid curve is y, (4), 
dashed curve is y,(). dashed curve is y,(t). 
y y 
N A 
15 4.5 
fl > a ee, 4b 
3.5- 
0.5+ : 3 z| 
25h: Grr 
hI | | | ! | | >t = 
“0.20.4 0.60.8 1 1.2 14 1.6 1.8 
AS een (ER 
eee le 
atts Gace ere 0.5F 
He 02040608 112141618 °° 
ay 0.1399... x 10-8 % 0.8802... x 10°'° Bias 
; _ = ; — = . Dividin, 
ss Yio = fo 1401... x 10-8 ¥ ¥200 = | ggi2... x 1071 o 
th t twi btain th t Peeaee nt Note that 
ese vector: m nen 1Sse, In z 
ors componentwise, we ovta e vector 0.062890... ote a 


ey = 0.0625 and, therefore, the errors are reduced by a factor of about ey when 


the step size h is cut in half. 
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Section 4.10, page 308 


2 1 2 O 2e* —e' = —2e** +. 2! 
1. T= , D= b) e = 
(a) 1 1 ; ( ee | a —e" 4 2e7 
= 0 0 1/ 1+e% -1+e” 
3. T= _ D= b) == 
(a) 1 1 F | Oe Taw te 
1 -1 5 0 rae ete! ef et 
5. (a) T= 1 , D= k 4 (b) e“ = 2 |e —e-t Pag 
1 0 2 0 0 
7. (a) T= 1 i , D= ; i (b) a E t 
1 1 21 0 cos2t  sin2t 
9@)T=|. |, D=|" (| ea] * 
1 -1 QO -2i —sin2t cos2t 
11. (a) T 2s Th led system is z’ as (0) rs 
; = : n mis z’ = z, z(0) = : 
a 12 e uncoupled system is 0 2 -_ 
eee 22e' — 21e” 
= Z = 
» 11e* — 147" 
—-1 -2 oy 2 0 e! 
13. (a) T= . The uncoupled system is z’ = z+ , z(0) = 0. 
1 1 0 -!il 0 
te2! 
(b) y@) = Tz@ = _ pe 
_5 38 
-1 -5 0 —4 0 0 3 3 
15.(a) T=| 1 8 O|, givingz=| 0 -1 O}z+}] 4], zO=] } 
0 0 1 0 0 1 2 0 
‘ Qe — 5 
(b) y(t) = Tz(t) = rm —9e* 49 
8e' — 8 
e2ht Ate2™ 
17. By (8), y(t + At) = e4“’y(t). By Example 2, e4™ = | 4 Sid } Therefore, y(4) = 
e 
e® 3¢e° i ra ies Similar 1 _4|-3 
0 <8 y(1) =e mk imilarly, y(—1) =e ai| ¥ 
23. (a) ABABA 
(b) eA Bt x elArByt 
. 3 0 
25. (a) T= ; |" The uncoupled system is z” + 04 z=0. 
: 1 . 1 
(b) y(t) = Tz(t) = (c, cos 31 +e, sin V31) A igs (c, cost + c, sint) | i 
27. (a) 2" 3 0 1 }1 0 1 {1 iG 1 1 
NAY gl 5 le | Ag lg? SP a a 
(1/3) cos /3t + (1/23) sin /3t — (1/2) sint + (2/3) 
(b) y@) = 
(1/3) cos V3t + (1/23) sin V3t + (1/2) sint — (1/3) 


Answers to Odd-Numbered Exercises A-25 


eo), 1/4 _ 
§eet['] ws0- 


c,+oe"%+c,+c,e 7 —t/6 
29. (a) z+ 1 2 3 4 / 


6, +c," —c, —c,e" +t/3 
Chapter 4 Review Exercises, page 310 
‘aes 2e ee] le, ee cos4t —sin4t} |c, 
ae ee get C> yO | sin4t cos 4t C5 
5.90) e* t+ De” [c, 7. ¥@) 2e' e*| [c, 2: 
HO | et te”! C5 BANS age ae c 3 
e* —e —e"] fe, 
9ytH= le" eé 0 C> 
ett 0 e C3 
ae 2e - Cy 2 boeken 
11. The general solution is y(t) = a 55 . The solution of the initial value prob- 
C2 
eee 4e~ + 3e” 
em is = : 
si 2e* + 3e”" 
id 5 cos 2t 5 sin 2t Cy : 
13. The general solution is y(t) = . . . The solution 
3cos2t—sin2t cos2t+3sin2t] |c, 


5 cos 2t + 10 sin 2t 
5 cos 2t + 5 sin 2t 


2e* (2t— 1)e* 
17. yD = oH! 


of the initial value problem is y(t) = | 


e* e* —1) fe, 


15.y@=]-e* O —-1| |e, 


0 e& 41 C3 


2e% (2t — 1)e*"] [ec e’ (t—e ‘| |e 
19. yO) = E 2 21. yO) = ent = 


CHAPTER 5 
Section 5.1, page 327 


1. L{1}=1/s, s>0 3. Lite =1/(s+1)?, s>-l 

5. The Laplace transform does not exist. 

7. Lit — 1} = 2eSs-? +571 —s-?, 550 

9. L{f@}=e%s!, s>O0 

1. Lf Oy =er%s!—e*%s!, s 40; LifH}=1, s=0 

15. (b) L{t?} = 2/s?, Li} =6/s*, Lit*} = 24/s°, LP} =120/s°, s>O0 
(c) Lit} =m)/s™*!, s>0 

17. L{sinwt} = w/(s* +07), s>0 

19. L{sin[w(t — 2)]} = (wcos 2w — s sin2w)/(s* +a”), s>0 

21. L{e~ cos 4t} = (s + 2)/[(s +2)? + 16], s > -2 

23. R(s) = 5L{e~™} + Lit} + 2L{e*"} = 5/(s + 7) + (l/s?) + 2/(s— 2), s>2 

25. f is continuous and exponentially bounded. M = 1,a = 1 


27. f is continuous and exponentially bounded. M = 1, a = 2 (since cosh 2t < e”’) 
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29. f is piecewise continuous and exponentially bounded. M = 1,a = 2 


31. f is neither continuous nor exponentially bounded. 


33. The integral diverges. 35. The integral converges to 5. 
37. LF (s)} = —2t+e7%, t>0 39. L{F(s)}=e'—e', t>0 
Section 5.2, page 341 
1. F(s) = (s? +2s+6)/s*, s>O 3. F(s)=s''+3/9+4+s7), s>0 
5. F(s) =e *(2/s*), s>0 7. F(s) =2/(s+2)?, s>-2 
9, F(s) =e *8(2s-* +4s"'), s>0 11. F(s) =e? “/(s —3), s>3 
13. £'{F(s)} =3 +40, +>0 15. L'{F(s)} = 2e*% cos3t, t>0 


17. £o'{F(s)} =h¢t — 2) sin[3(¢ —2)], +> 0 

19. LO'F(s)} = 2e'[6.cos 3t — sin3/], 1>0 

21. Lo'{F(s)} = 2¢¢ — 3)*ht — 3) + 4 — 5) *A(t—5),  t>0 
23. fF 25. f 


F(s) =(1-e-*)/s 


F(s) =e?" /(s? +1), s>O 


27. ff 29. f 
A i 


rr IP —_=— 
% 3 4 
| és 
—— 4—________» —— | —— 
1 1 * 3 
I | 
-1F -I- 6—_ 


F(s) = [e“(s — 1) +e-*(s + 1)]/s” F(s) = (€% — 2e-% +e-*)/s 
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31. i ae 
A A 
1 be. 
i @ 4 
Me acl | — >t 
———— 
0.5 4 ; 
F(s)=(€% +e * —1)/s, s>0 
a an 
0.5 1 1.5 
i 


F(s) = (1 —e7*”)/(s + 2) 
35. f(t) =h(t— 1) + h(t — 2) — 2h(t— 3), F(s) = (€°S +e75 — 2e7*) /s 


37. f) = (1 -—d[hM —he — 1)] + 2 — Hh — 1) — ht — 2)], or, after expanding, 
fO=1-t+hG@-1)4+@¢-2hE-2), t=O, 
F(s) = (1/s) — (1/s”) + (e*/s) + (€**/s”) 

39. F(s) = (2/s) —[2/(s +2)], L7'{F(s)} =2-—2e7, £>0 


41. F(s) = [10e*/(s — 3)] — [10e*/(s — 2)], 
LF (s)} = 10A(t — Dl") —e"-], +>0 


43. Y(s) =[1/(s — Dl +e? “/l — 3) - DI, 
yt) = LY (s)} =e +h — Dle* — e41/2, t>0 


45. Y(s) =s/[(s — 1)(s? — 2s — 8)], 
yt) = LY (s)} = (-e* — e' + 2e%)/9, t>0 


47. G(s) = F(s)/s?,  s > max{a, 0} where |f (f)| < Me” 
49. (a) No, they differ at t = 3. (b) F(s) = G(s) = (1 —e7*5)/s 


Section 5.3, page 349 


A B B 
1. F(s) = 2 u 
(s) s-1' G22 * =D 
A, A Bs+C 
3. Fs) = 24 244 
Ss S (s+1)*+9 
A A B B 
5. F(s) = 2 +4 1 i 2 a 1 
(s—3) (s-3) (+3) (+3) 
Bs+C Ds+E 
7. F(s)= 5 3 
(s+4)*+1  (s4+3)°+4 
9. L{F(s)} =2e%, t>0 11. L'{F(s)}=4cos3¢+3sin3t, t>0 


13. £LF(s)} =e *% +2e7%, £20 

15. £O'{F(s)} = 24+ cos2t+ $sin2t, +>0 

17. L“{F(s)}=te'+4re', t>0 

19. y(t) = 4e* — 3cos 2t +2 sin2t 21. y(t) =e + te* 
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23. y(t) = 2t+ 2 cos 2t + 2 sin 2t 

25. y(t) = cos 2t — Ft cos 2t + 3 sin 2t 

27. y(t) = te" + $te" 

29. y(t) =t+cost— sint + h(t — 2)[-t + 2 cos(t — 2) + sin(t — 2)] 
31. a=0, B=—4,¥) =0, v =3 


Section 5.4, page 355 


3(1 = ey 3 _ e7*) 59-48 n es - 
1. F(s) = _ ae 
. i=e*) ste") ee) s(1—e7*) 
l-—e° 
. F os 
5. F(s) 2045 
43 aos , 
7. F(s) = 1 + (2e “/s) + ee ) — (2/s?) 
s(l-—e*) 
ae i 
A 
T T T 
NENG 
>t 
IE | 1 : 
1 —e St) 
L 4 F(s)= erases 
>t 
a/2 7 32/2 
| | 
21 +e 7/7) 
F(s) = 
(s) (s2 +4 —e 7/2) 
13. 8 15. ff 
t l 
y 12 
| | 
2+ — | 
9 
I 
1 -— / 
| 6 
— ; >t | 
1 2 3 Ae ase 
3 
; >t 


Lo {F(s)} = 3t — 3[A(t — 2) +h -—-4) +h -6) +--+] 


17. (a) vt) =e + S- (-1)"11 —e-"™ ht — n) 


n=0 


19. (a) vt) = 1.5e°-0.50 —H4+ > (-1)"fe~"*” — 1] h(t — 2n) 


n=1 
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1, O<t< 5, 
21. (a) q' + 0.1g = 5e,(t), q(0) =0, where c(t) = c(t + 1) =c,(t) 
; pees, 
5(1 —e) 
b — 
(b) Qs) s(s + 0.1)(1 —e7*) 
501 — eA t/MO 4 g-@-1/2)/10 _ en @- 1/107. ite 3 
(c) q@) = 10 1/2)/10 1)/10 3/2)/10 
50[—e7/ eT EV2AN0 _ g-G-D/10 4 g~@-3/2)/ 1: : 2¢e2 


25. &(s) = 1/(s +1)? 

27. (a) O(s)=1/(s? +4) ~— (b) Ys) = 2/[s3 (87 + 4)] 

29. (a) O(s)=1/(s+2)? — (b) ¥(s) = [1 — (8 + Ne“ )/[s*(1 —e*)(s + 2)"] 
31. (a) O(s) = 1/[s(s? +4] ~—(b) Y(s) = 1/68? + 4)? 

33. b=0,c=4,y, = 1.9) =0 


Section 5.5, page 365 


s/o? +1 Dase ys? 
/¢ ) 3. Y(s) = ( a )/s 
1. Y(s) = 1/s? 2e~*5 /s 
1/(s —1)° 
S/d +s? 1—sin@-1 
5. Y(s) = cae 4 7. LO'{Y(s)} = het — 1) ent ) 
1/[(s — 1)e] — 2/s 2 sin(t — 1) 
4+e' tte —e 
9. y(t) = 11. yi) = 
yO) 5+e y(t) bs — 0.25 +e! — 0.75e” 
, |2.cos 2t 2e3"-D 4 3e-20-D 
13. yH =e eee 15. y@= ded) 4 ge-20-D 
5e' — 3e’ 
7. yo= = Sane 19. yi) Te + 3e! 
é = —— A — a a A A e 
we * 720 | 8 — 544 + 607 " > 
=—é 
21. (a) A, =6,4,=3 (b)A = 
~ la = 0, = = 
: : 4 2 
oe oe 25. (b) i(t) = 0.25e% ] 
. —s 8 _5 * 1 =U. e 2 _ 4 
Section 5.6, page 375 
3.fxg=t*/12 5. f*xg=t-—sint 
0/6 
7. f *g = (t?/2) — 0.5h(¢ — 1)(t— 1)” 9. | / | 
1—cost 


11. fee 


1 


i 
2 4 


f*xg=(t—2ht—2)-2(¢- 3h -—3)4+ ( -DhE— 4) 
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13. 2/120 (5. ee 22 17.n=5,C=},0=-1 
19. y(t) = 2 — 2e* — 2r’e™ 21. y() = 6t or y(t) = —6t 
23. y@) =2—2e* —te* 25. yt) = 4e'+ 2et? cos(/3 t/2) 


27. y(t) =14 (4/24) 
Section 5.7, page 383 


1 e+_2 
1. (a) 1+e° (b) 0 (c) A (d) | e +1 
0 


3. One possible choice is ty = i. 
Roa Ls 


>t 


fO®=1-ha-dh kg) =h(2-—t)-—h( —-b) 
9(a)yH=-l+e (b) 6@=e' 
11. (a) yt) = -t—1+e' (b) oft) =e' 


13. y 15. y 
4 ry 
T T T T 1 1 
= 
Ss, 
e!r I 
— >t 
1 | 
=i te! | a 
aj 
yt) =het — Ne? — hit — 2)e 
I i I I f \ 
y(t) = A(t — 2) sin[2x(¢ — 2)] 
17. y ety TA 4 eut-b 
A 19. y(t) = 5 Sa 2e-) 


-0.1 4 


y(t) =h(t— Ye” sin — 1) 
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CHAPTER 6 


Section 6.1, page 397 


1. 


11. 
13. 
15. 
19. 


(a) y= 


(a) y= 


2 1 
» y(0)= 
—2y,- » mn 4 


(b) af; /ay, =0, af, /dy, = 1, 
df,/dV, =—2, df,/dy, = —-t 
(c) The hypotheses of Theorem 6.1 are satisfied everywhere. 


y 0 
| . ¥(0) = | | 
—ty, +siny, 1 


(b) af,/ay, = 0, af,/8y, = 1, 
df,/dy, =—t, df,/dy, = cosy, 
(c) The hypotheses of Theorem 6.1 are satisfied everywhere. 


! 2 2 
5 = ; 2)= 
me sey — 1 +y,+ =a ea ] 


(b) of, /dy, =0, af, /dV> =1, 
af,/ay, = A/NU +9, +292), df,/ay2 = (2/1 +, + 292)? 


A-31 


(c) The hypotheses of Theorem 6.1 are satisfied except whent = Oorl+y,+2y, =0. 


2 0 
. (a) y= V3 » yoD=/1 
-yi = 2 0 


(b) af, /ay,=0, af,/ay,=1, af, /dy, = 0, 
af,/dy, =0, df,/dy,=0, af, /dy, = 1, 
df;/dy, = —2y,,  4f;/dy, =—1, df, /dy, = 0 
(c) The hypotheses of Theorem 6.1 are satisfied everywhere. 


2 0 
. (a) y= V3 , y(2)= |2 
—2t'9 /[(y, — 2)(y3 + 2)] 2 


(b) af,;/ay,=0, af,/ay,=1, af,/dv3 = 0, 
df,/dv, =0, df, /dy2 =0, df, /dy3 = 1, 
af;/dy, = 20"? L(y, —2)°(v3 + 2)],  af;/Ay. = 0, 
afs/y3 = 2t'? /[(y, — 2)(y3 + 2)7] 


(c) The hypotheses of Theorem 6.1 are satisfied except when y, = 2 or y, = —2. 


yr =er +y'tany, y(0)=0, yO) =1 
y= (yy' +P), yA=1, yA)=7, 0) =3 
No, because the differential equation is nonlinear. 
(b) a’ = —kyenpa + kyac + kc 

c! = kyeoa — kyac — (ki +ka)e 
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Section 6.2, page 410 


1. (0,0), (1, 1) 3. (1, -1), (3, -1) 5. (0, 0) 
7. (2,2), (2, —2), (—2, 2), (—2, —2) 9. (0, 1, 2), (—1, 1, 2) 
ll. x =y 

y= —x— x3 


The only equilibrium point is (0, 0). 
13. x =y 
yi = 1—x? — 2y/(1+x4) 
The only equilibrium points are (1, 0) and (—1, 0). 
15. x =y 
yl=z 
w= y? t+ (0? — 4)/(y? +2) 
The only equilibrium points are (—2, 0, 0) and (2, 0, 0). 
17.a=-1, B=-l, Y=5 d=5 
19.@=1, B=1, y=-2 21.a=8 


23. (b) The velocity vector is a constant multiple of the position vector. Therefore, the 
velocity vector is oriented along the line. 


25. Direction Field B 27. Direction Field A 
29. (a) x =y 31. (a) x =y 
y =x — 2x3 y = 1-2sin2x 
(c) (c) 
y y 
A | I 1 A I I 
I ele ae 
ie See re lee Sg ole Je cles Sele a cle 
, [Ts —S 
| tea 
4 4 4 L 1 i 
ar hana Hettbrttterttitie 
\ x 4 4 4 4 4 4 
+ ~. helo) oe. OE 
+ de a a os ae i 
welt aL sal sa aL aL 
I I I 
33. (a) Equilibrium point (1, 1) 35. (a) Equilibrium points (0, 0) and (2, —2) 
(b) (b) 


Section 6.3, page 421 


1. (a) 0.5(x’)2 + 2x2 =C 
(b) x’ =y 
yl = —4x 
(c) v1, 1) =i-4j 


y 
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3. (a) 0.5’)? + 0.25x4 =C 
(b) x =y 


yl = —x3 
(c) vw, 1) =i-j 


A A 
T T T T T T 

| | L LS 4 

| \ | > x 

2 2 

i i i | i i ft i i i 

(d) The graph is an ellipse. The (d) The maximum value of |x(f)| is (3)!/4. 
maximum value of |x(0)| is /5/2. 


5. (a) 3@’)2+2x3 =C 
(b) x’ =y 


yl = —x2 
(c) v1, 1) =i-j 


7. 2x” —x?sinx + 2xcosx =0 


(d) |x(t)| is unbounded. 
9. (a) 


>< 


(c) A(x, y) = 0.5(x2 + y2) + (0.25)x4 
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11. 0.5(y”)2 + F(y’) = C, where F(u) is an antiderivative of f (u) 


13. (b) H(x, y) = 2xy 15. (b) H(x, vy) = xy — x?2y + y — 2x? 
17. (b) H(x, y) = y? cosx 19. (b) A(x, y) = —x3 — y? 

21. Hix, y) = x3y — cos(2x + 3y) 23. Not a Hamiltonian system 

25. H(x,y) = 0.5(y? — x2) + x3/3 27. H(x,y) = F(y) — G(x) 

29. H(x,y) = 3F(y) — xy? — G(x) —x 31. Yes, K(x, y) 


Section 6.4, page 431 


1. (a) b=6/2 (b) Not asymptotically stable 
3. (a) x =y 
Yan = yy 
(b) Asymptotically stable if y > 0, stable if y = 0, unstable if y < 0 
5. Asymptotically stable 7. Unstable 
9. Unstable 11. Unstable 
13. Stable but not asymptotically stable 15. Asymptotically stable 
17. Unstable 19. Unstable 
21. Asymptotically stable 23. Asymptotically stable 
25. y, = | , asymptotically stable 27. y, = E , unstable 
0 
29. y, = |0], unstable 
0 
0 
3l.y,= ; , stable but not asymptotically stable 
0 


1 
35. aiy2= z> a22 = 1, a2, = 2 


Section 6.5, page 445 
1. (a) (4,4), (—4, -4) 
(b) Using the order given in (a), 


8 8 -8 -8 
Zi = Z Z’= Z. 
-1 1 -1 1 


(c) (4, 4) and (—4, —4) are each unstable equilibrium points. 
3. (a) (1, 1), (1, 1), (-1, —1), (1, -1) 
(b) Using the order given in (a), 


—2 0 2 O 2 0 —2 0 
Z'= Z Z= Zz z= Z Z= Z. 
2 2 —2 2 —2 -2 2 -—2 


(c) (1, 1) is an unstable equilibrium point, (—1, 1) is an unstable equilibrium point, 
(—1, —1) is an unstable equilibrium point, (1, —1) is an asymptotically stable equi- 
librium point. 


13. 


15. 


17. 


19. 


21. 
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‘ (a) (2, 1), (2, —1), (—6, 3) 


(b) Using the order given in (a), 


—2 0 —4 0 0 -8 
Zz = Z, Z= Z, Z= Z. 
0 4 oe NSA ae | 


(c) (2, 1) is an unstable equilibrium point, (2, —1) is an asymptotically stable equi- 
librium point, (—6, 3) is an unstable equilibrium point. 


4 (a) (0, 0), (-2, —4) 


(b) Using the order given in (a), 


4 -8 0 6 
Z'= Z, Z= Z. 
2 -il 2 -1 


(c) (0, 0) and (—2, —4) are each unstable equilibrium points. 


- (a) (0,0), 0, 1) 


(b) Using the order given in (a), 


—1 0 —1 2 
Z'= Z Z’= Z. 
0 -1 2 -1 


(c) (0, 0) is an asymptotically stable equilibrium point, (1, 1) is an unstable equilib- 


rium point. 

5 —14 2122 
(a) A= , gz) = 

3 -8 . a+ 


(c) The limit is 0. z’ = Az + g(z) is an almost linear system. 


(d) z = O is an asymptotically stable equilibrium point. 
-1 | és) z2 cos V 23 + 25 

» g@Z= 
ale z1 cos Vz3 + 25 


(c) The limit is 1. z’ = Az + g(z) is not an almost linear system. 


0 2 gy Zz 
—2 0} BE Noes 


(c) The limit is 0. z’ = Az + g(z) is an almost linear system. 


(a) A= 


(a) A= 


(d) No conclusion can be drawn using Theorem 6.4. 


9 5 2122 
a7 4 eB ie | 


(c) The limit is 0. z’ = Az + g(z) is an almost linear system. 


(a) A= 


(d) z= Ois an unstable equilibrium point. 


-1 1 0 
(b) z’= | ; | Z, asymptotically stable at z = 4 : 


(d) The given nonlinear system is asymptotically stable at (0, 0). 
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23. (a) 0.5y2-x+ 2(1+x)5/2=C 
(b) The graphs are consistent with bobbing motion. The origin appears to be a 
stable equilibrium point but not an asymptotically stable equilibrium point. 


y 


A 


27. x = [cos(c; — t)]/./2(c2 — at), y = [sin(c; — 1)]/./2(c2 — at); cy and c2 are arbitrary 


constants. 
29. x(1) = exp(e-2) cos(/4 — 1), y(1) = exp(e-2) sin(r/4 — 1) 


Section 6.6, page 454 


1. (a) Saddle point, unstable 3. (a) Unstable improper node 
(c) | (c) y 


5. (a) Saddle point, unstable 
(c) y 


7.(a)A=1, A=2 (b) Improper node, unstable 

9. (a) A =3i, A= —3i (b) Center, stable but not asymptotically stable 
11. (a) A=-2, A=-3 (b) Improper node, asymptotically stable 
13. (a) A=4i, 7= —-4i (b) Center, stable but not asymptotically stable 


15. 
17. 
19. 
21. 


23. 


21s 


29. 


31. 
33. 
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(a)A=1, A=3 (b) Improper node, unstable 
(a) A =-2, A=-2 (b) Improper node, asymptotically stable 


(a)A=14+4i, A=1-4i (b) Spiral point, unstable 
(a) Direction Field 2 (b) Direction Field 4 (c) Direction Field 1 
(d) Direction Field 3 
a>$ 25.a <8 
6]. : 

y,= is an unstable saddle point. 

2). . 
y,= ; is an unstable saddle point. 


(c) The solution point moves clockwise. 


(a) A= 422i (b) Center, stable but not asymptotically stable 
(c) Hx, vy) = (3x2 + 2xy + 3y2)/2 


Section 6.7, page 462 


1. 


11. 


(a) x approaches an equilibrium population of 1 in the absence of y. If y is present, 
it is harmful to x. y approaches an equilibrium population of 4 in the absence of x. 
If x is present, it is harmful to y. 


(b) (0,0), (1,0), (0, 3), (3. §) 


(c) The origin is an unstable proper node of the linearized system z’/ = I Z. 


Therefore, the given system is unstable at the origin. 


. (a) x approaches an equilibrium population of 1 in the absence of y. If y is present, 


it is harmful to x. y approaches an equilibrium population of 0 in the absence of x. 
If x is present, it is beneficial to y. 
(b) (0, 0), (1, 0) 


(c) The origin is an unstable saddle point of the linearized system z’ = i 4 Z. 


Therefore, the given system is unstable at the origin. 


1 1 1 
. (a) aw =0,02=0,1=5,n= 1,p, = 3, P2=-3 


(b) x is beneficial to y, but y is harmful to x. 


. (a) (0, 0), (1/a, 0), (0, [r = L]/[er)), 


(lar — Br + Byl/[o?r — Br], [ar — Br — ap )/[a?r — B?r}) 


(c) (0,0) is an unstable saddle point, (1/a, 0) is an asymptotically stable improper 
node. 


2x! = a,x — byx2 —cyxy — dyxz 


y! = ary — bry? — coxy — dryz 
Zl = —a3z+03xz + d3yz 
(a) s’) = -—asi-ys—yityN 
i’ = asi — pi 
(b) (s,i) = (9, 0) and (s,i) = (1, 4) 


1 —10 


(c) For (9, 0), z’ = 0 8 


5 
4 


z, unstable saddle point 


For (1, 4), z’ = I" 4 z, asymptotically stable spiral point 
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CHAPTER 7 
Section 7.2, page 477 

1. (a)vy=P?-t 
(b) Ynu1 =In + h/2)[2ty — 1) + 2tna1 — 1] 
(Cc) Yn41 =¥n +A2G, +h/2) - 1 
(d) y: =0.11, yo = 0.24, y3 = 0.39 
(e) y1 = 0.11, y2 =0.24, y3 = 0.39 
(f) y(t1) =0.11, yo) = 0.24, v(t3) = 0.39 

3. (a) y=e 2 
(b) Yns1 =In + /2) tan — trsiCyn — htn¥n)) 
(C) Yns1 =n — W(t + 0.5h)(¥n — O.5htn Yn) 
(d) y; = 0.9950, y2 =0.9801..., y3 = 0.9559... 
(e) y; = 0.9950, y2 =0.9801..., y3 = 0.9558... 
(£) y(ty) = 0.9950..., y(t2) =0.9801..., y(t3) = 0.9559... 

5. (a) y= (1 — 1.522)1/3 
(b) Yat =In + (2/2) [ten — tas In — Atayn) "| 
(C) Ynst =n — An + 0.52) (Yn — O.5ht yn?) 7 
(d) vy; = 0.9950, y. = 0.9796..., y3 =0.9529... 
(e) vy; = 0.9950, v2 = 0.9796..., v3 = 0.9530... 
(£) y(ty) = 0.9949..., y(t2) =0.9795..., y(tz) = 0.9528... 

7. (a) y=V9-—? 


(b) | y(1) —yFyler) = 0.009146..., 
y(1) — yHeun| — 6.902 x 10-7, yo — ymodEul! — 1.375 x 10-5 
9. (a) y = 2e? 
(b) | y(1) — Euler) = 0.01300..., 
y(1) — yHfeun| = 6.022 x 10-4, | (1) — ysprdBal] = 3.329 x 10-4 


11. Heun’s method, with tp) = 1, T = 5, f(t, y) = ty? +1 

13. Euler's method, with ty = 2, T = 1, f(t, y) =v/(?? +?) 

17. (a) The initial value problem is Q’ = 12 — 6cos(zt) — Q/(90 + 5t), Q(0) = 0. 
(c) About 23.75 Ib 

19. About 1.5003 million individuals 

Section 7.3, page 491 

1. (a) y'(0) = 1,y”"(0) = -1, y"(0) = 1, y%(0) = -1 

Px) =14+t-42+i8- fH 
(c) E(O.1) = 8.196 x 10-8 


3. (a) y'(0) = 0, y”(0) = 1, y"(0) = 0, y (0) = 6 
P,Q) =14+ 44404 
(c) E(0.1) = 1.256 x 10-7 


11. 


13. 


15. 
21. 


23. 


20) 
27. 
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. (a) yO) = 1,9") = 3,90) = 0, y 0) =0 


P(t) =14+t+ 40 
(c) E(0.1) =0 


. (a) y'(0) = 1, y’(0) = 2, y”"(0) = 2, yO) = 1 


P,t)=14+t+P4+404+40 
(c) E(0.1) = 8.615 x 10-8 


. (a) y'(0) = 2, y"(0) = 4, y'"(0) = 16, y* (0) = 80 


P,@t) =14+2t4+ 224 884 24 
(c) £(0.1) = 4.888 x 10-5 

(a) P(t) =1-?-#8- S4- 56 
(b) E(0.1) = —8.867 x 10-8 

(a) P3@) =14+2t+ 484+ 56 

(b) £(0.1) = 3.968 x 10-!! 

r=1 17. 7=2 

(b) At t = 1, the errors are (order 1) 1.8054... x 10-3, (order 2) —4.0475... x 10-4, 
(order 3) 6.8372... x 10-°. 


(b) At t = 1, the errors are (order 1) —7.2978... x 10-3, (order 2) 8.2708... x 10-4, 
(order 3) —3.0262... x 10-5. 


At t = 1, the error ratio is F,/E,; = 8.4648... x 10-7/6.8372... x 10-° = 0.1238.... 
Att = 1, theerrorratiois FE,/E, = —3.6501... x 10-°/ —3.0262... x 10-5 = 0.1206.... 


Section 7.4, page 502 


1. 


11. 


15. 


19. 
21. 


(a) y1 = 1.09516666... — (b) y; = 1.09516250... = (c) No 
(d) y(t;) = 1.09516258... 


. (a) y; = 1.00503350... (b) yy = 1.00502513... (c) No 


(d) y(t,) = 1.00502512... 


. (a) y; = 1.10249901... 


(b) yy = 1.10249998... 

(c) Yes, since methods of order p or higher yield exact results if the solution is a 
polynomial of degree p or less. 

(d) y(t;) = 1.10250000.... Note that the numerical results do not agree with our 


answer in part (c). This discrepancy is due to the finite precision of computer arith- 
metic. 


. (a) y; = 1.11032909... (b) yy = 1.11033743... (c) No 


(d) y(t,) = 1.11033758... 


. (a) y, = 1.22304273... (b) y, = 1.22304891... (c) No 


(d) y(t,) = 1.22304888... 


0.89534540... 2.10571842... 
y= 13. ¥,= 
—1.08953454... 1.22088665... 
0.99500416... 
y, = |—0.09983354... 
—0.99501250... 


(b) yoo = 1.23606797..., y(1) = 1.23606797... 
(b) yoo = 1.41421356..., y(1) = 1.41421356... 
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23. (b) y29 = —0.81020240..., y(1) = —0.81019930... 
V9 = —0.42549625..., y'(1) = —0.42549942... 


25. (b) yyo = 4.613705448..., y(1) = 4.613705638... 
yio = 3.30685272..., y’/(1) = 3.30685281... 


21 


29. 9@ 


246 3 01214 16 oe Graph of angular velocity versus time 
Graph of theta versus time 
CHAPTER 8 
Section 8.1, page 525 
1.R=2 3.R=1 5. R= 
7,.R=1 9.R=1 11.R=2 


13. R=1 


(a) fM=14+t+P +A 4+-:- 
ef) =t+4P +94 164+4+--- 


(b) fO+g@ =14 2t+ 52+ 104--- 
(c) f@) — g(t) = 1-3 — 88 — 1544 

(d) ft) = 14+2t4+324+484.--- 

(e) f’(t) =2+4 6t + 1222 + 2023 + --- 
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15. R=1/2 
(a) f@ =1-2¢-1)+4¢- 1) -8¢-13 +--- 
et) =14+(¢-1) +@-124+(¢-134--- 
(b) fO+e@ =2-(¢- 1) 4+ 5-1)? —70¢— 1)3+4--- 
(c) f®-—g@ =—-3(¢- 1)+ 3¢- 1)? - 9-1)? + 15(¢- 1)4 ---- 
(d) f'() = —2 + 8 — 1) — 24-1)? + 64-193 ---- 
(e) f’@t) = 8 — 48(¢ — 1) +. 192(¢ — 1)? — 640¢ — 1)3 4+ --- 
17, See 19. So ay-2t” 
n=2 n=2 
21. Si t2)(0+ Danse” 23. —S°(-1)"(@ — Dayo” 
n=0 n=2 
25. f® = > \(-1)""1(30)2"/(2n)!, R= 00 
n=1 
770s) Rai 
n=0 
2. 
29. (a) Ayia = Aan (b) ¥,(¢) = coshat, y2(t) = sinhat 
31. a) yO =Sie-Dn! (b)R=0 (©yOQ=e4 
n=0 
33. (a) YH =—Y(-Iy"(t-D"/n!_— (b) R= 00 
n=3 
(c) yO =-e 9 41-¢-1D+¢-l1P2 
35. v=o" (b+)R=1 ()yO=1/- 
n=0 
37. ay = 0, a, =1, a, = 0, a3 =i, a4, = 0, a,=- 
39, a =-l, a,=1, a,=0, a3 =—-%, a= a: a5=5 
Nay =0, 232, a2) a1, ges, g=4 
Section 8.2, page 533 
1. 4/2, 42, +3n/2, +57/2 3.0, +1, +2, 420, +37 
>. eee 7.R=4 
9.R=2 liek=s 
13. (a) Qny2 = —ay/(n + 2) 


15. 


(b) yi) = aol 1 — $22 + Gtt +--+] 
yot) =a,[t- 484+ h64+--] 
(c) R=oo 
(d) Yes 
(a) nyo = —(n? +.2)a,/t(n +2041) 
(b) 1) = ao 1-2? + 54 4---] 
y2(t) = a,|t - 503 + me fo. ‘| 
(c) R=1 
(d) Yes 


A-41 
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17. (a) M42) 4 Dany = 4(1 + Vaduz — 4dn 
(b) 1 O= ao(1 — 22 — $3 dhe ‘] 
yo(t) = ay[t + 2? + 28 +4---] 
(c) R=0o 
(d) No 
19. (a) 31+ 2)(0 + Dany = —n(N + Vaday — Gn + 1)ay, 
(b) yO = A| 1 _ zt? + ae ob is ‘J 
yet) =a,[t- 28 + F4+---] 
(c) R=3 
(d) No 
21. (a) (242) + Dayy2 = Anz 
(b) wO= ao(1 —- Zt a a dy ‘J 
y2(t) = ay|t - ae - aoe 4. ‘| 
(c) R=0oo 
(d) Yes 
23. (a) (n4+2)(N4 Dany2 = —Ay 
(b) yi) =ao{1 — 40-2 + 4@- 14 4+---] 
y2(t) = a,|(t 1) z(t 13+ ott 1)5+-- ‘| 
(c) R=0o 
25. (a) (24+2)(14 Danys = —(A4 Dang +n — Ant 
(b) yi) =ao{1+4@- 12-40-13 4+---] 
yo) =a,[¢ -—1 —4¢-12+4¢-1)34+--] 
(c) R=0o 
29. (a) (N+2)(N + L)dny2 = —2(u — N)ay 
(d) Hot) = 402 —2, H3(t) = 803 — 12t, Hy(t) = 16t4 — 4822 + 12, 
H(t) = 325 — 1603 + 120t 
33. Yes 35. Yes 
37. No 39. a = 0, b is arbitrary. 


Section 8.3, page 541 
3. y=cyt? +c903 5. y =c,l? + Cf? InIt| 
7. y =c,t? cos(5 In|t|) + cf? sin(5 In|t}) 9. y=c, cos(3 Injt|) + cz sin(3 Inj¢]) 
11. y =cyt“! cos(4 In|t|) + cot! sin(4 In|f]) 
13. y =cyt-* cos(6 In|t|) + cot? sin(6 In|t|) 
15. y=c,(t— 1)-! +c.(t — 1)3 17. y=c (t+ 2)-? +c9(¢t + 2)-3 
19. tj =—-2,a=2, B =-—2 21.t =0,a=-3,B=5 
23.0=—4, 6 =6, g(t) =—-5+6lInt 
25. The transformed equation is Y” — 2Y’+ Y =e~. 
y =eyt +cot Int + Gr! 
27. The transformed equation is Y” — Y’ — 6Y = 10e-: — 6. 
y =c,t-? +¢e9t3 + 1-— 2t-? Int 
29. The transformed equation is Y” + 7Y’+ 10Y = 36(e% +e~). 
y=ecyt > +ct-* + 2t+ 9t-! 
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31. y=t+0+4+2, —co <t <0o 
33. y= —2t-! —t-! Int+t-1(Int)?, 0 < t < C0 
35. y=c, + Cot? +03t?2,t £0 
37. y =C, +C2 In|t| +c3(n|t|)? + 2 + 2dnjz|)3 
Section 8.4, page 549 
1. t= Ois a regular singular point. 
3. t= 1 andt= —1 are regular singular points. 
5. t= 0is a regular singular point. 
7. t= 0is a regular singular point. 
9. t=1 andt= —1 are irregular singular points. 
1. P(t) = (? — 1)272 13. P(t) = (t— 1)2(¢ + 1) 
15. (a)n=0,1,2 (b)n>2 
17. (b) F(A) = 422-1=0 
(c) FA+n)a, = —ay_1 
(d) y,; = Ao|t!/? _ qos? a ost? hee s | 
19. (b) F(a) =42-9 =0 
(c) FA+1)dn = —An-1 
(d) y; =ao[t? — G44 ppt: ] 
21. (b) FA) =4?+204+1=0 
(c) FA+n)ay = —2a,_1 
(d) v1 =aolt-! —-2+t+---] 
23. (b) FA) = 147-31 =0 
(c) FA+Many1 =-Atn+ Da, 
(d) y, =a? —44+ 50+4+---] 
25. (b) A27-—5A=0 
() 4 =a = Gt = at +] 
27. (b) AA — 1.5) = 0 
(c) y, = ao|t3/? + 55/2 = gett? Aes ‘| 
Section 8.5, page 558 
1. (b) A(2A — 3) = 0 
(c) [A +1)(24 + 2n — 3)Ja, = (A +1 — 3)ay-1 
(d) y; =a\ [1 + 2t- 2] 
y2 =apHri—-Ar- est: ] 
(e) Yes 
3. (b) A-—1)3A-1)=0 
(c) [3Q +n)? —40 +7) + lla, = —ay-1 
(d) y, =ay[t- 42+ tA +---] 
oS a? [1/3 — 14/3 4 at7/3 4.+ 5] 
(e) Yes 
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5. (b) A-3)A-—3)=0 
(c) [A +n)? — 6(. +n) + 9a, = —ay_2 
(d) y) =aot3[1 — G0? + att +.-:] 
(e) Yes 
7. (b) A-2)4-1)=0 
(c) [(A+n)? —30+n) + 2]a, = —a,-1 
(d) v1 = a(t? - 30 + 3t ae ‘| 
(e) Yes 
9. (b) A+ DA-DH=0 
(c) [A +n)? — 1]a, = ay_2 
(d) y= ao[t + 383 + wt eee | 
(e) Yes 
11. (b) A-4A+4)=0 
(c) [A +n)? — 16]ay = an-1 
(d) y; =ap[t4 + 44 et] 


(e) Yes 
13. (a) t= 0 isa regular singular point. 

(b) AA — 2) =0 
15. (a) t= 2 andt = —2 are irregular singular points. 
17. (a) A27=0 

(b) y; =ao[1 + F(a? +a)(t- 1) +--+] 

(c) v1 = dot 
19. (a) 2=0  (b) y) =ao[1 - St +5? -— 3 + Ze - Aor] 
21.a=-1,B=5 ee Oe 
CHAPTER 9 


Section 9.1, page 569 


l.a=-2 3.a@=Oora=2 5.a=4V73 
7.a=0 9.a=-—20ra=0 11. (b) c} =-1,ce, =3 
13. (b) cy = 3,ce2 = -2 15. (b) cy = 1,c2=1,c3;=1 

19. f(x,y) = 493 + 12x2y 21. f(x,y) = —2y3 — 6x2y 


Section 9.2, page 576 


1. As a function of x, u(x, fo) has a graph that is concave up at x =x,. Therefore, 
Ux (X1,t9) > O. Since u,(x, t) = Ku,,(x, t), it follows that u;(x1, to) = KUyx(X1, to) > 0. 
Similarly, it follows that u,(x2, to) < 0. 


3. (c) u(x,t) = 5e-3"*! sin x 


5.EO= coAL fy u(x, t)dx]’ =coA fo u,(x, t)dx = copAk fe U(x, thdx = 
CoAk [u, (1, t) — u,(0, t)] = 0. Therefore, E(t) is a constant function. 


7. (a) db=a (c) u(x, t) = ete-4*"! cos 20x 
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9. (a) up = KU, 0< x <1,0<t<co 
u(0,t) = 0,u,(7,t) =0,0<t<oo 
u(x,0) =f(x),0<x<l 


(b) X" (x) —oX(x) = 0,0 <x <1, X(0) =0,X (1) =0 
T (t) —okT(t) =0,0 <t 


11. T =oT,X" =oX —x?X 13. T’ =c?oT, X" =oX 

15. T” =oT, X" =o0X — xX’ 17. X" =oeX, Y" =—-oe%Y 
19. T =oT,R'+r'R' =oR 

21. (a) T =oT (b) X” = X,Y" =(0—n)Y 


Section 9.3, page 587 
1. (a) u(x,t) = e- 27/0" sin(27x/l) (b) u(l/2, 1) =0 
3. (a) u(x, t) = e-@/)"t sin(arx/l) — 2e-2r/)"t sin(2rx/1) (b) u(l/2,1) =e"? 
5. (a) u(x,t) = 2e-@7/)" sin(22x/) (b) u(l/2, 1) =0 
7. (a) u(x,t) = et sin wx + Te-4n%1 sin 27x + Te-9x71 sin 37x 
(b) u(//2, 1) = en 1e-9x? 
9. (a) u(x, t) = 3 + 2e-@/) cos(xx/l) (b) u(l/2, 1) = 3 
11. (a) u(x,t) = e-@/2"* cos(rx/2) + 2e-™! cos 1x (b) u(//2, 1) = —2e-” 
13. (a) u(x,t) = 0.5 +e-* cos mx + 0.5e-4""! cos 20x (b) u(l/2, 1) = 0.5(1 — e-4””) 
15. (a) u(x,t) = 0.5 -e-@/bt cos(rx/L) + e-Qn/lyt cos(27x/l) + e- Gxt cos(37x/L) 
(b) u(1/2, 1) = 0.5(1 — 2e-477/") 


17. Solving the given initial-boundary value problem, we obtain the solution 
u(x, t) = 100e~/2)"«t sin(x/2). 


(a) Since u(1, 1) = 70, we see that « = —(4/2?) In 0.7 = 0.1445.... 


(b) Since u(x, t) = 50me~/2)"«t cos(zx/2), it follows that 
u,(2, 1) = 50ne-/2)"* cos = —109.9557.... 


Section 9.4, page 599 


1. (a) f@) = Yraysin (“ ~): fe = [tes (77) 


-} [roan i ) dx = rf f cos (* 7) sin (“*) dx 


So, ad, = when n is odd and a,, = 0 when 7 is even. 


n(n? oe 


a) 


(b) f@) = Me meni sin (= 


3. (a) f(x) = Yraysin (“ ~) sf) =x00s (57) 


an =? pen a) dx = ® [ xcos(% (5) sin (=) dx 


(— ecbar 
m2(n2 — 0.25)?" 


(b) f() = J a,c ail (=) 


n=1 


So, d, = 
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5. 


NI 


< 


11. 


13. 


15. 


17. 


(a) f(x) = Yaysin (F* oe Vers ai OO ae St 
2 1 ; 1/2 
an =7 | fersin (* —_ -7/ 2x sin (“3* *) dx 
—|ym+l —]jymtl1 
So, ice a ven ae D af when n = 2m — 1 
mm [(2m — 1)x}* 


a) 


—(nm et 1 
(b) f(x) = dane (nx /l) sin (= 


.(a) f@= + Lancos(F *);f@) =1,0sx< <5.f@)=0,5 <x<! 


1/2 
a, = =? ['pec0s (™ et) dx = al cos (=) dx. 


Thus, do = 1, and, ao > 1, 
(- 1ym+12 


~ Qm —1)x 


(b) fo) =F + 7 aye!" cos (=) 


a, = 0 when n = 2m and a,, when n = 2m — 1. 


_a NX | Per: 1 re 
(a) f(x) = = 1D cos ():ife@ = 3, 3 <x< ZF @ = 0 elsewhere 
2 /' nx 2 ls nx 
a, = if f (x) cos (=) dx = 7 ns 3cos (=) dx. 


So, do = 2, and, forn > 1, 

- 2 
a, =0 whenn = 2m — 1 anda, = ae (=) when 1 = 2m. 
mim 3 


(b) f(x) = = ai: see e-Mx/D**t cog (>) 


n=1 


(a) f) = 2 ae Ye cos (“* *); fo= Jcos (=) | 


a, = Sed a) d 
0 
= a cos (=) cos (=) dx ; i cos (=) cos (=) dx 


4(-1)+! 
So, a, = 0 when n = 2m — 1 anda, = ——.——- when n = 2m. 
1 


“0 (nx/)?Kt nx 
(b) f(x) = B+ Dae cos (= i ) 
The function (x, ft) = a, (x, t) + a2u2(X, t) satisfies the heat equation for all choices 
ofa, andap. Observe that ¢(0, t) = a,u,(0, t) + anu,(0, t) = a;To + arTo = (a, + a)To. 
Similarly, ¢(/, t) = (a; + a2)T,. Therefore, we need to have a; + a = 1. 
Following equations (17)-(20), we have v(x) = 50 and w(x, 0) = —25 sin? zx. There- 
fore, w(x, 1) = 7, a,er rt sinnzx, where a,, = —2 ie 25 sin? rx sinnax dx. Evalu- 
ating the Fourier coefficients, we find ay = 0 anda, = (100[1 — (—1)"])/[zn(n? — 4)] 
when n # 2. The solution of the given initial-boundary value problem is u(x, t) = 
v(x) + w(x, f). 
Following equations (17) (20), we have v(x) = 50x and w(x, 0) =0. Therefore, 
w(x, t) = 0) anem (ax/2)” ‘sin(nmx/2), where dy, = fe w(x, 0) sin(nmx/2)dx. Since 
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a, =—0,n=1, 2,..., it follows that w(x, ?t) is zero for all x and t. The solution of 
the given initial-boundary value problem is u(x, t) = v(x) + w(x, t) = v(x) = 50x. 


Section 9.5, page 612 


11. 


13. 


15. 


. (a) The Fourier cosine coefficients are dj) = 2, a, = 0, n > 1 [mote that f(x) — 1 is 


essentially odd]. The Fourier sine coefficients are b,, = (2[1 — (—1)"])/(nz),n = 1. 


(b) The Fourier series converges to f (x) except at x = 0, +1, +2,...; at these points, 
the Fourier series converges to the value 3. 


. (a) The Fourier cosine coefficients are a, = 0, n > 0 [note that f(x) is essentially 


odd]. The Fourier sine coefficients are b,, = [2(—1)"*!]/(uz),n = 1. 


(b) The Fourier series converges to f (x) except atx = +1,+3,+5,...; at these points, 
the Fourier series converges to the value 0. 


. (a) The Fourier cosine coefficients are dg = 1, a, =0 for all even n, n > 2, and 


a, = 4/[(2m — 1)x]}? for n = 2m — 1 [note that f (x) is an even function]. The Fourier 
sine coefficients are b, =0,n > 1. 


(b) The Fourier series converges to f (x) for all x. 


. (a) The Fourier cosine coefficients are dg = 2 anda, = (4/nz) sin(nz/2),n > 1 [note 


that f(x) is essentially even]. The Fourier sine coefficients are b, = 0, > 1. 


(b) The Fourier series converges to f(x) except at x =+5, +3, +3, ...; at these 
points, the Fourier series converges to the value 1. 
. (a) The Fourier cosine coefficients are a,, = —1/[(4n? — 0.25)],n => 0 [note that f(x) 


is neither even nor odd]. The Fourier sine coefficients are b,, = 4n/[(4n? — 0.25)], 
n> 1. 


(b) The Fourier series converges to f (x) except atx = 0, +1, +2,...; at these points, 
the Fourier series converges to the value 3. 


(a) 


(b) The series converges to f(x) in 0 < x < 2 except at x = 1. 


(a) 


(b) The series converges to f(x) for all points in 0 < x < 2. 
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17. (a) 


(b) The series converges to f(x) in 0 < x < 2/2 except at x = 0. 


19. (a) 


ALA. 


(b) The series converges to f(x) in 0 < x < 2 except at x = 1. 

21. Since f(x) — 2 is an even function, it follows that f(x) is even. Therefore, b, = 0, 
n> 1. 

23. Since f(x) — 3 sin(27x/l) is an even function, it follows that b2 = 3 and that b,, = 0, 


n # 3. Since UF (x) dx = 0, we know that ay = 0. We cannot deduce any information 
about the other Fourier cosine coefficients. 


oe 2 aad 2 . (Qn+1)rx 
25. — 2k+1 27. 
> oe cos[(2k + 1)2x] 2 oa 1a? sin ( 3 ) 
29. 3 oe sin[(4k + 3)rx] 
a (2k+1)2+1 
Section 9.6, page 625 
4. mt. mx mt | mx 
1. (a) ut) = ; sin; sin (b) 1u;(x, t) = 2cos > sin [- 
2 
3. (a) u(x,t) = (cos 3nt — ce sin srt) sin 2x 
4 
(b) u,(x, t) = (—3z sin 3mt — 2 cos 3zt) sinax 
5. (a) u(x,t) = cos 2zrt sinax — cos 4zt sin 27x 
(b) u,(x, t) = —2n sin2nt sinzx + 4m sin 4xt sin 27x 
CO 2 Jo 
7. (a) u(x,t) = Sean cosnt sinnx, where a, = — | (2 sin? x) sin nx dx. In particular, 
T JO 
n=1 
—8[1 — (-1)"] 
a, = Oanda, = jay 
(b) u,(x, t) = — Sona, sinnt sinnx 
n=1 
9. (a) u(x,t) = cosmtsinax + Sob, sinnat sinnmx, where 
n=1 
2. fA : —8 
b, = — | (sin? 2x) sinnzx dx. In particular, b, = ————-, n odd and 
nx Jo nm (n2 — 4) 


b,, = 0, n even. 
co 
(b) u,(x, t) = —m sinatsinax + S- nb, cosnmt sinn1x 


n=1 


11. 


13. 
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(a) In order to have x =a,n+a&, we need x =a,(x+ct) +a)(x —ct), or x= 
(a, +a2)x + (a, —a2)ct. This requires a; +a) = 1 and a; — ay =0, and hence a, = 
ay = 1/2. A similar calculation shows that b,; = 1/(2c) and b; = —1/(2c). 


X+et 


(a) By (18), u(x,t) = al g(s)ds = e-@-20* — e-(420) 
Cc 


x—ct 


(b) u(x, 1) 
A 


Section 9.7, page 638 


. Oy = U4, M2 = (Uy — U4)/A, 3 = (U3 — Ug)/b, ag = (—Uy + U2 — U3 + U4)/(ab) 


. (a) v(x, vy) =x +y —xy. The boundary functions are f, (vy) =0 


fx) = 0, f(y) =y, fa) = x. 


. (a) v(x, y) = 4xy. The boundary functions are f, (vy) =0, 


fr(x) = 0, f(y) = 0, fa) = 0. 


3 (a) v(x, y= = 0. The boundary aaa are f, (y) =0, 


fx) = 0, Wy) = 2sinzy, fa) = 


. (a) v(x, y) = 1. The boundary functions are 


fi(y) = sin ry, fy(x) = —2 sin(rx/3), fy(y) = 0, fal) = 0. 


. u(p, 0) = 2 — (p/3) sind 


ioe} 


p2k+1 sin[(2k + 1)0] 


1 
ip.e= 
u(p, 8) Zt (Qk + 1)2eI 


2 42 p?"cos2n6 
UE —— re DY 


4n?—-1 


n=1 


.u(r,6) =1+ (2/In 3) Inr 
. u(r, 6) = 2 — (1/In 2) Inr 4 (r/3) [2 cos@ — sin 6] + (1/3r) [—2 cos6 + 4sin 6] 


Section 9.8, page 650 


1. 


3. 


5. 


u(x,y,t) = 4e! [(or/a)? + (a/b) Lt ino Sih ud 
a b 
_16 aaa —[(2k+1)x/a]?«t Ak+1 
u(e,y,t) = —— in a3 : ao 
4 (2k + 1)[(2k + 1)? — 4] a 


(b) Since u(x, y, 0) = f(x, y), we ae to have 

FLY) = Og eg Cmn COS(x/a) cos(ny/b). To determine the coefficients Cnn, 
multiply both sides by cos(pmx/a) cos(qry/b) and integrate over the rectangle, ob- 
taining 
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b a 
[Ip =q =0] (ab)co9 = | ip f (x, y) dx dy 
o Jo 


ab b a 
[p =0,g =n] ou ni [ fees 008 5 aay, n>1 
ab 
[p =m,q = 0] 5. an ee m>1 
7 nny 
[Ip =m,q=n] Cmn Fes y) cos = cos dx dy, m>1,n>1 
1 2 4 2 UX 2my 
. yYo== —(m/a)* Kt a isy — p-[(t/a) +(22/b)?] kt pees petra 
7. u(x,y,t) 3 cos = + se cos —— cos b 


9. The coefficients Cnn are Coo = F, Cok = Cho = (k)~! sin(km/2), k = 1, and 
Com = 40mnz2)~! sin(mm/2) sin(nm/2), m,n > 1. 


11. (b) Since u(x, y, 0) = f(x, y), we need to have 
fOY) = Oy Cn COS(mmx/a) sin(nzy/b). To determine the coefficients C,n, 
multiply both sides by cos(pzx/a) sin(qry/b) and integrate over the rectangle, 
obtaining 


b pa 
[p =0,q =n] a), [ fev sin 2 day, n>1 
o Jo 


aa 
oes 
ab b pa my 
[Ip =m,q=n] a. ged [ fe%3 08 sin 5 dxdy, m>1,n>1 


2my 2ny 
ye 
15. The coefficients C,,, are Co, = [2/(3n7)][cos(nz/3) — cos(2n7/3)],n => 1; 
Cmn = —16/(mnz?) sin(mz/3) cos(nm/3) form = 2,4, 6,...,2 = 1,3,5,...; and 


Cmn = 0 for all other integers m and n. 


17. u(x,y,t) = sin = sin > cos (v (1 /a)? + (2 /b)? ct) 
19. u(x, y, t) = sin(x/a) sin(y/b) cos (v (1 /a)? + (a/b)? ct) 


2sin(zx/a)sin(zy/b) , Jala + Gb 

b)? ct 
(x/a)? + (/b)2c sin (Vijay? + (r/6P et) 

(U;/2)t, O<t<t 

(U,/2)t, T<t<@w 


2x 
13. u(x, y, t) = e-2r/b)«t sin “4 e-M2x/a)” +22 /b) 1kt Cog “—~ sin 
a 


21. (a) n0= 4 


Toit) = | CPUs 827) — ee On fl)*ty, O<t<t 
7 (-2U,/822x)(1 ae eK Q2m/IPre—K«Qx/I (tr) t<t<o 


T,(t) =0,n £0,2 
(b) t = 0.9366... hr * 56.2 min 
25. u(x,t) = (t/2@) sin ot sin(rx/l) 


sin x I< —e-")eTY — (e — e™)e-*v 


aT. t= 
WO a 


em —e-™ 
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CHAPTER 10 

Section 10.2, page 667 

1. (a)a=-1 (c) w(t) = 813 3. (a) a=-2 (c) w(t) = 6413 

5. (a)a=-1 (c) w(t) = t3e737 7. a(x, t) = —3x?¢ 

9. b(x, t) = 3x? 

11. (a) i 13. (a) i 
babe ea a eae aed SV VATA TESS eee 
CPL E OTE a ESGSGCAVAR UG Ce ee sre 
(pe ae Wes ee be ae Te a | 
-Teccee. Crete er SENSNAALD UDP PO eee ee 
Prtttrrnt cae eaay SEEGER VAG SS ere sae 
CITT ee ee eee 
ae eee as ee LKR SAN VA PP So ee ee 
PERO EEC iad ade 
phat dear aed rridttr See RET eer eee 
oe oe ae a CVV SAPV VAT Ei ee ee ee 
-2 -l 1 2 SANERPVALI TS eee es 

a Se a 
(b) We expect u(0, 1) = 0. 3 -1 1 2 


(b) We expect u(0, 1) = 0. 
Section 10.3, page 671 
t 
1. (a) 3. (a) : 


(4, 16) ae 
{= tx 
> xX 
(b) 0< 1 < 10 
(c) No, (e) fails to hold. 
>Xx 
(b) r= 
(c) No, (e) fails to hold. 
5. (a) ; 
(4, 8) 
f= 2x 
>x 
(-2, -4) (b) -2/2<1t<1/2 
) : (c) No, (e) fails to hold. 
T= 


(c) No, (e) fails to hold. 
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Section 10.4, page 677 


1. u(x,t) = sin(x + 0.52) 3. u(x,t) = x2e2—-) 
5. u(x,t) = (x + 0)7/9 7. u(x,t} =14+@-— le! 
9. (a) u(x,t) =t+e-%" — (b) AllofR 
11. (a) u(x,t) =e-@-2"e-/2,— (b) Allof R 
13. (a) u(x,t) = —4 — 2t 4 et/2(4 + e-@ 1/2”) (b) All of R 
15. (a) u(x,t) =t/(1 — 20) + e-@ 1/029" 
(b) —00 <x <00,t < 5 
17. (b) u(x, = (t—x/v)?(1 —t4+x/v)?, t>x/v 
(c) u(x,t) =0, t<x/v 
CHAPTER 11 


Section 11.2, page 690 


1. 


19. 


21. 


23. 
20% 


27. 
31. 


LE . t 
(a) y=c; cos (5) +c sin (5) +4 


(b) The unique solution is y = —4cos(t/2) — 2 sin(t/2) + 4. 


t 5 t 
. (a) y =c; cos (5) +c) sin (5) +4 


(b) There are infinitely many solutions y = c, cos(t/2) — 4sin(t/2) + 4. 


t : t 
. (a) y =c;1 cos (5) +c) sin (5) +4 


(b) The unique solution is y = —4 sin(t/2) + 4. 


£ t 
. (a) y =c; cos (5) +c sin (5) +4 (b) There is no solution. 


.a=2,B=1,y=0 11. a, =2,B=3 


. (b) y = cf? (c) The given problem does not have a unique solution. 


(ce) y=tten? 


. (b) The homogeneous problem has only the trivial solution. 


(c) The given problem has a unique solution. 

(d) y = (+ 827)/5 

(b) y =c,(2t+4+ 1?) 

(c) The given problem has either no solution or infinitely many solutions. 
(e) There are no solutions. 


(a) No (c) It has either no solution or infinitely many solutions. 
(e) There are no solutions. 


(a) There is a unique solution by Theorem 13.2. (b) y =4+ 3e! + 4e 


(a) No (c) It has either no solution or infinitely many solutions. 
(e) There are no solutions. 


(a) No (c) It has a unique solution. (d) y=2+6cost—9sint 
(b) y=24+t-—(14+ In2)"'tInt 
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Section 11.3, page 702 


0 1 0 eA 0 
ly= ; 
ve _— “lone F 4 yO+ I 


oj fo 1}. fo 
en -1/t atl lo of S714 


yt 


yr 


1 1 1 0 0 0 1 
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7. The boundary value problem does not always have a unique solution. 
9. The boundary value problem always has a unique solution. 
e-2t 
13. y= |(e +e)-!e* —e!) 
(e3 + e)~!(e + e') 


e-tt3 4 @3t-1 
e-tt+3 — e3t-1 


11. (b) y= (2 +e7!)"! | 


Section 11.4, page 713 


A-53 


1. At the point x = a, we know agu(a) + ayu'(a) = 0 and apv(a) +. a,v’(a) = 0. If we have 
a, #0, then w'(a) = —(a9/a,)u(a) and v'(a) = —(do/a,)v(a). Therefore, at x =a, the 


given expression can be rewritten as 


u'(a)v(a) — v’(a)u(a) = [—(@9/a1)u(@W@ — [-@o/a1 V@IU@. 


Clearly, this expression is zero. A similar argument is valid in the case that ay 4 0. 


These arguments are valid as well at the other endpoint, x = b. 
7. (a) p(x) = 1, g(x) =0, r(x) = 1 
(b) u(x) = sin|(2n _ 1)xx/2] ,a=1,2,... 
9. (a) p(x) = 1, g(x) =1,r(x) = 1 
(b) u(x) = sin[uzx/2],n=1,2,... 
11. (a) p&) =1,q@) =—-4, r(x) =2 
(b) u(x) = sin[uzx/3],n=1,2,... 
13. (a) p(x) =e, q(x) = —e*, r(x) = e* 
(b) u(x) =e-*/? sin[(2n — 1)wx/2],n =1,2,... 
15. (a) p(x) =e, qx) = 0, r(x) =e* 
(b) u(x) = e-&-YD/? sin[na(« — 1)],n =1,2,... 
17. (a) p(x) =x, g(x) = 0, r(x) =x"! 
(b) u(x) = cos[(nz In x)/In 3] ,2 =0,1,2,... 


21. 6 = (3A — 2) sin? 6 + cos? 6 23. 6 -e* (A + 1) sin? 0 +e” cos26 
R' = (3 —3d)Rsin6 cos R =[e” —e’(a + 1)]Rsiné cos 


6(0) =7/2, 0(1)=0 6(0) =0, 6(1) = 27/2 
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Terms are defined on pages with boldfaced numbers. 


A 


Abel’s theorem, 119, 190-191, 233-234 
Absolutely convergent power series, 516-517 
Algebraic multiplicity, 271-272 

Almost linear system at equilibrium point, 437 
Amplitude, 137-139 


Analyse des infiniment petits pour lintelligence des lignes 


courbes, 80 

Analytic function, 480 

in interval, 480 

in region, 481 

at t), 527-530 
Angular frequency, 148 
Antiderivatives, Laplace transform of, 334-337 
Antioxidants, 28 
Anti-partial-differentiation, 64, 66-68 
Archimedes, 108 
Asymptotically stable equilibrium point, 429-430 
Autonomous differential equation, 10, 11-12, 50-51 
Autonomous systems, 392-395 

equilibrium solution of, 400-401 

higher dimensional, 423 

two-dimensional, 401-410, 437 


Bacterial growth, 102-103, 104-105 
Baranyi population model, 104-105 
Beam displacement, 210-211 
Belt friction, 103-104 
Bernoulli, Jacob, 52 
Bernoulli differential equation, 52-53 
Bessel, Friedrich Wilhelm, 543 
Bessel function(s) 
of the first kind of order zero, 551-552 
modified, 560 
of order one-half, 553-554 
of the second kind of order M, 555-556 
of the second kind of order zero, 551-552 
Bessel’s equation, 543, 550-556 
“Big O” order symbol, 489 
Birth rate, 42-44, 70-74, 76 
Bobbing motion, 108-110, 141 
conservation law and, 414 
forced vibrations and, 174-175 
projects involving, 206-208, 466 


Boundary conditions, 209-210, 211, 575-576, 682 
separated, 683 

Buoyancy, law of, 108. See also Bobbing motion 

Butterfly effect, 468-469 


Cc 


Carbon-14, 47 
Cauchy, Augustin Louis, 519 
Cauchy-Euler equation, 536. See also Euler equation 
Cauchy problem, 662-667 
existence/uniqueness for, 668-670 
solution of, 674-675 
Cauchy product, 519 
Center point, 451, 453-454 
Centrifuge, 208-209, 561, 681-682, 699-701 
Chain rule, 55-57, 63-64 
Chaos, deterministic, 468-469 
Characteristic curves, 666, 672-674 
Characteristic equation 
eigenvalues and, 241-244 
Euler method and, 537-539 
higher order homogeneous constant coefficient, 
195-199 
method of Frobenius and, 546 
second order homogeneous constant coefficient, 
122-125, 127-130, 132-139 
Characteristic impedance, 388 
Characteristic polynomial 
eigenvalues and, 241-244 
in higher order homogeneous constant coefficient 
differential equations, 195 
in second order homogeneous constant coefficient 
differential equations, 122 


Characteristics, method of, 566, 662, 671-677, 679-680 


Charged particle ballistics, 314-315 
Chebyshev, Pafnuty Lvovich, 531 
Chebyshev equation, 531-533, 534 
Chebyshev polynomials of the first kind, 531, 532-533 
Chemical reactions, nonlinear systems and, 399 
Clamped-end beam, vibrations of, 210-211 
Coefficient 

damping, 144 

of friction, 103 
Colony, 42 
Column form, 230 

for matrix-matrix multiplication, 230-231 

for matrix-vector multiplication, 230-231 


1-2 Index 


Column rank, 705 
Compatibility constraint, 571-572 
Competing species population model, 393, 463-464 
Complementary solution 
of first order linear homogeneous system, 278 
of higher order linear homogeneous equation, 201 


of second order linear homogeneous equation, 154 


Complex conjugate roots, 538 
Complex exponential function, 132-134 
Complex roots, 132-139, 196, 197 
Complex-valued solution, 257-261 
Conditional convergence, 517 
Conservation law, 413, 414-416 

for population, 42, 458 

for salt, 32-33, 215, 373-374 
Conservative systems, 410, 413-420 
Conserved quantity, 413 
Constant coefficient homogeneous equation 

higher order, 195-199 

second order, 121-125 
Constant coefficient homogeneous system, 238-244 
Constant temperature ends problem, 598-599 
Continuous at t = a, 218 
Convergence 

conditional, 517 

of improper integral, 320 

of one-step methods, 506-507 

of power series, 516-517 

radius of, 516-517 

series, 133 
Convolution(s), 368-375 

of f (t) and g(t), 368 

multiple, 373-375, 376 

theorem of, 371-373 
Cooling problem, 35-37 
Coupled spring-mass systems, 311-315 
Critically damped case, 146 
Curve 

characteristic, 666, 672-674 

level, 665-667, 674 

parametric, and Cauchy problem, 663-665 

simple, 669 

smooth, 669 

solution, 113, 403-410 
Cyclotron frequency, 315 


D 


D’Alembert, Jean Le Rond, 624-625 

Damping, 144, 145-146, 147, 179-181, 498-501 

Damping coefficient, 144 

Darwin, Charles, 70 

Dashpot, 144-150. See also Spring-mass-dashpot 
system 

De Methodis Serierum et Fluxionum, 31 

Decay rate, 42, 44-45 


Decoupling transformations, 306-307 
Defective matrix, 248, 272 
Delta function, 379-383 
Dependent variable, 3, 4 
polar coordinates as, 440-442 
in separable equation, 62 
Derivatives, Laplace transform of, 334-337 
Derive software, 29 
Deterministic chaos, 468-469 
Diagonalizable matrix, 304-305 
Difference of angles (identity), 587 
Differentiable matrix, 218 
Differentiable matrix function, 218 
Differential equation(s), 1-6. See also specific types 
direction field for, 1, 8-9 
exact, 63, 64-68 
general solution of, 5-6. See also General solution 
nth order ordinary, 3-4 
numerical solution of, 471-473. See also Numerical 
methods 
order of, 4 
ordinary, 3-4 
partial, 4 
separable, 55-60, 62 
Taylor series methods and, 482-484 
Dirac delta function, 379-380, 381-383 
Direction field, 1, 8 
for autonomous equations, 10-11 
for differential equations, 8-9 
isoclines and, 9-10 
phase plane, 251-252, 404, 405-410 
Dirichlet, Johann Peter Gustav Lejeune, 629 
Dirichlet problem, 628-629 
for circular region, 635 
for rectangle, 630-635 
Discontinuous coefficient functions, 25-26 
Distance, 425 
Divergence 
of improper integral, 320 
of power series, 516 
Double-angle formulas, 587 
Double pendulum, 512-513 
Drag force 
bobbing motion and, 141 
velocity and, 78-82 


E 


Echo location, 386 
Eigenfunction(s) 

orthogonal, 708, 710 

separation of variables and, 575-576 

of Sturm-Liouville problem, 708, 709-710 
Eigenpair(s), 239-244 

separation of variables and, 576 


Eigenvalue(s), 238, 239-244, 581-584 
complex, 256-263 
phase plane and, 247, 249-252, 262-263 
repeated, 266-273 
separation of variables and, 575 
simple, 708 
of Sturm-Liouville problem, 709 
Eigenvalue problem, 238, 239-244, 581-584 
Eigenvector(s), 239-244 
full set of, 247-249 
generalized, of order 2, 269 
Electrical filters, 532-533 
Equal ripple property, 533, 534 
Equations of motion, derivation of, 312 
Equidimensional equation, 62, 536. See also Euler 
equation 
Equilibrium point(s) 
almost linear system at, 437 
classifying, 449-454 
in phase plane, 403-410 
stability of, 424, 425-431 
Equilibrium population, 71-74 
Equilibrium solutions, 11-12 
of autonomous system, 400-401 
Essay on the Principle of Population, 70 
Euler, Leonhard, 89 
Euler-Bernoulli beam equation, 210-211 
Euler equation, 536-540 
characteristic, 537-538 
general solution of, 537-540 
method of Frobenius and, 544-548 
regular singular point and, 542-544 
Euler line, 495 
Euler-Mascheroni constant, 551 
Euler path, 93 
Euler’s formula, 134-135 
Euler’s method, 89, 90-94, 473-474, 476. See also 
Improved Euler’s method 
as finite difference method, 289-290 


for first order linear systems, 226-227, 290-292, 294, 


295, 298 
modified, 475-476 
Exact differential equation, 63, 64-68 
Existence, 58-59 
for Cauchy problem, 668-670 


for first order linear initial value problems, 16-17, 30 
for first order linear system initial value problems, 


223-227 


for first order nonlinear initial value problems, 48-51 


for higher order linear initial value problems, 188 

for nonlinear systems, 395-397 

for second order linear initial value problems, 
111-112 

for two-point boundary value problems, 682-690 


Index 1-3 


Exponential functions, Laplace transforms of, 330-331 

Exponential matrix, 300, 301-303, 305-306, 312-313, 
716 

Exponentially bounded function, 322, 323 

Exponents at the singularity, 558 

Extended chain rule, 63-64 


F 


Finite difference approximation, 289-290 
Finite difference methods, 290. See also Euler’s method 
First order constant coefficient homogeneous systems, 
238-244 
First order homogeneous linear system, 223, 228, 
229-235, 238-244 
fundamental set of solutions for, 229-230, 234, 
247-249 
First order linear differential equation(s), 16-26 
mathematical models based on, 31-37 
versus nonlinear differential equations, 58-60 
population models based on, 42-44 
radioactive decay models based on, 44-45 
system of. See First order linear system 
First order linear system, 214-215, 223 
eigenvalues and, 238, 239-244, 247-252, 256-263, 
266-273 
existence/uniqueness for, 223-227 
homogeneous, 223, 228, 229-235, 238-244 
matrix functions and, 215-220, 300-303, 305-306 
nonhomogeneous, 223, 277-284, 360-362 
numerical methods for, 288-296, 298, 395, 471-473 
First order nonlinear differential equation(s), 16, 
48-53. See also Exact differential equation; 
Separable differential equation 
versus linear differential equations, 58-60 
logistic population model based on, 70-74 
First order partial differential equation, 659-662 
Cauchy problem and, 662-667 
nonhomogeneous, 567, 647-650, 675-677 
First order system of linear differential equations, 223. 
See also First order linear system 
First shift theorem, 332-334 
Fish, curing sick, 385-386 
Forced vibration, 145, 174-175 
Fourier, Jean Baptiste Joseph, 589 
Fourier convergence theorem, 603-604, 610-611 
Fourier series, 600-601, 602-611. See also Gibbs 
phenomenon 
cosine, 594-598 
sine, 590-594 
Fredholm, Erik Ivar, 684 
Fredholm alternative theorem, 684-688, 697-701 
Free vibration, 142-144, 145-150 


1-4. Index 


Frequency 
angular, 148 
cyclotron, 315 
natural, 176 
of oscillations, 148-149 
radian, 148, 176 
resonant, 176 
Friction 
belt, 103-104 
coefficient of, 103 
Frobenius, Ferdinand Georg, 544. See also Method of 
Frobenius 
Full set of eigenvectors, 247-249 
Fully rectified sine wave, 607 
Fundamental matrix, 234-235, 280-283 
Fundamental period 
of function, 146, 148 
of motion, 148 
Fundamental set of solutions 
for first order homogeneous linear system, 229-230, 
234, 247-249 
for higher order linear homogeneous equation, 188, 
189-190, 191-193 
for second order linear homogeneous equation, 
116-118 


G 


General solution, 5-6 
of Bessel’s equation, 550-556 
of Euler equation, 537-540 
of first order homogeneous linear system, 229-230 
of first order linear differential equation, 20-22 
of first order nonhomogeneous system, 277-280 
near regular singular point, 550-556 
of second order linear differential equation, 115-117, 
118-120, 154-156 
Generalized eigenvector of order 2, 269 
Geometric multiplicity, 271-272 
Gibbs, Josiah Willard, 597 
Gibbs phenomenon, 597, 609, 613-616, 645 
Global error, 489-490 
Gravitational attraction, 2-3, 4, 83-85, 510-511 
Greatest integer function, 328 
Griffith, Clark, 87 
Growth rate, 42-44, 70-74, 76 


H 


Half-life, 45 

Hamilton, William Rowan, 417 
Hamiltonian, 417-420 

Hamiltonian function, 417-420 
Hamiltonian systems, 410, 416, 417-420 
Handbook of Mathematical Functions, 29 


Harmonic functions, 628 
Heat equation, 567, 568, 579-580 
separation of variables and, 570-576, 642-650 
solutions of, 580-587, 589-599 
Heaviside, Oliver, 320 
Heaviside layer, 320 
Heaviside step function, 329-330, 342 
Hermite’s equation, 531, 535 
Hertz, Heinrich, 148 
Heun’s method, 474-475, 476, 487, 493-494 
Higher dimensional autonomous systems, 423 
Higher order linear differential equation(s), 188-193 
homogeneous, 188-193, 195-199 
nonhomogeneous, 201-204 
rewriting, as first order linear system, 225-227 
Homogeneous linear differential equation 
first order, 16, 19-22, 238-244 
higher order, 188-193, 195-199 
partial, 567 
second order, 108, 115-120 
Homogeneous linear system, 228, 229-235, 238-244 
Hooke, Robert, 143 
Hooke’s Law, 142-143, 398 
Hsian-tsao leaf gum, 28 


Impact velocity, 79, 83-85 
Implicit solution, 57-58, 60 
Improper node, 451 
Improved Euler’s method, 474-475, 476, 487, 493-494 
Impulse response, 377, 378-379, 383 
Increment function, 487 
Independent variable, 3, 4, 539-540 
Index of summation, shifting, 524 
Indicial equation, 537, 546. See also Characteristic 
equation 
Infectious disease 
in predator-prey ecosystem, 467-468 
spread of, 74 
Initial-boundary value problem, 571-572, 580-581. See 
also Insulated ends problem; Zero temperature 
ends problem 
Initial conditions, 4, 585-587 
Initial value problem(s), 4—6. See also Differential 
equation(s) 
autonomous, 392 
existence/uniqueness for, 16-17, 30, 48-51, 111-112, 
188, 223-227 
general solution of, 21-22 
implicit solution of, 57-58 
Laplace transforms and, 335-337 
Insulated ends problem, 572-574, 580, 583-584, 585, 
586-587, 594-598, 601, 647-650 


Integral equations, 376, 473-474 
Integrating factor, 22-25 
Integro-differential equation, 376 
Inverse Laplace transform, 325-327 
Todine-131, 47 

“Tron filings” experiment, 8 
Irregular singular point, 542 
Isocline, 9-11 

Isolated point, 430 


J 


Jacobian matrix, 434, 435-436 
Journal de Mathématiques et Appliqués, 706 
Jump discontinuities, 321-322 


K 


Kirchhoff, Gustav Robert, 181 

Kirchhoff’s current law, 181, 183, 387-388 

Kirchhoff’s voltage law, 181-182, 338-340, 363-364, 
367, 387 

Kutta, Martin Wilhelm, 95 


L 


Lagrange identity, 708, 709-710 
Laguerre polynomials, 559 
Landau symbol, 489 
Laplace, Pierre-Simon, 317 
Laplace transform pairs, 326-327, 329-341 
Laplace transformable matrix function, 359-360 
Laplace transforms, 317-319. See also Laplace 
transform pairs; Method of partial fractions 
of derivatives, 334-337 
of exponential functions, 330-331 
of f(t), 320 
inverse, 325-327 
of nonhomogeneous systems, 360-362 
of periodic functions, 350-352 
of polynomial functions, 330-331, 332 
of system transfer functions, 352-355 
Laplace’s equation, 562, 567-568. See also Poisson’s 
equation 
in three dimensions, 578 
in two dimensions, 628-638 
Legendre, Adrien-Marie, 543 
Legendre’s equation, 531, 534, 543 
Leibniz, Gottfried, 31 
Level curves, 665-667, 674 
L’H6pital, Guillaume de, 80 
Linear combination of functions, 115-120 
Linear differential equations. See also First order, 
Second order, and Higher order linear differential 
equation(s) 
versus nonlinear differential equations, 58-60 
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Linear partial differential equation, 567-568 

Linear systems. See First order and Second order linear 
systems 

Linear transformation, 324 

Linear two-point boundary value problems, 209-210. 
See also Two-point boundary value problems 

Linearization of nonlinear systems, 434-445 

Linearized system, 434, 435-445, 448-454 

Linearly dependent set, 192 

Linearly independent set, 192 

Liouville, Joseph, 706 

Lipschitz condition in y, 506-507 

Lipschitz constant, 506-507 

Listeria monocytogenes, 104 

Local truncation error, 487-489 

Logistic equation, 70-74 

Lorentz, Hendrik, 315 

Lorentz force, 315 

Lorentz transformations, 315 

Lorenz, Edward N., 468 

Lorenz equations, 468-469 


Maclaurin, Colin, 133 
Maclaurin series, 133-134, 520-521, 524 
Malthus, Thomas, 70 
Malthusian population model, 42-44, 70 
Maple software, 29 
Mascheroni, Lorenzo, 551 
Mathematica software, 29 
Mathematical models, 1, 31-37 
MATLAB, 29 
Euler’s method and, 294, 295 
exponential matrix and, 312, 716 
Runge-Kutta method and, 96-98, 295, 501-502 
Matrices 
defective, 248, 272 
diagonalizable, 304-305 
differentiable, 218 
exponential, 300, 301-303, 305-306, 312-313, 716 
fundamental, 234-235, 280-283 
Jacobian, 434, 435-436 
similar, 303 
similar to a diagonal, 304-305 
solution, 234-235, 280-282 
symmetric, 246 
system transfer, 362 
Matrix functions, 215-220, 234-235, 359-364 
differentiable, 218 
Matrix-valued functions, 215. See also Matrix functions 
Meatballs, cooking, 655-657 
Method of characteristics, 566, 662, 671-677, 679-680 
Method of Frobenius, 544-548 
Method of partial fractions, 342-343, 344-349 


1-6 Index 


Method of separation of variables. See Separation of 
variables 
Mixing problem, 32-35 
Modeling, 1, 31-37 
Modified Bessel functions, 560 
Modified Euler’s method, 475-476 
Motion 
bobbing. See Bobbing motion 
equations of, 312 
Newton’s second law of, 1-2, 77-81, 84-85, 108, 175, 
315 
pendulum. See Pendulum motion 
periodic, 148 
projectile, 510-511 
Multiple convolutions, 373-375, 376 
Multiplicity 
algebraic, 271-272 
geometric, 271-272 


Natural frequency, 176 
Newton, Isaac, 31 
Newton’s law of cooling, 35-36 
Newton’s law of gravitation, 83-85 
Newton’s second law of motion, 1-2, 77-81, 84-85, 108, 
175, 315, 627-628 
Node point, 451, 452 
Nonhomogeneous linear differential equation 
first order, 16, 22-25 
higher order, 201-204 
partial, 567, 647-650, 675-677 
second order, 108, 154-156 
Nonhomogeneous linear system, first order, 223, 
277-284, 360-362 
Nonlinear differential equation(s), 16. See also Exact 
differential equation; Separable differential 
equation 
first order, 16, 48-53 
versus linear differential equations, 58-60 
logistic population model based on, 70-74 
Nonlinear systems, 393-395. See also Autonomous 
systems 
chemical reactions and, 399 
existence/uniqueness for, 395-397 
linearization of, 434-445 
spring-mass, 398-399 
vector form for, 392 
Nonresonant case, 654 
Norm, 425 
nth order linear differential equations. See Higher 
order linear differential equation(s) 
nth order ordinary differential equation, 3-4 
Nullclines, 406-408 


Numerical methods, 288-296, 298, 395, 471-473, 488. 
See also specific methods 

Numerical solution, 471-473. See also Numerical 
methods 


ie) 


Object, 35-36 
One-dimensional wave equation, 567, 568, 616-625, 
627-628 
One real repeated root, 538 
One-step method(s), 486-487 
convergence of, 506-507 
stability of, 507-509 
Open rectangle, 49 
Optiks, 31 
Order, 4, 566, 659 
Order p of one-step method, 488 
Ordinary differential equation, 3-4 
Ordinary point, 527-533 
Orthogonal eigenfunctions, 708, 710 
Overdamped case, 145, 147 


P 


Parameter identification problems, 352-355 
Parametric curves, and Cauchy problem, 663-665 
Partial differential equation, 4, 565-568. See also First 
order and Second order partial differential 
equations 
order of, 566, 659 
Partial fractions, method of, 342-343, 344-349 
Particular solution 
of higher order linear homogeneous equation, 
201-204 
of second order linear nonhomogeneous equation, 
154, 155-156, 158-163, 168-173 
Pendulum motion, 88, 393-395, 396-397, 413, 415-416 
conservation law and, 414 
project on, 512-513 
Runge-Kutta method and, 498-501, 504, 505 
stability and, 424, 442-445 
Period, 146, 148 
Periodic extension, 610-611 
Periodic function, 146, 148 
Laplace transforms of, 350-352 
Periodic motion, 148 
Phase, 137-139 
Phase angle, 137-139 
Phase plane, 401-410 
conservation law and, 414-416 
real eigenvalues and, 247, 249-252 
stability in, 425-428 
trajectories of, 262-263, 272-273, 408-409, 414-416 


Phase plane direction field, 251-252, 404, 405-410 
Phase shift, 137-139 
Philosophiae naturalis principia mathematica 
(Principia), 31 
Piecewise continuous functions, 321-322, 602-603 
Poisson, Simeon Denis, 654 
Poisson’s equation, 654-655 
Polar coordinates, as dependent variables, 440-442 
Pollutant flow, 660-662, 677-678 
Polynomials 
characteristic, 122, 195, 241-244 
Chebyshev, of the first kind, 531, 532-533 
Laplace transforms of functions of, 330-331, 332 
Population model 
Malthusian, 42-44 
predator-prey, 393, 458-462 
two-species, 392-393, 463-464 
Verhulst, 70-74 
Position, 2-3 
one-dimensional dynamics and, 82-85 
Power series, 515 
absolutely convergent, 516-517 
linear differential equations and, 522-524 
operations with, 518-521 
near ordinary point, 527-533 
Predator-prey population model, 393, 458-462 
Principia, 31 
Product formula, matrix, 219 
Projectile motion, 510-511 
Projects 
Baranyi population model, 104-105 
belt friction, 103-104 
bobbing sphere, 466 
buoyant motion, 206-208 
chaos and the Lorenz equations, 468-469 
charged particle ballistics, 314-315 
cooking meatballs, 655-657 
curing sick fish, 385-386 
derivation of equations of motion, 312 
double pendulum, 512-513 
extending method of characteristics, 679-680 
flushing out radioactive spill, 101 
infectious disease in predator-prey ecosystem, 
467-468 
linear two-point boundary value problems, 209-210 
locating transmission line fault, 386-389 
numerical solution using exponential matrix, 
312-313 
periodic pinging of spring-mass system, 385 
processing seafood, 102-103 
projectile motion, 510-511 
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resonant behavior of coupled spring-mass system, 
313-314 
simple centrifuge, 208-209, 561 
steady-state heat flow between concentric cylinders, 
561-564 
two-mode radiative transport model, 715-717 
vibrations of clamped-end beam, 210-211 
Proper node, 451, 452 
Prufer, Ernst Paul Heinz, 710 
Prufer substitution, 710-713 


R 


R-stage Runge-Kutta method, 496, 497-498 
Radian frequency, 148, 176 
Radiative transport, 696, 698-699, 704, 715-717 
Radioactive decay, 3, 5, 44-45 
Radioactive spill, 101-102 
Radiocarbon dating, 47 
Radius of convergence, 516-517 
Ratio test, 517 
Rational function, 344 
Real distinct roots, 122-125, 196-197, 538 
Real repeated roots, 127-130, 197, 538 
Rectangle 
Dirichlet problem for, 630-635 
open, 49 
Recurrence relation, 523-524 
Reduction of order, method of, 127, 128-130 
Reflection coefficient, 704 
Regular singular point(s), 542-544 
general solution near, 550-556 
Regular Sturm-Liouville system, 706-707 
Remainder, Taylor’s theorem, 486 
Repeated eigenvalues, 266-273 
Resonance, 175, 176-179 
of coupled spring-mass system, 313-314 
damping and, 179-181 
Resonant case, 654 
Resonant frequency, 176 
Riccati, Jacopo, 61 
Riccati equation, 61, 704 
RLC networks, 174, 175, 181-183, 338-340 
Root(s) 
complex, 132-139, 196, 197 
complex conjugate, 538 
differing by integer greater than 1, 554-556 
differing by unity, 552-554 
equal, 551-552 
of multiplicity r, 197-198 
one real repeated, 538 
real distinct, 122-125, 196-197, 538 
real repeated, 127-130, 197, 538 
two real distinct, 538 
Runge, Carle David Tolmé, 95 
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Runge-Kutta methods, 94-98, 493-502 
coding, 501-502 
for first order linear system, 292-296, 498-501 
R-stage, 496, 497-498 
second order, 494-496 
to solve Lorenz equations, 468—469 


Ss 


Saddle point, 451 
Scalar differential equations, 223, 414 
Scaled SI Unit System, 187 
Seafood processing, 102-103 
Second order linear differential equation(s), 108-112 
constant coefficient, 121-125 
fundamental set of solutions for, 116-118 
general solution of, 115-117, 118-120, 154-156 
important class of, 414 
Second order linear systems, 309 
Second order partial differential equation, 566-567. 
See also Heat equation; Laplace’s equation; Wave 
equation, one-dimensional 
Second shift theorem, 332-334 
Self-adjoint form, 707 
Separable differential equation, 55-60, 62 
Separated boundary conditions, 683 
Separation constant, 575 
Separation equations, 575 
Separation of variables, 558, 566, 568-569 
Dirichlet problem and, 632-635 
heat equation and, 570-576, 642-650 
in higher dimensions, 578 
Laplace’s equation and, 635-638 
wave equation and, 617-623 
Separatrices, 416 
Series convergence, 133 
Shelf life, 102-103 
Shift theorems, 332-334 
Shooting method, 692-693 
Shooting parameter, 693 
Shriver, Pop, 87 
Similar matrices, 303 
Similar to a diagonal matrix, 304-305 
Similarity transformation, 303 
Simple curve, 669 
Simple eigenvalues, 708 
Sine wave, fully rectified, 607 
Singular point, 527 
irregular, 542 
regular, 542-544, 550-556 
Smooth curve, 669 
Solution(s), 3, 4 
analytic, 481-482 
complementary, 154, 201, 278 


complex-valued, 257-261 
curves of, 113, 403-410 
equilibrium, 11-12, 400-401 
fundamental set of. See Fundamental set of solutions 
general. See General solution 
implicit, 57-58, 60 
particular. See Particular solution 
well-stirred, 32 
Solution curve, 113, 403-410 
Solution matrix, 234-235, 280-282 
Solution point, phase plane, 403-410 
Special functions, 29 
Spiral point, 452-453 
Spring constant, 143 
Spring-mass-dashpot system, 144-150, 319, 352-355 
Spring-mass system, 142-150. See also 
Spring-mass-dashpot system 
conservation law and, 414 
coupled, 311-315 
nonlinear, 398-399 
periodic pinging of, 385 
Square wave, 322 
Stability 
of equilibrium point, 424, 425-431 
of one-step methods, 507-509 
Stable equilibrium point, 424, 425 
Stages in Runge-Kutta methods, 496-498 
Standing wave, 617 
Steady-state heat flow between concentric cylinders, 
561-564 
Step length, 471-472 
Step size, 92, 471-472 
Sturm, Jacques Charles Francois, 706 
Sturm-Liouville boundary value problems, 705-713 
Sum of angles (identity), 587 
Superposition principle, 115-116, 188-189 
for first order homogeneous linear system, 229 
for first order nonhomogeneous linear system, 
278-280 
for linear homogeneous partial differential 
equations, 567 
Surroundings, 35-36 
Symmetric matrix, 246 
System transfer function, 352, 353-355, 362-363, 383 
System transfer matrix, 362 


T 


Tangent line method, 90. See also Euler’s method 

Taylor polynomial of degree m, 486 

Taylor series, 520-521 

Taylor series method, 476-477, 479-483, 484-491 
of order p, 484-486 


Taylor’s theorem, 480, 486 
Temperature ends problems. See Constant, Insulated, 
and Zero temperature ends problem 
Terminal velocity, 78-79 
Time domain problem, 318, 326-327, 329-341 
Trace, 233 
Transform domain problem, 318, 326-327, 329-341 
Transmission line fault, locating, 386-389 
Transpose, 246 
Traveling waves, 616-617, 624-625 
Treatise of Fluxions, 133 
Trigonometric functions, Laplace transforms of, 331 
Two-point boundary value problems, 209-210, 682 
existence/uniqueness for, 682-690 
for linear systems, 693-701 
Sturm-Liouville, 705-713 
Two real distinct roots, 538 
Two-species population model, 392-393, 463-464 
Two-tank mixing problem, 214-215 


U 


U-238, 47 
Undamped case, 146, 147 
Underdamped case, 146, 147 
Undetermined coefficients, method of, 158-163, 202 
Unforced vibration, 142-144, 145-150 
Uniqueness 
for Cauchy problem, 668-670 


for first order linear initial value problems, 16-17, 30 


for first order linear system initial value problems, 
223-227 


for first order nonlinear initial value problems, 48-51 


for higher order linear initial value problems, 188 
inverse Laplace transform and, 325-327 
for nonlinear systems, 395-397 
for power series representation of function, 522 
for second order linear initial value problems, 
111-112 
for two-point boundary value problems, 682-690 
Unit step function, 329-330, 342 
Unstable equilibrium point, 424, 425 


V 


Vandermonde, Alexandre-Theophile, 201 
Variable(s) 
dependent, 3, 4, 62, 440-442 
independent, 3, 4, 539-540 
separation of, 558 
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Variation of parameters, method of, 168-173, 202-204 
for first order nonhomogeneous linear system, 
280-284 
for higher order linear equations, 202-204 
Vector field, 251-252, 405 
Vector function, 215, 217 
Vector-valued function, 215, 217 
Velocity, 2-3 
drag force and, 78-82 
impact, 79, 83-85 
terminal, 78-79 
Verhulst, Pierre, 70 
Verhulst population model, 70-74 
Vibration 
forced, 145, 174-175 
free, 142-144, 145-150 
unforced, 142-144, 145-150 
Volterra, Vito, 458 


Ww 


Washington Monument, 87 
Wave 
standing, 617 
traveling, 616-617, 624-625 
Wave equation, one-dimensional, 567, 568, 616-625, 
627-628 
Weber’s function, 551-552 
Weight function, 707 
Weights in Runge-Kutta method, 494-495 
Well-stirred solution, 32 
Wren, Christopher, 143 
Wronski, Hoene, 119 
Wronskian 
for first order homogeneous linear systems, 231-234. 
See also Abel’s theorem 
Fredholm alternative theorem and, 685-687 
for higher order linear homogeneous equation, 
189-191 
for second order linear homogeneous equation, 118, 
119-120 
Wronskian determinant. See Wronskian 


¥ 


Young’s modulus, 211 


Z 


Zeeman, Pieter, 315 
Zero temperature ends problem, 571-573, 580, 
581-583, 584, 586-587, 590-594, 601 
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A BRIEF TABLE OF LAPLACE TRANSFORMS 


(See Chapter 5 for more details.) 


fo F(s) fo F(s) 
1. h(t) d 13. f(t-—a)h(t— a) e “F(s) 
Ss 
o n! on 
2. t “na+1 14. hit — a) 3 
at 1 7 
3. e 15.f'@ sF(s) —f (0) 
L 
4. sinot —— 16. | f(a) du Fe) 
Ss’ +a 0 S 
S ; a 
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